LOGARITHM 


ASIC MATHEMATICS : 


‘mainder Theorem : 


Let p(x) be any polynomial of degree geater than or equal to one and 'a' be any real пит! 
If p(x) is divided by (x —a), then the remainder is equal to p(a). 


ictor Theorem : 


Let р(х) be a polynomial of degree greater than or equal to 1 and 'а' be a real number such t 
p(a) 70, then (x —a) is a factor of p(x). Conversely, if (x —a) is a factor of p(x), then р(а)=0 


te : Let p(x) be any polynomial of degree greater than or equal to one. If leading coefficient of p(x) i 
then p(x) is called monic. (Leading coefficient means coefficient of highest power.) 


SOME IMPORTANT IDENTITIES : 


(1) (a+b)? =a?+ 2ab b? = (a — b)? + 4ab 
0)  (a-b)-a?-2ab + b? = (a + b) - 4ab 
(3)  a’-b?=(a+b) (а– Б) 
(4) (a+b) =а? +b + 3ab (a + b) 
(5 (a—b)?=a?—b?—3ab (a-b) 
(6) a+b = (a +b} — 3ab (a + b) = (a + b) (a? + b? — ab) 
(7) a -b= (a-b) + 3ab (a — b) = (a — b) (a? + b? + ab) 
l 1l 1l 
(8) нони (abt Ье + еа) = +b +e? а (14191), 
(9) +b? ee! ab—be~ca= 5 (а-ы)? +(b-c)? +(c-a)? 


(10) а? +? + c —3abc = (a + b + с) (а? + b? + с? — ab — be – са) 


1 
=> @+Ь+с) |а-52 + (b-c)? +(с-а)2] 


If (a+b + c) = 0, then а? +b? + с? = Зас. 
(11) at—b*=(a? + b?) (a? - b?) = (a? + b?) (a-b) (a+b) 


(2) If a,b20then(a—b)= (4+5) -№) 


(13) а +а2+1= (а + 2а2 + 1) -а? = (a? + 1 -а? = (a? +a + 1) (а?-а+ 1) 


Print to PDF without this message by purchasing novaPDF (http:/Awww.novapdf.com/) 


2 


Definition of Indices : 


The product of m factors each equal to a is represented by а". So, а" =а:а:а........ a(m times). 
Here a iscalled the base and m is the index (or power or exponent). 


Law of Indices : 
(1) а"*п=ат. ап, where m and narerational numbers. 


1 
(2) а" = a" ‚ provided a z 0. 


(3) _ a?- 1, provided а= 0. 


m 
a | 
(4) am-n- —-, where m and п аге rational numbers, а # 0. 
a 


(5) (am). = amn, 


(6) «Sap 
(7) (ab)" = a" b^. 


Intervals : 


Intervals are basically subsets of В (the set of all real numbers) and are commonly used in solving 
inequaltities. If a, є R such that a < b, then we can defined four types of intervals as follows : 


Name Representation Discription. 
Open interval (a, b) {x:a<x <b} i.e., end points are not included. 
Close interval [а, b] {x:a <x <b} i.e., end points are also included. 


This is possible only when both a and b are finite. 


Open-closedinterval (а, b] {x:a<x<b}i.e., ais excluded and bis included. 
Closed-openinterval [а, b) {x:a<x<b} ie, а is included and bis excluded. 
Note : 
(1) The infinite intervals are defined as follows : 
© (а) = (x :x>a} G) (ао)-(х|хза) 
(ш) (-о0,0) = {x:x<b} (№) (—%,b]={x:x<b} 


(v) (— о, 0) = (x:x ER} 
(2) хе {1,2} denotes some particular values of x, i.e., x = 1, 2. 


(3) If their is no value of x, then we say x e ф (i.e., null set or void set or empty set). 
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Proportion : 


Note : 


(1) 
(2) 


(3) 


(4) 


(5) 


(6) 


(7) 


When two ratios are equal, then the four quantities compositing then are said to be proportional. 


c NA ; 
= then it is written as a:b=c:dora:b::c:d. 


с” | 2 


a and d are known as extremes while b and c are known as means. 
Product of extremes = product of means. 


ү аба yerind 
b “бий” с (туе ando) 
If =< > == (Altemand 
b que (Alternando) 
ү © Е 818 1: ав d 
b “Хад” ий” > "HR" (Componendo) 
If м LE MM NE a-b _ EN Dividend 
5 dL “ч = n. g (Dividendo). 
pA В sed. — 
b шы" == а ( omponendo and dividendo) 
a b R 
If p" a then b* = ac. Неге b is called mean proportional of a and с. 


Histrorical Development of Number System : 


I. 


II. 


ПІ 


Natural Number’s 
Number’s used for counting are called as Natural number’s. 
11-23%, авай } 


Whole number’s 

Including zero (0) | cypher | 3! | duck |love| knot along with natural numbers called as whole numbers. 
у = {0,1,2,3.............. } 

16, NcW 

0 is neither positive nor negative 


Integer’s 
Integer’s given by 

Des, „у A UM ых } 

ie. Үс Ус! 
Type of Integer 5 
(a) None negative integers US ЕА. MR } 
(b) Negative integers (Г) Саве -3,-2,-1) 
(с) Non positive integers ‚И, -3,-2-1,0) 
(d) Positve integers (Г) fly 2r Sunnas } 
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ГУ. Rational Number's 
Number's which are of the form p/q where р, q, € I & q #0 called as rational number's. 


Rational numbers are also represented by recurring & terminating or repeating decimal’s 
eg. 13 =1333........ x = 1.3333 .... 


10x = 13.33... 
9x = 12 
4 


хэд 


Every rational is either a terminating ога recurring decimal 


ү Irrational number’s 
The number's which cannot be expressed in the form р/а (p,q є 1) are called as irrational numbers. 
The decimal representation of these number is non-terminating and non repeating. 


NOME T RR 
т. 18 an irrational number 


VI Real Number’s 
Set of real number’s is union of the set of rational number’s and the set of irrational numbers. 
Real — Rational + Irrational 
NcWcIcCQcRcZ 


VII. Prime Number’s 
Number’s which are devisible by 1 or itself 
618. 12,3,53,7,11,13 «өвөө } 


VIII Composite Number’s 
Number's which are multiples of prime are called composite number's 
(4,6; 8,9 «ios } 


IX Coprime or relatively prime number’s 
The number’s having heighest common factor | are called relatively prime. 
e.g. (2, 9), (15,29 х. 


X Twin primes : 
The prime number's which having the diffrence of 2 
e.g. (5, 3), (L8) (IX€IDbeessss 
1 is niether a prime nor a composite number. 
When studying logarithms it is important to note that all the propertise of logarithms are consequences of 
the corresponding properties of power, which means that sudent should have a good working knowl- 
edge of powers are a foundation for tacking logarithms 
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RITHM : 


Yefinition: | Every positive real number М can be expressed in exponential form as 
М = ах „= eg. 49-72 
теге 'а' is also a positive real different than unity and is called the base and 'x' is called the expor 
Ve can write the relation (1) in logarithmic form as 
log,N=x эй) 
fence the two relations 


a^ = № 
ind log, N=x 
re identical where N > 0,a>0,a #1 


fence logarithm ofa number to some base is the exponent by which the base must be raised in orc 
et that number. Logarithm of zero does not exist and logarithm of (—) ve reals are not defined i 
ystem of real numbers. 


e а is raised what power (0 get М 


Illustration : 
Find value of 


(i) log,,27 (ii) log „100 (iii) log 945 


Sol.(i) Let log, 27 = x 

=> 27-8Г 

=> 3=3% gives x = 3/4 
(1) Let 108,100 = х 

= 100 = 10° 

> 10 = 10 gives x = 2 


(iii) ^ Letlog,,943 =x 


гү 
> 9/3 = B 
3 
> 35/2 = 3* gives x = — 5/2 
Note that : 


(a) Unity has been excluded from the base ofthe logarithm as in this case 
Іов М will notbe possible and if N= 1 
then logi] will have infinitely many solutions and will not be unique 
which is necessary in the functional notation. 


(6) а!“ = М вап identify forall N>Oanda>0,a¥1 eg. 2'°8° =5 


(c) The number N in (2) is called the antilog of'x' to the base 'a'. Hence 
If log,512is9 then antilog,9 is equal to 2? = 512 
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(4) Using the basic definition of log we have 3 important deductions : 


(i) Іов N= 1 i.e. logarithm ofa number to the same base is 1. 

(ii) log, N 7-1 i.e. logarithm of a number to its reciprocal is — 1. 
N 

(Ш) ^ 1081-0 i.e. logarithm of unity to any base is zero. 


(basic constraints on number and base must be observed.) 


(iv) a" =n isan identify for all > 0 anda>0;a# 1 e.g. 2:5 =5 


(e) Whenever the number and base are on the same side of unity then logarithm of that number to the base 
is (+ve), however if the number and base are located an diffrent side of unity then logarithm of that 
number to the base is (—ve) 


eg. (1) log,,100=2 
(11) log,,,100 — —2 


(f) For anon negative number а’ &n2=2,neN {а =a" 


Illustration : 


() ^ log, ,,cos 60° = 1 (ii) logy, 1.3 --1 (й) log, 52+43 =-1 


sin 30° 
(i) logsVSV SV 5... = 1 


Sol. Let SA545....00 = x 


> J5x=x > х = 5х => x25 => log,5 =1 


(v) (log tan 19) (log tan 2°) (log tan 3°) ........ (log tan 89°) =0 
Sol. Since tan 45? = 1 thus log tan 45? = 0 


(vi)  7"".2x«9-20 
Sol 3x+9=0 > (х = -3) as it makes initial problem undefined 


х= ф 


(vii) 20:69 +205 3)-12=0 
Sol. х-3 +2х-6-12= 0 
3х=21 2x-7 


(viii) log,(x-3)=4 


Sol, x-3 =2! 
х= 19 
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Practice Problem 

Q.1 Find the logarithms of the following numbers to the base 2: 
" 7 "ТОР 211 
(i) ¥8 (i) 22 Gdy (iv) ту 


| 
0.2  Findthe logarithms ofthe following numbers to the base = 


3 
1 

(i) 81 OB фу — (995 од 
О.З  Findall number a for which each ofthe following equalities hold true? 

(i) log,a=2 (ii) log, (a(a + 3)) -] 

(i) ^ log, (32-1) 7-1 (iv)  log,(a?-5)-2 
Q.4  Findall values of x for which the following equalities hold true? 

(i) log, x? =] (ii) log,x = log,(2—x) (iii) log, x? = log,x 


(iv) log, p(2x + 1)=log,.(x+1) (v log,,(x?+8)=-2 


0.5 If | 3445- 13 + /48 | = Ja + Vb where a and b are natural number find (a + b). 


Answer key 


Q.1 (i) 1, (ii) 3/2, (iii) — 1/5, (iv) - 3/7 Q.2 (i) —4, (ii) — 1/3, (iii) 1/7, (iv) — 5/2, (v) 9/4 
Q.3 (i) 4, (ii) —5, 2, (iii) -2, 2, (iv) -3,3 0.4 (i) 42, -42, (11) 1, (iii) 1, (iv) 0,(v) 1,-1 0.5 8 


Answer key 


0.1 (i) 1, (ii) 3/2, (iii) – 1/5, (iv) - 3/7 Q.2 (i) - 4, (11) – 1/3, (iii) 1/7, (iv) – 5/2, (v) 9/4 
Q.3 (i) 4, (ii) —5, 2, (iii) 22, 2, (iv) -3,3 0.4 (i) V2, – 4/2, (11) 1, (iii) 1, (iv) 0, (У) 1,-1 0.5 8 


PRINCIPAL PROPERTISE OF LOGARITHM : 


ЇГ m, nare arbitrary positive real numbers where 
a>0O;a#l 


(1) log m + log п = log, mn (m>0,n>0) 
Proof: Let — x, -logm ; m =a* 
х,=]ор n : п= а*: 
Now mn = a* ; ах 


тп = а Хх, +X 
x, +x, = log, mn 
Іов т +102 п = 10р mn 


т 
(2) 102, * -log,m - 102. п 


m 
x,-x, = log, — 
n 


| -1 = log = 
og m—log n à 
g, 8, а п 
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(3) log т^ =х log. т 
log m=p : т = а? 
тх = арх 
taking log both the side with base a 


log, т" =log,a™ = px = х log, m 
1 
log, m =— 
(4) 8, 2 Іор т 


Ех :(i) Find the solution of log,x*=4 & 2log,x — 4 and verify solutions. 


Sol. 108,Х7-4 2logx-4 
= x! =16 = log, х=2 
=> x =+4 (two solution) => x=4 only possible soln. 


Ex: (ii) log,x? + 2log,x=8 
Sol 4log,x=8 (x>0) 
logx =2 
х=4 


BASE CHANGING THEOREM : 
Can be stated as "quotient of the logarithm of two numbers is independent of their common Базе." 
. log.a 
Symbolically, log,b = log,a 
proof Letloga=x; logb-y & loga-z 


a=c*; b=c’, a=b* 
c= b? 
ас , 49:77:47 9 ати 
сх = b? 
c=c* = X=yz 
| X 
ie z--— 
y 
log a 
log, b 
c 


e.g. Find value oflog,,16 


log, 16 
log,16 = 155,64 = 


1 
Case-I : loga = log, b 


ом 


log, a 
We have proved that log, b -log,a 


put с=а 
ЗЭВ, LL log, а 
Similarly log, b £y 
b n log, a 
or log, b Bo 
1 4 1 4 1 Ш 
ue ын log, абс Іор, абс log, abc 
"m. + (97:10 С E log, abc B 1 


Sol log „a+ log 
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Case-II : (log,a).(log.b).(log,c) = loga 


Биш 1988. и 1089 loge Јова _ 
root logb logc logd  logb 


log, a 


3 
eg  (log,5).(log,,27)= 2 


Сазе-Ш : Very imp form 


log ъс Іор ра 


а = с 


Proof а 8° = а 9) (log ac) (0854) = a log ас (log yc. log са) — LE 


— "LIMEN IL 


Illustration : 
-log 7 


Sol 210827 =7 


Illustration : 


44 2.5, 4 
gigs? 27 87 
1 
Sok 87003 8З Г 
27 


Illustration : 

(log, 3)(log; 4)(log, 5)....log, (n+1) = 10. Find n =? 
Sol. log,(n+1)=10 

n+1=1024 ;п= 1023 
Illustration : 
81 
80 ` 
Sol 1002 + 16 10816 - 16 10815 + 12 10225 — 12 10524 + 7 10881 - 7 10880 

= log2 + 64 log2 – 16 1085 — 16 log3 + 24 1085 -12 3 log2 - 12 1083 

+ 28 [083 — 7 [095 — 28 1082 


16 25 
1082 + 16 108715 + 12 log 24 + 7 log 


= log2 + 1095 = 10810 = 1 


Illustration : 
1 2 3 
+——+——= 
10832 10854 1об›;8 
Sol 108,3 + 2108,9 – 3108,27 


= 3108,3 -3108,3 = 0 
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Illustration : 
Let a > 1 bea real number then solve 


ад х =5+ 4x "t 
Sol. (x 82 a? — 40824 )-5 =0 ; В- 41-5 =0 
t=5 x'".5 (106 ,a).log yx = 1 
Take log w.r.t. base 5. 
log; x =log, 2 


x= (55а 2 


Illustration : 
Prove that 2V!8:3 — уз? 


1 1 
(log у 3).—р r ond Tz E: 
Vlog 3 — (2 log 53 үг DIU vlog ›3 23 log ,2 


Sol 24%? = 


Illustration : 
If a>0;c>0; b= Jac гас #1 


Prove that log, N - log, N -log, N 
Іов. М 108, N -log, N 


Sol LHS о” 
log, N-logy N 
RHS = log, №108. N 


(logyb-logya) logye , logyb 
= logye-logyb  logyb logya 


- xlog,c 
logy c/b 
= log „Ба x log, c b = ас 
c/a b = ac 
- 1277 log, 2 5 _ ый 
= Іов с Ans. a b 
LOGARITHMIC EQUATIONS : 
Illustration : 
Prove that x + 787% .2 = 0 
Sol > 2+х-2=0 ева = x( 0) 
= (xt*2)(x-I) =0 
-x--2orl 
= By definition, x > 0 
х=] 
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Illustration : 
Find the value of x: (x4 I) "9 *D. = 100( + 1) 
Sol. Ву definition (x + 1) > 0 
^ Taking log with base 10 both side 


= log (x+ 1810) = log 100(х + 1) 

= logy, (x + 1). log у (X + I) = logy) 100 + logy, (x +1) 
Е (log ,(-- 1)? = log (x+1) =2 

let log (x * 1) =y 


= y-y-2=0 

= 007—2) (yr D)20 

= у= 20ғ- ] 

= log, (+ 1) =2 or log, x + 1) =—1 

. х+1= 100 ог х + 1 = 10”! = 0.1 
х = 99 or х=- 0.9 


Illustration : 
Find the value of x : 3 855 + y"** = 162 


Sol. (езх er" + „log3x = 162 


= х°З* + х083Х = [62 [аах -x| 


=> x'83* = 8] 
Taking log both side with base 3 


>И =o 
Taking log both side with base 3 
=> = (logxx)? =log,81=4 => logx=+2 


1 
=> x =9or — 
оғ 9 


Illustration : 


Find the value of x : log; (57544125) = log,(6) + 1 + i 
x 


1 
Sol. = log, (5'* + 125) = log,6 + БЭ 


2х 
318123 nod 
"ls g 1 | 2х 


= 5% + 125 = (5! А 512%) 6 
= 519 + 125 = 5.6: 51/0 


1 
= let 5% =y 
= y’ — 30y + 125 = 0 
= (у—25)(у—5)= 0 
= у= 5 ог 29 
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1 
Note: [Ifgiven problemis /og; (5 +125 ) =108.(6)+1+ Шы then the equation will have no solution since 


for 5, x e Мапа N 2 2] 


Illustration : 
Prove that : 108,7 is irrational. 
Sol Let 108715 Rational. 
So 108,7 = a/b where (a & b are integers & b # 0) 


108 (07 _ а 
10° 02 — b 
= blog, = а log 2 
= 7b = pa (7 & 2 are co-prime) 


So there is no such type of integers for a & b so there is a contradiction. 


Common and natural logarithm : 


log Ч is referred as a common logarithm and log № is called as natural logarithm or logarithm of N to 
the base Napierian and is popularly written as /п М. Note that e is an irrational quantity lying between 2.7 
to 2.8 which you will study later. Note that e" * =x 


Characteristic and Mantissa : 


We observe that 105 10 = 1 and log, 100 =2. 
Hence logarithm of a number lying between 10 to 100 = 1 +a positive quantity 
log, (0.1) 7 — 1 and log,,.(0.01) =-2 
hence log (a number between 0.01 to 0.1) =—2 +a positive quantity 
Hence the common logarithm of a number consists of two parts, integral and fractional, of which the 
integral part may be zero or an integer (+ve or —ve) and the fractional part, a decimal, less than one and 
always positive. 
The integral part is called the characteristic and the decimal part is called the mantissa. 
eg. log, 33.8 = 1.5289 => 33.8 = 101-5289 = 19,1 00.5289 


log 00.338 = — 1 + 0.5289 = 1.5289 
It should be noted that, if the characteristic of the logarithm of N is 
1 = that N has two significant digits before decimal. 


5.4 23 : | very Important 
2 = that N has three significant digits before decimal. 


(Hence number of significant digit in N 7p + 1 ifp isthe non negative characteristic of log М.) 
if characteristic 

-1 => Мһаѕ по zeros after decimal before a significant digit starts 

-2 =>  Nhaslzeroafter decimal before a significant digit starts and so on. 


Using log 2 = 0.3010 and log 3 = 0.4771, and log 7 = 0.8451 
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Illustration : 
Find the number of digits (2.5)200 
Sol. Let М = (2.5)? 
Taking log both side with base 10 
3 
log „М = 200 logy, (2.5) = 200 log io (5) = 200 [log 5 — 108 02] 


= 200[1—21og,,2] = 200 [1-2 х 0.3010] = 200 [0.3990] = 79.80 
Characteristic = 79 
Number of digits = 79 + 1 = 80 


Illustration : 


Find the number of digits 650 


Sol Let N = 6? 
Taking log both side with base 10 
log N = 50 [log 6] 
= 50 [log 2 + 108 03] = 50 [0.3010 + 0.4771] = 50 [0.7781] = 38.9050 
Characteristic = 38 
Number of digits = 38 + 1 = 39 


Number of digits = 38 + 1 = 39 


Illustration : 
Find the number of digits 525 


Sol. Let N= 55 
Taking log both side with base 10 
log N= 25 log,,5 = 25 [1 – 108,2] = 25 [1 – 0.3010] = 17.4750 
Characteristic = 17 
Number of digits = 17 + 1 = 18 


Illustration : 


-100 
Find the number of zeros after decimal before a significant figure start in (5) 


8 
9 -100 
Sol. LetN- B 


Taking log both side with base 10 


-100 
710 =— 100 Пов 9/8 ] = – 100 [log,, 9 – logy) 8] = – 100 [2 log,,3 — 3 108,2] 


= — 100 [2 х 0.4771 —3 х 0.3010] = – 100 [0.0512] =-5.12 
Characteristic = — 6 
Number of zero after decimal before a significant figure start = 5 
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ustration : 


Find the number of zeros after decimal before a significant figure start т 3750. 
Let М = 3-50 
Taking log both side with base 10 
log 03° 2—501og,,3 =- 50 (0.4771) = — 23.8550 
Characteristic = — 24 
Number of zeros after decimal befores а significant figure start = 23 


ustration : 


Find the number of zeros after decimal before a significant figure start in — (0.35)? 


Let N — (0.35)? 
Taking log both side with base 10 


7 
log |) (0.35)? = 12 108 (0.35) = 12 log, 20 ^ 12 (108 (,7- log 020] 


= 12 [log 7 — 108,2 —1] = 12 [0.8451 — 0.3010 — 1] = — 5.4708 
Characteristic = —6 
Number of zeros айег decimal befores a significant figure start = 5 ] 


bsolute value function : 


Absolute value function : 


y 
x if x20 
8) у=|х|= | 
-x if x<0 О s 

(9 42 =1х| 
(с) log х2" = 2п Іор |х |, where n є I 
General Note : Equations of the form 

[a(x)]> = [а(х) < (Variable exponent оп а variable base) 

with the set of permissible values defined by the condition a(x) > 0, can be reduced to the equivalent 


equation 


b(x) log [а(х)] = с(х) log [a(x)] 
by taking logarithms ofits both sides. The last equation is equivalent to two equations. 


log [a(x)] = 0, b(x) = с(х). 


2 — 
e.g. [жей ias ees 
Sol. Taking log both side w.r.t. base 10 


3x 


юв,х-2 77 =1ор|х—2 
=> (10х2 – 1) log |x — 2| = 3x log |x —2| 

=> log |x - 2| (10x? -3x -1) 2 0 

=> log |x 2] =0 or 10x2-3x-120 


=> |x-2|=1 or (2x — 1) (5x + 1)=0 
=>x-2=+1 
x=3;1 x = 1/2,-1/5 
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Illustration : 

Solve forx: |3х-2|+х= 1 
501. |3х-2] = И -x 

Case 1: 3-2 20 


=> 35-2 = 11-х 
> 4x = 13 
> x = 13/4 


Illustration : 


Solveforx: |x|-|x-2|=2 


Case 2 : 3x—-2 <0 


=> -(3х-2)=П-х 
=> -3х+2=11-х 
= 2х=-9 

> x =-9/2 


Sol. Casel: x22 => (у)-(х-2)=2 > 2-2 


for allx 22 
Case2: 0 €x < 2 
=> xtx-2 =2 => 2х=4 
No solution (0€ x<2) 
Case3: x«0 
=>-xtx-2=2 > -2=2 
Not possible 

x € [2, og] 


=>=-х+х-2=2 => -2=2 
Not possible 
хе [2, og] 


Illustration : 


Solveforx: |х-3 3х?-10х+3 _ у 
Sol. Taking log both side with 10 


3х7-10х43 


=> log |x-3 log] 


= (3x? —10х + 3) logy, |x - 3| = 
> (3x — 1) & - 3) logy |x - 3| = 


1 
= Дас, |х-3| 21 


again when x > 3 
> х-3-1 


2-2 х=4 
when x<3 
-(х-3) = 
> x=2 
1 
х = 3' 2,4 


=> x =2 


0 [x #3] 
0 


Print to PDF without this message by purchasing novaPDF (http:/Awww.novapdf.com/) 


[11-x20] 


15 


16 


Illustration : 


Solve for x : log (x? - 1) -log,(x- 1)? = log ,A(4 - x)? 


Sol. log, (x? – 1) - log, (x- 1)? = log; (4- x)? 

log,(x — I) (x + 1) ^ log, (x + 1)? = log, |4 – x| 
(х—1)(х +1) 

Og, Ed = log, |4 -x| 
xl 

= Pa = |4—х| 

= (x + 1) = (x 1) |x -4| (< |4—x| = |x- 4) 
Case (i): x24 

> a+ 1) = (х— 1) (x-4) 

> xt+1=x-Sxt+4 

> x*-6x+3=0 


x #3 — 46 (not in domain) 
=> х=3+,/$ 
from case (i) and case (ii) 
= х=3+ 6 


х=з V6 
x #3— \/6 (not т domain) 


> х=3+ 4/6 
from case (i) and case (ii) 
= паз 
Illustration : 
Solve forx: 2108; (х – 2) + log,(x - 4)? = 
2 log, (x 2) + log, (x - 4? =0 
> 2 log; (x— 2) + 21og,|x - 4| = 0 
=> 2 (log, (x 2) x - 4) = 0 
> (Х-2)|х-4|-1 


Sol. 


Case (i) : x24 
> (к-2)х-4)-1 > x-6&*7-0 
+ 
x= = => х-38472 


> g=3- 4/2 


> x23442 

Case (ii): x«4 

> (x-2) (4-х) = 1 > 

> »x-6x+9=0 эв 
x=3 

from case (i) and case (ii) 


x (3, 3+2} 


(Not in domain) 


&-3)-0 


4-2 - 8 + 2x =] 


[x = [-1, 1] хэ 4) 


Case (ii) : x<4 

— (х + 1) = (х- 1) (4-х) 
>х+1=4-х2-4+х 
>x -4х+5=0 


Discriminant < 0 


wx? dx +5 +0 


= no solution 


VvX^—4x t 5 FU 


— no solution 


[x-2>0,x #4] 
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Solved Examples 


Q.1  Findthe value of x satisfying Іор, (2^+х-41) =х(1-108 05). 
Sol.  Wehave, 
log yg (25 + x -41) =x (1 – log, 95) 
> log,9(2* + x - 41) =x log, ,2= log, , (2х) 
=> 2*+x-—41=2% —x-4]. Ans. 


Ba х)?+ log, x ~ (5 
0.2 Ifthe product of the roots of the equation, x 
(where a, b € N) then the value of (a+b). 
Sol. Take log on both the sides with base 2 
3 5 | 
(lios, х) +102, x -3) ь Х- 7 
log,x =y 
3y? +4y?-5y-2=0 => 3уғу- 1) +7у(у-– 1) +2(у- D) 70 
> (у- 1)(3у2+ 7у+2)=0 > (у-1)(3у+ 1)(у+2)=0 
-] 


= у=1 or y=-2 or yes 


1 0 І 
х=2; 5; 25 > Bx жт = а+6= 19 


1 
х+у|= апа 


0.3 For 0<a#1, find the number of ordered pair (x, у) satisfying the equation log , 


- 


1 Ї | 
x=2; д; з > Жу = уке = а+Ь=19 


1 
0.3 For 0<а#1, find the number of ordered pair (x, y) satisfying the equation log | x+y | аг) апа 
log, у- log, |x| = log 24. 
1 


Sol. Ме һауе log,2|x+y| - 5 = |х+у|=а > х+у=+а  ... (1) 
Also, lg [37] os 4 > y-2|x|  . (2) 
x a 
л": 
х>0, ћеп х= =, у= 3 
If x «0, then у= 2а, х=-а 
: | а 2а 
possible ordered pairs = (s. z) and (— а, 2а) 


0.4  Thesystem of equations 
log,,(2000xy) – log, ух : log, yy 7 4 
log; o(2yz) – log, су: log,,z= 1 
and — log 0(2х) — log, 92 * log 9x =0 
has two solutions (x,, Y}, Z,) and (Х,, у., 2,). Find (y, + y). 
Sol. From (1), 
3 + log) 9(2xy) — log, 9x * log, yy=4 m 
ог log) (xy) — log) 9X * log, oy = 1 — log, 9(2) 


Print to PDF without this message by purchasing novaPDF (http:/Awww.novapdf.com/) 


18 


From (2) 
108 6(У2):-108 oy : log, 92 = 1 – log, (2) m 
From (i) and (ii), we get 
log x + log y-logx-:logy-log y+ log z—log y: log z 
= logx(1-logy)-logz(l-logy) => (logx—logz)(1 —log y) - 0 
Either, log x =logz 
Or loggy7*1 => у=10 
but y = 10 does not satisfy equation (1), hence rejected. 
logx=logz 
From (3), we get 
(log? = 2(logx) => log, ox [log,)x-2] =0 
i x=1 or x=100 
if х=2=1 ћепу=5 => (x,y, 2Z,)#(1,5, 1) 
x=z=100theny=20 => (х,, Y» 2,) = (100, 20, 100) 
Hence (y, + yj) = 25 Ans. 


0.5  Acircle has a radius of log, (a”) and a circumference of log, o(b*). The value of log,b is equal to 


1 1 
(А) 2x (B) 7 (C) л (D) 21 
Sol. С-4106,0-2лг 
f; 4 log, 9b = 21: 2 log, ga (as г= 2 log, 9a) 
logio b 
log; a "US 
4 log, ob = 21: 2 log, a (as r=2 108 (а) 
logio b 
log, a = 


logb=n Ans. (C) 


; | (log, n)-1 
0.6 If log, ,sinx + log, ,cosx =—1 and 108 (ѕіп x + cos x) = UT then the value of 'n' is 
(А)24 (В)36 (С) 20 (0) 12 
| sin 2x 
Sol. Given log), a me 1 
sin2x _ 1 in2x- Я | 
=> 2 ^10 E sin 2x = 5 sl) 
log B5 
10 10 


Also log,j(sinx-*cosx)- 


10 

TT n в рыс а 
=» sin an =? 5 10 
oe Ans. (Р 
> “үрэлт s. (D) 
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Hint: 


Sol. 


QU 


Hint: 


Q.10 


Sol. 


19 


108 пиа a _ зовн) = 8 


The ratio simplifies to 


7A lossy a "m—- 
(А)а2-а-1 (В) а? +а- 1 (С) а?-а+1 (0) а2+а+1 
06 лна _ у\овт(а?+1)' „бы _ 299984 3383 (a?+1) 
74 Бой -— ==] j^ £2 "e 
8-- 28, - 
=f a a дее (ру 
a -a-l 


Pe : logs 16-1054 х+Їору 5 lows 4+5 А 
The number of values of x satisfying the equation 2 2 45+ x 0877? 4 x5z 0 is: 


(A)0 (B)1 (С) 2 (D) 3 


logs 16: logy x+log, — 5 " 

Es 84 Ex + 5х + x 083445 +х5=0 
221055 410р4 х+х 10525 | 5X | у 10854, x5 +х° -0 
221085 x 2xlog25 |. 5x + х210852. “x 537 -0 

logsx P ex Lex [71085 х Р. 5,5 = 
0 85 fa +5 «e Ч E £x? 70 


эрэн) + |+ x pes] * ] =0 


5* je} мерне 1-0 
(5* +? =} | 0 


5х + х5 = 0 (2955 41 =0 
This possible only when x will be —ve No solution 
while according to question x 2 2 

'. number of values of x = zero Ans. (А) 


The number N = 6 1082 +10631, lies between two successive integers whose sum is equal to 


(A) 5 (B)7 (C) 9 (D) 10 
N = 10264 + 10631 = 1081984 
* 3<N<4 => 7 Ans. Ans. (B) 


If 2* = 7^ then number of ordered pairs (а, b) of real numbers is 

(A) zero (B) one (C) two (D) more than 2 
23-7 —a-b-0 if a and b are integers 

In case a and b are not integers then 


219827 = 7° = а = 108,7 and 5-1 
óf 21082 49 = 70 > а= 102,49 and b=2 


or 2*« 7902 
=> a=] and b=log,2 
*. Infinite solutions. Ans.(D) 
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310814 
0.11 The number 2200 ы | simplifies as: 
(A) 12 (B) 16 (C) 24 (D) 72 


3 
log44 
А 2log,| 3°83 
2log [роз] | | 
Sol 27 %2 -. 


т 206) ы jon) = js (af = 212. Ans. (А) 


0.12 If log,log,log,log,A =x, then the value of A is 


5х 2х 
(А) 120 (B) 260x (C) 25 (р) 5 
Sol. log, log,log,A = 2* 


102.105: А = 3? 
32 
log,A = 4 


хи 


0.13 Suppose log,2 = m, 108,3 =r, log,5 = s and log,11 =t. The value of 102, 990, is 


(A) 2mrst (В) т + 2г+5 +1 (С) т+г+5 +1 (О) т + 21г+5 +1 
Sol. а" = 2; а= 3; а = 5 апаа! = 11 
now, 102,990 = 10р. 11 + 2 108 3 + 108,2 + 108,5 = 1+ 27+ т + s. Ans. (О) 


Q.14 Suppose log,,p = q and log,r = q for positive numbers р, q and r. Which of the following must be 


true? 
1. 5log,t=I П.р= 1 Ш. Slog,,r=1 
2106г = log,p 2 Дай” ‚ 910832! = 1082P 
(A) Only (1) must be true (B) Only (II) must be true 
(C) Only (Ш) must be true (D) none ofthe statements must be true 


1 
0.15 Solve followinglogequation Іор, (2 log, (1 + log,(1 +3 log, x)))= 2 


1 1 
5 105, (2 log,(1 + log,( 1 + 3log,x))) = 5 


ЯМ, = 
= 2 log, (1+log,(1+3l0g,x)))=2'=2 => (1 + log, (1 +3 log, 4) =3! 
= log, (1 +3 log, x)=3-1=2 = 1 *3log, x = 2? 
= 3 log, x=3 = log, x=1 
=> х=3!=3 A Final solution x є {3} 
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0.16 Solve followinglogequation — 329996 – Jogx + log x -3-0 
Sol. log /x —logx + log?x-3 =0 


1 
> 5 108, X - log, x + (108, x)-320 


> log x-2 log x +2 (log x} -6=0 = 2 (Іов 0х) - log,x -6=0 
2(log,,x)’ — 4 log,,x +3 log,,x -6=0 => (2log,,x + 3) (log,,x - 2) =0 


3 
= log, ,x=2 or log x=- 2 
= x=10°=100 or x = 10-32 
0.17 Solve followinglogequation (х Ы 1: ы 
$0]. log (x "T 2) 8" (x-2)+log(x-2X(5-12) = log ] Q?leg & - 2) (Let log (x = 2) = t) 
= log (x — 2) (log? (x – 2) + log (x — 2) – 12)) = Іор „102-2 
= t [t + 5t- 12)] = 2t > 2+ 512 - 14 =0 = t(? + 5t- 14) 2 0 
= t(t+7)(t-—2)=0 => t=0,-7,2 = log (х-2)=0,-7,2 
= x=3,2 + 107, 102 
logx+5 
Q.18 Solvefollowinglogequation x ? =105*!8* 
logx+5 
Q.18 Solvefollowinglogequation x ? =105*"s* 
logx+5 — logx +5 
Sol  logx "m log. 107799 — logx. 3 =5+logx 
= log’x+5 log,,x=15+3 log,,x = log’x + 2 log,,x-15=0 
=> log,,x (log x +5) – 3 (log,,x+5)=0 = (log,,x—3)(log,,x+5)=0 
=> log,,x=3 Іор 0х = —5 
х = 10 х = 105 
logx+7 
Q.19 Solve followinglogequation х * = 108" 
Sol. taking log both the side with base 10 
logx+7 : 
—=—. logx = logx +1 => logi,x +3 log,,x-4=0 
=> logi,x+4 log,,x—log,,x-4=0 => (log,x +4) (log,,x—1)=0 
=> x = 10*апіх = 10! 
0.20 Solve followinglogequation Іор?х – 3 log x = log (x?) -4 
Sol.  logx-3logx-2logx-*4-0 => logj)x-5log,x*4-0 
= log,,’x —log,,x —4 log,,x+4=0 = (log,,x—4) (log,x - 1) =0 
=> log,,x=4 log, ,x=1 
=> х= 10* х= 10 


=> х= 10 ог 10! 
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0.21 Solve followinglogequation 108 Х-3 „log, x +2 =0 
Sol.  -logx-34-log,x +2=0 


(2 -log,x)- Сда log, xj 

4 + log,’x - 4log,x =—9 log,x 
(log,x + 4) (log,x + 1)=0 

log,x = —4 log,x 7-1 

х= 3-4 х = 3-! 


1111 y 


y 
1 
|= 


0.22 Solvethevalueofx: 2(log, 4/5 )’-3 log, 4/5 +1=0 


2 3 
(log х)? T log х ш 


$01. 1=0 


U 


log; x-2log;x-log;x*2-20 
log ș x (log ; x -2) - (log ; x -2) =0 
(log ; x -1)(log ;; x - 2) 20 


Uu у 1 


Іов 5х =lor log,x =2 


x= 4/5 огх = (Vs) =5 


=> log;x=lor log;x-2 


x= (5 orx= (J5] =5 


1 
23 Solvethevalueofx: (105100х)?+ (10510 x} = 14+ log - 


|. = (logl100-logxy + (logl0 + logx) = 14—logx 
= (2*logx) *(1-logx)-714-logx 
= putlogx=t 
= (2+02+ (1+0)? = 14-1 
= 2t?+7t-9=0 
2? + 9t-2t-9=0 
t (2t+ 9)-1(2t+9)=0 


и = 
=> t-l or t=- 5 
9 
=log,x=1 or log, x =- 5 
2 
x = 10 or %=+10° = ih? 
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COMPOUND ANGLE (Trigonometry Phase-I) 


What is trigonometry? 


The word trigonometry is derived from three greek words 


Tri Gon Metron 
three sides Measure 


In the ancient sense trigonometry defines relations between elements of a triangle. In a triangle there are 
six basic elements, three sides and three angles. Any three line segments will forma triangle iff they satisfy 
three triangular inequalities i.e. the sum of any two lines segment is greater than third side. In Euclidean 
geometry the sum of three angles ofa triangle is 180°. These requirements impose limitations on the 
manner in which the relations between the elements are defined. 


Basic definition of six trigonometric functions : 
three triangular inequalities i.e. the sum of any two lines segment is greater than third side. In Euclidean 


geometry the sum of three angles ofa triangle is 180°. These requirements impose limitations on the 
manner in which the relations between the elements are defined. 


Basic definition of six trigonometric functions : 


Гэв [ovo | mo Гэв [ome] oo | 


E 5 = н 
H H B P 
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Illustration : 
Which of the following reduces to unity for 0 < A < 90"? 


(i) ^ cosAcosecA dsec^A-1 (ii) (1 + tan?A) (1 —sin?A) 
№ 1 + 1 . cot? A cos? A 
(ii) 1+5т? А 1+cosec’ A (iv) cot? A — соз? A 


Sol : 4 1 ый _ 0054 sind _, 
ob @ COS 4 ША ^^^ ^ sinA cosA 


(ii) (вес? A) (cos? A) = 1 


1 sin? A 
iii — —+—— =] 
01) 1+5т2 А 145012: А 
2 44 
2, 4 хсо$? A 25, 
(iv) 5т A s AMT UL. us 1 
2 1 соз* А 
cos’ A —z— -l1 2 
sin* A sin” A 


Illustration : 
Prove that (sec Ө + cosec Ө) (sin Ө + cos 0) = sec 0: cosec 0 +2 


Cal ( 1 + 1 (T NUT 


Prove that (sec Ө + cosec Ө) (sin 0 + cos 0) = sec 0: cosec 0 +2 


со80  sinO 


Sol. | ж 2222 


sin " cos 
с050  sinO 


1 
i 51п0 cos 


+2 


+ 2 = 5ес0 cosecO +2 


Illustration : 
If (1 + sinA) (1 + sin В) (I + sin C) = (1 —sinA) (1 — sin B) (1 — sin C). 
Prove that each side equal to cosA cos B cos C. 
Sol. Multiply both side by (1 — sinA) (1 — sin B) (1 — sin C) 
= (1— sin? A) (1 — sin? B) (1 — sin? C) = (1 — sinA)? (1 — sin В)? (1 – sin С)? 
= cos? A cos? B cos? C = (1 —sinA) (1 —sin В)? (1 —sin СУ 
= cosÁ cosB cosC = (1 – ѕіпА) (1 —sin B) (1 — sin C) 


Illustration : 


tan А+ 5ес А-1 _ 1+ sin A 
lanA—-secA*1  cosA 


Prove that 


(1—secA-* tan A) i (1—secA-tan А) ^. cos A 


sl (tan А+ sec A) (вес? A-tan? A) | (tanA- sec A)(1—secA-tanA) 1+5іп А 
0l. uu v—uu——————————————R: = 
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Illustration : 


1 ny , . l-cos asin’ a 
Prove that |—_37___3-t+—__7__7,__|sin‘a cos‘a = ————;——35- 
sec а-соѕ а со8ёс – ѕес а 2+cos* asin a 
cos’ a 4 зіл? а 3 4 
Sol. : sin*a со8“а 
1-со8 а 1-88 а 
cos! a:sin^a ят a-cos‘a cos! a: зїп? a sinf а :соѕ? a 
Е Lo xe FO iaoa | ы wee on edd. ODE GIO CUR MEIN cant 
1—cos'a 1—-sin'a (1 cos? a)(1—cos? a) (1—sin ^ a) (15 sin a) 
cos* a sin! а+ cos? asin’ a (sin? a+cos a ) 


l+sin a+ cos? а+ sin? acos? a 


2 


! $ 2 
2 asin’ a (зїп? а + cos? a) _ l-sin'acos' а 


2 
(cos? at sin? а} - 2sin? acos? а+ соў 


2+5іп? асоѕ? a 2+ ѕіл? acos a 


Practice Problem 


cot 0+cosec 0-1 


З ми + + - 
Q.1 Ргоуе that SmIB--omen B (cotO + совес0) (cotO + cosecO — 1) 


Q.2  Ifsin0 + ѕіп20 = 1. Prove that cos!? 0 + 3 cos! 0 + 3 соѕ 0 + соѕ%0 – 1 = 0 


Q.3  Provethat (1 + cot A- созес A) (1 + tan A+ sec A) = 2 


ean A necnon A 


О.З  Provethat (1 + cot A—cosec А) (1 + tan A+ sec A) =2 
secA _ со$есА 
созес?А sec? А 


0.4 Ргоуе that (1 +cot A+ tan A) (sin A- cos A) = 


MEASUREMENT OF ANGLE AND SIGN CONVENTION : 


Angle: 
The measure of angle is the amount of rotation from the direction of one ray of the angle to the other. The 
initial and final position of the revolving ray are respectively called the initial side and terminal side. 


Systems of Angle Measurement 


English system French system Circular system 
(Degree) (Grades) (Radians) 
English System: 


One right angle = 90° (degree) 
1° = 60' (minutes) 
1' = 60" (seconds) 
Circular system : 
Iflength ofarc ofa circle equal’s to radius then angle impose by that arc on centre of circle is called one 
radian. 
Otherwise / =г. Ө 
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Note : Important Relation :- 

(i) Radian and Degree’s 
п = 180° 

(ii) Length of an arc of a circle 
(-10 

(iii) Area of sector of a circle 


1 | /=length of arc, 
А=-—г?Өб=—гё r=radius of circle 
2 2 ч я 
Ө = апре in radian 


REDUCTION FORMULAE : 


(D (90 + 0) Relation 
A OPB and A OP'B' are congruent by ASA property one 20, side r, Z(90? — 0) 
In A OPB',  P'B'-x as side opposite to 90? — 0 is x in A OPB 
In A OP'B', OB'=yas side opposite to 0 in A OPB is y. 


In A OP'B' 
sin (90? + Ө) = 5 =cos Ө; cos (90° + 0) = P = —sin 0; 
tan (90? + 0) 2 — cot 0; cot (90? + 0) = — tan Ө; 


sec (90? + Ө) = — cosec Ө; cosec (90? + 0) = sec 0 


In all (90? + 0) relations 


In all (90? + 0) relations 
sin changes to cos 
cos changes to sin 
cosec changes to sec 
tan changes to cot 
cot changes to tan 

and sec changes to cosec 

with appropriate sign 


sin(120°) = sin(90° + 30?) 2 cos 30° = - 


tan(135°) = tan(90° + 45°) =—cot 45° =— 1 


43 
В. 


cos(150°) = cos(90? + 60°) = — sin 60° = — 


(II) Reduction (180° — 6) 
A's OPB and OP'B' are congruent by AS A. Z(90? — 0), sider, 20 
side opposite to 90? — 0 =х same as in AOPB 
and side opposite to 0 — y same as in AOPB 


Р(х,у) 


» 


[ 


№ TZ 


« 
y d M S 
sin(180? — Ө) = т" $110; соѕ(180° – Ө) = roS cos0; 4 


tan(180? —0) 2—tan0;  cot(180? — 0) = — cot0; 
cosec(180? — Ө) = cosec0; sec(180? — 0) = — sec0; 
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Sines of supplementary angles are equal supplementary angles are those 
whose sum is 180°. 
Sum of the cosines, tangents, cotangents, secants of supplementary angles is zero. 
since с05(180°—0)=-со$0 
cos(180? — 0) + cos0 = 0 


same for tan, cot and sec 
sin(120°) = sin(180? — 60°) = sin 60° = = 
cos(150?) = cos(180? — 30°) = — cos 30° = – E 


For (180° — Ө) 
sin remains sin 
cos remains cos 
tan remains tan 
cot remains cot 
sec remains sec 
cosec remains cosec with appropriate signs. 


(Ш) Reduction (180° +0) 
AOPB and AOP'B' are congruent by A S A in which Z(90? — 0), sider, 20. 


(Ш) Reduction (180° + Ө) 
AOPB and AOP'B' are congruent by AS Ain which 2(90° — 0), sider, 20. 


sin(180 +0) = -5 — — $110; 
-x 
cos(180 + Ө) = ‘eo cos0; 
tan(180 + Ө) = tan0; cot(180 +0) = cot0; 


соѕес(180 + 0) 2—cosec0; 5ес(180+ 0) = – ѕесӨ; 
sin(210°) =sin(180° + 30?) =—sin 30° =- 1/2 
cos(240?) = cos(180° + 60°) = – cos 60? = – 1/2 
tan(225?) = tan(180? + 45°) = tan 45° = 1 


In (180 + 0) relations 
sin remains sin 
cos remains cos 
tan remains tan 
cot remains cot 
sec remains sec 
cosec remains cosec with appropriate signs. 
sin(270°) = sin(180° + 90°) =- sin 90° 2-1 
cos(270°) = tan(180? + 90°) =- cos 90° = 0 
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(IV) Reduction (360 — Ө) or (21 —0) 
Any angle ofthe form 27 — Ө can be written as — 0 because if we say 21 — Ө then it means we are moving 
clockwise from origin and by convention all angles measured clockwise are — ve. 
sin(2x —0) = sin (-0) 
cos(2n -0) = cos (-0) 
tan(2x —0) = tan (-0) 


Again AOPB and AOP'B are congruent by ASA 


sin (-9)- — —- =-sin Ө; cos (-0) = — = cos Ө; 
tan (-9)=- in 0; cot (-0) =- ит 0: 
cosec (-0) = – cosec 0; sec (-0) =- sec 0; 


1 
c0s(315?) = cos(360? — 45°) = cos(- 45°) = cos(45°) = 7 


1 
tan(330°) = tan(360° — 30°) = tan (-30°) = – tan 30° = – В 


In (27 – Ө) relations 
sin remains sin 
cos remains cos 
tan remains tan 
cot тетаіпѕ сої 
sec remains sec 
cosec remains созес with appropriate signs. 


sec тетаіпѕ ѕес 
соѕес remains соѕес with appropriate signs. 


To remember the signs we use 


sin *ve | All 
Students | All +ve 


tan Тус | cos tve 


tan(—120°) = – tan 120° = – tan(180? — 60°) = tan 60° = /3 
cos(180°) = — + 90°) = cos a 80° — 0) = cos(180 + 0?) 


х TE ЗЕЕ " 
4 4 131213 | 4 
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GRAPHS OF 6 TRIGONOMETRIC FUNCTIONS : 


(1) у= ѕіп x, where ye[-1, 1], xeR (2) у= соѕ x, where ye[-1, 1], xeR 


y=sinx 


(3 y=tanx,x € R,y e (оо, o9), (4) y=cotx,x € R, y e (- oo, о), 


хя Qn-1)7 fornel х # пл for nel 


y=cot х 


(5) y = cosec x, y є (- oo, -1] v [1, oo), (6) у= есх,х «Qn 7 forneI 


ХЕК- пл, xenzfornel 


(5) у = cosec x, y є (- oo, —1] U [1, oo), (6) y-secx,x Qn 7 forneI 


ХЕК- пл, xznzfornel 


Illustration : 
Consider a square of side 4cm. Now if a man runs at a distance of lcm from the sides of the 
square. How much distance will he travel. 


I«— Linear >~ 
Sol.  Lienar distance = 16 4 Curved 


curved distance =r Ө = 1. 


N/A 


path for 
л 
Total curve part 42 = 27 


Total distance 16 + 2x 
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Illustration : 
Consider an equilateral triangle with side 3cm. Now if a man runs around the triangle т such а 
ways that he is always at a distance of lcm from the sides of the triangle then how much distance 
will he travel. 

Sol. Linear distance = 9 R 


2л 3% 
curved distance = 1 x — i 


3 3 
3/2 2л 


Total distance = 9 + 2л 


Illustration : 
Prove that 
cos 10? + cos 20? + cos 30? +....... + cos 80? + cos 100? + cos 150? + cos 160? + cos 170? = 0. 
Sol. соѕ10° + cos20? + cos30? +....... + с0580° + cos (180? — 80°) + cos(180? — 30°) 
+ cos(180? — 20°) + cos(180? — 10°) = 0 
cos10? + cos20? + cos30? + ....... + соѕ80° — cos 80? — cos 30° — cos 20° — соѕ10° = 0 


Illustration : 


л 2л 4л 7л 9л 10x 


Prove that апт) + fan] + fan] + апт + taniy + taniy =0 


Sol. Sum of tangents of supplementary angles is zero. 
Illustration : 


11 11 11 11 11 11 


Sol. | Sum of tangents of supplementary angles is zero. 


Illustration : 
Prove that sin420? cos390? + cos(—300°) sin(—330°) = I. 

Sol = sin (360°+ 60°) cos (360° + 30°) + cos (-360? + 60°) sin (-360° + 30°) 
= sin 60° cos 30° + cos 60° sin 30° 
-sin90"-1 


Illustration : 

Prove that sin 240? sin 510? — sin330? cos 390? — 0 
Sol. sin (270?— 30°) sin (540"— 30°) cos (360° + 30°) 

= — cos 30° sin30° + sin30° cos30° 

=0 


Illustration : 
What sign has (sin A + cos A) for the following vlaues of A? 
(a) 140° (b) -1125? 
Sol. зіп А + соѕ А 
(а) sin 140° + cos 140° 
= sin 40" — cos 40° 
= ye (For A < 45°; cos 40^» sin 40°) 


(b) sin (-11259 + cos (-11259) 
= sin (-1080" — 45°) + cos (-1080°- 45°) 
= sin (-45°) + cos (-45°) 
= —sin 45° + cos 45° = 0 
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Illustration : 

Prove that cos А + sin (270° + A) — sin(270? — A) + cos(180° + A) = 0 
Sol. cos A + sin (270° + A) — sin(270? — A) + соѕ(180° + A) 

= cos А — с05А — (-cosA) + (- cos A) 

-0 


Practice Problem 


Q.1 Prove that tan 225? cot 405° + tan 765° cot 675? = 0 


0.2  Whatsign has sin A—cos A for the following vlaues of A? 
(а) 215? (b) -457* 


0.3 Prove that sec (270° – A) sec (90? — A) - tan(270? — A) tan(90? + A) + 1 = 0. 


1 
0.4 Prove that sin?5? + sin?10° + sin?15? ^ ....... + sin?85? + 51п290° = 9 2 


Q.5 Consider an triangle with sides 3, 6, 8. Now ifa man гип 8 around the triangle is such a way that he is 
always at a distance of Іст from the sides of triangle then how much distance will he travel. 


Answer key 


Q.2  (a)Positive, (b) Negative Q.5 17 + 2n 


Q.2  (a)Positive, (b) Negative Q.5 17 + 21 


TRIGONOMETRY OF COMPOUND ANGLES : 


Trigonometric ratios i.e., ‘sin’, ‘cos’, ‘tan’, cot, ‘sec’ and cosec are not distributed over addition and 
subtraction of2 angles. 
i.e., sin(A +В) z sinA + sinB 
Note that A = 60°, В = 30° 
sin(A + B) = ША : cosB + cosA : sinB 
РТ PS+ST 
OP ОР 
PS | ST 
OP OP О T R 
PS PN NR ОМ 
PN OP ON OP 
PS РМ, NR ОМ 
PN OP ON OP 
= cosA:sinB+sinA :cosB 


Hence we got | sin (А + B) = sin А · cosB + cosA sin В (0) 


Now replace B by -B 


sin (А-В) = sinA · cosB — cosA · sinB „ (ii) 


“МОК = ZPNM 
ZSPN = ZA 


sin (A +В) = 
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10 
| n 
In (i) replace A by = A 
л л л 
sin( 3 +А+ J =sin (= a) * cosB + cos( $+A] -sinB 


cos (A + B) = cosA · cosB — sinA : sinB „ (ii) 


In (iii) relation replace B by -B 


cos (А-В) = cosA · cosB + sinA · sinB (iv) 


To deduce the value of tan (A + B) and cot (A + B): 


(1) tan(A +B) = tanA + tanB 

| — tan А · tan В 

tan А — tan B л l +tan А 
2 tan(A - B) 2 —— —— —— Note: | tan] C £A |= = 
(2) | 1+ tan А tan B ZE ) 1+ tan А 


cot A cotB -1 
cep - SEEN | or [AB oA ВВ анд) 
(3) ( ) pere ог |cotAcotB-1- cot(A + B)(cot B-- cot A) 


cot A cotB +1 


cot(A - B) = —————— 
M ( ) cot B — cot А 


Important identities : 


Important identities : 


(a) sin (А + В) · sin(A — B) = ѕіп?А — sin?B 


(b) cos (A + В) · cos(A — B) = cos?A — sin?B 


tan A + tan B + tan C - tan A tan B tan C 
+ В + ©) = = 
© d вый l- tan A tan B — tan B tan C - tan C tan A 


Illustration : 


Pn , cos 10?-- sin 10° _ 55° 
rove that cos 10°—sin 10° 10°—sin10° ~ tan 55°. 


cosl0°+sin10° = 1+tan10° tan45°+tan10° 
= = (an (45? + 10°) = tan 55° 


Sol. соѕ10°—ѕіп10° — 1-1ап107 1 —tan45? tan 10° 


Illustration : 
If 3 tan O tan ф 71, prove that 2 cos(0 + ф) = со5(0- ф) 
Sol. | Given 3 tan Otan ф =1 or cot 0cot o7 3 
sinücosp 3 
sinüsinp 1 
Ву componendo and dividendo, 


© 
ч 


созӨсозф +5їпӨ sing . 3+1 с05(0-ф) 
we have, cos0coso —sinOsinp 3-1 T со8(0-ф) | 
> 2 с05(0 + ф) = cos (0— ф) 
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Illustration : 
Show that со820 + cos?(a + 0) - 2 cos а соз Өсоѕ(а + 6) is independent of Ө. 
Sol. —с0520 + cos?(a + 0) – 2 cos acos 0cos(a + 0) = соѕ?0 + cos(a + O)[cos(a + 6) - 2 cos a. cos Ө] 
= cos?0 + cos(a + 0) [ cos a cos Ө— зїп asin 0-2 cos?a cos 0] 
= с0520- cos(a + 0) [ cos a cos Ө + sin asin Ө] 
= cos?0— cos(a + 0) cos(a — 0) 
= cos?0— [cos?a — sin^0] = cos?0 + 5т20- cos?a 
= 1- с05?а, which is independent of Ө. 


Illustration : 

To prove that cot16? · cot44° + cot 44? - cot76^ — cot 76° · cotl6° = 3 

or 

(cot 16°) (cot 44°) — 1 + (cot 44?- cot 76°- I) + (cot 44°: cot 76^ — I) — (cot 76°: cot 16°+ 1) =0 

Sol cord wont y f= SEE 
о. соолсо + к= gin 

апа3+1+1+1 
44° + 16° = 60°, 44° + 76° = 120° 
76°— 16° = 60° 

L.H.S. 

cos 60? sin76? -- cos 120? sin 16? — cos 60? sin 44? 


= sin 16° sin44°sin76° 


зи 76° + sin 16? — sin £] 1 (2sin30° cos 46° —sin44°) 


a. 


sin 16? sin 44? sin76? 


— 2  sinl6?sin44? sin76? 


ZL simnlO"sin44"sin70" | Z  sinlO"sin44" sin76" 


1 


“250167 51447 sin76* (cos46? — cos46?), by сотр. rule = 0. 


Practice Problem 


Л 
0.1 Ifx-y-2 4 and cot x + cot y=2 ; Find smallest ve angles x and y. 


0.2 If sina sin ß -— cos a cos В + 1=0, prove that 1 + cot a tan В =0 


15 -5 
03 Іѕіпа= ст, соѕ В = —-.Findsin (о - В) 
17 13 
tan(a--B—y) tany : ! к : 
04 If —— — —— = —— then prove that sin (В — y) = 0 or sin 2a + sin 2B + sin 2у=0 
tan(a—---y) tanp 
Q.5 If a and В are the solutions ofthe equation a tan 0 + b sec Ө =c, then show that 


2ac 
аца + В) = (42-62): 


Answer key 


01 х=75°, y=30° 
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TRANSFORMATION FORMULAE: 
Transform the product into sum or difference : 
We know that 
sin (A + B) = sinA · cosB + cosA : sinB 
sin (А-В) = sinA · cosB – cosA : sinB 
cos (A + B) = cosA · cosB - sinA · sinB 
cos (A - В) = cosA · cosB + sinA : sinB 


(1) 2sinA cosB = sin(A + В) + sin(A - B 


— 


(2) 2 cosA sinB = sin(A + B) -sin(A — B) 


(3) 2 cosA cosB = cos(A + В) + соѕ(А - B 


(4) 2sinA sinB = cos(A — B) – cos(A + B) 


Transforming sum or differences into products : 


Putting А+В=С & A-B=D 
C+D C-D 
= = t =— 

іп 1,2,3,4 


(5) sin C + sin D= 2sin CED eos C-D 


2 
(5) sin C + sin D= 2sin CHP eos C-D 


(6) sin C —sin D- 1c, 17) sin CD) 


2 


(7) cos C + cos D = 2cos 


(C * D) m (C - D) 
2 2 


(8) cos C — cos D = -2sin 


C+D). (C-D 
CED sin) (Imp.) 


VALUES OF TRIGONOMETRIC RATIO OF STANDARD ANGLES : 
Finding values of 15? & 75? 


(1) sin 15°= sin— = sin (45° — 30°) = sin 45° · cos 30? — cos45? - sin30° 


12 
BA = У6-42 = с0$ 75° = ei 
242 4 12 
5 
(2) sin 75? = sin = = sin (45? + 30°) = sin45? · cos30? + cos 45? · sin30° 
- узэл - У6 +2 = с0515° = cos 
242 4 12 
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43-1 
(3)  tani5?- ma h 2-43 = cot 75° 


43:11 
(4) а75° = 1-1” 24/3 = cot 15° 


1 
NOTE :- sinA sin (60°—А) sin (60°+А) = 4 sin 3A 


1 
cos A cos (60°-А) cos (60° + A) = 4 cos ЗА 
tan А tan (60° — A) tan (60° + A) = tan 3A 


Illustration : 
Prove that cos (36? — A) cos (36? + A) + cos (54? + A) cos ($4? — A) = cos 2A 
Sol. | cos (36? — A) cos (36° + A) + cos [90°- (54? + A)] sin [90°- (54? — A)] = cos 2A 
= cos (36°— A) cos (36? + A) + sin (36? — A) sin (36° + A) 
= cos [(36° + A) — (36° — A)] = cos 2A 


Illustration : 


Pr | cos 60 + б соз 40 + 15с0520+10 =) ө 
гоме cos 50 + 5 соѕ 30 + 10соѕ Ө Бы 


Sol. Inthe N write 6 as 1 + 5 апа 15 ав 10 + 5 
COS 20 + ICUS IV + 1060509 

Sol. Inthe N write 6 as 1 + 5 апа 15 ав 10+5 

№ = cos60 + cos40 + 5со540 + 5cos20 + 10cos20 + 10 

= 2cos50 cos0 + 5.2 cos cos 30cos0 + 10.2 cos20 

= 2cos0 [cos50 + 5cos30 + 10cos0] = 2 cosO [D'] 

D — 2cos0 
Illustration : 
tan(O+x) _ tan(@+y) їал(0-2) 
a b с 


If 


at А 
sin? (z-x) =0 


b. b+c . с+а 
then show that 5т?(х-у) + 5т?(у-2) + 
а-Ь b-c c—a 


tan( 0 +x) 


m APA LUN Applying componendo and dividendo 


a 
Sol. b  tan(04y)' 


a+b sin(20+x+y) 


a-b sin(x-y) 


a+b 
a-b 


1 
$їпї(х — y) = sin(20 + x + y) ѕіп(х– у) = » [cos(20 + 2y) - cos (20 + 2x)] 


a+b , ‚2 " " 
2 sin’ (х— у) = 0 аз the term т R.H.S will be cancelled. 
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Illustration : 


43 


Prove that sin 20° sin 40° sin 80° = ES 


1 1 
Sol. 2 (2 sin 20° sin 409) sin80° = 2 (соз 20°— соз 60°) sin80° 


1 1 
(cos 20° ѕіп80°— 2 501807) ий” (2 cos20° sin80°— sin80°) 


~ NIN 


1 1 
ай” (sin 100° + sin 60°— sin80°) = 7) (2 cos 90° sin 10° + sin 60° 2 sin 60° = 


Alternate method :- 


1 
sin 20° sin 40° sin 80° = sin 20° sin (60°- 20°) sin (60°+ 209 = goin (3 x 209 = 


Practice Problem 


Q.1  Findthe value of cos? 73° + cos?47? + cos 73° : cos47° 


E S On Find val , 1230-8030 
Q. a in first quadrant = jg: Find value of 157 sinda 


Q3 Ихзт0=у sin( 042") =z sio) then. Prove that > xy - 0. 


ma Ww. A ana dasa aralanan - OM 2 tte A 2... 2 ы.--а aa со80 sinO 1 ef... Manca чүү" ap b 
№ wy \ “2 

РЕЧ . 0080  sinO 1 at b 

0.4 Ifa, В are two values of 0 satisfying equation "ms OR = л then. Prove that cot = = 


sinA+2sin3A+sin5A _ sin3A 


05  Provethat sin3A+2sinS5A+sin7A зт5В’ 


Answer key 


01 3/4 02 -1 


Trigonometric Ratio's of Multiple and submultiple angles : 


со | > 


0 0 
Multiple angles are 20 and 30 and sub multiple angles are 2a 
1. sin 2A = sin (А+А) = 2 sinA cosA 
2. cos 2A 


cos 2A = cos? A -sin?A = 2 cos? А-1=1-25т2А 


cos A= cas'(4) аа) 
2 2 
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15 


Formulaes in terms of tan? А 


2tanA 
3. tan 2A = tan (А +А) = 1— fai A 
: (2tan A) 
4. sin 2A = Term 
4 ” 1- tan? А 
` Cos ^A т tan? А 


Sine, cosines and tangent of 3A 


sin ЗА =3 sin A — 4 sin?A 
7. cos ЗА = 4 cos? A — 3 cos А 


г 


3tanA – tan? A 


8. tan ЗА = 2 
1—3tan"A 
Si -S4, +55 - S,4...... 
9. tan (A, * A, * ...... А) = _ 
ы. ) 1-S,+S8,-S,+...... 
where 
S, = tan A, + tan A, * ...... + tan A, = Sum of the tangents of the separate angles, 
S, = tan A, tan A, + tan A, + tan A, + ...... = Sum of the tangents taken two at a time, 
S, = tan A, tan A, tan A, + tan A, tan A, tan A, ...... = Sum of the tangents taken three at a 
>, 7 tan A, t lan A, +...... + tan A, = »um от tne tangents or tne separate angles, 
S, = tan A, tan A, + tan A, + tan A, + ...... = Sum of the tangents taken two at a time, 
S, = tan A, tan A, tan A, + tan A, tan A, tan A} ...... = Sum of the tangents taken three at a 


time, and so on. 
Continued product of cosine Series : 


1 
n-l A = —— gi n 
cos А cos 2А cos ДА cos 8A .... cos2" А 2^ sinA sin (2^ A) 
Proof : Multiplying above and below by 2" sin A 
. LHS 

п-1 

= ——— [2sinA cos А cos 2A cos 4A .... cos 2"! A] 
2'sinA 
n-2 


ELO [2 sin 2A cos 2A cos 4A .... cos 2"! A] 
si 


n-3 


2 
erm [2 sin 4A cos 4A .... cos 2"! A] 
sin 
1 


E TS [2 sin 2"! A cos 2"! A] 


= ENS sin (2:21 A) = sin(2^ A) 
2" sinA 2" sin A 
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Illustration : 
2n 3л 4л 5л бл 7л 1 


л 
Prove that cos T3 cos Tg cos 15 cos 15 cos 15 cos 15 cos 75 = 128 


5л Ni 8л 


Sol LO ЭН ЖОРА. ЖИИ. 
Н BOR T 5: 292 SS 


л 2л e "т Зл бл) 1 
LHS = |cos—cos——cos—| -cos— ||| cos——cos—— |: = 
15 15 15 15 15 15} 2 


1 
= ——, as sin (л + 0) =-5т 0 


2 sn” — 2? sin = cs 
15 15 


Illustration : 


3л 5л 7л 1 


л * peel H — =— 
Prove that sin 14 зіп 145" та "а 8 


2m л zi _ ei _ 8л 
Sol sin = іп = соў 14 | #7605 14 


i А " 
"Му = sin 14 cos Z 


CE 
яаг У) = sin 14 


s" eun 
зїп — sin 14 cos 


: LHS. = 2n 4n PR ды E 
5 22054 соз-т, соз-т, = 2 sin aunt А = 14 
8л 1 
-- T sint =- Let) =-& 075 
dein ши 


* sin(z + 0) =-sinO 


Illustration : 


_cos 20 | -{®-) 
Prove that "y 20 4 


Sol. LHS = cos 20 
ши UU" 14+5т20 
“(5-2 
e л h с05 А= "(5 4) sin A = со{®- 2| 
«cod -20) 2 2 
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‚(хл л 
2sin( = = oeo Z -ө) '! sin A — 2sin Aud 
4 4 2 2 


Е 2e (5 -6] анд дай а 
4 2 


T 
= ап E = o) = R.H.S. 


Illustration : 
sin80—1 _tan80 
sec40—1 1ап20 
1 -1 
5180-1 _ соз8Ө0__ _ 1—cos80 соѕ40 
sec40-1 | і 1 с0580 1-со840 


Prove that 


Sol. LHS. = 


cos40 Е 


© 1-cos80 = 25іп? 25 = 25т? 40 
2? sin40 " cos40 | (2sind0cos40) | sin40 2 


cos80 25220. со880 25іп? 20 and 1—cos40 = 2sin? х = 2sin? 20 


иг илнэ гөл | 
Е соз 80 2sin^ 20 


3 ( sin2(40). | сов 20 | _ | sin88). [ сох 20 | 
\ с0580 JV 25120 ) 
_ Ge ceed _ (2) еге) 
С À с0580 sin20 ) V cos80 sin 20 
cos 80 


= tan80 cot20 = 20 = R.H.S. 


Illustration : 
3 
Prove that соѕ?Ө + cos3@ (120° + 6) + cos3(240° + 0) = 40053 0 
Sol. Ие know that cos3A = 4cos3A — 3cosA 
1 
cos?A = 4 (cos ЗА + 3 cosA) 


Also, cos (2пл+ 0) = cos 0 
Applying the above we have 


1 
"x [(3 соѕ50 + cos30) + 3cos (120? + 0) + cos (360° + 30) + 3cos(240? + 0) + cos(720? + 30)] 


1 3 
- 7 (eos 30] + 4 [cos Ө + cos(120? + 0) + cos (240° + 0)] 


3 
cos 30 + 4 [cos Ө + 2cos(180? + 0) cos 60°] 


Uo 


З | | 


2 1 
cos 30+ 4 [cos 9+2. 2 -cos 9] = 4 cos 30 
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Illustration : 


If A, B, C are the angles of triangle ABC and tan A, tan B, tan C are the roots of the equation 
x! — 3x3 + 3x? + 2x + 5 = 0, then find the fourth root of the equation. 


Sol. Let the fourth root of the equation be tan D 
Now А+В + С = л 


Consider tan (A + B + C + D) = мм — = =— = 


5 
іап(л + D) = tan D = 3 Ans. 


Practice Problem 


I-sinü-cos0 , 0 


qu Рени 1+310+с050 2 


Q.2  Forapositive integer n, let (0) = (un 2) (1 + 5ес0) (1 + sec!0) (1 + sec?6).... (1 + ѕес2" 0) then 


0.2  Forapositive integer n, let f (0) = (un 2) (1 + sec0) (1 + sec!0) (1 + sec?0) .... (1 + sec2" Ө) then 


л к к к 
AEA AEA gl as TEAR 
(A) (=) (В) (5) (C) (&) (D) 115) 
0.3 Showthat 424 42-4 424 2cos80 =2с0$0. 


п 2n 3n п 
2 — +tan? — + tan? — +... + tan? —= 
0.4 Prove that tan 16 tan 16 tan 16 tan 6 35 


Q.5  Ifsinx +sin y=3(cos y—cos x), prove that sin 3x + sin Зу=0 


2n 4n бл 
0.6 If x+270 cur + id * воз: = 3746, then find the value of x. 


7  Showth п. 3n , 5n , 7n , 9л, Ш. 13л 1 
О. ow that sin тг sin 1д Sin үд Sin үү, 501: 58 T4 14 47 


Answer key 


Q2 A,B,C,D 0.6 х=3881 
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To find the trigonometrical funcitons of ап angle of 18° : 


Let 0 stand for 18°, so that 20 is 36° and 30 is 54°. 
Hence 20 = 90? – 30. 
and therfore 
sin 20 = sin (90? — 30) = cos 30 
2 sin 6 cos 0 = 4 cos?0 – 3 cos Ө 
Hence, either cos 0 = 0, which gives 0 =90°, or 
2 sin 0 =4 cos? 0—3 = 1 – 4 ѕіп20 
4 sin? 0+2sin@=1 
By solving this quadratic equation, we have 
(In our case sin 0 is necessarily a positive quantity. Hence we take the upper sign, and have) 


-1 


= sin 18° 


4 
z | 6-2 10 2 
Hence cos 18° = V1—sin? 18° =,/l- L = Ens 


The remaining trigonometrical ratio of 18? may be now found. 
Since 72? is the completement of 18°, the vlaue ofthe ratios for 72? may be obtained. 


80 = 


To find the trigonometrical functions of an angle of 36? 


Since cos 20 = 1—2 sin?0, 
" 


VVV га dO маім муларчцмуалхан ма LO ума VIGUY ме ама: ацчмсахл Ia пау ve NULLIS. 

To find the trigonometrical functions of an angle of 36° 

Since cos 20 = 1 —2 $1120, 
V5 +1 

7. соѕ36° = 1 – 2 sin? 18° = EN 

The remaining trigonometrical functions of 36? may now be found. 

Also, since 54? may be found. 


Values of standard angles : 
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Illustration : 


. "7T 2n Зл 4л 3 
Prove that sin 5 sin 5 5т 5 sin 5 = 16 
Sol.  L.H.S. = sin 36? sin72? sin 108° sin 144° 
= sin 36? sin 72? sin (180? — 72°) sin (108° — 36°) 
= sin 36? sin 72? sin 72? sin 36? = sin? 36? sin? 72? 
23-45 (5445 25-5 20 5 


8 8 64 64 16’ 


Illustration : 


In any circle prove that the chord which subtends 108° at the centre is equal to the sum of the two 
chords which subtend angles of 36° and 60°. 


Sol. If r be the radius of the circle and a, b, с and chords which subtend at the centre 
angles = 108°, 36° and 60°, then 


108° 
a=2rsin N xe r sin 54? 
b = 2r sin 2 = r sin 18° 
c=2rsin = y sin 30° 
36° 
b = 2r sin cS =r sin 18° 
c=2rsin 5 = r sin 30° 


= 2r sin 54° = 2r sin 36° 


4144 


4 


= 28 


84. 45-1 


ог 2r(sin 18°) + (2r sin 30°) = af 4 2ге 2r 7 


Hence the chords which subtends 108° at the centre is equal to the sum of the two chords which 
subtends angle of 36° and 60°. 


Practice Problem 


Q.1  Ifsec? 60° + k (sin 54° — cos 72°) = 10, then find k. 


Q2 1331,31 
sinx cosx 


= 442 . Then find x. 


Answer key 


01 k-12 Q2 х=15°, 55° 
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APPLICATION OF TRIGONOMETRY IN MAXIMISING AND 
MINIMISING i.e. (Optimisation) : 


1. Maximising and minimising by using the property of boundness of trigonometric functions. 
(a) Sine and cosine have bounded values between - 1 and 1. 
(b) Tangent and cotangent are unbounded functions. 
(c) Cosec and sec have values greater than 1 and less than — 1. 
(d 0< sin?x < 1, 0 < cox € I, tan?x > 0, sec?x > 1. 


Note : If maximum value ofa function is ‘b’, and minimum value ‘a’ then range is [a, b]. 
ТУРЕ -I: 


Illustration : 

Find minimum and maximum values of y = 2 + cos x. 
Sol y=2+cosx 

7—1 Scosx < 1 

у= 241 

Ymax = 3 апа Утт m. 


Illustration : 
Find minimum and maximum values of y = 1 + cos x + cos?x + cos?x + cos*x. 


Sol forx = 0° соз х = 1 
far v = т racy = —1 
Sol. forx = 0° с05х = 1 
forx2m cos x = -1 

Л 
forx = 2 cosx =0 


for cos x = I, Жун 
forcosx=-lor0 Уу"! 


Special Cases: 
When argument of sine and cosine are same 
General form y= asin x + b cos x + C. Find min. and max. value of y. 


b 
[Ans ум, = Va? +b? +C; Ymin = Va? +b? TC, where 0 = cos"! la? +b? ] 


Illustration : 
Find minimum and maximum value of 7 cos 0 + 24 sin Ө. 
Sol. y=7cos 0+ 24 sin Ө. 


-4a? +b? €acos0 + bsinO <a’ +b? 
7473 + 24? <7cos0 24 sin0 < 47? +24? 


—25 <7 cos Ө + 24 sin Ө < 25. 
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Illustration : 


15л 17л 
у= (2-е) (a Find range of y. 


8 
Sol. > sin IE сме g OT uy sin ИЕ 
8 8 8 8 


л [ 
— sin (4л— 8x) sin E =>-sin—:sin8x = —— ‘sin 8х 
(4n— 8x) | z) ; В 


Illustration : 
35їпх—4соз х +15 
y = log, Ег шин. Find range (minimum and maximum) value of y. 
Sol ~. -5s3sinx-4cosx S5 
Jsinx-4cosx- 15 
WEE хи: 


3sinx—4cosx4 15 
log;! < log, — —ID 5108,2 


au 


3sinx-—4cosx+15 
log,! < log, шин MEM 5108,2 


ыш 
$< || т] 


05105, (- 10 Ans, уль = 1081 =9; у „= 1; y є [0,1] 


ТУРЕ-П : 
Argument of sine and cosine are different or a quadratic in sine / cos is given then we make a perfect 


square in sine / cosine and interpret. 


Illustration : 
у = cos 2x + 3 sin x. Find range of y. 
Sol = 1 – 25іп?х + 3sinx 


т > 1-2 Мн ! + 9 
2 16 16 4 8 


_17 _ _3 
Утах 7 g at sinx = 4 
17 17 
Унш” -4 at sinx =- l [Ans. y e |74, riz m a a" 4] 


Print to PDF without this message by purchasing novaPDF (http:/Awww.novapdf.com/) 


ТУРЕ-Ш: 
Making use of reciprocal relationship between tan and cot, sin/cosec and cos/sec. 


Illustration : 
If у = аїап?х + b’cot?x (a, b 2 0). Find minimum value of y. 


2 


Sol. у = аїап?х + 


2 
b 
j— — 2аЬ + 2ab = (anx -) + 2ab > 2ab 


ну тіп. = 245 
Miscellaneous problems 


Illustration : 
If x! + y! = 4 and à? + b? = 8. Find minimum and maximum value of (ax + by) 


Sol Letx=r,cos 0, y7r,sin0 
anda —r,cos ф; b-r,sinó 
г; = 4, p 242 


Then (ax + by) = r,r, cos (0-0) 
rr, S (ax + by) $ гг, 


—4./2 < (ах + by) < 442 Ans. уһ = 442 апау, =- 442 


Practice Problem 


Practice Problem 


n 
Q.] у=3 cos[ x + z) + 5 соз x +3. Find minimum and maximum value of y. 


Q.2 у=соз?х-4со$х + 13. Find minimum and maximum value of y. 
03 у=8 sec?x + 18 cos’x, find y,... 


tan 3x 


та find range of y. 


0.5  Themaximum possible value of (xv—yu)? over the surface given by the equations 
х2 +у2  Aand и? +v? =9 is 


(A) 13 (B) 26 (C) 36 (D) 40 


Answer key 


0.1 Ymax = 10 and Ymin Smit Q.2 Ymax P 18; Yimin = 10 Q.3 Ум = 24 


0.4 (-», Hug, oo) 05 С 
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CONDITIONAL IDENTITIES AND INEQUALITIES : 


(i) IfA, B, C are the angles ofa triangle, then 
A+B+C=180° 
B+C=180°-A, C+A=180°-B, A+B=180°-C, 
Hence sin(B + С) = sin (180° -A) 2 sinA 
Similarly sin(C + A) = sinB and sin(A+B)=sinC. 
Thus ina triangle, sine of any angle is equal to the sine of the sum of the remaining angles. 
(ii) Again cos (В + C) = соз (180? — А) =—соз А 
In the same manner 
cos (C + A) =—соз В and cos (А + B) =— cos C. 
Thus ina triangle, the cosine of any one angle is equal to minus times the cosine of the remaining two 
angles. 


(i) If =+ 


Note: Some standard identities in triangle (A + B + C = 2) :- 
(1) sin2A+ sin 2B +sin2C=4sinAsinB sin C 


(2) cos 2A + cos 2B + cos 2C =-1 —4 cos А cos B cos С 
С 


A) din Asean Rain Gime дана ene ag © 
(2) cos 2A + cos 2B + cos 2C =-1 - 4 cos А cos B cos С 
(3) sinirin айн нд өв сан” Урок © 
2 2 2 
(4) cos А + соз В +с0$ С =1 „дай 9: 9 
2 2 2 
(5) tan A + tan B + tan C = tan A tan B tan C 


(6) бн чаг Pius ug РЕР с. ш 
2 2 2 4 2 2 


Illustration : 
Prove that sin 2A + sin 2B + sin 2C = 4 sin A sin B sin C 
Sol. sin 2A + sin 2B + sin 2C = 2sin (А + B) cos (A — B) + 2 sin C cos C 
Since А+В +С = 180° 
We have А + В = 180°— С, 
and therfore | sin (A + B) = sin C, 
апа cos (А + B) =-cos С 
Hence the expression 
= 2sin C cos (A — В) + 2 sin С cos С 
= 2sin C [cos (А - В) + cos C] 
= 2sin C [cos (A В) - cos (А + B)] 
= 2sin C, 2 sin A sin B 
= 4sin A sin B sin C. 
Note: Remember this identity: sin 2A + sin 2B + sin 2С = 4 sin A sin B sin С 
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Illustration : 


C 


A 
Prove that cos А + cos В -cosC- 1 + 4 siny зіл sin 


Sol. (cos А + cos В) + cos C 


A+B A-B 
2 0575 


ИР Gea A-B j 
= 2 cos| 5 775 | cos 2 + cos C- 


= 2sin= 28 d ini 1 
= a Ёл. 2 = 481П я — 


= 2 cos + соз С-1 


= 2 si С 24 ВЭ 
sin 2 cos 2 — ZSIN 2 


= 26 C cos B (E 49) 
= 25іп > ШЕ. 2 2 
С 


тэл ЖИ: 
= цаа М5 SPEC = шиг UE ВОР 


Illustration : 
If A, B, C are the angles of a triangle, show that tan A + tan B + tan C = tan A tan B tan C 


Sol. We have 
Illustration : 

If A, B, C are the angles of a triangle, show that tan А + tan B + tan С = tan A tan B tan C 
Sol. We have 


tan A+ tan B tan C —tan Atan Btan C 
1 — (tan Btan C tan C tan A4 tan Atan B) 
But = tan (A + B +С) = tan 180° = 0 
Hence 0 = tan A + tan B + tan C — tan A tan B tan C 
i.e, tan А + tan B + tan C = tan A tan B tan С 
This may also be proved independently. For 
tan (А + B) = tan (180? — C) = — tanC. 
tanA+tanB | 
1-tanAtanB — 
tan А + tan В = —tan C + tan A tan B tan C 
tan A + tan B + tan C = tan A tan B tan C 


tan (А+В+С)= 


—tan C 


Illustration : 


1 
Ina А ABC show that cos A cos В cos С < 3 
Sol. Let y= cos Á cos В cos С 
(8 +С) + COS шэн 
2 2 


со$ А С 


соѕ А [-с05 А + соѕ (В – С)] 
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0.1 
Q2 


Q.3 
9.4 
0.5 


0.6 
03 


— — cos A [cos (B — C) — cos A] 
cos A 
L4 
2 
‚› cos (B-C) = I) 


max x 


(1 — cos A) 


1 
< E. (cos?A — cos A) 


1 
max vlaues of y occurs when cos А = 2 
A = 60°. 
1 [ 1 | 
1 
max vlaues of y occurs when cos A = 2 
A = 60°. 
1 1 
x ec. 
У тах | 8 хэ 8 


Practice Problem 


In A ABC, prove that cos 2A + cos 2B + cos 2C =-1 — 4 cos А cos B cos С 


In AABC that p 4 4 ын. ын (2 t= 
n , prove that co 2 co 2 co 7 = 0015 cot» cot > 


InAABC, provethat cot B cot С + cot C cot А+ cot А cot B = 1. 


If а + В = y, prove that cos?a + cos?B + cos?y = 1 + 2 cos a: cos В · cos y. 


A B B C C A 
In AABC, that tan — tan — + tan — tan — + tan—-tan— =], 
n prove that tar 2 2 2 2 2 2 


| w 


Ina AABC show that 1<cosA+cosB+cosC< 


Forallreal@ prove that cos (sin Ө) > sin (cos 0) 
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SUMMATION OF TRIGONOMETRIC SERIES : 


Type-I 
Sum of the sin and cosine series when the angles are in A.P. 
2 sin n p 
(1)  sina-sin(a- В) * sin (a 2p) +.... + за (a+ п-1В)= 3 sin a+(n-D5| 
sin — 
2 


Proof: 


Let  S-sina-sin (a. f) + sin (a. 28) +... + sin (a+ n-1) 
Here angle are in A.P. and common difference of angles = В 


multiplying both sides by 2 sin р , we get 


2 
В NE p on ogee Pe deel | 
2S sin 2 —2sinasin 2 +2 sin (a + В) sin 27 VR +2 sin (a + п-1В) т, 4440) 
Now, 2sinasin B = cos С -8| ов + р) 
2 2 2 
2 sin (a + В) sin P = cos (9+2) cof a+?) 


2 sin(a+ n-1)si f = cos jas (2n -»P ean -$ 


adding, we get R.H.S. of equation (i) = cos С - Р) = cos a +(2n-1) 1 


2 
sin” В р 
hence, S= 2 2 *(n- H 
sin — 2 
2 
нэ sin n р 
(2) соѕа + cos (a + В) + cos (a+ 2D) +....... t+cos(a+ п-1В) = 3 exa (1-08 
sin — 
2 
Illustration : 
Find tl | LR FC КИЙИ ҮЕ 
ind the sum of series _ cos 11 ^ 09S “үү +8 үү + 605 үү + 605 т. 
Sol. Here the angles are in A.P. of 5 terms 
л 2л В л 
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28 


"Aa 
11 
5л 1 | л 
2sin: — cos-— LJ sin|zx-— 
" sir cos. sin | IR 
2sin— 2sin — 2sin I. 2 
11 


Type - II 
For n sided regular polygon 
Sum of all exterior angles = 27 


27 
(i) The value of one exterior angle = = 
” ЭГЭГ 2n (n -2) Ол 
(ii) The value of one interior angle = | 7 — Бэх "m 
(Ш) Sum of interior angles = x (n — 2) 
Illustration : 
In a regular polygon of n-sides with АА» ....... A, vertices prove that 
(A ANLARLAR + (А A \2 = nR? 
Illustration : 
In a regular polygon of n-sides with А, А,, ....... A, vertices prove that 
(4,4)? + (4,4)? + (4,4? + ......... «(АД = 2nR? 
Where К is the radius of circumcircle circumscribing it. 
Sol. (4,4)? + (A,A,)? + .... (A,A,)? = 2nR? 
uct 
n 
By trigonometry 
(AA y! = 4 sin? Z 
13 » 
2л д 
(A,A,)? = 4R? · sin? — 
2 2 . ‚3л Зу Je 
(A,A )* = 4К° · sint — 
n А, ——— А, 
e (п-1)/л 


(A,A)? = 482 · sin 
л (A,A)? + (4,4)? +... + A 


NT ы 2n .23Зп .2(п-1)/л 
4R? sin? — + sin? х^— + sin? T +..... sin? (n- Ls 
n n n n 


2 4R? [ = cos +1- т +1- age +.....1- wget - a 
a n n n 


Print to PDF without this message by purchasing novaPDF (http:/Awww.novapdf.com/) 


29 


‚ (п-1)л 2n | 2(п-1)л 


sin 
I. .cos| -H 
2 


2R? (n - 1) - 2R? m 
si) 

п 
2Ё?п — 2R? + 282 


> — 2Rb(n-1)-2R! (1) > 


> 2nR? 


Туре-Ш of summation of sine/cosine series 
Splitting the sum series as difference of2 terms. 


Illustration : 
х 
S = cosec x + cosec 2х + cosec 4x + ........ + cosec 2" x = cot 2 — cot 2" x. 


Sol. Let cosec x 
x Р х 
2 said Ё х „_& 
zi | sin(x z) sin cos — cos x sin ” 
- E ^ E = cot — cot x 
sin—-sinx sin — |: sinx sin—sinx 
2 2 2 


x 
5 [o pe cots] + (cot x — cot 2х) + (cot 2x — cot 2? x) +... (cot 2"! x — cot 2" x) 


x 
$ Em - 
m "ЇГ 5 Mw "n T (COL X со ZXJ T (COL ZX — COL Z XJ T ... (COL 27 " X COL Z^ XJ 


s (cor c cot2" J 


Illustration : 
4, then which of the following 


r=3 = 
Given Ө e (0, 2л) and if Se (77 +0) se © 6 Pt +0)= 
r=] 


alternative(s) is/are correct? 
4) ө= Z B)6- Е c) e- Z D) 0= 2 
(0-7 (B) Ө= ©, 9-3 @)ө= 5 
JT r-1)r 
1 1 sin | sid (£40) (60 = 2) 
эь аж. DEA АА " 
sinz "Cm cof o) sin— | co: 22) со: (r 52) 
6 6 6 6 6 6 
NM [pner enmt 14) (16|-4, (= е): 
мн cos A: cos В 
6 
T [tan A-tanB| = : ей] 
Ж T 
sin— sin— 
6 6 
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3 -4 


==... ғ 4 =4+4 
25 2 [cot 0+ tan] > sin20 
РЕР ЛЕ 
ог 5їп20=— i NN" 


Practice Problem 


п-1 
.211 n 
0.1  Provethat Y sin? —=-. 
r=l n 2 
x х X х х х 
0.2  Provethat ап secx + 18052 Sec TA T 9602 t ..... up to n terms = tan xmann 
. . sin x sin2x sin3x 
0.3  Findthe sum to n terms ofthe series ——————_ + — — — —— +....... 


cosx+cos2x cosx+cos4x cosx+cos6x 


Answer key 


| x х х 
= 2 | sec(2n+1)—-—sec— 
0.3 — | ( 5 4 


FI TMINATTON : 


ELIMINATION : 


Between any two equations involving one unknown quantity we can, in theory, always eliminate that quantity. 
In practice, a considerable amount of artifice and ingenuity is often required in seemingly simple cases. 
So, between any three equations involving two unknown quantities, we can theoretically eliminate both 
ofthe unknown quantities. 


Eliminate 0 from the equations 


Illustration : 

Eliminate 0 from the equations a cos 0 * b sin 0— c and b cos 0—a sin 0= d. 
Sol. acos0+bsinO=c ... (i); bcos @-asin 0=d. .. (ii) 

Square (i) and (ii) and adding, 

a? (cos?0 + sin?0) + b? (sin?@ + cos?) = c? + d? 

or а? + 2 = с? +d’ 


Illustration : 
Eliminate 0 from the equations 
a sin a—b cos а = 2b sin 0, anda sin 2a— b cos 20 = a, 


Sol. asina—bcos а = 2b sin Ө ... (И 
asin 2a—bcos 207a ... (ii) 

asina —bcosa 

From (i) sin 0 — — Ih 
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From (ii) a sin 2a— b (1 — 2 sin? Ө) = a 


| 1-2 asina —bcosa 3 
or asin2a—b 2Ь =а 


ог а? sin? а + b? cos? a+ 4ab sin а соз a—2ab sin а cos а = 2аЬ + 2Ь? 
ог asin а + b соз a= Jjf2b(a-b)] 


Illustration : 
Eliminate Ө from the equations 


„2 2 
ѕіп Ө соѕ Ө 1 
xsin 0-ycos Ө= J(x? 4 y? ), and EF x Ha" "mI 


Sol xsin@-ysin0= ух? + у? "ut 
2 


зіл? 0 eso _ 1 9 
ап 22 2 ху? - (2) 
Squaring (1) we have 


x? sin? Ө + y? cos?0— 2xy sin O cos Ө = х? + y? 
or xcos 0+ y sin 0=0 


2 
4 -Х idi X x? 
or tan Ө = — ;sin^é02]77—5 ——-[ = 
у (х?+у?)| х +y? 
у? 
and со520= 5 5 


2 


and со520 = 5—5 
x+y 
Substituting value in (2) we have 
2 2 3 д 
x y 1 x^ у 
и ш — 4+4 = = 1 
ог a(x? +y?) Ы2(х2+у2) х?+у? = iy 
Practice Problem 
Q.1 Eliminate 0 from the following 
$110 — cos Ө = p, and cosec 0 ~ sin 0 = д. 
Q.2 Eliminate 0 from the following 
a cos 20=bsin Ө, and c sin 20 = d cos Ө. 
Q.3 Eliminate x, y from the following 
cosx+cosy=a 
cos 2x + cos 2y=b 
cos 3x + cos 3y = с. 
Answer key 
Q.1 (p? + 1)? + 2q (p? + 1) = 4(р + 9)? 0.2 а(2с2– 9?) = bed 


0.3 2a! + с = 3a(b + 1) 
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Solved Examples 


Q.1 | Compute the square of the value of the expression cosec 20° ' 
Sol 4+sec20° 
ыы cosec20° 
4cos20?-1) . ano  4sin 20° cos 20°+sin 20° 
=| —————-— |sin20? 2 ——————————————— 
cos 20? cos 20? 
. 2sin40°+sin20° _ sin40?-2sin30?cos10? 
i cos 20? i cos 20? 
_ sin40°+cosl0° _ sin40°+sin80°  2sin60?cos20? | Л 
cos 20? cos 20? i cos 20? 
E (3 =3 Ап$ 


+B- 
Q.2 Ita Bre rand T tan( В) = ], then find È sin a + П sina. 


Sol. H a (9-1) =] 


Єт—2у\ 


Sol, П a (8-1) =1 


n-2 
= пы 22) (since a + B y 2 л) 
л ү cos –ѕіпї 
= пая 1). 5 п -i 
* cos I +sin Y 
2 


— II cos% - sin |= П| cos% + іп? 
2 2 2 2 


After squaring both sides 
= [I(1 — sin y) = ПА + sin y) 


=> 1- Ysiny Y'sinysina -Пзта, = 1+ Y ѕіпу+ У ѕіпуѕіпо + IIsina 
=> J siny+Msiny=0 Ans. 


1-- cos2x +8sin? x 


Оз Let f(x)= йк ,X € (0, 1/2). Find the minimum value of f(x). 
1+ соѕ 2х +8sin? x 
1, ay SES ee ды 
86 709 sin 2x 
2cos? x +8sin? x 
еЗ S ини 


2sin xcosx 
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Divide by 2 cos?x , we get 
1--4tan? x 1 
= —ы=— =—— + 
fe tan x Ed 70 tan x в. 
Apply A.M. > GM. 
е 9 +4tanx 1 
tan x >44 2 — — +411 х 24 


tan x 


0.4 aand fare the positive acute angles and satisfying simultaneously the equations 
S5sin2B=3sin2a and tanB=3 tana, 
find the value of tana + tan В. 


sin2a 5 
Sol. sin2p 3 
(2tana) (1-4 tan? В) 5 (2tan a) (12-9tan? a) 23 ИР 
= (1 + ап? a) (2tanB) 3 (1+ {ап? a) (6tana) 3 (tan B = Зап o) 
=> 1 + 9tan?a = 5 + Stan?a => 4tan’a=4 
> 
— tan p = 3 
-. tana + tan B= 1+3 = 4 Ans. 
0.5 If шон. (tana+seca) where 0<a<90°, then find the value of a in degree. 


cos 42? — sin 42? 
So. RHS =1ап а + $ес а 


2 
со 25, in cos  .. sin € 
_l+sina _ 52 : 2) _ 2 2 


cosa а .20 а 
(sos! 5129) 05-5 > 


NIR 


= 42° = a = 84° Ans. 


44 
} cos n° 


0.6 Let x= *— — find the greatest integer that does not exceed 100 x. 


44 
} зїп n° 
n=! 


cos1? + cos2? t ....cos 44? 
t sin 1? + sin 2° +....sin 44? 
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uw 
E 
м 
|È 
o 


ш|э- |N 


2 
5 
aN 
— 
о 
o 
2] 
Р 
— 
о 
кю | + 
> 
> 
o 
Ко 


———— 79. Col es => cot 221 
2 2 


с 
5 
"таво" 
|È 
© 
v 
zu 
=» 
"o 
+ 
È 
— 


= 
5 
p^ 
Ni м 


— 


—x- (/2+1)=2.414 
= [100 x] = 241 Ans. 


0.7 ForAe (o. z) ,if ( + = 3A) + ( + = 23 + ( + cost) + (1 + 5:128) = (), then find the 
4 cosA cos2A cos3A cos4A 


value of (cosec A — sec 2A). 
cos3A cos6A cos9A cos12A 
Sol. 1+ +] 1+ +| 1+ +| 1+ = 
cos А cos2A cos3A cos4A 
(eA tee t), 
=> 
cosA 


cos2A +cos6A 2A+cos6A ig cos3+cos9A " cos4A+cosl2A 
^ cos2A — cos3A cos4A i 


=? 


adii ДЫ шш | кш | шшш" 
Ес} [sumus || esient) festre) 


cosA cos2A cos3A cos4A 


200924 00А. 2агв4й “828 |, зб хөвд |, ваа созад, _ 


= cosA cos2A cos3A cos4A 
=> 2[cos 2A + cos 4A + cos бА + cos 8A =0 
zb ЖА = cox(5A)| =o 
sin A 
4sin 2А cos2A cos5A 
= DUUM 
sin A 
cos 5А =0 or cos2A=0 or cosA=0 
SA=— 2А-2 - 1 
7 Or 75 or => 
т ^_^ 
10 И 


л л 

0, — =— 

АЕ | z) => А 10 
(соѕес А — sec 2А) 


| | 4 4 
(ее) 223 Au =2 Ans. 
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2со82"0-1 
ӨВ нийн 255, eran нө20-110 он D... Konia 
2со80-1 


2с082"0-1 
2со80-1 

or 2cos 2" 0 + 1 = [(2 cos 0 + 1) (2 cos 0 - 1)] (2 cos 20 — 1) (2cos 2? 0 — 1) .... (2 cos 2"! 0— 1) 

Now [(2 cos 0 + 1) (2 cos 0 – 1)] (2 cos 20 — 1) (2cos 220-1).... (2 cos 2™! 0— 1) 

= (4 cos? 0 - 1) (2 cos 20 – 1) (2cos 220-1).... (2 cos 2"! 0 — 1) 

= (2 cos 20 + 1) (2cos 20 — 1) (2cos 2? 0 - 1).... (2 cos 2"! Ө — 1) [using cos 20 = 2cos?0 – 1] 

= (4 cos? 0 — 1) (2cos 220 – 1).... (2 cos 2"! 0 — 1) 

= (2 cos? 0 + 1) (2cos 2? 0 1).... (2 cos 2! 0-1) 

= (4 cos? 220 — 1) (2cos 2? 0 — 1) .... (2 cos 2! 9 – 1) 


Sol We have to prove = (2 cos Ө — 1) (2 cos 20 – 1) (2 cos 220 — 1).......(2 cos 2^-!0— 1) 


= (2 cos 2™! 0 + 1) (2 cos 2™! 0- 1) 
=4cos22™! 0-1 
= 2 cos 210 + 1 Hence proved. 


0.9  Findthesum 


nO, tan > 22 an 22 23 ап 23 — © 


Sol. Lett, denote the n^ term of the given series. 
Now, first term=tan Ө 


sinO sinO 


Sol. Lett, denote the n" term ofthe given series. 


Now, firstterm-tanO 
 SinO 80 


со80 ѕіпӨ 
_ sin?0 
sin OcosO 
Е cos? 0 — (cos? 0 — sin? Ө) 
sinO со80 


— cot 0 - 2 cot 20 
i.e., t, =cot 0 - 2 cot 20 


1 0 
similarly, 6= 2 cots —cot 0 


ETETTTTTTTTITTTTITTTTITTTTTITITTTITITTTTTTT] 


ӨӨӨ е акежан езжен езен 
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Requiredsum S= Lt S, 
П- 90 


= Lt E си 07-20020) 


п 


= Lt 2. Z — 2cot 20 
пә 2^ tan TE 
1 0 1 
а= Ө 2" 0 —2со{20 
{ап 
эл: 


=~ 2e0t20 Ans. 


0.10 IfA+B+C=n, then prove: aL le хайа ан йл, 
sinA+sinB+sinC 2 2 2 


_ sin2A+sin2B+sin2C 


So LES. sin A t sin B + sinC 
sin2A + sin2B + sin 2C 
Soh НЕ 


sin A t sin B +sin C 


_ 2sin(A + B)cos(A - B) + 2sin CcosC 


A [A+B A-B "uu - 
2sin cos + 25іп — с0$ — 
2 2 2 2 


2sin C[cos(A —B)-cos(A+ B)] 


Em. = E 
2cos —| cos| - - |+ cos 
2 | 2 2 


_ 2sinC:2sinAsinB _ sinAsinBsinC 


С А В А В С 
2cos— 2cos—cos— cos— cos— cos— 
2 2 2, 2 2 2 


‚А... В. © 
= 8sin ao y m R.HS. Hence proved. 


011 IfA-B-*C- 180°, prove tan A + tan B + tan C <3 483 ‚ where A, В, С are acute angles. 
Sol. tan (A + B)-tan(180?— C) 
tan А + tan B 
85 I-tanAtanB - me 
ог, tan А + tan В + tan C = tan A tan B tan С 


maces >VtanAtanBtanC [since A.M. 2 GM] 
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ог, ыш етут BtanC 


3 
or, tan? A tan? B tan? C 2 27 [cubing both sides] 


ог {ап А tan В п С> 34/3 = tanA+tanB+tanC 2 343. Hence proved. 


т 
Q.12 LetA, B, C be three angles such that = 2 and tan B tan C= p. Find all possible values of p such that 


A, B, C are the angles ofa triangle. 
So. A+B+C=nx 


B+C= SR 0<B,C< em 

EN -—. = , 4 

Also tan В tanC =p 
sinBsinC p cosBcosC-sinBsinC 1-р 
cosBcosC 1 E cosBcosC+sinBsinC 1+р 
соѕ(В+С) 1-р 1-р | 
coB-C) 1+р > Те шыш (B- C) 4440) 

n 
Since B or C can vary from 0 to FE 


3n 1 
0<В-С<— = -- = <со$(В-С)<1. 
и са 


4 
cos(B+C) 1-р 1+р | 
co(B-C) 1+р FT рр ee .. (i) 

Since В or C can vary from 0 to zz 


Зл 1 
0<В-С<— > В < cos (B - С) < I. 


4 
Equation (i) will now lead to 
| р+1 р+1 
-— < —_ <| > 0<1+— 
42. ^ J2(p-1) р-1 
5 2р >0 > <0 >1 (ii) 
PNE SS or "uU 
(p-1) POUR 
е 
O (p-(v2+i) } 
Also р+1- 420-0) «9 ый 
42(р-1) (р-1) 
> р<1огр<(/з+1)' .. (iii) 


Combining (ii) and (iii), we get p «0 or p < (/2+1} 
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PROGRESSION & SERIES 


1. INTRODUCTION : 


A succession of numbers t,, $, ... t. formed according to the some definite rule is called sequence. 
“А sequence is a function of natural numbers with codomain as the set of Real numbers or complex 
numbers” 


Domain of sequence = № 
if Range of sequence c К => Real sequence 
if Range of sequence c С > Complex sequence 


Sequence is called finite or infinite depending upon its having number of terms as finite or infinite 
respectively. 

For example: 2, 3, 5, 7, 11, .... is a sequence of prime numbers. It is an infinite sequence. 

А progression is a sequence having its terms in a definite pattern e.g.: 1, 4, 9, 16, .... is a progression 
as each successive term is obtained by squaring the next natural number. 

However a sequence may not always have an explicit formula of п" term. 

Series is constructed by adding or subtracting the terms of a sequence e.g., 2+4+6+8+..... is 
a series. The term at п" place is denoted bv T. and is called general term of a seauence or 


Series is constructed by adding or subtracting the terms of a sequence e.g., 2+4+6+8+..... is 
a series. The term at n" place is denoted by T, and is called general term of a sequence or 
progression or series. 


2. ARITHMETIC PROGRESSION (А.Р.) : 


2.1 Definition and Standard Appearance of A.P. : 


It is sequence in which the difference between any term and its just preceding term remains constant 
throughout. This constant is called the “common difference" of the A.P. and is denoted by ‘d’ 
generally. 
Standard appearance of an A.P. is 

аа + d), (a + 2d)........ (a+ п-14) 
where 'a' denotes the first term of the AP 


2.2 General term/n'^ term/Last term of A.P. : 


It is given by T, —a * (п- 1)4 
where а first term, d = common difference and n = position of the term which we require. 


Note: Ifd>0 = increasing A.P. 


Ifd«0 => decreasing А.Р. 
Ifd=0 = alltheterms remain same 


Print to PDF without this message by purchasing novaPDF (http:/Awww.novapdf.com/) 


Illustration : 


If 5^ and 6" terms of an A.P. are respectively 6 and 5. Find the 11" term of the A.P. 


So. Т,=6б,Т„=5 
a+4d=6 
а+ 5а = 5 
--1 
а-10 
T, =а +104 
= 10—10 = 0. [Ans. 0] 


Illustration : 


In an A.P. if a, +а;-а; = 10 and a,+a,=17 then find the 1“ term and the common 
difference. 


Sol Inan A.P. 
Let a, = first term & d = common difference 
а, +а; -а, = 10 
а, «да, 44- (a, +24) -10 


a, + За, = 10 (i) 
ag + ay = 17 
п. +А+а. + 84. = 17 
ү te = “х= ы, Б i Б: З 
a, + 3d, = 10 г49) 
a, + a= 17 
а, +а+а, + 84, = 17 
2a, + 9d, = 17 „ (ii) 
On solving (i) & (ii) we get 
a= 13, а=-1 [Ans. a,= 13 and d =- 1] 


Illustration : 


If p", q and r" term of an A.P. are respectively a, b, and c then find the value of 
a(q —r) + b(r- p) + c(p - q) 


Sol. T,-a, T, =b, T, =e 
Let first term be a and common difference be d. 
a+ (p-I)d-a, а + (9 — I)d = b, а + ("- 1)4 = с 


(p-q)d-a-b 
(q-r)d-b-c 
(r—p)d=c-a 


a(q —r) + b(r—p) + c(p - q) 
a +b +с 
d d d 


(ab — ac + bc — ba + ca — cb) 


[Ans. 0] 
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2.3 Sum of n terms of an A.P. : 


$ =а +(atd) — +(а+24)+.............. + (а+ п-14) 


n 


$, = (а+п-14) + (а+п-24)+(а+4) +................. +а 
28, =n [2a+(n—1)d] 
5„= 5 [at п—14] 


or 


n 


$, = [а+а+(п-1)4] = ш where last term, /=a+ n-1d 


B 
2 
Illustration : 


The first term of an A.P. is 5, the last is 45, and the sum 400. Find the number of terms and the 
common difference. 


Sol а=5, #=45 
Let соттоп difference = 4 
a+(n-l)d=45 
5, = 400 


n 
5+4 = 400 


28 + 45] = 400 


п = 16 

a * (n — I)d = 45 

5 + 15d = 45 

in 2 A amiet 
=з [Ans. n = d= =] 


Illustration : 
Solve the equation (x + 1) + (x + 4) + (x + 7) + ...... + (x + 28) = 155. 


Sol. We have, 
(2-0 1) cR uos + (x +28) = 155 
Let n be the number of terms in the A.P. on L.H.S. Then, 
(ot 2) +( RUE ous + (x +28) = 155 
- PI + 1) + (x + 28)] = 155 


=> х = 1. [Ans. 1] 
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Illustration : 


300. Explain the reason of double answer 


Aw. 
Sol. 20 + 197 + 18; 4 лаш 
-204=-2 
a=20,d= 7 


S, = 2 [2а + (n — 1)4] 


n -2 
300 = 4] 2x20+(n-1{)| 


300 = 205 - {1—12 
п? — 61п + 900 = 0 
й 25, 36 


How many terms of the sequence, 20+ 1 91 + 82 + 


Е must be taken so that there sum is 


we got two values of n because when n = 25 all terms will be positive, but when n = 36, terms will 


become negative. 


[Ans. 36 or 25] 


we got two values of n because when n = 25 all terms will be positive, but when n = 36, terms will 


become negative. 


Illustration : 


[Ans. 36 or 25] 


The sum of n terms of two A.P.'s are in the ratio of 7n + 1 : 4n + 27, find the ratio of their 11" 


terms 


Sol.  Letthe two series bea ра, * di a * 2d, 


n 
$n 2 (2, + (п – 1)4,] 


п 
5, = 2/24; + (n – I)d;] 


51 _ 7п+1 
$› 4п+27 


2а,4(п-1)4, _ 7п+1 
2а›+(п-1)4› 4n+27 


п-1 
a+ 2 Ж 7п+1 


e^ y 4n* 27 
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T, =а+ 104 
So to find ratio of 11" term we should 
(n-1) _ 
7 
п = 21 
а,+104, 4(21)+27 3° [Ans. 4/3] 


Put 10 


Illustration : 
In an A.P. t, denotes n" term and s, denotes sum of first n. terms. 


1 1 
If t;= 9 and t, = 7 then find the value of 8,3. 


Sol. Let a and d are first term and common difference of the A.P. 


1 1 
"29 апа = 7 
кар 
а 5 (i) 


5 
+ 
Со 
>. 

Ш 

| 
= 
= 


1 
а+84= 5 —— (ii) 


Solving (i) and (ii), we get 


63 [2 1 
58 = 2 ГД Z) = 32. [Ans. 32] 


Practice Problem 


0.1 InanA.P. if р" term is q and q" term is p then find its r^ term. 


5 181 173 
4:185, Tgp eee 


Q.3 InanA.P. 15, = Чапа 5, =p then find Sp (S, denotes the sum of first n term ofthe A.P.) 


Q.2  Findthe first negative term ofthe sequence 20, 19 


Answer key 


01 p*q-r Q2 28^ Q3 -(p*g) 
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2.4 Highlights of ап А.Р. : 

(1) Ifeach term ofan А.Р. is increased, decreased, multiplied or divided by the same non zero number, then 
the resulting sequence is also an AP. 

(ii) Three numbers in AP can be taken as a—d, a, а+4 ; four numbers in AP can be taken as a —3d, 
a—d,a+d, a+3d; five numbers in AP аге а-24, а-а, a, a d; а+24 & six terms in AP are 
a—5d,a—3d,a—d,a+d,a+3d,a+5d etc. 

(i) The common difference can be zero, positive or negative. 

(iv) The sum ofthe two terms of an AP equidistant from the beginning & end is constant and equal to the 
sum of first & last terms. 

(v) For any series, T = S, - S, |. In a series if S, is a quadratic function of n or T, is a linear function of 
n, then the series is an A.P. 

(vi) If a,b,c are in A.P. > 26 =а+с. 

Tleacdéucedinue a 


Illustration : 


Sol. 


The sum of first 3 terms of an A.P. is 27 and the sum of their squares is 293. Find absolute value 
of Sis 


Let the terms be 


а-а, а,а+а 
За = 27 
а-9 


(a-d)? + а? + (a + d)? = 293 

За? + 2d? = 293 

24? = 50 

d = +5 
when d = 5 then А.Р is 4, 9, 14, ............ 

15 

5,5 T 455412) = 585 

when d = — 5 then A.P. is 14, 9, 4,.......... 


15 
$75 [2x 44 4X 5)] =- 315 


15,4 = 315. [Ans. 315 or 585] 
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Illustration : 


Find the nature and 30" term of the sequence whose sum to n terms is 5п? + 2n 


Sol. S,=5n? *2n 


Bs = 5(n — 1)? + 2(n - 1) 
D, =S -Sp (2t — +2 
= l0n— 3 


Series = 7, 17, 27, 37 .... 
Series is A.P. 
Ту = 10 х 30-3 = 297. ГАЛАР 7, 17, 27, Blac 51325 297 | 


Illustration : 


If a’, 52, c? are т A.P. then prove that 


1 d d | a b | 
(а) mu mmm are in A.P. (b) e аанай урал! аге т А.Р. 
Sl deb pL in А.Р 
ol. (a) Let bin’ eta’ ai are т А.Р. 
й, d) ha TR in А.Р 
ol (a) Le пекти "унана eee. are in A.P. 
ae 4-4. 
cta a+b b«c 
2 (а + Ь) (+ с) = (с +а) (25 +а + с) 
26 =a? + с? 
hence, a’, 52, c? are т А.Р 
so if a’, 52, с? are т А.Р, then 
Е шн 
be! аи? ы ооо 
1 1 
b) fæ, 52, с? are т А.В then ———, —— аге т А.Р (Proved earlier) 


b+c’ саа” a+b 


Multiply each term witha +b +c 


a+b+c a+b+c a+b+c 


, , 


b+c c+a a+b 


Subtract 1 from each term 


a b 


c : 
=, те ра, А 
b+c’ с+а’ a+b 
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Illustration : 


Find the condition that the roots of the equation x? — рх? + qx — r = 0 may be in A.P. and hence 
solve the equation x? — 12x^ + 39x — 28 = 0. 


Sol. x-pxt*qx-r-20 
Let the three roots be a —d, a, a - d 


За р = а= 5 
(а-да(а+а=г = а (а? - Ф) = ғ 
8. ы Eu 
а р 
а (a—d) +а(а+а) + (а-а) (а+а4) = д 

2 2 2 3r 

344-4-4 > Ханын 
2 

(jte 

3] p 


x3 – 12x? + 39x -28 = 0 
Let the root bea — d, a, a +d 

За = 12 > а=4 

4(16 — d?) = 28 


16-d 27 
4 = 9 
а= +3 
hence roots are 1, 4, 7. [Ans. roots are 1, 4, 7] 


Illustration : 


(a) If log, 2, log, (2* — 5) & 20 -2| аге т АР, determine x. 


(b) ^ Solve the equation 2-3 +E Е humax + iu 3 
x x x 


7 
Sol. (a) 2 log; (2* – 5) = log ,2 + 20 -2) 


log; (2* - 5)? = log, (2.2х – 7) 
(25-5)? = 225-7 


Ри 25 =; 
(t-5)? =2t-7 
?-10t+ 25 = 1-7 
В- 121+ 3270 
[94,8 
2 -4,8 
х=2, 3 
but at x = 2, 2* — 5 is negative hence x = 3 is only solution. [Ans: x = 3] 
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_ (x-l)t(x-2)*(x-3)t..-34241  142434..24(х-1) 


(b) P x 
(х-1)(х) i 
5 2 "Hu 
= : 7 3 
> х=7 [Ans. x = 7] 


Illustration : 


If the sum of the roots of the equation ax? + bx + c = 0 is equal to the sum of the squares of their 
reciprocals, then show that bc?, ca?, ab? are in AP. 


Sol. ax?+bx+c=0 Те a, В be the roots 
1 1 
+8=-—=+-—= 
а p а? p? 


о? f? (a + В) = (a+ В) - 2ap 


2а? с = bc? + ab? 
hence bc?, а?с, ab? are in А.Р 


Illustration : 


Illustration : 


Given a р а» 05.....a, in А.Р and 


1 1 1 1 


у—— + 1 
аа, 


Q50,.] d30,..| 


1 1 1 
+ 
аза] 


Sol. 


аза] 


1 а, +а 
1 л 


a, +a 
S= ABS 
(a; ta, ) аа, 


n + 
a50,.| 


а, +а 
444, 


but а, та. тата Ay ча = 


Непсе 


Ё 1 Е " 


i (a, +а„) аа, аа, 1 


a, 4, 


Непсе А = 2. 


п md 


A + an- 2203 +а 


4,-) 42 


A Il. 1 
Ё а i then find the value of A. 
а 9) a, 


а,а, 


n2 „+ 


а +а, | 
аза„-2 аа] 


[Ans. 2] 
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2.5 Arithmetic Mean (A.M.) : 
2.5.1 Definition : 


When three quantities are in A.P. then the middle one is called the Агийтейс Mean ofthe other two. 
e.g. a, b, саге т A.P. then 'b' is the arithmetic mean between 'a' and 'c' and a + c = 2b. 

Itis to be noted that between two given quantities it is always possible to insert any number of terms such 
that the whole series thus formed shall be in A.P. and the terms thus inserted are called the arithmetic 
means. 


2.5.2 To insert 'n' AM's between a and b : 


Let A), A,, A, ........ A, are the n means between a and b. 
Hence a, A,A,, ........ A,b is an A.P. and b is the (n + 2)" terms. 
b-a 
Hence Б =а + (п + 1)а > а= —— 
n+l 
Now A,=a+d 
A, =а+24 
A, =atnd 


n 

УА; =па+ (1+2+3+....+п)а 

i=l 

п(п +1) — п(п+1) b-a 


= па + 
па 2 n+l 


Hence the sum of n AM's inserted between a and b is equal to n times a single AM between them. 


Illustration : 


Insert 20 AM's between 4 and 67. 


Sol. a-4b-65n-20d- 1^ 4p =3 


ay = 4 + 20d = 4 + 20 x 3 = 64. [Ans. 7, 13, 19, ...... 64] 
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Illustration : 


2 
If p arithmetic means are inserted between 5 and 41 so that the ratio 8 -3 then find the 
-! 
value of p. 4 
Sol. a= 5, b= 41, number of airthmetic means = p 
жы b-a _ 36 
nt] pti 
36 5р+5+108 
А,=а+34=5+3 pti = ptt 
36 41р-31 5р-113 2 
4,4541-4-41-2| p41) раг “4їр-31 5 
25р + 565 = 82р- 62 => 57p = 627 => p=ll. [Ans. p = 11] 


Illustration : 
If eleven A.M. $ are inserted between 28 and 10, then find the number of integral А.М. 5. 


Sol Assume A, Ay A; ...... ‚ A, be the eleven А.М. 5 between 28 and 10, so 28, Ay, А, ...... A 
are in A.P. Let d be the common difference of the A.P. The number of terms is 13. Now, 
10 = Т„; = Т, + 12d = 28 + 12d 


10 ла 10 ^ 


Sol Assume A, A», A; ...... ‚ A,, be the eleven А.М. 5 between 28 and 10, so 28, A, Ay ...... Aj, 10 
are in A.P. Let d be the common difference of the A.P. The number of terms is 13. Now, 
10 =T; = T, + 124 = 28 + 124 


10-28 18 3 


12 12 2 
Hence, the number of integral А.М. 5 is 5. [Ans. 5] 


Practice Problem 


Q.1 Ifthe first 3 terms of an increasing A.P. are the roots of the cubic 
4x? – 24x? + 23x + 18 = 0, then find $. 


Q.2 Divide 32 into four parts which are in А.Р. such that the ratio of the product of extremes 
to the product of mean is 7: 15. 


0.3 Ifa, b, care in A.P. then prove that 
(a) b+c;c+a;a+bare in A.P. 
(b (b+c)?—a?;(c+a)?—b? ; (а+Ъ)? - с? are in A.P. 


0.4  Ifnarithmetic means are inserted between 2 and 38, then the sum of the resulting series 
is obtained as 200. Then find the value of n. 


Answer key 


91 418 0.2 2,6, 10,14 Q4 10 
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3. GEOMETRIC PROGRESSION (6.Р.) : 


3.1 Definition and Standard Appearance of G.P. : 


Ina sequence if each term (except the first non zero term) bears the same constant ratio with its immediately 
preceding term then the series is called a G.P. and the constant ratio is called the common ratio. 
Standard appearance of a G.P. is 

а, аг, аг? аг?,.......... up 7l. 


3.2 General term/n'^ term/Last term of G.P. : 


It is given by T =a; rm! 
where a = first term, г = common ratio and n = position of the term which we required. 


Illustration : 


1 
Ina GP. ift, = 2 and t, =- 4 find tig 


1 
Sol, 1,72, fg 7 —1 
1 
а? =2,а? = 2 
1 _ 1 : 
1 1 
- =-8 = —=-2 
r r 
= a=8 
‚_ (-їү _-1 1 
ti 7 ar = 8 72) 74 [Ans. - 51 


Illustration : 


Find the four successive terms of a GP. of which the 2" term is smaller than the first by 35 and 
the 3"Ч term is larger than the 4" by 560. 


Sol. Let the four terms be 
a, аг, ar, ar? 
а-аг = 35 
ar? — ar? = 560 
a(l-r) _ 35 
ar*(1l-r) 560 
2 = 16 
к=+4 
Since 2" term is less than І“ so r = —4 
a=7 
terms are 7, —28, 112, —448 [Ans. 7, — 28, 112, — 448] 
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If p^, q" and r terms of a GP. are x, y and z respectively then find the value of x17" + y + 22-9 


Sol. Leta and k be the first term and common ratio of the GP. respectively. 


х = а k! 
у = а М! 
2 = а К! 
XI + PP 22-4 


_ Bi 8l 21 
-(2) -(2) -(2 
= (kPa (Р-Я 


= КР4-4” + qr-rp*rp-pa 


=k = I. 


3.3 Sum of n terms of a G.P. : 


subtract = - - 
5(1-г) =а-аг =а (1 -г") 
S(1-r)2a-ar'-a(1- r") 
a(1- r^) 


$ = үр Wherer# 1, (ifr= 1 then $ = па) 


3.4 Sum of infinite terms of а G.P. : 


[Ans. 1] 


If |r|<1 andn— othenr" — 0 and in this case geometric series will be summable upto infinity and its 


sum is given by 


Illustration : 


Determine the number of terms in a GP. if a, = 3, а, = 96 and 5, = 189. 


Sol. а; =3 
a, т"! = 96 
"1 = 32 
n 
a(1-r ) _ уво = 20153 “ро 
1-=г l-r 
93r = 186 
r=2 
2"-1 = 32 
n = б. 
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Illustration : 


Find the least value of n (n Е №) for which sum of the series 1 + 3 + 3? + 3? +...... upto n terms 
exceeds 9000. 


Sol S,=1+3+3 ^u + nterm 
I: 37-1 
4 3-1 
3" — 1 18000 
3" > 18001 
n29 
least value of n = 9. [Ans. 9] 


Illustration : 


гү іў iy 
Find the sum of n terms of a sequence [++ ; Ё +5) : [= +5) — ; 
x x x 
2 2 2 2 
Cal PRA EF гү [A 1) (л. гү 
2 2 2 2 
Sol. (+) (+2) (===) ЕЕ +] 
х x x X 
2i d 
dec ka Е i d PIodhde ml Rl нны +” penc 2 
xX 
= fy2 4 2n 1 1 
59 > F nen ua d ue Hg Pecs To |+2n 
x Xx х 


2n 2n 
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The sum of an infinite number of terms of a СР 15 15 and the sum of their squares is 45. Find the 


series. 


Sol. atartar?+ar + ...... = 15 


en PS 
l-r 


0) 


а? + (ar) + (0284... = 45 


— 15 
(f=) 
(1-ry | 45 
l-r? 225 
5—-5r- 1r 
в = 2/3 


2 
= 15| 1-2 | =5 
a= 11-3) 


10 20 40 
'3 9 27 


Illustration : 


Ifx =а * a/r + а? + ......оо, y = b - b/r + b/r- ...... 


then prove that xy/z = ab/c. 


Sol We have, 


m а аг 
RE c 
m 
эн Ь _ br 
411) 1+7 
Р 
"E cr? 
gu. 2] 
„2 
4 -( аг | br | 
4 r-l\r+1 
abr? 
ху _| 12-1 | _ 46 
2 cr? с 
r-1 


ID 


_ abr? 
r=] 
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Practice Problem 


] 
0.1 Which term ofthe GP. 2,1, Tp Mod №? 


0.2 The first term ofa GP. is 1. The sum of the third and fifth terms is 90. Find the common ratio the С.Р. 


0.3 Fifth term ofa GP. is 2. Find the product of its first nine terms. 


ME NE 
Q.4  Provethat 62 x 6^ x 68 ....о0=6. 


0.5  Findthesumofthe following series : 


(а) (/2+1)+1+(/2-1)+..% (yu fu Аа tede 


Q.6 | Sumofinfinite number of terms in GP. is 20 and sum of their squares is 100. 
Then find the common ratio of G.P. 


Answer key 
h 19 3 
01 9 Q2 +3 03 512 Q5 (a) 2-1 7; 06 5 
3.5 Highlights of G.P. : 
(i) If each term ofa GP be multiplied or divided by the same non-zero quantity, the resulting sequence is 


also a GP. 
(ii) If each term ofa G.P. raised the same power then resulting sequence is also a G.P. 


(iii) Any 3 consecutive terms of a GP can be taken ав a/r, а, аг; any 4 consecutive terms of a GP can be 
taken as а/г, a/r, ar, аг? & so on. 


(iv) Ina finite GP. the product of the terms equidistant from the begining and the end are equal. 


ауа, = аа _ | 


(v) If a,b, c arein GP => b*=ac. 


Illustration : 


The sum of first 3 consecutive terms of a GP. is 19 and their product is 216. Find S5,, also 
compute s , if it exist. 


Sol.  Letthe 3 consecutive terms be 


a 
7,0,aF 
r 


a 
F +а+аг= 19 
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а 

í, a ar= 216 
a? = 216 
а=б 

6 

Е +6 + би = 19 


6(1 + т +2) = 19" 
6r? — 13r + 6 = 0 
(3r 2) (2r - 3) = 0 


2 
2 
3 зү? 
when r= >, $ = 8 B -1| and S, does not exist. 
2 ater 9 
when r= 3,80 27 ВЕ and 5„= —75 = 2 
3 


20 2 20 
[Ans. S5, 4) ч) S „does not exist | sy-24-(3) | $„ =27] 


Illustration : 


= pll 
Ifa, =n" term of GP. and 
a,+a,+a,=13 and а+аз+аз = 91 then find а 


Sol. Given 
a 
а, +а, +а; = 13, Leta, = =, аз =а, а; =ar 
а 1 
—+atar=13 > (Le) eas 
r r 
1 I3 
rt-2—-] 
r a 
1 13-а 
r+— = 
r a 
: 1 13-а 2 
mh ч. Дов 
r a 
Now given 


2 2 Зу. 
a, +а; +a; 91 


eer) = 9] 
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13-а)? 
JEEP = 9] 


(13-а) -а2=91 => 132-26а=91 


26a = 169-9] > 26a = 78 
= 3 
3r? + 3 = 10r > — 3j)-lI9r*t3-r 
32-9r-r*320 
1 

r = 3, 3 

When а = 3 andr = 3thena,,— 3* 399 = 350, 
1 1 49 1 48 1 48 

and when а = 3 and r = 3 then а,, 3° B = B . [Ans. 350 or B 1 


Illustration : 
If a, b, c, d are in СР, then prove that (а? + b’), (b? + c3)*!, (c? + 43)! are also in GP. 


Sol.  Letb-ar c = ar? and d = ағ. Then 


' _ 1 

a? +b? © а%(1+тЎ) 
AE A 
AZ 1 
1. 1 


са! ае (1+1 ) 
Clearly, (а? + b’), (63 + c3)! and (c? + 43)! are т GP. with common ratio 1/3. 


3.6 Sequences convertible to G.P. : 


Illustration : 


Use infinite series to compute the rational number corresponding to 0.423 


Sol. х = 0.423 
= 0.4 + 0.023 + 0.00023 +... 
23 23 2 
-04- 3 3 MN 


— + — + ——_ 
10 10 10 
4 28, E. 
но: ты 
10 10 102 10 
S Er 
— 10 10?  1- 1/100 


4 23 419 


—+ = 
10 990 990 
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Illustration : 


10^ -1 
(a) If 9- 99 +999+...... + upto 49 terms = ее. 49, where А, u e N 
H 


then find the value of А + u 


1 1 
(b) 0.9 + 0.99 + 0.999 +....... up to 51 terms = 51-—|1--— | where p,q EN 
Р 104 
then find the value of p + 4. 


Sol. (a) S=9+99+ 999 +...... + upto 49 terms 
S=10-1+10?-1+10-1+...... + 109-1 
= (10 + 10° + 10? +...... 10%) — 49 


49 _ 
зю. [1 | 


А+и =49+9=58 
(b) S = 0.9+0.99 + 0.999 +....... up to 51 terms 


PLI UNUM 5) 
10 100 1000 7 up to 51 terms 

=1—-—+1-——у+1——=ү+...... TUM 

10 10? 03 107 

xli ЭНЭ Г 1 Dem 

10 10? 103 10°! 


rtt “ут 
10 102 10? еа 107 


г (2 2 | 
5i 
-я-2-48-1-я-11-13 


1 9 107 
ЇГ 1 
р+а= 60 [Ans. (а) 58 (b) 60] 
Illustration : 
Find the sum S = (x + y) + (x? + ху + у?) + (53 +х2у + ху? + y) + ...... n terms. 


Sol. Itis easy to observe that 


2 2 3 3 n n 

У XY а 2 oe -8 =" -4 
=x+y, =x? + ху + y, = ди игу... +y”? + 

4-3 x+y, "E xX + ху + у? 2-9 х-2у ху yn 

S= : [E – у?) + 63 -y3) +...... n terms] 

х-у 
__1_ x(1-x') У2(1-у") 1 х2(1-х") y'(1-y") 
x-y 1-х 1-у Р [Ans x-y 1-х 1-у 
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Illustration : 


Find tl j LR шш, 
ind the sum of series 19 19 19 19 to 22 


3 33 3313 3333 


501. 85-19" 197197 1067 — со 
iE 99 999 | 
or mem] umm тт. ttg te mess oo 
9119 19° 19 


> ХОС Ч Нэн 


ga 10/19 -( 1/19 
9| 1-10/19 11-1/19 
ЇЕ: а 


= 9| 9/19 18 


8149 19 
«258 > =. [Ans. aa 


Practice Problem 


Q.1 Ifthe continued product of three numbers in a GP. is 216 and the sum of their products 
in pairs is 156, find the numbers. 


Q.2 Three number are in С.Р. whose sum is 70. If the extremes be each multiplied by 4 and the 
means by 5, they will be in A.P. Find the numbers. 


Q.3  Usinginfinite GP. express the number 2.357 in rational form. 


0.4  Findthesumofthe following series. 
(i) IFIS FISS F asse to n terms 
(ii) 0.3 + 0.33 + 0.333+...... to n terms 


Answer key 


389 


0.1 2,6,18 ог 18, 6,2 0.2 10, 20, 40 0.3 165 


s| (10^ -1 if if 
Q4 G [| 9 Р) ш) ЕЭ] 
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3.7 Geometric Mean (6.М.) : 
3.7.1 Definition : 
If a, b, c are three positive numbers in G.P. then b is called the geometrical mean between a and c 
and b? = ac. If a and b are two positive real numbers and С is the GM. between them, then 


G? = ab 


3.7.2 To insert 'n' GM's between a and b : 


Let a and b are two positive numbers are G,, G,, ......... С are 'n' GM's then 
BÉ сс АНИМ G, b isa GP. with 'b' as its (n+2)" term. 
Hence b=art! 
1 
2 | b Їй 
Ї = — 
a 
Now G,-ar, G,- ar, ......... G, 7 ar" 
п(п+1) 
п п(п+1) b т 2 
+ 
hence [[Gi =ar | r2 r 2 =a" Gi 
i=l a 


Tis n/2 . |-п/2 n n 
= an, may. b = (Jab) =G 
a 


where G is the angle GM between a and b. 
Hence product of n GM's inserted between of a and b is equal to the n" power ofa single GM between 
them. 


Illustration : 
Insert 4 GM's between 5 and 160. 


Sol. |. Four GM between 5 & 160 


-(-(9 


-(32)5-2 
G, =аг= 10 
С, =20 
G, - 40 
G, = 80. [Ans. 10, 20, 40, 80] 
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Illustration : 


If AM between two positive numbers а апа b is 15 and СМ between a апа b is 9. Ета the 
numbers. 


a+b=30 

Jab =9 
a(30—a) =9 

a(30 — a) = 81 

a? = 30а + 81 = 0 


a = 3, 27 


Hence two nos. are 3, 27. [Ans. 3, 27] 


Illustration : 
If sum of two numbers a and b (а > b) is 3 times their GM and given that 


a:b= (p + Ja ) $ (р - Ja ) where p and q are prime numbers. Find p + q 


Sol. a+b= Nab 


50, a+b= 3Nab 


a+b 3 
Jab 1 
Exp 
2\аь 2 


Applying componendo апа dividendo 


at+b+2Vab _ 3+2 
at+b-2Vab 3-2 


va+vb _ V5 
Ja-4b 1 


Again, applying componendo - dividendo. 


= р+а=3+5=8. [Ans. 8] 
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Illustration : 


lfa, b, c are in GP. and x, y are the AM's between a, b and b, c respectively then prove that 


1 1 с 
с М mm пй += ы 
x y b x y 
Sol. a,b, care т GP. >b = ас 
Now 
g ы. _ Б+е 
"Ванг 
1.1 2 2 
—+— = a 
x y a+b b«c 


22 E EE I 2b+a+c | 
(a+b)(b+c) аЬ+ас+Ь? +be 
2b+a+c 

2 —— EN 2 

Pe (ac e a) 

_2(2b+a+c)_2 


b(2b+a+c) b 


a c 2a 2c 
— + 


aih hia 


_ 2a 2с 


E 
y a+b b+c 


a 
EE 
X 


ab * ac ac * bc 
== (since ac = b?) 


252 +аЬ+Ьс 


= ab 4 bc * 2b? 
252 +ab+be 


-2 


3.8 Relation between A.M. and G.M. : 


A.M. > GM 


Let A and G be the AM and GM between two positive numbers a and b then A 2 G 
(Sign of equality holds when a = b) 


a+b 
AM between a & b, A= 73 


GM between а & b, С = Jab 


E A-G>0>A2G 
(Ifa=hthenA~G=fN А = С 
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Illustration : 

Ifx > 0, у> 0,2: > 0 then prove that (x + y)(y + z)(z + x) > 8xyz 
Soh (x*y(y*tzw((-^»x 


Е > xy (A.M. > GM) 


y+z 
2 


2A yz 


(х+у)(у+2)(2+х) 
8 


(х + у) (у +2) (2 + х) > 8хуг 


2 хуг 


Illustration : 


Prove that a A ABC is equilateral if and only if 
tanA + tanB + tanC = 343 


tan A + tan B + tanC j 
Sol. ям жин. (tan A tan B tan C)!? 

sinceA- B- Cz 

tan A + tan В + tan C = tan A tan B tan C 

tan A + tan B + tanC 

3 
(tan A + tan B + tan С)? 2 27 (tan A + tan B + tan C) 
(tan A + tan B + tan С)? 2 27 


tan А *tan B + tan C 2 343 


3 (tan А + tan B + tan C)'? 


Illustration : 


310.24 
Га+ь+с = З апада, b, с are positive then prove that a^b?c? < 


77 


50, atbh+c=3 
We can write it as 


+—+-+-+-+-=3 


а а с 
2 2 3 3 3 2 2 
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Illustration : 


a b Ite 
4b 8с 2a 


5 
Ifa, b, c are positive real number then prove that > 4 


E ЖИ ЖЕК NS 
4b 8c! 2a 4a 4a. eru 
5 4b 8с? 2a \4a 


d b 


" me 
4b 8с? 4 


1 c 
as EH шижин 
2а 2а 

Practice Problem 


Q.1  Findthe product of three geometric means between 4 and 1/4. 


Q.2 Find two numbers whose arithmetic mean is 34 and the geometric mean is 16. 


Q.3  Ifx,y,zare positive numbers then prove that (x + y + z) (2 + E + 1) >9 
X y 2 


Q.4  Ifx&yarepositive number such that log, x + log, y 2 6 then find the least value of x + y 


Q.5  Ifa+b+c+d=swherea, Б, с, dare distinct positive numbers then show that 
(s — a) (s - b) (s — c) (s - d) > 81 abcd 


Answer key 


91 1 Q2 64апа4 0.4 16 
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4. ARITHMETIC GEOMETRIC PROGRESSION (A.G.P.) : 


4.1 Standard appearance of an A.G.P. : 


S=a + (a+ d)r+ (a +2d)r? + (at 3d)r +.......... 
Here each term is the product of corresponding terms in an arithmetic and geometric series. 


4.2 nt term of A.G.P. : 
T, = [а+ (n- 1) d] г! 
Where а = first term, d = common difference, r= common ratio and n= position of the term which 


we require. 


4.3 Sum of n terms and infinite terms of an A.G.P. : 


Let 
S =a + (a + d)r + (a + 2d)? (a + 3d)? +......... + (a n-1a)r7! 
$г= «ar — *(atd) ees +(@+п—24)г"-!+ (а+п—14)г" 
S et) nca EUR ””””Э””Эээнтээнэн + dr'*! – [a + (n - 1) d] r? 


1-7 
=а+ г 2 - [a+ (n- 1) d] м 


a j= _[а+(п-1)4]г" 
S= sated l-r 


If 0«|r|« 1 and n o then 
m,rm--0 


Students are suggested not to learn the formula, process should be keep in mind. See the illustrations — 


Illustration : 


Find the sum to n terms and also 5... 


ELT 
515 45 135 `” 


LM ЖИ 2. 


3 
: = —+ —+...... 
50 554115 45135 5.37! 


Print to PDF without this message by purchasing novaPDF (http:/Awww.novapdf.com/) 


27 


3. д 7 9 (2п+1) 
уа т hamn 
5 5:3 5.32 5. 33 5.3" ....... (1) 
3 g 7 2n-1 (2п+1) 
25 = oe ee Fa Tee Q 
5.3 5-3? 5. 33 5.377! 5.3" (2) 
2 2. 2 2 2 2 (2п+1) 
edes =- - 
3 2 3 31242 5.3 5.3 
2 1,4 1 \ 2п+1 
2 NES It] OE d ar —= 
5 5:3 3 3 3" 5.3" 
1 
3,2| gel | (2n*1) 3 2 | | (2п +1) 
= —+— == = – + — + — 1— = 
5 15 1-1 5-37 5 15 2 31-1 5.31 
3 
3,1___1__2п+1_4__3__2п+1 4 2144 2( 2d 
“25541215 HRMS 34 pP 5 в | 3" 


1__1__2п+1 4 3 2041 4_2п+4 di d 
T POGU FP d RJ 5273 © 5 


Illustration : 


1 1 44 
If the sum to infinity of the series 3 + (3 + d) 4 + (3 + 24) 2 са”? 00 is PE then find d. 


Subtracting (2) from (1), we have 


3 
4 
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d 
ет РНЕ ИЕ 
1-1 
4 
=3+— 
ПИ 
"t асдаг 
Given, 
TP 
9 9 
4d 8 
7 79 9 
> а = 2. [Ans. 2] 


Illustration : 


If | x | € 1 then compute the sum 
(а) 1+2х+ 3x? t 4 + со 


If | x | € 1 then compute the sum 
(а) 1+2х+ 3x? t 4 +........... со 
(b) 1 + 3x + бх? + 10хЎ +............... o0 


Sol (а) S=] + 2х + 3х2 + 4x +...... oo 
хб = x + 2%? + 3x2 + ...... 72 
S(l-xy-1-*x*x txt... 
siaga 
(1-х) = у> 

"x 

(1-х) 

(b) S= 1 + 3x + бх? + 108 + ue со 
S= х+3х? + 6x3 +............... 22 


5 


(1-х) S=1 + 2x + 3х? + 4х3 +........... оо 
or by equation (1) 


1 
(1-х) 5 = ту) 


1 


1 1 
$ = (=x) [Ans. (a) 1-х) (b) (1-х 
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5. MISCELLANEOUS SEQUENCES 


5.1 Type-1 : 
Sequences dealing with Уп $ х : Ул 


Ул ч n(n 4 1) 
2 
Q) " Ул? = men 1) 
Proof: 
Sum ofthe squares ofthe first n natural numbers 
Sw 176 2* +32 + +n’. 
We have, п – (n – 1)? = 3n? — Зп + 1; and by changing n to n— 1, we get 
(n-1?-(n-2) 23(n-1)?-3(n-1)*1 
(n-2) —(n—3)3 23(n-2y -3(n-2)*1 


ЭЭЭЭ 5556 


33—23 =3 х 32-3х3+1 
23 — 12=3х 22-3х2+1 
12-02=3х 12-3х 1+1 
Hence, by adding 
п? = 3(12+22+32+...... + п2)-3 (1+2+3+...... *n)*n 


< = ” mnt "eg ай. = — ВЕЧЕР 5 2 


=35-21010, 


3n(n +1) 
2 


Г) 


n(n+1)(2n +1) 
6 


з) "у= EMI -(Y3j 


For proof : 
* Consider the identity k4 – (К — 1)* = 4k? – 6k? + 4k – 1 


Note : (i) У (a, £5) = Уа, «Уь, 


> 3S=n? -n+ 


= = 


Ф Ука =кУа, 


n n 
Important: (i) Ук=к»У -kn 
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Illustration : 


i 
Compute the value of > >, l, 


ij n i . п” 1141 
Sol. PED)? ED eae "253 


Кы ы ы | n(n+1)(2n+4) _ п(п+1)(п+2) 
6 2 J- 12 Е б | 


п(п+1)(п+2) 
ns. — 3 4 


Illustration : 


Find the value(s) of the positive integer n for which the quadratic equation, 


Y k- Dx k) = 10n has solutions a and а + 1 for some a. 
k=l 


Sol. У`(х+Е—1)(х+®)=10п (1) 
К=1 
> УП +(2k- se (k- Dk] =10п 


(n-1)n(n+1) 


=> x-ntnxt+ – 10п= 0 cd) 


3 
=> If roots are a and a+ 1 (p) then difference = 1 By equation (2) 
(a + B? -4 ap =1 а+В=п 
ог п?-4 6280 =] ap = Ua іа 90 10 
3 3 
ог п = 11. [Ans. 11] 
Illustration : 
Compute the sum (31)? + (32)? + (33)? + ....... + (50)? 
Sol. 5 = (312) + (322) + (332) + ...... + (n + 30)? + ...... (50)? 
20 
S=} (n*30) > Ао a ПИ бп). сор, 
п=1 6 
20х21х41 
“Гэ, +30 x 20 x 21 + 900 x 20 
= 33470. [Ans. 33470] 
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Illustration : 
Find the sum to n terms of the series 1 х2 х3 +2х3 х4+3х4х5+....... 


Sol. T,=n(n+ 1)(п + 2) 
Let S, denote the sum to n terms of the given series. Then, 


M 


T, - Y k(k&1)(k&2) 
К=1 
) alk ЭРЧЭЭ 


‘ "Hie E) 


(0), nn D(2n1) | 2n(n+1) 
6 2 


Herm HD aw «pd 
2 2 


=) о tnt ant 2 +4) TOEN i? + Sn 
a MOT m? n 4n 2 4) шин эн 1 + Sn + 6) 
+1)(п+2)(п+3 
_ (п )(n+2)(n+3) Pons. ялон, 
4 4 
Illustration : 
2 H9 plant, a2 
Find the sum of the series : “ЭРЧ Ia. „чы Mo Дин — upto 31 terms. 
1 142 1-243 
PIF лэн 
Sol. Т()- 
5 0) 1+2+...... +r 
| r(r* 1)(2r*1)2 
6r(r+1) 
1 
=—(2"+1 
3(27 ) 
п 2 п п 1 п 
T(r)2| 2» т|+— == - 
> 2, (r) 9» 3 ИННА 
_ n(n*2) 
п 3 
31х33 
5,5 хо 341. [Ans. 341] 
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Practice Problem 


Q.1 Find the sum of 1+ stats carers to n terms and to ©, 
Q.2 Find the sum of series — 
1.1 +3.01 + 5.001 + 7.0001 +...... + to n terms 
О.З  Findthesum of the series 
1.0 + 2.(п- 1) * 3.(n-2) * ...... п.1 
Q.4  Findthe sum ofn terms of the series 
ПИ 


...... 


Answer key 


_35_@2п+7). _35 2 [1 | 
Q1 5416 165 5 9516 ue в Ч р) 
2 _. 
Q3 п(п + ue +2) Q4 um 1) 


5.2 TYPE-2 (Using method of difference) : 


wr тт PI ana Ala a hanaan aala хааааалааа a asa —«— 


5.2 ТУРЕ-2 (Using method of difference) : 


тэн 2) 14 E 3." нев» 
some times are in A.P. and some times in G.P. For such series we first compute their п term and then 


compute the sum to n terms, using sigma notation. 


Illustration : 


Find the sum of series . 


(i) О PLS +22 FSS a eros n terms 
(ii) SPP AD FII ETP хасан up to n terms. 
Sob (D Let S*6--13--22--33 t uu tI 
S= 6+13+22+...+ +T, 
B wd F7 FIFU Pruna -T 


or FS l C aa И +... ) 


-6« "s per «n-2)7] «64 Das aa) 


=6+(п- 1) (п+ 5 =6+n?+4n-5 
Т, = п? +4п +1 


S «Ут, = AMOUNT om 
n=] 
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п(п+1) 2п+1 | P 24 п(п+1)| 2п+13 ЭЭ 
2 3 2 3 
(ii) ese Л 05 ccs TI 
Bem 947424331 зы: нм. 
О=5+2+6+18+54...... d ^ 
Тп=5+2+6+18 + 54+........... 
2[37 -1 
T254,423 => Т,= 5 +(3'"1—-1) 


п 3-1 


n n 


—n 


n(n+1)(6n+13) 


1 
aa — SON: » 
5, = 4n + 2 (3" — 1). [Ans. (i) Р 


5.3 ТУРЕ -3 (Splitting the n'^ term as a difference of two) : 


п(п+1)(21+13) | и 


+n (ii) 4n + 503" +1)] 
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Here is a series in which each term is composed of the reciprocal of the product of г factors in A.P., the 


first factor of the several terms being in the same A.P. 


Illustration : 


Illustration : 


Find the sum of n terms of the series and also find S. 
1 1 1 


Sol. 


3 
4—1 5—2 PM (п+3)-п 
2-3-4 29343 n(n+1)(n+2)(n+3) 


1 1 1 
т mm 
LL „5. 
Sar, tT, tT, 3 | 1.2.3 (п+1)(п+2)(п+3) 


1 
[Ans. S, 
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1 1 
“187 3(n+1)(nt+2)(n+3) 795 181 
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Illustration : 


3 4 5 

Find the sum of n terms of the series T24 + 2.3.5 + 346 Тэгнэ and also find sum of 
infinite terms (S) 

3 4 $ (n+2) 

Soh 4.24 * 23:5 + 34:6 Fo (п+1)(п+3) 
3? 4? (n* 2) 

= + H t 

1:2:3-4 2-3-4-5 п(п+1)(п+2)(п+3) 
г-— med mans o Poo 

п п(п+1)(п+2)(п+3) i п(п+1)(п+2)(п+3) п(п+1)(п+2)(п+3) 

1 1 


Т = ИЕ 
n n(n+2) п(п+1)(п+2)(п+3) 


n 1 n 1 
ЧТО 


п=/ п=1 


4 
113-1,4-2,5-3, ,05*2)7n| 1|1 1,1 1 
=T 4 3:5 7 n(nt+2) |~ 21 3 2 4 


1 1 1 1 
+--=+..+-- 
35 n n+2 


$7 2 [1-92-45 4a |o 21 3 2 43 5 "m n2] 


1 1 1 1 
us T Д Бараа ЫИ 
2 2 n+l п+2 


[1 1 
5,” тт 
S=5S, +S, 


Illustration : 


Fi d Я S Lew m 
ind sum of n terms (S,) for 22 248 Seen НЫ 
Sol. S, zb a 13 à 1.3.5 Ри " 13-5......(2п—1) 

24 246 2468 2-46:8.....(2п--2) 


2 135....(2т-1) 
n 24648......(2n* 2) 


_ 135..(2n- 1) [(2n* 2)- (2n 1)] 
i 2468......(2n* 2) 
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_ 13 _ 135 
? 24 246 
paS] — 835... (2n 1) 
б 246. 2п 2468...... (2п+2) 
1 —135....(2n-1) 1_ 135.....(2п=1) 
572 246......(2п#+2)* [Апз.5„ = 2 246....(2842)/ 
1 гүзүз 2п-Гү 1 
i = в fial Е ыы 
for infinte terms S. 2 im(2 23 | 23 IE) 
СЭР: 
o 2 
5.4 ТУРЕ-4: 


Here is a series in which each terms is composed ofr factor in A.P., the first factor of the several terms 
being in the same A.P. 


Illustration : 


1:234 + 223-4445 +3456 +........ up to n terms 
Sol. T,=n(n + I) (n + 2) (n + 3) 


T -in(n*l)(n*2)(n*3)[(*4-(- IJ 


5 

_ п(п+1)(п+2)(п+3)(п+4) (п-1)(п)(п+1)(п+2)(п+3) 
n 5 5 

123-445 

жу -0 

_ 23456 12345 

25 5 
г _ 34567. 23456 

з 5 5 


T = п(п+1)(п+2)(п+3)(п+4) (п-1)(п)(п+1)(п+2)(п+3) 
п 5 5 


5 = Т +Т, +T; t. Т, = x 


[Ans. 5, = = [n(n + 1) (п + 2)(n + 3)(n + 4)] | 
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0.1 


0.2 


0.3 


0.4 


0.5 


0.1 


6.1 


6.2 


Practice Problem 


e | 
If I(r) = г(т2— 1), then find 2. (О 


1 1 


1 
IfS= 1.3.5 + 3.5.7 + 5-7-9 +- to infinity, then find the vlaues of [36S], where 


[-] represents the greatest integer function. 


n n. 1 
If Y^ t, rin 1) (1+2) (1+3), then >. 
r-l г-1 `r 


Find the sum of'n terms of the series 
3+8+22 + 72 + 266 + 1036 +...... 


Show that the sum of the n terms of the series 


Е hd 3 
12 12-602 Pa€uy °17°+2°+3°4402 7" n+l 
Answer key 
1 1 1 1 
= no" Ж £12 — — —— MA АП 1\ ш. Fani TE 
1 1 1 1 
4 0.2 3 0.3 2 (141(42) 0.4 304-1) *n(n* 1) 


HARMONIC PROGRESSION (H.P.) : 


Definition and Standard Appearance of H.P. : 


A sequence is said to be in H.P. if the reciprocals of its terms are in A.P. 


1 1 1 


eg.if a), a, a3, .... are in H.P. then а ; а,’ Ж. .... are in A.P. 


| 1 1 1 1. 
A standard H.P. is a ue Lem — Tati 


For every HP there is a corresponding A.P. 
Terms of harmonic series аге the outcomes of an A.P. 


General term/n'^ term/last term of Н.Р. 


1 
T7 a. (n-I)d 
where a and d are respectively the first term and the common difference of the corresponding A.P. 
and п position ofthe term which we required. 
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Note: 
(i) There is no general formula for finding the sum to м terms of H.P. 
1 
(ii) If a,b,careinH.P => —, —, — areinA.P 
a b'c 
2 4 1 2ас | 
— sh — = = — E a, b, carein HP 
b а c a+c 
| 1 Li. 1 1 a-b b-c , a a-b 
79 ba c b Le "ab № 9 w bes 
Illustration : 
11 3 
If the 3'% , 6" and last term of a Н.Р. are 3' $' 203° find the number of terms. 
1 1 3 
Sol. T;= 35, лийн T, = 203 
| 203 
then 3'%, 6" and п" termof A.P. series are 3, 6, EX 
at2d23 > a=Sd=5 
2 2 
Я = Ж уу e 
атда=з > а=2а=> 
"mw 
"P y 
sap- 203 Do 2, A 
at(n-)d- 7; > ОП +(-) = 
(n — 1)? = 198 
= 100. [Ans. 100] 


Illustration : 


mn 
If m" term of an H.P. is n, and n" term is equal to m then prove that (m + n)" term is “түү 


1 
Sol. m" term of A.P. = = 


1 1 
n" term of A.P. = a => a * (m — I)d = P 


йы н Es > d=—, а= — 


1 1 
T, та (т п 1) л" 7278 (иет) р 


mtn 


mn 


T ----, 
mino m+n 
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Illustration : 


тавоне нр min tage ibi 2 Е 
If a, b, c are т НР find the value of 5-4 “4-1 
Sol. а, Б, care in НР then 
211 d 
—, =, = are in A.P. 
а 5 с 
2.3 ЖҮ 
_ bta b+c a b ан £b 
a" ed hee 11-12 
а b c b 
11 214 
0 a ee 
c4). 23 
“Ха с b) Ха с) _ 24 _ 
5 = 7 дын аг, -2 [Ans. 2] 


6.3 Harmonic Mean (H.M.) : 


6.3 Harmonic Mean (H.M.) : 


If a, b, саге in Н.Р. then middle term is called the harmonic mean between them. Hence if H is the 
2ab 


harmonic mean (H.M.) between a and b then a, Н, b are іп Н.Р. апан = хэ” 


+b 
(Recall that AM = Ea and GM = Jab if a>0,b>0) 


6.3.1 То insert n HM between a andb : 


T S T l ‚1 areinA.P. 

a Н Н, Hi D 

1-1 + 00 l wma idet 
b a art й ^om №; ab(n +1) 
1 1 

— = ээ + 

Н, d 

+ = +24 

н, а 
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Bes 3d 
E IE 
He 8 
11 Г 
2 Эвэр ЧИ 
Ны а n 


n(n+1) (a-b) 


м1 n d(nn«l)- 
ia = 4 = 2 ` ab(n+]) 


в.а. 
2 а 


_ [iae] - ы_ Bat) _ ms 
-nia 265 | ЫЛ * oy" и 


Hence sum of the reciprocals of all the n НМ" between a and b is equal to л times the reciprocal of 
single HM between a and b. 


ITI 1 1 
Note: For3 numbers a, b, c MH is defined as reciprocals of a, b and c i.e. of reciprocals (2 + b + 1). 


а b cJ 


ШАА А are n quantities then НМ = 


Illustration : 
If a’, 52, c? are in A.P. show that b + c, c + a, a + b are in Н.Р. 


Sol. а?, b?, с? are in A.P. 
Let btc, cta, atb arein Н.Р 


then 


2(a + b) b +c) = (2b * a * c) (a * c) 
2b? = а? + с? 
hence a’, 2, с? are т A.P. 
So ifa’, 52, с? are т A.P. then b+c, с+а, a+b are in H.P. 
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Illustration : 


а-х а-у a-z 


If px ay "pz апар, q,r are т A.P. then prove that x, y, z are in Н.Р. 


82 х 


1 

2 
Hence x, у, z are т Н.Р, 
Illustration : 


If the roots of the equation x? — 11x? + 36x — 36 = 0 are т Н.Р. find the middle root. 


Sol. x - 1х2 + 36x - 36 = 0 
If roots are in Н.Р. then roots of new equation 


1 11 36 


~=- 0 are in A.P. 
x x x 


-368 + 36x? — Пх+1=0 
36d — 36x? + lix-120 
Let the roots be a, В, y. 
а+В+у= ] 
38 = 1 (2В = а + у) 


So middle root is 3. [Ans. 6, 3, 2] 
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6.4 Relation between A.M, G.M. and Н.М: 


If a and b are two positive numbers then A > G > Н and A, G, H are in GP. i.e. GAH 


+b 2ab G 
Proof: We have A= “—,0- Vab апан = = a A b 
now AH =а = С? =>  AGHareinGP. H 
1 Bam ; : А>С G2H 
also GH ; Кы > => > 
Hence AZ С> Н Infact AM > GM 2 HM 


Illustration : 


If 9 arithmetic and harmonic means be inserted between 2 and 3, prove that A + 6/H = 5 where 
A is any of the A.M.'s and Н the corresponding Н.М. 


Sol, Let A, A, (= I, 2, ...... 9) denote the 9 A.M.'s and 9 H.M.'s between 2 and 3. If d denote the 
common difference of A.P. then 
з=Т„=2+104 ог d = 1/10. 
L et A denote the its mean, then 
A=T,,=2 tdi =2 +010 
Again Let 2, H,, Н, ......, Hy 3 be in Н.Р. 


11 1 11 
ШЕ ЖЕ Se Ж. 
m ИНИ З 


If d, is the common difference of this A.P., then 


1 1 1 
—=7, =—+104 а = =- — 
3 0 3 ME ! 60 
If H is the ith H.m., then 
„Сыа I 1 
H 2 2 60 
6 i l i i 
N A+— =| 2+— |+6| —— — ———= 
zi H | 5) Е =) 10 10 


Illustration : 


c 
Ifa, b & c are in A.P. & a’, 52 & c? are in Н.Р, then prove that either a =b = cora, b & -3 are 
in G.P. 


Sol. 25 =а+с 


(a-b)(a*b) _(b-c)(b+c) 
ba? й pc 


Print to PDF without this message by purchasing novaPDF (http:/Awww.novapdf.com/) 


42 


> ас?+Ьс?=а?Ь+а?с 
ас (с-а) +Ь (с-а) (с+а) = 0 
(c — a) (ab + be + ca) = 0 
for сза, a=b=c 
for abt+be+ca=0 
(a+b)+ca=0 
2b? + са = 0 
p un 
ИГ 


а, Б, ыг are т GP. 


Illustration : 


If a, b, c are positive real number representing the sides of a triangle, prove that 
ab + bc + са <a? + b? + c? < 2(ab + bc + са) 


а? +}? 4c? 
or 1<——— 
ab t bc ca 


Hence prove that 
3(ab + bc + ca) < (a + b + с)? < 4 (ab + bc + ca) 


po иг ӨР, 


or 


1 a 


"3(ab + be + ca) < (a + b + c < 4 (ab + be + ca) 


(a+b+c) 
< — < 
ab+bc+ca 


or 3 4. 


2 2 2 2 
A 2252 7 > bc and | sea [ AM. > GM] 


> а? + D? > 2ab, b? + с? > 2bc and. с? * à? > 2ca 
> а +6 + + с? + с? + а? > 2(аЬ + be + са) 

> а? +b? + с? > аЬ + Ьс + са 

> 


ab + be + са < а? + Ь? + с? “(9 
In a triangle ABC with sides ВС = a, СА = b, АВ = c, we have b? + c? — а? = 2Ьс cos A 
= b? + c? - а? < 2bc [-* cos A < 1] 


Similarly, we have c? + a? - b? < 2caand а? * b? – c? < 2ab 
Adding these three, we get 


а? + b? + c? < 2(ab + bc + ca) (ii) 
From (i) and (ii), we get 
ab + be + ca < a? + b? + c? < 2(ab + bc + ca) (їй) 
а? +b? +c? 
Г — Á 
ab+bc+ca 


Adding 2(ab + Ьс + ca) throughout in (iii) 
3 (ab + bc + ca) < (a + b + c)? < 4(ab + bc + ca) 
(a+b+c) 


3< 
ab+bc+ca 


<4. Hence proveed 
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Illustration : 


Sol. 


Q.1 
Q.2 
0.3 


QA 
Q.5 


Q.6 


Q.7 
Q.8 


0.1 


If a, b, c d be four distinct positive quantities т H.P., then show that 
(a)a+d>b+c (b) ad > be. 


zu a, b, c, d are in H.P. 
(a) Then A.M. » H.M. 


atc 


for first three terms 2 >b wf) 
and for last three terms, ane >с . (ii) 
from (i) and (ii) а+с+р+а> 2Ь+ 2с 
> atd»b-c 

(b) Again СМ. > Н.М. 
For first three terms, Мас >b 
= ас > b? fi) 
and for last three terms Ма >с 
=> bd > с? (й) 
from (i) and (ii) (ас) (bd) > Ь?с? 
= ad > be. 


Practice Problem 


Practice Problem 


If p^ term of an HP is qr and q" term is pr. Find its r terms. 

If ‘a’ is the A.M. of ‘b’ and ‘с’; ‘b’ the GM. of ‘c’ and ‘а’, then prove that ‘c’ is the H.M. of ‘a’ and ‘b’. 
If the roots of the equation a(b — c)x? + b(c а)х + c(a—b) = 0 are equal then prove that a, b, с are in 
H.P. 


If a* = БУ = c? = 4“ =.... and a, b, c, dare in С.Р. then prove that x, y, 2, w... are in H.P. 


Letn e М, п> 25. Let A, б, Н denote the arithmetic mean, geometric mean & harmonic mean of 
25 & n. The least value of n for which A, G, H e (25, 26, ...... п} 


Let a,, a, ау, a, and а; be such that a,, a, & a, are in A.P. and a,, a, and a, are in H.P. then 
log a,, log a, & log a, are in 
(A) GP. (В)А.Р. (C) H.P. (D) None 


b b 1 
Let Show that if a, b, c e R* then C A жа й S -(@а+Ь+с) 
b+c atc а+ь 2 


Ifa, b, c, d be four distinct positive quantities in G.P., then show that 
(a)a+d>b+c (b) ст! d! + а! b~! > 206-141 + ale! – а!) 


Answer key 


ра 0.5 225 Q6 В 


Print to PDF without this message by purchasing novaPDF (http:/Awww.novapdf.com/) 


44 


Solved Examples 


5, 
5, -S, | 


О.І  Ifsumofn,2n,3n terms ofan A.P. are S,,S,,S,, respectively then find the value of 


Sol. Leta be the first term and d be the common difference of the given A.P. Then, sumof n terms is 


n 
S= 2 [2a + (п— 1)4] 
Sum of 2n terms, 


2n 
S, = Sum of 2n terms = > [2а + (2n – 1)d] 
Sum of 3n terms, 


$,- = [2a + (3n — 1)4] 


Now, 
2n n 
S,-S,= ^ [2а+ (2n-1)d] - > [2a + (n - 1)d] 
а 212 {2а + 2n - 1)4} — {2а (n— 1)}4] 
n 
= 3 [2а+ Gn- 1)d] 
3n : 
3(5,—5,)= E! [2a + (3n - 1)d] = S, [Using (3)] 
=> 5, = 3, [Ans. 3] 
S,-S 


Q.2 Ifthe 10th, 15th, 25th terms of an A.P. are in GP then find the common ratio of the С.Р. 
Sol.  Letthe first term and common ratio of the AP be a and d respectively. 
T, =a + 9d, Т, = а + 14d, Т,, = а + 24d. 


а+144 а-244 а-144-а-244 _ 
а+94 а4144 ^ а494-а-144 > 


2. [Апз. 2] 
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9.3 


Sol. 


The sum of the squares of three distinct real numbers, which are in С.Р. is S?. If their sum is a S, 


if a? є (a, Б) – {с} then find the value of ab + c. 


Let the numbers be ar, a, a/r such that a(r +1+ Э = 0$ 


т 
апа 30 +1+ 1) = $2 
т 
l 1 
Put r+-=t A ?+-у =?-2 
r r 
а (1+ 1) = 05 and а? (2-1) = S? 
2 2 
+1 
Eliminating S, we get a? (r? — 1) = sor 
a 


(t- 1) a? 2 (t 1) 


m -2 +1 
а=] 
1 
Now IN" $ r-rt+1=0 
Now б=т A r-rt+1=0 
For t to be real г2-4> 0 ё (t 2)(t-2)»0 
1<—2 огїі> 2 
Hence from (1), we get 
2 2 
il E га Р 2 
a” –1 a^ -1 
в? +1 o? +1 
ог +2<0 ог 2-2-290 
а2-1 07-1 


(a? — 1) is positive or negative 


(e m 32 -1) 


«0 
(a? -1)? 
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46 


0.4 


Sol. 


An A.P. and a H.P., have the same first term, the same last term, and the same number of terms; prove 


that the product ofthe rth term from the beginning in one series and the rth term from the end in the other 
is independent ofr. 
T, of A.P. = а + (r- Dd 
where b = a + (n – 1)d 
b-a 
T, of A.P. = а + (r- 1) — | 
_ a(n-r)-* (r-1) . 
ин шин .. (1) 


T,fromendofH.P. а, ...!, b(n terms) 


1 1 
= Reciprocal of T, from end of A.P. PEL b 
; ЭГ 11 
= Reciprocal to T, from begining of A.P. 5 4 (n terms) 
1 TP ; 
Replace a by b and b by "EL (1) then take reciprocal. 
(n-r)4 (r-1) 
pe wea — b(n -1 
or reciprocal of E = - шаг .. (ii) 
or reciprocal of жү = НЫЕ В .. (11) 


Multiplying (i) and (ii), we get the product = ab, which is independent of r. 


О.5(а) IfA,,A,:G,,G,; and Hj, H be two A.M.'s and GM.'s and H.M.'s between two quantities, then prove 


" GG, АА, 


tha 1 
HH, Н,-Н, 


(b) IfA,,A,:G,,G,; and H}, H, be two A.M.'s and G.M.'s and H.M.'s between two quantities 'a' and 'b' 


then A,H, =А,Н, = G,G, = ab. 


Sol.(a) Sum ofn A.M.s =n х single A.M. 


a+b 
A +A, =2 EN =a+b 
Product of n С.М. = (single GM.)" 
G,G, = (Vab)?- ab 


1111 

a’H,’H,’b are in A.P. 
1,1 1,1 ахь 
H Н, a b ab 


H,+H, A,*A; 
НН, 616; 


ог 
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(b) a, A,, A,, b are in A.P. (0) 
a, Hj, H,, b are in Н.Р. 
11 1 ] 
-=—, ,—,— їп А.Р, 
aH b are in 
Multiply by ab. 
} Lo. a are in A.P. 
Ну Н, 
Take in reverse order. 
or " р аге їп А.Р. .. (il) 
Н, Hj 
Compare (i) and (ii) 
nob aa ALS 
1 Н, ап 2 Н, 


О.6  Letthe sequence a,, a, , ...... a, form an A.P. and let a, = 0, prove that 


<T A A us ап Le TT j- сн 22 
аз аз ад аһ а а; 85-2 аз а 
Sol. Let d be the common difference of the given A.P. 
Then since a, = 0, we have a, = d 
8, = 2d, («^ а= (п—1)4. 
2d 3d 44, + (n - d -4 | ЖЕ 799 Я — M 
Hexe Г.Н.5. = "4724 3d 777 (n-2d (4 24 за 227 (n—3)d 
-ани 14 7” ЧисЭРЇ 22 Hes Р”? +] 
2 3 п-3 п-2 2 3 п-3 
=1+1+1+ t 2)t T 
=1+1+1+...... о (п- 2) terms "E 
ИИ, — ee У 


n-2 а а 
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Q.7 Prove that ifthe sum ofn terms of the following series 


2n 41 (zat) 29 
+3 ——| +5 Tues 
20-1 21-1 21-1 


is 36 thenn=4. 


Sol Wenutx= 2n +1 . 
ol. ериёх = 2n-1 ...(1) 
vas 2 " 
denn з .. (il) 
x 2041 E 
or i-x 2 .. (iii) 
Let $=х+3х2+5%+...... (2п-1)х". 
б х$ = х2+3х3+...... (2n — 3) х" + (2n - 1) x^*! 
S(1-x)9x-*[2x? - 2x 7 ...... (n — 1) terms] – (2n – 1)x^*! 


$= —[1-2n* 14 Qn 1x - Qn 1x] 


2п +1 | 
иж (-2n) = n (2n + 1) = 36, given 


08 Ут) - nn? - 9n + 13), then find the sum У /I(r) . 


rz] rzl 


n 
Sol. S = У Қт) =n(2n? + 9n + 13) 
rzl 
> I@m=S,-S_, 


= 1(212 + 9r + 13) - (r- 1) (2 (r- 1?  9(r- 1) + 13) 
= 6r + 12г+ 6 = 6(r* 1)? 


=> fir) =V6(r+)) 


> У Ла) => (r+) 
r=! r=] 


2 


= Be? +30 


Е СЕ 
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09 Find the sum to n terms of the series 12 22+ 32 42+ 52 62+...... : 


Sol Clearly, n" term of the given series is negative or positive accordingly as n is even or odd, respectively. 
(a) nis even: 
12 — 2? + 32 — 4? + 52-67 +...... + (п- 1)? - п? 
= (1? - 22)+ (32-42) + (52-62) +...... + ((п – 12-2) 
=(1-2)(1+2)+ (3-4) (3+4) + (5-6) (5+6)+...... + (п-1)- (n) (n- I +n) 
=—(1+2+3+4+...... * (n— 1) * n) 
a „ПВН 
2 
(b) nis odd: 
(12-22) + (32- 42) 4 ...... + (n-2?-(n-1) +n? 
=(1-2)(1+2)+ (3-4) (3 * 4) * ...... *[n-2)-(n- 1) [(n-2) + (n- 1] +n? 
=-(1+2+3+4+...... *(n-2)*(n-1) +n? 


- аса) а 


nína 


_ n(n+l) 
Ни 


Q.10 Find the greatest value of (a + x)? (а-х) for any real value of x numerically less than a. 


Sol. Letz=(a+x)? (a—x)4 
а „4 fatx 16-5" 
=3°.4 3 ES (1) 


| | а+х \(а-х | . a4xY(a-xY . 
z will be maximum, when (=) 23 is maximum but | 3 | ЕЗ is product of 


3+4=7 factors. 


atx а-х 
The sum of which = 3 ES * "e = (a * x) + (a x) = 2a. 


> 
| 
> 


а+х 


а+х\ү{а-х\' _. А | ТГ 
(=) 23 will be maximum if all the factors are equal i.e., if 3 4 
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ог 4а + 4х = За – 3х огх = – 


>| > 


So from (1) maximum value of z 


_ a-(a/7) Га-—(а/7) | 
| 3 | 4 | 


23.4 G 
i 3x7) (7х4 


1 


. | һ т(т+1)(г +2)(т +3) 
Q.11 Find the sum Gabe DED 


г=! 


| 
Sol — Тт(т+(г+2)(т+3) 


Е t+3-—f 
— 3[r(r+1)(r + 2)(r + 3)] 


м r+3-r 
3[r(r + 1)(r + 2)(r +3)] 


1 І 1 

Е EL D(r-2Yr-3) (r+ x 
1 

ТОЕ 


п 1 
» г(г+1)(т + 2)(г +3) 


ral 


1 
--3 У) -У (0) 


11 1 
б E (п +1)(п + 2)n 5) 
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QUADRATIC EQUATION 


1. INTRODUCTION : 


1.1 Polynomial : 


Ап ехргеѕѕіоп of the type Р (х) 7 ayx" * ax"! +...... +a, is called a polynomial of degree 'n', where 
all powers of x are non-negative integers and a, which is called leading coefficient of the polynomial 
should not be equal to zero. 
> If co-efficients ap, aj, 8, ...... a, are real then polynomial is called real polynomial and 
if co-efficients are in the form of (a + ib) then it is called complex polynomial. 
e.g., : (2 + 31)х3 + 5x? + 6x + 3 is called a complex polynomial. 
If n= 1 then P(x) = ах * a, is called a linear polynomial. 
If n=2 then P(x) = ayx? + a,x + a, is called a quadratic polynomial. 
If n=3 then Р(х) = a? * ax? + a,x + a, is called a cubic polynomial. 
If n=4 then Р(х) = ayx? + a,x? + ax? + a,x + a, is called a bi-quadratic polynomial. 
=> Р (a) means value of the polynomial P (x) at x= о. 
If P, (a)=0, then a is called as root or zero of the polynomial. 


1.2 Remainder Theorem : 


The remainder theorem states that if a polynomial P(x) is divided by a linear function х- К, then the 
remainder is P(k). 


P(x) R | . : : 
"e Q(x) + т where Q(x) is quotient апа В is remainder. 


=> P(x)=Q(x)(x-k)+R = х-К,Р(Ю-8 
1.3 Factor Theorem : 


Let P(x)=(x—k)Q(x)+R 
when Р(К) =0, Р(х) =(x—k) Q(x). Therefore, P(x) is exactly divisible by x — k. 


1.4 Quadratic Expression and Quadratic Equation : 


A second degree expression in one variable contains the variable with an exponent of 2; but not higher 
power. Such expressions are called as quadratic expression. 
> e.g, :y=ax?+ bx c, 

where a = leading coefficient & c = absolute term of quadratic polynomial. 
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5 Ifabove is equated to zero called as quadratic equation. 
eg., :ax?+bx+c=0;a#0 
=> If leading coefficient is 1 then polynomial is called monic polynomial. 
Solving a quadratic equation means finding the values of x for which ax? + bx + с vanishes and these 
values of x are also called the roots of quadratic equation. 


1.5 Identity : 
Let ах? + bx +c=0 be a quadratic equation. Now, if this quadratic equation has more than two distinct 
roots then it becomes an identity and in this case a=b=c=0. 


Note: Identity is an equation which is true for all values of x. 


Let us say a, В, y are three distinct roots of the given quadratic equation. Then, 
ax? + bx +c =k (x - а) (x - В) (x — y), for some constant К. 

> ax +bx +o=k [x°- (a + B + y) x? + (aß + By + yo) x - oy] 

Comparing the co-efficient of x? on both sides, we get К = 0 

and К=0 > a=0,b=0 andc=0 

> If a quadratic equation is satisfied by more than two distinct values of x, then all the co-efficients 
must be zero. And when all the co-efficients are zero, quadratic equation is true for all x e R and 
hence, it becomes an identity. 


Illustration : 
For what values of p. the equation (p + 2)(p — 1)x? + (р— 1) (2p + 1) x + p? —1 = 0 has more than 


Illustration : 
For what values of p, the equation (p + 2)(p — 1)x? + (р— 1) (2p + I) x + p? — 1 = 0 has more than 
two roots. 


So. (p*2(p-Dx *(p-I) (2р + 1)х +р?— 1 = 0 will have more than two roots if all the 
co-efficients are zero. 
> (р+2) (р- 1) =0 > p=-2,1 
-1 
and (р- 1) (2р + 1) =0 > р=1,р = E 
and р?-1=0 => p=1,-1 
л, All the co-efficients are zero when р = I. Ans. 


2. SOLUTION OF QUADRATIC EQUATION : 


2.1 Factorization Method : 


Let ax? + bx +c - a(x- a) (x - p) - 0 

Then x = a and x = will satisfy the given equation 

Hence factorize the equation and equating each to zero gives roots of equation. 
eg  3х2-2х-1=0=(х-1)(3х+1)=0 


TS 
3 
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2.2 Hindu Method (Sri Dharacharya Method) : 


ax? + bx + с = 0 means we have to find to those values of x for which ax? + bx - c =0. 
Finding roots of ах? + bx +c =0; a#0; а, Б, сє К. 


2 КЕ Р (в) - 2-2. 
4a? a 4a? 


-b+ VD and p- bc where D = b? — 4ac 
2a 2a 


Hence a= 


3. RELATION BETWEEN ROOTS AND COEFFICIENT : 


ax? + bx +c =0; a0; a,b ceR 
If a, В are the roots then aeia- «В =< and sj D 
ax? + bx +c = 0; ах 0; a,b,ceR 
Ifa, В are the roots then a*B--2i a =~ and o- pus 3D 


4. FORMATION OF A QUADRATIC EQUATION WHEN ROOTS ARE 
GIVEN : 


Let a and В be the given roots of a quadratic equation, then 
(х- a) (x - B) =0 
x-x (a +В) +аВ=0 


x? — x (sum of the roots) + Product of the roots = 0 


Note : Some Transformation in terms of а + В and o : 
a? + В? = (a + B? - 2ap 


o? + p? = (a + В)? - ЗаВ(а + В) 


a - В = (а +В) - 4op 


at + Bt = [(a + В)? - 20] - 202? 


Print to PDF without this message by purchasing novaPDF (http:/Awww.novapdf.com/) 


Illustration : 


If the product of the roots of the quadratic equation mx? — 2х + (2m — 1) = 0 is 3, then the value 


of m 
(4) 1 (B)2 (С) – 1 (D) 3 
с 2т-1 
Sol Product ofthe roots — =3= 
a m 
3т-2т = – 1 > т=-1 Ans. 
Illustration : 
1 1 
If о, Bare roots of the ax? + bx + с = 0, then the value of (аа+ьР (48-57 is 
b? – 2ас 2ac - b? b? — 2ac b? 
a Å= B= (С) —у_; (D) 75- 
ac ac a*c ас 


Sol Since о, В are the roots of the ах? + bx + c 
then ас? + ba +с= 0 
а (аа + Б) +с = 0 


Sol Since о, В are the roots of the ах? + bx + c 
then ас? * ba *c-0 
afaatb)+c=0 


(aa +b) = = - (1) 
Similarly 
-C 
(B*bey ш (2) 
БЕИ oe MM — 
(aa+by (ap+by ~ (cca) (-c/py 
2 
о? B o4 (a+b? -2aß 2 -2 b? – 2ac 
= —=+5 = 2 ————,——- = Ф— = Ans. 
C Ге с с с ас 


Illustration : 


If the equation (k — 2)x? — (k — 4) x — 2 = 0 has difference of roots as 3 then the value of k is 


1,4 B) 3, 3 923i D) 3,1 
(4) 1, (8) 3, 5 (92 (D) 5. 


Sol. (a-B)= (+В -4ap 
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(k-4) „з. 
(k-2y 8“ X-2 


| (к-р 8 _ yk? +16-8k +8 (k-2) 
ЯАГ чый о 


Now а+ В = 


k-2 (k-2) 
зы Vk? +16-8k+8(k-2) 
(k-2) 
3k-6 =+k 
k= 3 5 А 
= Jj 2' ns. 


Illustration : 


If the roots of the quadratic equation x? + mx + n = 0 are tan 30° and tan 15°, respectively, then 
find the value of 2 + n — m. 


Sol. Тһе equation x^ + mx + n = 0 has roots tan 30° and tan 15°. 
Therefore 
tan 30° + tan 15? = —m .40) 
tan 30° tan 15°= n „ (ti) 


_ 1413 0°+1ап15° 


Now, tan 45° = tan (30° + 159 => атына 
1-tan30° tan15° 


tan 30° tan 15°=n „ (ti) 


_ 1413 0°+1ап15° 


Now, tan 45? = tan (30° + 159 > == 
1-tan30° tan15° 


-m 
= 1 == [Using (i) and (ii)] 
> l-n=-m > п-т = 1 
= 2+п-т=3 


Illustration : 


If the difference between the roots of the equation x^ + ах + 1 = 0 is less than V5, then find the 
set of possible values of a. 


Sol Ifa, B are roots of x? + ах + 1 = 0, then 


la- Bl « 45 
T | a+ p 7 чар | «5 


> Va? =4| ed 
=> a@-4<§ 
LB a’-9<0 
д ає(3,3). 
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5. NATURE OF ROOTS : 


Consider the quadratic equation 
ax? + bx +c=0 
where a, b,c e Randa #0. 
Roots of the equation are given by 


—b+b? – 4ас 
Х5-------- 
2а 


Now, we observe that the roots depend upon the value of the quantity b? – 4ас. This quantity is generally 
denoted by D and is known as the discriminant of the quadratic equation which decides nature of the 
roots. We also observe the following results : 

(i) If > 0 = roots are real and distinct. 

(ii) If D = 0 = roots are equal. 


Note : From (i) and (ii) itis clear that for real roots of a quadratic equation D must be greater than or 
equal to zero. (i.e. D > 0) 
(iii) 10 <0 = roots are imaginary. 


Ёл Important Note: 


(iii) 10 <0 = roots are imaginary. 


Ёл Important Note: 
(1) Ifco-efficients of the quadratic equation are rational then its irrational roots always occur in pair. 


Ifp+ vq is one of the roots then other root will be p — vq 7 


(2) Ifco-efficients of the quadratic equation are real then its imaginary roots always occur in complex 
conjugate pair. If p + iq is one of the roots then other root will be p — iq. 


6. ROOTS UNDER PARTICULAR CASES : 


(i) ^ Exactly one root is at infinity : 
If exactly one root is oo and other root is finite, then co-efficient of x? must tend to zero and co-efficient 
of x must not be equal to zero. 


1 
Рих= у іп ax?+bx+c=0, we get 
2 TX- 
су +Бу+а=0 must have one root zero > P —0 i.e. S =0 


b 
Hence, a=0 and- < #0 => 0540. 


original equation becomes bx +с=0 
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(ii) ^ Both the roots at infinity : 


When both roots ofthe equation are infinity then, co-efficient of 
x? and co-efficient of x both must tend to zero and c must not 
be equal to zero. The equation cy? + by + a = 0 must have both 
roots zero. y=c 


ie- =0 and ^ =0 = Ь=0; а= 0апіс#0. 


In this case the equation becomes у = с. 


Illustration : 


Find the value of P for which the equation (P? — 3Р? + 2P)x? + (P? — P)x + P? + 3P? + 2P- 0 
(i) has exactly one root at infinity 

(ii) has both the roots at infinity 

(iii) ^ becomes an identity 


Sol. 
(9) Equation has exactly one root at infinity 
a=0, b#0 
Р= 0, 1, 2 Po, 
hence P=2 
P=0, 1,2 Р #1,0 
hence Р=2 


(ii) Equation has both the roots at infinity 

Sol a=0, b=0 670 
Р=0, 1, 2 Р= +1, 0 P #-1, -2, 0 
hence Р = 1 


(iii) Equation becomes an identity 


Sol. а-0, b=0 -0 
Р-0,1,2 Р=+1, 0 Р--1,-2,0 
hence Р-0 


Illustration : 


If a, b, ce В such that a + b + с = 0 and a = c, then prove that the roots of 
(b + с-а)х? + (c c a— b) + (a + Ь— с) =0 are real and distinct. 


Sol. ах = 1, 16) =а+Ь+с= 0 
hence, х = 1 is a root of the given equation. 

atb-c _ -2c 

b+c-a -2a 

Since c#a hence other root is not unity. 
roots are real and distinct 


c 
Product of roots = гэ 
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Illustration : 
If cos a, sin В, sin о are т СР, then check the nature of roots of x? + 2 cot 3+ x + 1 = 0. 


Sol  Wehave ѕіп?В = соѕа ѕіпа 


The discriminant of the given equation is 


D = 4 cot^B — 4 
22 cos? B — sin? В _ 4(1-25т? В) _ 4(1-25тасоза) _ | 2(sina —cosa ) ТИР 
i sin? В 7 sin’ B Е sin’ В E sin В Е 


Illustration : 


The roots of the quadratic equation 2x? — 7x + 4 = 0 are 
(A) Rational and different (B) Rational and equation 
(С) Irrational and different (D) Imaginary and different 


Sol  Lb?—-4ac = 49- 32 = 17 > 0 (not a perfect square) 
Its roots are irrational and different. 
Illustration : 


The roots of the auadratic eauation x? — 2(a + b) x + 2a? + bh?) = 0 are 


Illustration : 


The roots of the quadratic equation x? — 2(a + b) x + 2(a? + b?) = 0 are 
(A) Rational and different (B) Rational and equation 
(C) Irrational and different (D) Imaginary and different 


Sol. A=1,B=-2(a+b), С = 2(а? + b?) 
B? —44C = 1 [2(a + b)? — 4(1) Qa! + 2b?) 
= 4а? + 4b? + 8ab – 8a? — 8b? 
= – 4a? - 4b? + 8 ab 
=—4(a-b) <0 


So roots are imaginary and different. 
Illustration : 


The quadratic equation with rational coefficients whose one root is 2 + 3 is 


(A)x?—4x+1=0 (В)х+4х+1=0 (С) х? +4х-1=0 (D)x?+2x+1=0 
Sol. The required equation is 


е (о-в) 


or х?-4х+1=0 [Ans. 1] 
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0.1 


Q2 


0.3 


0.4 


0.5 


0.6 


Q.1 


0.4 


Practice Problem 
If а, В are roots of the equation x? + px—q=0 and y, д are roots of x? + px +r = 0 then the value of 
(a. — y) (a. — 8) is 
(A)p*r (B)p-r (C)q-r (D)q*r 


If a, В are roots of the equation 2x? — 35x +2 = 0, then the value of (2a. — 35)? · (2B — 35)? is equal to 
(A)1 (B)8 (C) 64 (D) none of these 


A certain polynomial P(x), x є В when divided by x —a, x — b and x – с leaves remainders a, b and c, 
respectively. Then find the remainder when P(x) is divided by (x — a) (x — b) (x — c) where a, b, c are 
distinct. 

If (à? — 1) x? - (a- 1) x - a? - 4a +3 = 0 bean identity in x, then find the value of a. 


For what value of m will the equation x? — 2x (1 + 3m) +7 (3 2m) = 0 have equal roots. 


If p, qand rare odd integers, then prove that roots of px? + qx +г= 0 cannot be rational. 


Answer key 


Answer key 


| 5 E e 
Q. m= , 9 


QUADRATIC EXPRESSION AND ITS GRAPH : 


Iny 2 ax?-* bx *c, ifa, b, c e Randa 0. Graph of quadratic takes the shape of a parabola. The 
parabola opens upward or downward according as а> 0 ora < 0 respectively. 


Figure - (i) Figure - (ii) 


a<0 


Q 


у a>0 y 


P 


у = ax ^bx*c утах хэ 
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The lowest point P in figure-(i) and highest point Q in figure-(ii) is called as vertex of parabola. Now for 
different values of a, b, c if graph у = ax? + bx + c is plotted then following 6 different shapes аге 
obtained. 


Case-I : Ifa>OandD>0 
Then quatratic equation has two roots and graph cuts the x-axis at two distinct points. 


(i) Fora<x<pB = yisnegative. 

(ii) Forx«a огх>В = yis positive. 
y 
О a В S 


Illustration : 


Draw graph of y = х? — 7х + 12 and find set of values of x where y is positive. 
y 


50, у= х?- 7х + 12 = (x - 3) (х- 4). 
Clearly, y > Oif x < Зогх> 4 
ie, (о, 3) (4, оо). 


Сазе-П : Ifa» 0 апар =0 
Then curve touches x-axis. Hence both zeroes of polynomial coincides. 


а= В 


In this type equation becomes y = а(х — œ)? and y > 0, for x є В. 


Print to PDF without this message by purchasing novaPDF (http:/Awww.novapdf.com/) 


11 


Са$е-Ш : Ifa» 0andD < 0 
Then curve completely Нез above x-axis. 
y 


In this case imaginary roots appears and y > 0 for x є К. 


Illustration : 
Find range of k for which graph of y = x? — 3x + К lies completely above x-axis. 


Sol. D<0O 
9—4k «0 


(+=) 
go ke Ans. 


Case-IV : Ifa<OandD>0 


Than mranh io daumiurard and anto thay avio at tun dictinat nainte 


Case-IV : Ifa<OandD>0 
Then graph is downward and cuts the x-axis at two distinct points. 


y 


In this case 
(a) у> 0, іѓоа<х< В 
(6) у< 0, Их <аогх >В 


Case-V : Ifa«0andD-0 
Then graph touches the x-axis from below. 


y 
а= В 
O 


In this case x є В, у< 0 forx є К. 
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Case-VI : Ifa «0 and D «0 
Then graph lies completely below the x-axis and y < 0 forx Е К. 


y 


О X 


Ёл Important Note 


(1) The quadratic expression ах? + bx + c, where a, b, с € К is positive V x € К, ifa > 0 and 
D « 0 (Case-III). 


(2) The quadratic expression ax? + bx + c, where a, b, c € В is negative V x є К, ifa < 0 and 
D « 0 (Case-VI). 
Illustration : 


л 
A quadratic equation with rational coefficient has one of its roots as 2 sin? EI if the sum of the 


D « 0 (Case-VI). 


Illustration : 


л 
A quadratic equation with rational coefficient has one of its roots as 2 sin? (z) if the sum of the 


roots of quadratic equation is S and product of roots is P. Then P = KS implies that the value of 
K equals 


ёл = 
Sol. One root = 2sin?= -1- cost = Т; 45-1 - 3-45 
5 5 4 4 


+V5 


5 А 
.. Other root = E m [As coefficients are rational, roots will be conjugate surds.] 


5 
4 Sum of roots = 5 = 5 


— — 
roduct of roots = A 4 
/ 1 

к= ==. Ans. 
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Illustration : 


If x = 34 45 find the value of x! — 12x? + 44x? — 48 x + 17. 


So. х=3+45 => x-3=45 
> 6-3? =5 > ?-6х+4=0 
Now, xt- 12х + 44x? – 48x + 17 = (x? — бх + 4) (cà — бх +4) + 1 
we know that, dividend = (divisior) (quotient) + R 
Bu x?-6x+4=0 
=> = x4 — 12% + 44x? — 48x + 17 = 1. Ans. 


Illustration : 
The quadratic equation ax? + bx + с = 0 has no real root, then prove that 


с(а+ь+с) > 0. 


Sol. As given equation has no real roots > D<0 
Parabola either always lie above the x-axis or below the x-axis as shown 
a<0,D<0 a>0,D<0 


м Nar 


РА \ i.c 


Here f(x) -ax!*bx*c«0 Vx eR Here f(x) ах? + bx tc» 0 Vx eR 
ДО) сс «0 ДО) =с> 0 
fD=atb+e<0 fD=atb+e>0 

But in both the cases c (a + b + c) > 0. Ans. 


Illustration : 
Consider the graph of quadratic polynomial y = ах? + bx + c as shown below. Which of the 


following is/are correct. 
y 


а-ь+с 

(A) The =0 (В) abc (9a + 3b - c) <0 
+3b+9 

(©) abe “<0 (D) ab (a—3b + 9c) > 0 


Sol. Clearly from given figure 
a<0,c>0 
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Also, pH el > b>0 
2a 
So, abc < 0 
Also f(-1)-a-btc-0, f(3) = 9a+3b+c=0 
1 a b 
Clearly f | = > 0 ыы = at+3b+9c>0 


-1 а b 
Also 713 J? ° 295 ate 70 > a—3b+9c>0 


Now verify alternatives. Ans. A, C 


Practice Problem 


0.1 The best possible graph of the function х) = Ах2 + Вх + С, where 
А = (ѕесӨ — cos0) (созес0 — $110) (tanO + cot0) 
B = ($110 + созес0)? + (cos0 + 5ес0)? — (tan?0 + cot?) and 
С = 12, is represented by 


+ t + t 
A — LEUU — UUSUJACUDPCUU — HHU) мапу T чи] 
B = (sin + cosec0)? + (cos0 + 5ес0)? — (tan? + cot?@) and 
С = 12, is represented by 


(А) (В) (С) АС. (D) Ae. 


0.2 Consider the graph of quadratic trinomial y = ax? + bx + c 
as shown below where x, and x, are roots of the equation 
ax? + bx + c = 0. Which of the following is/are correct? 


(A)a-b-c«0 (B)bc« 0 
(C)b»0 (D) b and c have the same sign different from a. 


Q.3  Thetrinomial ax? + bx + c has no real roots and a + b +c < 0. Comment on the sign of the number c. 


Answer key 


01 B Q2 A,C,D Q3 c«0 
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8. SOLVING QUADRATIC AND RATIONAL INEQUALITIES (WAVY 
CURVE METHOD) : 


While solving such inequations following steps to be taken. 

(i) Factorise given-expression into linear factors 

(ii) Make the coefficient of x positive in all factors 

(i) ^ Plotthe points where given expression vanishes or undefined (denominator becomes zero) on 
number line in increasing order 

(iv) Start the number line from right to left taking positive or negative value. 


While solving rational inequalities different situtations arive. 


Type-1: Inequalities involving non-repeated linear factors 


Illustration : 
(x—1)(x-2)(x—-3) 20 


Sol. Тһе set of values for which given expression is 2 0 
гт 21:402 лм 


рим - 4) (А Ју си 


Sol. The set of values for which given expression is 2 0 
[1, 2] Y[3, оо). 


Illustration : 
(x—3)(x-5)(x—7)«0 


Sol.  Inthis problem given expression « 0. 


= (оо, 3) < (5, 7). 
Type-2 : Quadratic inequality involving Repeated linear factos. 


Illustration : 
(х + 1)(х — 3)x - 2)? 20. 


501, (х + I)x-3)x-2)? 20 - 2 3 
хє (~ о ~ I] v (2) v [3, оо). Ans. 
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Illustration : 

х(х + 6)x + 2)2(х– 3) > 0 
Sol. x(x + б)(х + 2)2(х – 3) > 0 

=> x e (-6, 0) U(3, оо) – (-2) Ans. 
Illustration : 

(x - 1x + 1) (х – 4) «0 


Sol. (х 1)2(х + 1)? (х – 4) < 0 
хє (~ 1, 1) UCL, 4). Ans. 


Type-3 : Quadratic / algebraic inequality ofthe type of = . (Rational inequality) involving modulus also. 


Illustration : 


So. мы 


3 7 
хє[-®, ЭН 2 Ans. 


Illustration : 


x!-5x412 
2 >3 
x -4х+5 
Sol х? – 4х + 5 is always positive 
since Юр = 16-20=-4<0 
hence, we can cross multiply х? — 4х + 5 without changing the sign of inequality. 
x? — 5х + 12 > 3x? - 12x + 15 


2x? -7x +3 <0 
@ © Ф 
Р = —2-————2— 
(2x 1) (x 3) < 0 qa 3 
1 
«e 3) Ans. 
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Illustration : 


x! - 5x46 
= < 


x!4xl 


2 

—5х+6 
Sol. _— <0 
x +x+l 


As denominator is always positive 
=> х2-5х+6<0 > (-2)(-3)<0 
> хє (2, 3) Ans. 


Illustration : 
(x-1) (x1) 
x'(x-2 ) 
(x-1) (x +1)? 
x^(x -2) 
x € (-1, 0) v (0, 1) o (1, 2) Ans. 


Sol. 


Illustration : 
x € (-1, 0) C (0, 1) o (1, 2) Ans. 


Illustration : 


xl. x5 
x-1 х+1 
бы #®*1„#+1 _, #+1_+5 2, (x41) -(х-1)(х+5) 
Чи 3-1 354 "8-4 аМ Ыы (х-1)(х41) 2 
—2x+6 х-3 


> (х-1)(х+1) ? 


—xe(-o-l)u(l,3]. Ans. 


0 = Gps) 50 


Illustration : 


Xx-4) 51 
(х-1Дх-7) x-2 
2(x— 1 
Sol. 2-4) „г. 


(х-1)(х-7) x-2 


> (х-1)(х-7) (x-2) 


2(x-4) 1 - 
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2(х-4)(х-2)-(х-1)(х-7) 


ы (x-1)(x-7)(x-2) 20 
х?-4х+9 
= — fi-D(3-2) (3-7) ©" 
> x € (1, 2) u (7, oo) Ans. 


Illustration : 


х?+бх-7 


[кей ны 


Solve the inequality using method of interval. 


Sol x? +6x-7 Р” 
= |x+4| 


> х?+бх-7<0 => (x*7&-1«0 

= x € (-7, 1) {-4} Ans. 
Tvpe-4 : Double inequality and biquadratic inequality. 

> xtóéx-7«0-2 (к+7) (х-1) <0 

> x (-7, 1) - (-4) Ans. 


Type-4 : Double inequality and biquadratic inequality. 


Illustration : 
Зх? -7x48 
JW Зани терни 
х +1 
Зх? -7x48 
Sol. 1 « = 
х +1 


Here, we need to make sure 


3x! -7х+8 3x? -7x48 
EE MD > 1 апа ис, ла 
х^ +1 x^ +1 

=> 3?-7х+7>дх?+1] апа 3x? — 7x +8 52x? +2 
=> 22-7х+7>0 and х2-7+6<0 
Here, а > 0and D < 0 and (x- 1) (х- 6) 0 
= xeR and хЕ/1, 6] 
Taking intersection of both, we get x є [1, 6]. Ans. 
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Practice Problem 


Q.1  Solvethe inequality - 


(i) x (х- 2) (х+3)>0 (ii) x (x — 4)? (x + 6? (x-1) <0 
4 
О02  Solvethe inequality 1< шш <2 
х“ +4х +5 


(x +2)(x? - 2x +1) 


20 
(4-3х-х2) 


0.3 


4 3 2 
x —3x" +2x 
4 —————— »0 
Q x? -x-30 


x*(2x - 3) (x - 4) 
(x -3) (3x - 8)! 
(A)1 (B)2 (C) 3 (D)4 
0.6 Find the set of values ofa for which the quadratic polynomial 


@ (a+4)x2—2ax+2a-6<0 V xcR 
0) | (a-I)2-(a*Dx*(a*1)»0 VxeR 


Q.5 Number of positive integral solution of <0 


WU гишм uic DGL UI Vvaiuvc UL ал улі WG quaurauv puiynvuiuiai 
(i) (а + 4)х2 — 2ах +2а-6<0 V xeR 
(0) —(а-1)х2-(@а+1х+(а+1)>0 VxeR 


Answer key 
0.1 (i) [-3,0]0[2,); (ii) [-6, 0] U[I1, ә) Q2 хє(-о,-3) 
03  (-,-2] UCI, 4) 04  (-,-5] v (1, 2) U (6, ©) Q5 C 


0.6 0) (-9-6); (1) (5/3, оо) 


9. SYMMETRIC EXPRESSIONS : 


The symmetric expressions of the roots a, В ofan equation are those expressions in a and Р, whice do 
not change by interchanging a and b. To find the value of such an expression, we generally express that 
іп terms of a+ В and af. 

Some examples of symmetric expressions are 


i) a2 + В2 НН 2+ + R2 ER i о, В 
(i) a^ * В (ii) a^ * ap + В (ii) a p (iv) ва 
2 2 
(v) «20 + Ba (vi) B5 + (8 (vii) а? + p? (viii) о + B4 
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10. FORMATION OF QUADRATIC EQUATION WHOSE ROOTS АВЕ 
SYMMETRIC EXPRESSION OF a AND В: 


Let a and В be the roots of a quadratic equation ax? +bx + c= 0 then finding another quadratic equation 


whose roots are 20 + 3, 2p + 3. 


-3 
Suppose 2a +3 = у > a= E 


Put the value of a in the given equation (°. о is its roots) and get a quadratic in y. 


a(y-3* b(y-3),.. 


0 
4 2 


a(y—3)?+ 2b (у– 3) + 4c =0 

ау? + 2y (b – За) + 9a - 6b + 4c =0 
Replace y by x and get the desired equation. 

ах? + 2x (b — За) + 9a — 6b + 4c = 0. 


Note: If a, В are roots of the equation ax? + bx + c = 0 then the equation whose roots аге 


ГА - Пой Len E салаа 1 =, х. а аа Ләә cmn 


ау? + 2y (b - За) + 9а-66+4с=0 
Replace у by x and get the desired equation. 
ax? + 2x (b — За) + 9a — 6b + 4c =0. 


Note: If а, В are roots ofthe equation ax? + bx + c = 0 then the equation whose roots are 


(i) -a, - p = ах? - bx + c = 0 (Replace x by - x) 


11 
—, a mex? =bxt+a=0 [Replace byt) 
a’ B x 


(ii) 

[ys l І 
Ш) о", В", пем >a @ + 15 +с=0 х Бу J 
(iv) Ка, КВ => ах? + kbx + Кс = 0. (Replace x by х) 


(v) ktak+b =а(х-– К)? +0 (х-к) +с= 0 (Replace x by (x – К)) 


В 
”К 


8 


(vi) => К?ах? + kbx + c = 0 (Replace x by kx) 


11 
(vi) | a^,B^ ;neN = a(x")? + ых") + с = 0 (Replace x by x") 
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Illustration : 


If а, B are the root of a quadratic equation х? — 3x + 5 = 0 then the equation whose roots are 
(a?-3a+ 7) and (B? — 3p + 7) is 
(А) х? +4x+1=0 (B)x?-4x+4=0 (С) х-4х-1=0 (D)x?+2x+3=0 


Sol. Since a, B are the roots of equation x? – 3x + 5 = 0 

So a? -За+ 5 = 0 
В -3В+5 = 0 
0-30 = – 5 
#-38 =-5 

putting т (02 - За + 7)апа(-338+7) sss (1) 
-5+7,-5+7 
2 and 2 are the roots 
the required equation is x? — 4x + 4 = 0. Ans. 


Illustration : 


If o, В are roots of the equation x? — 5x + 6 = 0 then the equation whose roots are a + 3 and 


а, ^ 


шизтапоп : 


If o, В are roots of the equation x? — 5x + 6 = 0 then the equation whose roots are a + 3 and 


В + 315 
(A) x? - Пх+30=0 (В) (x – 3)? - 5(х– 3) +6=0 
(C) Both (1) and (2) (D) None 


Sol Let а+3=х 
a = x — 3 (Replace x by x — 3) 


So the required equation is 


&-3?-5k-3)*6-0 J| ... (1) 
x!-6x*9—5x -6-0 
x'-lix*3020 | .... (2) [Ans. C] 


Illustration : 


will be 


da~ 


1 
If а, Bare roots of the equation 2x? +х- 1 = 0 then the eqution whose roots are a 


(А) х2 +х-2=0 (В) х2 + 2х-8=0 (C)X-x-2*-70  (D)None of these 


Sol. From the given equation 
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The required equation is 


-1 
1.1 1 E 
a p ap ap ap =i di 
2 2 
> x-x-2=0 [Ans. C] 
1 ry . J 
Short cut : Replace x by = = 41 + - 1-0-эх7-х-2-0 
х 
11. CONDITION OF COMMON ROOTS : 
11.1 Condition for one common root : 
Let a,x?+b,x+c,=0 and a,x? + b,x +c, =0 have а common root a. 


Hence a,a?+b,at+c, =0 
2 — 
аа? +b,a + c, = 0 
by cross multiplication 


а? a 1 


bic, -b,c а,с-ас, аб, —a,b, 


by cross multiplication 


а? а 1 


bic, —b,c,  а,с-ас,  ajb,-a,b, 
bic, —b,¢, а,с,-ас, тг : - 
a= a,c,—a,c, “аб, —a,b, Which is the required condition. 


This is also the condition that the two quadratic functions a,x? + үх y + cy? and 
a,x? + b,x y + c;y? may have a common factor. 
11.2 Condition for both the common roots : 
: : ар bj c, 
If both roots of the given equations аге common then — = — = —-. 
а; 9: C2 


Illustration : 


Find the value of k for which the equations 3x? + 4kx + 2 = 0 and 2x? + 3x – 2 = 0 have a 
common root. 


1 


Sol. 2°+3x-2 => x=—2or 5 


when x = —2 is common root. 


= 12-8К+2=0-›8К=14 => к= 


AJN 
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1 


when x = 2 is a common root. 


3 11 
=> 2 2552 0:5:88-08 > К=— 


Illustration : 
If the quadratic equation x? + bx + с = 0 and x? + cx + b = 0 (bzc) have а common root then 
prove that their uncommon roots are the roots of the equation x? + x + be = 0 
2 = 
х +bx+c=0 


Sol. 2 have common root 
x^ +сх+Ь = 0 


= (Б-сх = b-c > = 1 is the common root. 
Let Lobe the root of x? + bx +c = 0 

Product of roots = (1) (a) = c E a=C 
Similarly, Let В be the other root of x? + cx +b = 0 
=> pb 


Sum of uncommon roots =a+B=b+c 
Product of uncommon roots = aß = bc 
Also, 1 is common root = It must satisfy both the equations > 1+ bt+c =O >b+c=-1 
; Required equation is x? — (b + сх + bc = 0 
М x .. 


^ 


1 is common root => It must satisfy both the equations > 1+ bt +c =0 >b+c¢c=-] 
Required equation is x? — (b + сх + be = 0 
> x+t+xtbe=0 


Also, 


Illustration : 
If Q(x) = x! + (К 29х- Капа Ох) = 2x? + (2k — 43)x + k both are factors of a cubic 
polynomial P(x), then the largest value of k is 
(A) 0 (B) 33 (C) 23 (D) 30 


Sol. | Two quadratic polynomials can be a factor of cubic polynomial only when they have atleast one 
root common 
> x? + (b-2a)x-k=0 act) 
and 2х2 + (2k-43)x *k - 0. ..(2) Must have a common roots 
Multiple equation (1) by 2 and subtracting, we get 


-k 
15x + ЗК = 0 > х = 5 is the common root 


and it must satisfy equation (1) 


Е a 7163 k=0 
= жоЛ 


[4 К 
-—||-—-k-2945|20 
= al 5 | 


=> k=0 ork = 30 
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0.1 


Q2 


Q.3 


Practice Problem 


2 2 
If а апа are roots of 2x? - 7x + 6 =0, then the quadratic equation whose roots are — "i B is 
(А)3х2+7х+4=0 (В) 3х2 7х+4=0 
(C) 6x? * 7х+2= 0 (D)6x2- 7x +2=0 


If roots of quadratic equation ax? + bx +с= 0 are a and В then symmetric expression of its roots is 


2 
un (В) 02824028 (С) ов *20f? (Р) Gr 


Ifa + В and a? = 5a -3 and В? = 5p — 3, find the equation whose roots are о/Р and p/a. 


Q.4(a) Find the value of p and q if the equation px? + 5x +2 =0 and 3x?+ 10x + а = 0 have both roots is 


(b) 


Q.5 


(b) 


Q.5 


Q.6 


Q.7 


Q.1 


QA 


Q.6 


common. 

If the equation x? — 4x + 5 = 0 and x? + ax + b = 0 have a common root find a and b, where a, b є К. 
Ifthe equations 4х25іп20 – (45іпӨ)х+ 1 2 0. and 

common. 

If the equation x? - 4x + 5 = 0 and x? + ax + b = 0 have a common root find a and b, where a, b є К. 
Ifthe equations 4x?sin?0 – (4sin0)x + 1 20. and 


a?(b? – с2)х2 + b?(c? — а2)х  c?(a?-b?) = 0. have a common root and the 274 equation has equal root 


find the possible values of Ө in (0, л). 


If the quadratic equations x? + ax + 12 = 0 and x? + bx + 15 = 0 and x? + (a*b)x +36 =0 have a 


common positive root find a and b and the root of the equation. 


Ifa, b, c e R and equations ax? + bx +c =0 and x? + 2x +9 = 0 have a common root, then find a : b : с. 


Answer key 


А 0.2 В 0.3 3х2-19х+3 
-iiq-4;(b а=-4,6=5 EE 

(a) P= a= , (b) а= 97 7 О. ES 67 6 

а=-7, Ь=— 8; roots are (3, 4), (3, 5) and (3, 12). Q.7 а:Б:с=1:2:9 
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12. MAXIMUM AND MINMUM VALUES OF QUADRATIC AND 
RATIONAL FUNCTIONS : 


- ЭР : b 
12.1 y=ax?+bx +c attains its maximum value or minimum value at the point with abscissa х = – 2a 


according as a «0 or a» 0. 
y=ax?+bx+c 


2a 4a 
GE 
=al x+—| -— x 
2a 4a 
_ = : _ = 
Now, Ша <0, then Ymax = ~g, and it occurs atx= 5". 


-D -b 
Ifa > 0,theny,; = Яа. and it occurs at x = 7a" 


where D = b? — 4ac 
Note: 


Maximum or minimum value can also be obtained by making a perfect square and then taking an 


interpretation. 
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Illustration : 
Find the maximum value of f(x) = —3х? + бх + 5. 


Sol Since,a<0 


: 429. 36-4-3535 _ 26460. 
^ f O) max 4a БИШ 43) 1 ын р 


Aliternative method : 


8 


Хх) --302-2Х41) 4543 = -3(x—- 1? +8 
Clearly f(x), „= 8 at x = I. 


Illustration : 


Let P(x) = ах? + bx + 8 is a quadratic polynomial. If the minimum value of P(x) is 6 when x = 2, 
find the values of a and b. 


m. M 
Sol. Эм 
4a -- “(0 
Р(2)=4а+2Ь+8=6 
2а 
4a =-Ь —@) 
Р(2)=4а+2Ь+8=6 
4a + 2b =-2 (ii) 
using (i) & (ii) 
1 
b=- а=> 


Illustration : 


For x 20, what is the smallest possible value of the expression log (х? — 4x? + x + 26) – log „(Хх + 2)? 


Sol. у = Іов (х? — 4x? + x + 26) - log (х + 2) 


х3 — 4х2 + x + 26> 0, х+2>0 
(х +2) (х?— бх + 13) > 0 

#20 x? — 6x + 13>0 
since x? — бх +13 is always positive 
therefore х>-2 


(x+2)(x? -6x+13) 
(x+2) 
= log jy (x? — бх + 13) 
y = log, [x 3)? + 4] 
J min Е log; 4 


у = log 
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Р(х) 
122 Range of functions expressed in the form of Q(x) where P(x) and Q(x) are either linear or 


quadratic polynomials. 


_ ax+b (Linear) 
y= px+q (Linear) ' 


ТУРЕ-1 : 


Illustration : 


3x42 
Find the range of the function. pu esf! xzl 
3х-3+5 
Sol. icu 
x-1 
а Е 
= 7 х-1 = yo х-1 
ims "mL 
> x- "yel = =з a oed 
2 ә 2+у-5 
> х-1= > х= +1 = 
y-3 y- y-3 
pre 
> x= у—3' y #3 
for y=3  xisnot defined 
{ range is К- {3} 
TYPE2 yis SES (linai) 
px°+qx+r (quadratic) 
Illustration : 
— " j ны t 
If x is real then find the range of the function у = aol 
m EIUS 
O^ 2 +3х+6 


> ху + 3ҙху + бу=х + 2 

=> ху + х(3у- 1) + 6у-2 = 0 
x is real “ D20 

=>  (3y-1)-4y(6y -2) 20 
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> 9у2- бу + 1 -– 24у? + 8y 20 
=> -l5 +2y+120 
= 15у? – 2у—1<0 
= (Sy + 1) (Зу— 1) <0 
- = 
PULS 
queria "€ вт еф Зза. 
рх“ * qx +r \ Quadratic 
Illustration : 
2 
| _ох°-3х+4 , 1 
If x is real then prove that у = b ep oem lies from 7 to 7. 
2,» 
Sol. кы a 
x°+3x+4 
х? (у— 1) + 3х (у + 1) + 4у—1)=0 A 
For a quadratic equation, co-efficient of x^ # 0 
vel 
х? (у-1)+3х0+1)+40-1=0 (Ù 
For a quadratic equation, co-efficient of x? #0 
: у#1 
ae xisreal .. D20 
=> 9(y + 1? - 16(y- 1? 20 
= -—7у2?+50у-7>0 > 7у?—50у+7<0 
=> (7y - 1) (y -7) <0 
=> ye E 7 but y = І is not included. 
2 
x -3х+4 
1 =] 3 ——— = 
4 4 x! 3x44 
> бх=0 > х=0 
у = 1 isalso one of the values in the range. 
1 
Непсе, У Р 7 | 
2 . 
+bx + uadratic 
TYPE-4 p bx [е 3 
рх“ * qx +r | Quadratic 


when P(x) and Q(x) has exactly one linear factor is common. 
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Illustration : 


2 
-3х-2 
If x is real then find the range of the function у = TL 
х°+х-6 
Sol х?-3х+2 
ol. = — 
á x! +x-6 
(x-1)(x-2) 2 
2 — (x*3)(x-2)' me 
go 
то = x+3 0) 
= xy tJy2x-1 
Зу-1 
= x(1 —-y) = 3у + 1 > х= quy" ysl 


y is not defined at x = 2 
on putting x = 2 in (i) 


1 
Hence, range of the function is R — | г, 1 | 


4+5 2 


1 
Hence, range of the function is R — i i 


It is true for ally ЕК 
Range of the given expression is R. 


ах? +рх+с 
ТУРЕ-5 эг when y takes all real values. 
рх +qx+r 
Illustration : 
| _(x+1)(x-2) | 
Prove that у ST ee) (x43) can have any value іп (—oo, oo) forx e R 
_ (х+1)(х+2) 
Sol (0 x(x+3) 
=> xytixy-2x-x-2 
> — x(y-D*x(3y*1)*2-20 
си x is real Y D20 
=> (Зу + 1? - 42(y-1)20 
> 9 +6y+1-8y +820 
= 9 -2y +920 
=> D«0 
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Illustration : 


ах? -7x45 


Find all possible values of 'a' for which the expression —,—- —— 
5х* -7x+a 


may be capable of all values, 


x being any real quantity. 


ax? -7x45 
Sol Let у 
5х“ -7х+а 


=> = 5x*y — 7ху + ay = ах? – 7х + 5 
> x? (5у– а) – 7x (y- 1) + ay-5=0 
x is real а D20 
= 49 (y — 1? — 4 (5у-а) (ay - 5) 20 
E 49 (y? — 2y + 1) – 4(5ay? - 25у – а?у + 5a) 20 
=>  y!(49- 20a) + 2y (1 + 2a?) + 49- 20а 20 
Which is true for all y € R 
` D <0 & leady coefficient 49— 2a» 0 
4(1 + 242)? - 4(49 – 20а)? 50 
(1 + 2a? + 41 — 20a) (1 + 2а? — 49 + 20a) 50 
(a? — 10a + 25) (а? + 10а - 24) 50 


D < 0 & leady coefficient 49-2а»0 

4(1 + 2a?) – 4(49 - 20а)? < 0 

(1 + 2a? + 41 - 20a) (1 + 2а? – 49 + 20а) <0 
(а? — 10a + 25) (а? + 10a — 24) <0 

(а- 5) (а + 12) (a- 2) 50 


a e [-12, 2] Uf5} 


b « 2 
ut a 2 


ае [-12, 2] 
Now when а =—12 


уг212х7-7х-5 _ - (12x! +7х-5) __(12x-5)(x+1) 
5х? -7x-12 5x! -7x-12 (5х-12)(х+1) 


Here (x + 1) is а соттоп factor т numerator and denominator 
y does not take all real numbers. 
Similarly for a = 2 numerator and denominator contains a common linear factor and again y 
does not take all real numbers. 
Hence, a Е (-12, 2) 
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13. RESOLVING А GENERAL QUADRATIC EXPRESSION IN x AND 
y INTO TWO LINEAR FACTORS : 


f(x, у) = ax? + 2bxy + by? + 2gx + 2fy+C 
Writing the above equation as a quadrating equation is x, 
ax? + 2x (hy + g) + by? + 2fy+C=0 
Solving for x, we get 


х. thy +8) y (hy +8)" ~a(by* + 2fy +c) 


a 


> ах+һу+в==+ \ly?(h?-ab)+2y(hg-af)+ (g? -ac) 


Now f(x, y) can be writing as product of two linear factors only when quantity under radical sign is a 
perfect square. 

As quantity under radical sign is a quadratic equation in y. Therefore, it will be perfect square only when 
D=0 

> (hg-af)-(h?-ab)(g?-ac)- 0 

= abc-2fgh-af?-bg?-ch?- 0 

«А Їл tha Anim дл 1165 на 


>  (hg—af)? - (12-25) (g?- ac) =0 
=> abc-*2fgh-af?-bg?-ch?-0 


which is the require condition 


Illustration : 


Prove that the expression 2x? + 3xy + y? + 2y + Зх + 1 сап be factorised into two linear 
factors. Find them. 
Sol 2x + 3xy +2у+3х 1 
Comparing given equation with ax? + 2hxy + by? + 2gx + 2fy + c, we get 
3 3 
а= 2, ћ = Да бы 73 md und 
Clearly, abc + 2fgh -af — bg? - сі? = 0 
= Given expression can be factorized into two linear factor 


To find the factors, form the quadratic in x 
2х2 + 3x (у + 1) + (y + 1)? 


ЗОО 


= y = 4x = —3(y + 1) + (y + I) 
> 4x = —2(у + I) or 4x = —4(y +1) 
= 2x+y+1=0 or х+у+1=0 
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Illustration : 


Sol. 


Q.1 


0.4 


0.2 


14. 


If the equation x? + 16у? — 3x + 2 = 0 is satisfied by real values of х апа у then prove that 
15х52 and - 1/8 Sy S 1/8. 


x!- 3x + 16 +2 = 0 А хЕК> D20 


= 9- 64y -820 = 64y? -1 <0 

11 
> (8y – 1) (8у + 1) 50 > «1-5 
Again, —(x? — 3x + 2) = 16у? 
Аѕ R.H.S. 20 > -x – 3х +2) 20 
=> х1-3х+2=0 
= x e[l, 2] 


Practice Problem 


2 — 
If x is real, prove that the expression у= ex can have all numerical values except which lie 
X = 
between 2 and 6. 
Р x? 4 3x-4 
Ifx is real then find the range of y= 5 — ——-. 
x^ +7x+12 


Show that in the equation, x? Зху + 2y? - 2x - Зу — 35 =0, for every real value of x there is a real 


STIGEN T—ÀY 


х“ -7х-12| 


Show that in the equation, x? Зху + 2y? - 2x —3y — 35 = 0, for every real value of x there is a real 
value of y, and for every value of y there is a real value of x. 


Find the range of the function f(x) = 6* + 3*--6* - 3* +2. 


Answer key 


R- {1,5} Q.4 [4, ә) 


LOCATION OF ROOTS : 

This article deals with an elegant approach of solving problems on quadratic equations when the roots 
are located / specified on the number line with variety of constraints : 

Consider f (x) = ax? + bx + c with a>0. 


TYPE-1: Both roots ofthe quadratic equation are greater than a specified number say (d). The necessary 


and sufficient condition for this are : 
b 
(i) a»0; (ii) D20; (їйї) (0) >0; (v)- = >d 


Note : If a < 0 then intercept accordingly. 
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Illustration : 


Find all the values of the parameter d for which both roots of the equation 
x? — бах + (2 — 2d + 94) = 0 exceed the number 3. 


Sol х? – бах + (2-24 + 94) = 0 
if both roots exceed 3 
Conditions T 
@ D>0 
(6d)? — 4(2 — 2d + 9d?) > 0 
364? — 8 + 8а- 364? > 0 
а>1 
09 Л3)>0 
9- 184 + (2-24 + 94) > 0 
(9d — 11) (4—1) > 0 


11 
шашин! 
- 2 


9— 184 + (2- 24 + 94?) > 0 
(04-11) (d — 1) » 0 


11 
d є (—oo, 1) "PE 


(iii) —>3 


4> 1 


Taking infersection of all the above three conditions we get 


i, 
de 0” 


TYPE-2: Both roots lie on either side of a fixed number say (d). Alternatively one root is greater than d 
and other less than d or d lies between the roots ofthe given equation. 
Conditions for this 
(i) a» 0 bo (i) а<0 ola В 
and (11) f(d) 0 (ii) f(d)»0 


Note that no consideration for discriminant will be useful here. 
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Illustration : 


Find the value of К for which one root of the equation of x? — (К + 1)х + К? + k-8=0 exceed 2 
and other is smaller than 2. 


50. x?-(k+Ixt+kh+k-8=0 


а> 0, hence f(2) <0 2 
4-(K+1)2+kh+k-8<0 E 
k-k-6<0 

(k-3)(k+2)<0 

k e (-2, 3) 


TYPE-3: Exactly one root lies in the interval (d, e) when d <e. 
Conditions for this are : 
(1) az0; 
(ii) f(d):f(e) «0 О Ww 7 
(Ш) An another case arises b Ei 
when f (d): f(e) 2 0 


then we have to check end points 
Bar fíAY—n та nanarantic "A" 


when f (d): f(e)=0 
then we have to check end points 
For f(d)=0, i.e., one root is "d" 


В є (d, е) 


Check if other root lies between "d" and "e" or not. If yes then we will include that point otherwise we will 
exclude that point 

similalyfor f(e)=0 
we will check for the other root and find out if it lies between "d" and "e" or not. 


Note : Iff(d)f(e) «Othen exactly one root lies in the interval (d, e) but not the converse. 


Illustration : 


Find the set of values of m for which exactly one root of the equation 
x? + mx + (m? + бт) = 0 lie in (-2, 0) [Ans. (= 6, - 2) U(-2, 0)] 


Sol  x!* mx + (m? + бт) = 0 
If exactly one root lies in (-2, 0) then f(-2) f(0) < 0 
(m? + 4m + 4) (т? + бт) < 0 
m Е (-6, -2) U(-2, 0) 
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We have to find out the conditions when one of the root is —2, or 0. 
Case I : if one root is –2 

then f(-2) = 0 

т=-2 

х2-2Х-8-0 

x = 4, —2, no root lie т(-2, 0) for m =-2. 
Case II : If one root is zero. 

then т = 0, or -6 
If m = 0, x? =0 both the roots are zero and no root lies in (-2, 0) 
If m = —6, х= 0, 6 по root lies іп (2, 0) 
Hence т є (6, —2) U (2, 0) 


TYPE-4: 
When both roots are confined between the number d and e (d « e). Conditions for this are 
(i) а>0 ; (i) D20 ; (iii) f(d)»0 ;(iv) f(e)>0 


dec ms d e 


Illustration : 


If о, B are the roots of the quadratic equation 
x!*2(k-3)*9-0(azp)If а, B є (-6, I) then find the values of К. 


Sol x*-2(k-3)x*0-0 


а, ВЕ (-6, 1) 
Since heading coefficient is 1, hence -6 9 [ 
@) D20 

4 (k-3)} -4x920 

(k-6k20 


КЕ ~~, 0]  [6, оо) 
(9 76) >0 
36-12 (k-3)+9>0 
36 + 36— 12к+9> 0 
12k < 81 
27 


т 
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Gii) f(l)> 0 
1+2k-3+9>0 
2k > 6 


b 
() -6<5= «1 


27 
Taking intersection of above four condition we get k € С z) 


TYPE-5: 
One root is greater than e and the other root is less than d. 
Conditions аге: d 
(if(d)«0 and #(е)<0 if (a>0) 2 


Illustration : 


Illustration : 


Find all the values of k for which one root of the quadratic equation 
(k — 5)x? — 2kx + К— 4 = 0 is smaller than 1 and the other root exceed 2. 


Sol.  (k-5)?-2kx *k-4-0 
Case I (i) k-5>0 
k>5 
i) Л) <0 
(k-5)-2k+k-4<0 
-9«0 
(1) Л2)<0 
4(k—5)—-4k +k-4<0 
k — 24 « 24 
k « 24 
k e (5, 24) 
Case II : (0) k-5«0 
k«5 
(i) f0)»0 
—9 > 0 that is not possible. 
Hence solution is k є (5, 24). 
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Practice Problem 


Q.1  Leta be a real root of the quadratic equation ax? + bx + с and В be a real root of the equation 
— х2 +bx +c = 0. Show that there exists a root y of the equation > x? +bx +c = 0 that lie between 
о апа В. (a, В #0). 
02 Епа! the values of a for which both roots of the equation x? +x + a = 0 exceed the quantity a. 
Q.3 Find the set of values of a for which zeroes of the quadratic polynomial 
(a2+a+1)x*+(a—1)x+a? are located on either side of 3. 
0.4 Епа all possible values of a for which exactly one root of the quadratic equation 
x? - (а + 1)x + 2a = lie in the interval (0, 3). 
Q.5 Ifx?-2ax*a«0 V x e [1,2], then find the values of a. 
Answer key 
Answer key 
4 
Q2 (-ю,-2) Q3 6 Q4 (=, 0] U (6, 00 Q5 ac (-=.-3) 
15. THEORY OF EQUATIONS : 
Relation between roots and coefficients of polynomial equation : 
15.1 For Quadratic Equation : 


If a and В are roots of a quadratic equation ax? + bx + c = 0 then 
ax? + bx +c =a (x—a@) (х-В) 
= ax?+bx+c=a[x?-x(at+P)+ af] 


Comparing co-efficients on both sides, we get 


-a(a+p)=b>a+B=— 


с 
at+Bp=c> op- 4 
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15.2 For Cubic Equation: 
If а, В and y are roots of a cubic equation ax? + bx? + сх + 4= 0 then 
ax? bx?-cx-*d -a(x- o) (x- B)(x - y) 
ax? + bx? +сх+4 =a [x - (X a) x? + (У аВ)х? - ay] 
Comparing co-efficients on both sides, we get 


b 
rr prope, 


c 
apt рут = 


15.3 For Bi-quadratic Equation : 
If o, В, y and ô are roots ofa bi-quadratic equation ах? + bx? + сх? + dx + e = 0 then 
ах“ + bx? + cx? + dx + e = a(x - a) (x - B)(x — y) (x - 8) 
ахі + bx? + cx? + dx +e =a [xt - (Z a) x? + (У аВ)х? - (È аВу)х + apyó] 
Comparing co-efficients on both sides, we get 


-b 
а+В+у+ё= a 


op + ay + оё + By + BS + yë = 


а 


aß + ay + að + By + BS + yë = 


-4 
opy + Вуб + уба + бор = = 


МОТЕ: 
A polynomial equations of degree odd with real coefficient must have at least one real root as imaginary 
roots always occur in pair of conjugates. 


Illustration : 


Find the 
(i) sum of the squares and 


<= mR 


(ii) sum of the cubes of the roots of the cubic equation, x? — рх? + qx —r = 0 = 


Sol. Given x! — px? + qx-r=0 
Let the root be a, В, у 
а+В+у=р, ХаВ =q 
ову = ғ 


Print to PDF without this message Бу purchasing novaPDF (http:/Awww.novapdf.com/) 


39 


@ +В +у = (а +В +) - 25аВ 
= р? – 24 


(ii) о? + В? + у = Зару + (а + By (o? + В + y - aB- Ву- yo) 
= Jafy + (a +В + y) Ка +В + у)? – 32 ap] 
= 3r + p[p? - 34] 


Illustration : 


Solve the cubic 4x3 + 16x? — 9x — 36 = 0, the sum of its two roots being equal to zero. 
Sol Given 453 + 16x? — 9x - 36 = 0 


Let the roots of equation be a, — a, 


-16 
аа + = —— 
а-а + В 4 
p=-4 
-(-36) 
Product of roots а (-a) (В) = m 25 
9 3 
=: = a=+7 
A "11211512 vJ 14717125 wy му ТМ 4 
9 3 
= — = +— 
о? 4 > а=+5 


3 
roots are EET , 4. 


Illustration : 


If a, b, c are the roots of cubic x? — x? + 1 = 0 then find the value of a? + b? + c. 


So. x?-x?+1=0 if a, b, c are roots 
thena tb +с= 1, abtbetca=0, abc=!1 


11111 i 4 
рр aeg eura is 
a^ b c a b c ab bc ca 


ab4- bc ca Y 2 
abc Е абс 
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Illustration : 


If a polynomial is defined as P(x) = 2x? + ахї + bx? + сх? + dx + e such that P(0) = 4, P(1) = 5, 
P(2) = 8, P(3) = 13 and P(4) = 20. Find the value of P(5) 


Sol. Consider the polynomial 
Р(х) = О(х) +x? +4 
P(0) = 0(0) +4 = 4 
0(0) = 0 
Р(1) = О(1) + 5 > 0()=0 
Similarly Q(2) = 0, Q(3) = 0 апа Q(4) = 0 
hence, Q(x) = 2х (х – 1) (х — 2) (x — 3) (x — 4) 
Р(х) = 2х (х— 1) (х-– 2) (х—- 3) (x4) + x* +4 
Р(5) = 2:5:4:3:2:1 + 25 + 4 = 269 


Practice Problem 


Л 
0.1 а, В, у, dare the roots of the equation tan Е T x| —3tan3x no two of which have equal tangents, find 


Practice Problem 


Л 
0.1 о, В, у, dare the roots of the equation wn( 4 $ x) —3tan3x no two of which have equal tangents, find 


the value of tana + tan В + tan y + tan 6. 


Q.2 Find the cubic each of whose roots is greater by unity than a root of the equation 
x? — 5x? + 6x—3 =0. 


0.3 Forma cubic whose roots are the cubes of the roots of. х? + 3х2+2 = 0). 


0.4 The length of the sides of a triangle are the 3 distinct roots of the equation 4x? — 24x? +47х-30=0, 
If the area of triangle is A, find the value of 100A. 


Answer key 


Q.1 Zero Q2 уз-8у2 + 19у-1=0 0.3 у? + 33у2 + 12у+8=0 
0.4 150 where = 3/2 
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LOG INEQUALITIES : 


For a> 1, If log,x > log y, then => x> y that is if base is greater than unity the inequality remains 


unchanged when log is removed. 


For 0<а< 1. Iflog x> log y, then => x <y that is if 

base is less than unity then inequality sign is reversed y 
when log is removed. 

Ifa? l.logx «P => хє, 
Ifa? l.logx»P => х>аР, 
Ifa« l.logx «P => х>аг. 
Ifa« 1.108 х>Р = x«a*. 


(0<а<1) 


If base is less than unity then value of log x decreases as x-increases. 
If base is greater than unity then value of log x increases as x increases. 


To solve log inequality when base is constant : 


(1) 


First define log i.e. find the condition that base is positive, expression inside log is positive and base is not 


To solve log inequality when base is constant : 


(1) 


(2) 
(3) 


(4) 
(5) 


First define log i.e. find the condition that base is positive, expression inside log is positive and base is not 
equal to unity. Term it as initial condition 

Check weather base is greater than unity or less than unity. 

If base is greater than unity then remove the log without changing the inequality and if base is less than 
unity then reverse the inequality when log is removed. 

Solve the inequality and term it as final condition. 


Take the intersection of initial and final conditions. 


Illustration : 


Sol. 


log,;(5x-1) > 0 
3 


First define logarithm 
5х-1> 0 
5х > 1 


1 
х> 5 -> (initial condition) 
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Now as base is less than unity then on removing log, inequality will be reversed log,(5x—1) > 0 


3 
5х-1 < al 
3 
5х—1< 1 
2 
х<-- (final condition) 


3 


1 2 
Taking intersection of initial and final condition, we get x Е B Ji Ans. 


Illustration : 
logy s(x? — 5х + 6) > – І 


Sol. Expression inside log should be positive. 
х2-5х+6> 0 
(х-– 2) (х– 3) > 0 
х<2 ore > 3 
хє (~ оо, 2) U3, о) — (initial condition) 
Now, х?—5х +6 < (0.5)! (inequality is reversed since base is less than one.) 
x!-5x*6«2 


X є(— ®, 2) (2, €) — (тии сопашопу 
Now, х?—5х + 6 < (0.5) (inequality is reversed since base is less than one.) 
x!-5x*6«2 
x?-5x+4<0 
(x—1)(x-4)«0 
1«x«4 — (final condition) 
Taking intersection of initial condition and final condition we get x є (1, 2) U(3, 4). Ans. 


Illustration : 
logg, x + 1005-2 <0 


So. Put log} =t 

Р+1-250 
(t*2)(t-1)s0 
-2stsl 
-2slogys X1 

> х>0 > (initial condition) 

Now, since base is less than unity hence inequality will be reversed when log is removed. 
(0.5)? 2 x > (0.5)! 
42x20.5 
x€[0.5, 4] — (final condition) 

Taking intersection of initial and final condition, we get x € [0.5, 4]. Ans. 
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To solve log inequality when base is also variable : 


(1) 


(2) 
(3) 


(4) 
(5) 
(6) 


(7) 
(8) 


Define log i.e. find the condition that expression inside log is positive, base is positive and base is not 
equal to unity. Term it as initial condition. 

Take the case I, when base is greater than unity call it condition "I". 

Solve the inequality as per case I that is remove the log without changing the inequality and term it as 
condition I(a). 

Take the intersection of condition I, condition I(a) and initial condition and term it as condition A. 

Take the case II, when base is less than unity, term it as condition II. 

Solve the inequality as per case II i.e. reverse the inequality on removing the log and term it as condition 
Іа). 

Take the intersection of condition II, condition 11 (а) and initial condition. Call it condition В. 

Take the union of condition formed in step 4 and condition formed in step 7 that is find the union of "A" 
and "B", 


Illustration : 


Illustration : 


Sol. 


log, (x3 — x? – 2х) < 3 


Defining log 
3-х-2х>0 
х(3Х-х-2)»0 


x(x—-2)(x*1)»0 

x € (-1, 0) U (2, оо) 
Base > 0 

х> 0 


хє (2, о) — (initial condition) 


Case 1: when base is greater than 1. 
х> 1 condition I 

3-х - 2x < х) 

x? + 2x > 0 

4+ 2) > 0 


x €(-2,-2) 4 (0, oo) — condition (а) 
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Taking intersection of initial condition, condition I and condition I(a) 


we get x є (2, оо) — (condition "A"). 


Case II : when base is less than 1 
0<х</ condition И 
log, — x? – 2х) < 3 


3 x2 — 24 > y? 


x 
x!*2x«0 
x(x*2)«0 
—2«x*«0 condition II (a) 
Taking intersection of initial condition, condition II and condition Ц(а) 
we get x € ф — (condition "B"). 


Taking union of condition "A" and condition "B" we get x € (2, оо)] 


Illustration : 
log, (x? – 5x +6) < 1 


Sal. x- 5x *6»0 


log, (x? — 5х +6) < 1 


50, x?-5x+6>0 
(x-2)(x-3)»0 
хє (~ о 2) U(3, oo) 
2x > 0 
х> 0 
хє (0, 2) (3, 9)  — (initial condition) 
Case 1 < 2x 


1 
2 < х ә (condition I) 


Since base is greater than 1. 
inequality remains unchanged 
x? - 5x + 6 < (2x)! 
x!-7x * 6«0 
(x-6)(x-1)«0 
1<х<6 — condition l(a) 
taking intersection of initial condition, condition I and condition I(a), 
we get x Е (1, 2) U(3, 6) — condition (A) 
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Case II 0«2x«lI 
1 
0<х< 2 — (condition II) 
x!- 5x + 6» 2x 
x!- 7x * 6» 0 
(х– 6) (х– 1) > 0 
хє(– о 1) 4 (6, ©) (condition Ша) 


Taking intersection of initial condition, condition II and condition Ша), 


we getx € (o z) — condition B 


1 
Taking union of condition "A" and condition "B", we get x € (o 2) U (1, 2) O (3, 6). Ans. 


Practice Problem 


2 
х°+х 4Х-5 _ 1 
Л lo log; ——— |< 0. 2 lo " 
Q tos 86 | Q 8.27] 2 


Practice Problem 


Ол юм. [es 2 о Q2 log; A >> 
0.3 2 log, x—log, 125 « I. Q.4 log 2 (2 +x) < l. 
| log; (x?-1) 
Q.5 B >1. 
Answer key 
0.1 x € (-4, 3) U (8, oo) Q2 хє[/6-1, 2) 0 (2, 5]. 
Q3 xe (n. 3 v (1,125) Q4 хє(-2,-1)0 (2, 0) 


Q.5 x € (-./2,-1) 9 (1, 4/2) 


Print to PDF without this message by purchasing novaPDF (http:/Awww.novapdf.com/) 


46 


Solved Examples 


2 
Q.1  Findthe values of 'x' for which the inequality – 1 < ae < 1, is satisfied. 
2 
50) „1 
х“ +1 
3x? -7х+8 3x? -7х+8 
х +1 х2 +1 
> 4x?-7x+920 and 2х2-7х+7<0 
=» хє К and xed 
Taking x e ф. 
02 (х2+3х+1)(х2+3х-3)>5 
So. (x2+3x+1)(x?+3x-3)25 
Let х2 + 3х =1 
>  (t*1)(t-3)25250?-2t-820 
= (t- 4) (t-2)20 
> t € (—, -2] u [4, o) 
> х2+3х<-2 or x?*3x24 
> х?+3х+2<0 or х2+3х>4 
= (x+1)(x+2)<0 or (x +4) (x-1)20 
= x є [-2. -11 Or х є (оо. -4] UT]. oo) 
= x? +3x+2<0 or х2 + 3x24 
= (х + 1)(х+2)<0 ог (x +4) (x-1)20 
> x € [-2,-1] ог x € (œ, —4] u [1, œ) 
Takingunion 
x € (~, -4] vu [-2, -1] U[], o»). Ans. 


Q.3  Ifboththe roots of the equation x? — бах + 2 — 2a + 9a? = 0 exceed 3, then 


(A)a«1 (Ba» 5 (Qa» 5 (Da«5 
Sol The quadratic equation х) = х2– бах+2-2а+9а2=0 и... (1) 
will have real roots if D = 36a? – 4 (2 — 2а + 9а?) >20 
= -8(1-а)20 ог Я21 я (2) 
The roots of (1) will exceed 3 if 
-b (=) 
Гаж 73. =3a>3o0ra> bo 4.4. (3) 


and  f(3)29—18a*2-2a-932»0 


11 
=> 932-204-1120 = (9a-11)(a-1)>0 => (4-1) (а-1)>0 


11 
=> а<1 ora? э (4) 


11 
Thus (2), (3) and (4) will hold simultaneously if a> 9 Ans. 
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0.4  Ifoneroot of the equation x? + ax + b = O is also а root of x? + mx + п = 0, show that its other root is 
a root of x? + (2a - m)x * a? - am * n = 0. 
Sol Let a be a root of the equation x? + ax + b = 0 which is also a root of x? + mx +n = 0. 
Let В be the other root of x? + ax + b = 0, then a. + В = ~ a. 
We have а = -a – В 
Since a is a root of x? + mx + п = 0, we get 
(-а– В)? + м (-а- В) +п=0 
ог В? + 2аВ + а? — та- mp +п= 0 
ог В? + (2а- m) В +а?- та+п= 0 


Thus, В is a root of x? + (2a—m) x +а? - ma* n = 0. Ans. 


Q.5 Leta, b,c be positive integers and consider all the quadratic equations of the form ax? — bx +c =0 
which have two distinct real roots in the open interval 0 <х < 1. Find the least positive integer a for which 
such a quadratic equation exists. 

Sol. Let a, В be two distinct real roots of f(x) = ax? — bx + c = 0 lying in (0, 1). 

Then f(x) =a (x — о) (х-В) 
Now, 0) КГ) =а? a(1—0) В (1— p) 


Now, 0) f(1) =a? a (1 —a) p (1— В) 


| 1 
А$ 0<a<1,0<a(l-a)s 4 with equality holding for a= 2 
; 1 
Since 0<а, В <1 and а + В, 0<а (1-а) В(1- В) < те 
а? 

= 0« (0) &1)< те xou (1) 
As а, b, c are positive integers. 

Ко) КТ) =с(а-6+с)>1 [-f(0f(l»0] | |  ) ... (2) 


2 
(1) and (2) imply = > |, that is a> 5. Since the roots of f(x) = 0 are real and distinct, its discriminant 


= b?—4ac> 0. 

=> b? > 4ac >20 [с> 1] 

Hence, the minimum possible value of b is 5. Let us try the least values ofa, b and с, that isa=5,b=5 
and c= 1. It is easy to check that 5х2 — 5х + 1 = 0 has two distinct real roots lying between 0 and 1. 


Thus, the least positive integral value of a is 5. Ans. 
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х2 +тх +1 


2 < 3 satisfied for all real values of x? 
x^-x-l 


Q.6 . Forwhat values ofthe parameter m is the inequality 


x!4mx4l 


2 <3 
х°+х+1 


Sol. Тһе inequality is equivalent to —3 < 


2 
Since, x? +х+1 = (x«1) 2 7 0, we have 


—3 (x? +x + 1) <х2 +шх + 1 <3 (х2+х+ 1) 
Thus, foreachx Е R 
4х2+(т+3)х+4>0 22 2 .. (1) 
and 2x-(m-3)x42»0 . | | | | ... (2) 
Since, the co-efficient of x? in L.H.S. of (1) 2 4» 0, the inequality (1) will be valid if 
(m + 3? — 64 <0, i.e. #(т+11) (m-5) «0 
or —-l«ms5 . JL | | 5DL5 | |AL—5 | ue (3) 
Since, the co-efficient of x? in L.H.S. of (2) =2 > 0, the inequality (2) will be valid if 
(m—3)?—16<0 і.е. if (m+ 1) (т-7)<0 


or -]«m«7  —»»»— —»—»» 5 . (4) 

The conditions (3) and (4) will hold simultaneously if— 1 <m < 5. Ans. 
ог мя (4) 

The conditions (3) and (4) will hold simultaneously if- 1 <m < 5. Ans. 


Q.7  Forwhat real values of a is one of the equation (2a + 1)x? — ax + a — 2 = 0 greater and the other is 
smaller than unity? 
Sol. The quadratic equation (2а + 1)хХ2-ах-(а-2)-0 aes (1) 
will have real roots if D=a?—4(2a+1)(a—2)20 
= a? – 4 (2a? -3a -2) 2 0 
>  as-4(220-3a-2)20 => 7а? - 12а-8<0 
12а 8 (a | 8 36 92 


у Вга a — + — = 
5 Fy Q459 = S7 49 49 


6 2423 6. 2423 
= этэ dat сч ТЭ 
я 4 4" ч 


Next, if a, о, are the roots of the given equation, then the desired condition is satisfied if and only if 
(1-2) (1-05) «0 


a a-2 
- ks + 
= mi. Hi Mos 0 ё = apl Daa 0 
2а+1-а+а-2 2a-1 Ре (2a — 1) (2a +1) 40 
2а+1 i 2а+1 = (2a +1)? 
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Sol. 


Q.9 


Sol. 


49 


3 -1 1 
+ - - ——— — — 
= ( J(e 7 99 = м. 
But 6_2423 а= апа 16,2423 
7 7 2 2 7 7 
ЭР m 1 
Therefore, the required values ofa lie in the range > <а< 2 Ans. 


Solve th equation 21*+21- | 2*+1- 1 |= 2х+1+ 1, 


Casel: Let x - 220. In this case |x +2 | = x + 2 and the equation becomes 
2х+2 _ хн _ 1 -|2* — 1 |= 0 


= 2*! 2-1)-1-|2*! -1|20 
= 2х1 1 = | 2х+1 ]| 
> 2!1_1>0o0rx+120 огх>-1 
Case П: Let x+2<0. In this case |x +2 | =-х- 2 and the equation becomes 


2-092) foe ae kl] n (1) 
Put 2х*! =y, Then (1) becomes 


1 
эу 7 | Ээ?! 


1 
ay -1У-1|=У+1 


ог 2у2+2у+|у-1|2у=1 .... (2) 

Ку> 1, then L.H.S. of (2) > 1. If y < 1, then (2) becomes 2y? + 2у-2у(у-1)-1=0 
1 

> 4у = 1 ог ye 

Also 2**! = 2-2 or x 2-3. Ans. 


If in the quadratic equation ax? + bx + c = 0, a < 0, b < 0, c > 0 also a and В are its's roots 
where a> В 


(А) |a|>|B | (8)1а1-18| (С) ІВ 12161 (0) [В [> [а |2 а> В 
а+В= -2 = negative 


с | both roots are of opposite sign and root in greater magnitude is negative. 
ap = "in negative 


LEM 
^ ^s 
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0.10 IfaeR, andthe roots of the equation ax? — 3x + с = 0, are two consecutive odd positive inters, then 
3 
(A) a e (1, 00) (B)a e (1, 4) (C)a € СЯ (D) a e (0, oo) 
Sol. Letaanda+2 betwo consecutive odd positive integers 


ао? — За + с= 0, a(a + 2)? – 3(0+ 2) +с= 0 


(ao? — За + c) + 4аа + 44-6 = 0 


|) 


> 4aa+4a—6=0, since аа? -За+с=0 


= 3=2а(1+о) whereaz] 
> -l= A 121 ЕЯ 22 
Е d идэн - да. = ET 2a 
юу А 
= а< д. ns. 


-1 
0.11 Forwhatreal values ofa does the range of the function у= -J not contain any values belonging 
a-x 


to the interval [-1, -1/3]? 


а-х-+1 
to the interval [-1, —1/3]? 


x-1 


Sol. = -—— 
у а—х? +1 


ау-х?у+у=х-1 
х?у+х-(1+ау+у)=0 
x is real К D20 


1+4у (1 +ау+у)>0 
4у (а+1)+4у+1>0 


Case] а+1>0 


f(-1)<0 and 1637: 


-1 -1 
а< 1 and a< 1 


-1 
»- 38 e — 
but а>-1 в ( 3) 
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Case-II а+1=0 > a=-l 
-1 
4y+120 => У> 4 


Сазе-Ш а+1<0 = а<-1 


1 
=> а<-2 а є (оо, -1) 


Finally, from Case-I, II and П 


Q.12 For what real values of a do the roots of x? — 2x — a? + 1 = 0 lie between the roots 
x? — 2(а + 1)х+а(а- 1)=0. 

Sol. Аз у=х? -2х-а? + | апау= х2 - 2(а + 1) х + а(а – 1) are upward opening parabolas, the roots 
а, В of x? 2x — а? + 1 = 0 will lie between the roots of f(x) = x? - 2(а + 1)х +a (а- 1) = 0 
if f(a) <0 and КВ) <0. 

Lo саах ашы „И fias ы%1 1X 41 

а, В of x? — 2x — а? + 1 = 0 will lie between the roots of f(x) = x? – 2(а + 1)x +a (a— 1) = 0 
if f(a) <0 and КВ) <0. 

The roots оЁх2- 2х-а2+1=0 ии (1) 

ас х= 1 +а 

and the root x of x? 2 (a + 1)х * a(a- 1) = 0 

will be real and distinct if 4 (а + 1? —4a (a 1) > 0 


-1 
16.1 3a+1>0or цайг ч 


We have f(1 +a) and (1 —a) <0 
> (l +a} -2(а+ 1) (1+а) +а(а- 1) <0 
and (1-af-2(a*1)(1-a)*a(a-1)«0 


-] 
= а> = and 442-34-1«0 


2 


= а> 
3 


and (4a + 1) (а-1)<0 


y - x? -2(a + 1)х * a (a- 1) 


=> a> Sand 2 «acl 


-1 
Thus, а <а<]. Ans. 
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0.13 For what real values of the parameter а does the equation x^ + 2ax? + x? + 2ax + 1 = 0 have at least two 


Sol. 


distinct negative roots? 
The equation (1) does not have 0 as a root. 


Dividing (1) by x?, we can rewrite it as 


2 
1 1 
х2+ — +2ас+1=0 = (x+4) +2a(x+2) -1-Ü — 2 (2) 
x x X 


1 
Put x * s" Then we can write (2) as 


y*2ay-120 . |  ... (3) 
Since, the discriminant of (3) is 4a? + 4, which is positive, (3) has two distinct real roots. 
These roots are given by 
= 2 


Since, —a+ J4? +1 >0, the equation 


Since, —a+ \/а2 +1 >0, the equation 


1 
— =-а+ 2 
ханс a righe] 


has either positive roots ог non-real complex roots. Зтсе-а- \/а2 +1 <0, both the roots of the 


equation 


1 
x x 787 va? el шин (4) 


We either negative ог non-real complex. In case (4) has negative roots, we can rewrite (4) as 


СЕЗБЕ 


2 
1 
ог & - > 0, we must have, a-2 32,4] >Oie. /4241212-а| 


| | ЭР roma 3 
Since, а? + 1 = (а+2)?+4а-3, 4/42 +1 >|2-а| Напа only if(a—3) > 0 that is, if and only ifa 4 
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0.14 Find all real roots of the equation /х2-р b x? —1 =x where p is a real parameter. 
Sol. As /х2-р 20, 24х2-1 > 0, we get from (1) that 
к раат 20 
Therefore, all the roots of (1) are non-negative. If p < 0, then /х2-р + 24/х2 -1 >|х|>х 


= Jx? -p+2Vx? -1 >|x| 2x 


Thus, the equation (1) has no solution for p < 0. In other for (1) to have a solution we must p > 0. 
We rewriter (1) as 


24x? -1 =X- 4x? -p 


and square it to obtain 


4 (x?-1)=x?+x?-p-2x /х2-р 
=> 2х2+р-4=-2х Jx? -p 


Squaring again, we get 


4x4 + 4х? (p - 4) + (p- 4? = 4x? (x? - p) 


Squaring again, we get 
Ax* + 4x? (p - 4) + (p- 4)? = 4x? (x? - p) 
=> x?(8p—16)+(p—4)?=0 


›_ Ф-4° 
8(2-р) 


As Хх? > 0, weget2- p» 0 = 0<p<2 
For 0<p <2, we get 


Їр-4| 


"22 рер 


Putting this value of x in (1), we get 


(p-4) (p-4y СОЁЛ... 
-р-2 =Í = 
{вару 9" “(80-р = 2242-p 
=> \p?-8p+16+8p? +2\/р? -8р+16-16+8р=4-р 
=> [3р4 +2]? =4-р 


=> 13р-4|=- Gp-4)— 3р-4<0 


— X 


4 4 р-4 
Thus, p < = . hence, 0 £p € =, and for this value of p, x = ————— Ans. 
PS3 p p 2.7 2-р 
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0.15 Find all the values of the parameter a for which exactly опе root of the equation 
e? x? - e?! x + e? — 1 = 0 lies in the interval (1, 2). 
Sol. Let f(x) -e* x2 - e? x + e*— 1. 
Note that y = f(x) is an upward opening parabola. Exactly one root of (1) will lie in the interval (1, 2) 
if f(1) f(2) « 0. 
We have КТ) = e*— e?” + е – 1 = – (е? – 1? 
Note that f(1)<0 if az0 
Thus, we must have f(2) > 0. 
= Қ) = е? (22) - e” (2)+e°-1>0 
> e? lies between the roots of 2y? - 5у+ 1=0 


-41 
i.e. between 4 andc 
5-17 „. 5—./17 

Now, <ei< 

Eu Eu 
> log <a< log 

ё 4 е 4 
As a #0, we get 

га = т ON Й ў. л=м 


As a#0, we get 


ac 2: =") | - ив =" Ans. 


Q.16 Letx, у, z bereal variables satisfying the equations x + y + z= 6 and xy + yz + zx = 7. Find the range in 
which variables can lie. 
Sol. Eliminating z from the two given equations, we get xy + (y +x) (6 (x * y)) =7 
> -(х+у)?+ху+6(х+у)-7=0 
> yrt+y(x-6)+x?-6x+7=0 
As y is real, we get (х- 6)? - 4(x2 - 6x + 7) 20 
=> x*-12x+36—4x?+24x-2820 
>  3x?-12x-8<0 
Thus, x must lie between the roots of 3x?— 12x — 8 = 0, that is, between 


12-4144 * 96 12+ 4144 4 96 


SxS 


6 6 
= 2- 2415 <х<2+ 25. 
3 3 
2 2 
Hence, x, у, 2 2- 3415,24 2.15 | KES, 
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TRIGONOMETRIC EQUATION 


1. INTRODUCTION : 


An equation involving one or more trigonometrical ratios of unknown angle is called a trigonometric 


: l Р 
equation. e.g., cos x = 5 ; si?x — 4 cosx = 1. 


The value of an unknown angle which satisfies the given trigonometric equation is called a solution ог 
root of the equation. For example 2 sin 0 = 3 , Clearly = 60° and 120? are solutions of the equation 


between 0° and 360°. 


Now suppose tan 0 = 1, then there will be many possible vlaues of 0, so our main ojective is to write 
down all the solution in short form. Since all trigonometric functions are periodic and therefore solution of 
all trigonometrical equation can be generalized with the help of periodicity of trigonometrical function. 


1.1. Principal solution of a Trigonometric Equation : 


1.1. Principal solution of a Trigonometric Equation : 


1 п 5n 
The solutions of a trigonometric equation sin Ө = 5 lying in the interval (0, 27] are 6 and F3 . Thus 


ЭГ е a l xx T Sr 
principal solutions of sin Ө 73 will be 6 and PE 


1.2 General solution of a Trigonometric Equation : 


пл 
(i) If sin Ө = sin a > Ө = пл *(-1)" a, where © Е АР el. 


(ii) If cos Ө = cos a > 0 = 2пл + а, where с є [0, л], n e I. 


T T 


(iii) If tan 0 = tan a > Ө = nz + a, where a є EXP Е I. 


(iv) If sin? 0 = sin? а > Ө = nx * a. 
(v) If cos? 0 = co? а => Ө=пл- a. 
(vi) If tan? 0 = tan? а = 0 = пл+ a. 


Note : о is called the principal angle. 
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| . | 0+a\ , (0-a 
(i) sin Ө = sina > sin Ө – sin a = 0 > 2 cos 1007 =0 


Ө+а\ ‚ [0-0 |} _ 
= cos D =0 or sin 2 = 0 


Ө+о T 0-a 
= 7, =бт+1) 5 ог = mr, where m є I. 


2 
= 9 = (2т + 1) х-а ог Ө=2тл+ а, where m e I. 

0 = (2т + 1) x * (-1)?»*! а ог 0 = 2л + (-1)™ о 
=> Ө = пт + (1) о, п є 1. 


1 


+0 0-а 
(ii) соѕ = соѕа => cosa-cos0-0 =>  2sin sin =0 


2 2 
‚ Ө+а an . vai T 040 _ 0-a _ 
=> sin ma or sin 2 "5. = пл or 5 = nx 
= 0=2nn-a, or9=2nn+a nel 
=> 0=2nn+a. 
"= 8 т к= ттт 3 "* 9 uec o 2 


=» 0-20л-0, огӨ = 2пл+а nel 
= 0=2nn+a. 


= 80 sina 
(Ш) {апо = {ап а > —— = 
с080 cosa 


— sin Ө cos 0—cos Ө. sina=0 


=> sin (0-0) =0 = 9-а = пл 
= 0-nz-ta,wherenelI 


(iv ^ sin?0-sin?a 
$1120 - sina = sin (0-- a) sin (0-0) - 0 
sin (0+ о) =0 ог8ш(0-0)-0 
0 + а= пл ог 6-а = пл, пє1 
0 = пл+о, пє1 


(V) соѕ520 = соѕ20 > 1 – ѕіп20 = 1 —sin?a > 5120-5120 
Ө = пл+ о, пєІ 


(vi) #ап20 = tan?a > (ап = + tana = tan (+a) 
= 0-nz-*a,whereneI 
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Remember : 


Trigonometric equation withtheir general solution 


Trigonometrical equation General Solution 


sin 0 =0 Ө=пл 

cos 07 0 Ө = (2n + 1)л/2 
tan0-0 Ө=пл 
зт0=1 Ө = 2пл + n/2 
sin Ө =sina Ө=плт+(—1)"@ 
cos Ө = cosa 0=2nt+0 
tan Ө = tana Ө = пл+а 
sin? Ө = sin? a 0 =пл=а 
tan? 0 = tan? a Ө = пл+а 
соѕ Ө = соз? а 0 = пл+а 
ѕіпӨ - sina. 
со80 = cosa. 


=) 
= 
= 
=> 
=> 
=> 
= 
=» 
= 
25 
= 


0=2nn+a 


$10 =sina 


Ө = 207+ а 
їап0 = tana 


{ап Ө = tana 


Ө= 207+ а 
cos0 = cosa 


| COSU = cosu | 


Illustration : 
Solve 4 соѕ?0 -45т0-1=0,0<0< 2л. 


Sol. 4(l-—sin^0 )-45т 0 —1-0 => 4sin"^0 + 4sin0—3-0 


l 8 
= sin Ө =-,-- (Not possible) 
2.4 
ur [x-2) - 3r 
sin 9 = =5т c =sin $l"x 
л 5л 
ual 8 


Thus we have two principal solutions. 
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Illustration : 


1 1 
Find the general value of 0. satisfying both sin Ө = ыг and tan Ө = di simultaneously. 


Sol. sin 0 <0, tan 0 > 0 so Ө is in third quadrant. 


Now паб ung BE 
OW, SIN T = LEE. 
M — A 

tang = 3T E A 


. 7л 
Common solution = — 


б 


7л 
So general solution Ө = 2пл + FE 


Illustration : 


Solve :43 sec 20 = 2. 


Sol. сох20- E NN $8 = дна we 
2 6 6 


л 


E —Á— 20 = жп + — 


Sol. соѕ 20 = 6 6 


л 
= + — 
Ө = пл pne! 


Illustration : 
Solve : tan (30 ) --41. 


п 
Sol tan 30 tan [- z) 


л 
> jm +[-®) опел 


Illustration : 
Solve 7 cos?0 + 3 sin?0 = 4 


Sol  7(I—sin"0 ) + 35т?0=4, 45т?0 = 3 


2 
3 43 л 
М20-- = | — = çin? — 
sin* 0 4 | | sin 3 


gud TT, 
= пл ges 
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2. TYPES OF TRIGONOMETRIC EQUATION : 
2.1 TYPE-I: 


Solution of trigonometric equation by factorization or equation which are expressed in quadratic form or 


which can be expressed in quadratic form : 


Illustration : 
Solve (2sin x — cos x) (1 + cos x) = sin? x in [0, 2л]. 


Sol. (1 + cos x) (2 sin х— cos x) - (1 — cos? x) = 0 
(1 + cos x) [(2 sin x — cos x) - (1 — cos x)] = 0, (1 + cos х) (2 sinx- 1) =0 


1 
sinx = Z, cosx = -[. 


2 
S 3 
х= =, Ge 
„® 57 
х= =, 5, я 


Illustration : 
Find the general solutions of equation 1 — cos x cot x = cot x — cos x. 


Sol. (l + соѕх) (1 -cotx) =0 = cos x ^-lorcotx = 1 


л 
= (2n + 1)л nar gy” el 


Illustration : 


Find the general solutions of equation 3 cos? x — 10 cos x + 3 = 0. 


1 
Sol. (3 cosx- I) (cosx -3) = 0 > cosx= 3,3 but cos x #3 


1 1 
к ыг = = ЕЙ | лав 
COS Х 3 >x = 2пл + соў B 
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Illustration : 
Find the general solutions of equation 2 sin?2x + 6sin?x = 5. 


Sol 8 зіп? х. соѕ?х + 6 sin?x = 5. 
=>  8sintx — I4sin^x + 5 = 0 =>  (simx- 1) (4 sin*x — 5) =0 


5 T 1 л 
47 95-52 nz x nel 


1 
2 2 


Illustration : 


Find the general solutions of equation (1 — tan0 ) (1 + sin20) = 1 + tan@. 


2tanO 


NL LU (1—tan0 )(1+1апӨ )? 
1+ ап? Ө 


= (1 * tan 0 
1 tan? Ө ( an k} 


Sol. (1 -—tan0) (s ) -а + an0) > 


(1-1ап? 0) =] 


1 + tan0— 0 or 2 
1+tan* 0 


tan0—-—1 or соѕ20 = 1 


д теще м 


1ап0д =-1 or cos20 = 1 


л 
0-nz— — ог 20 = 2пл 


EN 


л 
9=пл- ge nel 


Practice Problem 


Q.1  Findthemost general values of 6 satisfying 


4 
(i) tan? 0 = (ii) sec? 0 = 3 (iii) 2 cot? Ө = cosec? Ө 


1 

3 
1 

0.2  Whatisthe most general value of 0 satisfying both the equations cos Ө иг апдїап0-1. 


0.3  Solve:3sin?x-sinx cos x — 4 cos?x = 0 


4 : : sin? x cos? x _ 
0.4 Епа the number of solution of the equation 16 +16 = 10, where 0 < x € 2л. 


Q.5  Findthe general solution of cos 4x + 6 =7 cos 2x, and also find the sum of all the solution in [0, Зл]. 
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Answer key 


; n T T "m T 5n 
0.1 ()nnzc 6 (ii) пл < (ш) пл + 2 0.2 27+ 4 
л 4 
0.3 nr- 4: пл + а, where tan a = 3 Q4 8 Q.5 3m 


2.2 TYPE-II : 


Solving trigonometric equations by introducing an Auxiliary argument. Equation of the form of 
acos 0 --bsin0-c 


To solve equation, we convert the equation to the formcos0 = cosa or sinO-sina etc. 


= ci к= a^ +b? 


| а 
For this let us suppose that b - rsinó 


and tandem, b 
a 


For this letus suppose that 5 = 2008 Ч - r= Ма? +b? 
рр b = гѕіпф and tan $ = —, r " 
Z) 
a 


Substituting these values in the equation a cos 0 + b sin 0 = c, we have 


о |с 


rcos фсоѕ Ө + гѕіпфѕіпд = с 
=> гсоѕ (0-ф)=с 


с 


с 
= cos (0-6) = ос Ө жорт = соз В (suppose) 


=> 9-ф= 2пл =В 

5 0 = 21 +ф=В, пє 7 

Here $ and В are known аз a, b and c are given. 
Hence, we can solve the equation of this type by putting. 


a-rcos $ and b =r sin $ provided «1 [^ cos B lies between -1 and 1] 


с 
Ма? +b? 


с 
ог а or [|< ya? «t? 
Ja? +b? 
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Illustration : 


Find general value of sin + cos x = 42. 


1 1 5 5 
Sol. Jg sinx n 15 955 x=], sin ха (7| + cos x cos{ = = | 


m л л 
х-— | = m - 2 
cos | 3 1, x 4 2пл, x = 2пл + 4 


Illustration : 


Find general value of 43 cos x + sinx = 2. 


1 л л 
) = + =sinx =], — +sinx sin| — | = I. 
Sol. 2 COS X > sinx 1 COS X COS 6 sinx sin( Z) l 
41" 50 Жо пл, х= 2пл one Ё 
coo x-2) — 1 ГЭВ. = 2 - 2 + л 1 
^1 ше 50 є Жы пл, х= 2пл Пе! 


Illustration : 


3 
Find the general solutions of equation sin x + cos x = 2 


1 1 3 
Sol. Jp sinx + 2 ©95* = 7, 
(74) = yp > sono 
к LA реа ке А 
sin 4 22 1 so no solution. 
Illustration : 
Find the general solutions of equation (sec x — 1) = (4/2 — 1) tan x. 


Sol  secx t tanx = 42 tanx + 1 


1 
sec x — tan x = —————— 
42 tanx 1 
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о 


1 _ (V2 tanx+1)? -1 
(V2 tan x1) i (V2 tan x 1) 


2tan x = (42tanx41) - 


2 42 tan x (42 tan x 2) 
и (V2 tanx+1) 
=> іапх = 0), х = тл, т el. 


ог 242tan x + 2 = 2tanx + 242 
=> tan x (242-2) = 242-2, ап х = 1 


л 
= х=пл+ nel 


Practice Problem 


Q.1 Find the general solution ofthe equation 4 cos x + 3 sin x = 5. 
3 
Q2 Ifl+sin?x+cos*x= 2 sin 2x , then find general solution of x. 


Q.3 Solve: 43 cos 0 — 3 sin 0 =4 sin 20 cos 30. 


0.3 Solve: 4/3 cos 0—3 sin 0 =4 sin 20 cos 30. 
Q.4 Solve: 343 sin?x + cos?x + 34/3 sinx +cosx= 1. 


Answer key 


3 
0.1 2nr*a, where tan a= т 0.2 (2п+1)л, (4n-1)5 
з 15.5 285 4 2mm, 31-12% 
О. 3 18’ Э 6 О. пл, ( n- ) 3 


2.3 TYPE-III : 


Solving equations by tranforming a sum of trigonometric functions into a product. 


Illustration : 


General solution of sin x + sin 5x = sin 2x + sin 4x is 


пл 2nz 
(A) Я (В) UN (C) 2пл (D) пл 
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Sol.  2sin3x cos2x = 2sin3x cosx 
> sin3x = 0 or cos 2x = cos x 
= 3x = плоғ 2х = 2пл+ х 


пл 2 2пл 
=> ШЛИ a 
3 3 


пл 
> хә 
3 


2.4 TYPE-IV : 


Solving equations by tranforming a product of trigonometric functions into a sum. 


Illustration : 


Number of solutions of the trigonometric equation in (0, n], sin 30 = 45іпӨ · sin20* sin40. 
(A) 4 (B) 6 (С) 8 (D) 10 


Sol  sin30 —4sin Ө sin (30— 0) sin(30 0) = 4 ѕіпӨ (sin^30— sin^0) 
=> 51030 *4sin 0 —4sin Ө 511230 


3 
=> 3 sin Ө =4 sin Ө 5т?30 = ѕіпӨ = 0 or sin?30 = — 


=> sin 30 + 45іп?0 = 4 sin Ө sin?30 


3 
> 3 sin Ө =4 sin Ө sin?30 > sin@ = 0 or sin?30 = ү: 


л п л 
=> 9 =пл or 30 =пл t > Ө= пл or du^. Sigel ef 
9-0 Z 27 4х бт 7л ёл 
ш рты 
Illustration : 
Find the number of solutions of the equations, 
sin x + 2 sin 2x = 3 + sin 3x in [0, л] 
(A) No solution (B) Infinite solution (С) Exactly one solution (D) Two solutions 
Sol. We have, 
> sin 3x —sinx—2 sin 2x +3 = 0 
= 2 cos 2x: sinx -4 sinx: с05х+3=0 
E sin x (2 cos 2x 4соѕх) +3 =0 
=> sinx(4cos?x-4cosx-2) * 320 
> sin x (4 соз? х— 4 соз х + 1) + 3-3sinx = 0 
=>  sinx(2cosx—- 1) * 3(I—sinx) = 0 fi) 
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since x е [0, л], 4 sin x 2 0 and 1—sinx 20 
each part in equation (i) must be zero. 
ie. sinx (2соѕх- 1)? = O and 3 (1 —sin x) = 0 
from the second equation of system we have 
sinx =] =>  cosx= 0 hence sin х (2 cos? x - 1)? #0 
not a single solution of the second equation is a solution of the first. 
Hence the original equation has no real solution. 


Illustration : 


Find the number of solution of the equation т [0, 27] , tan (5л cos о) = cot (5z sin a) 


л : 
Sol. Snxcosa=nnt+ БЭ 


(2п+1) 
10 

n — 0, +1, +2, +3, +4, +5, +6, -7 

For each value of n, we get two values of a є [0, 2л] 

2 x 14 = 28 solutions. 


> sina + cos а = as—42 «sina + cosa < 42 


Practice Problem 


0.1 Find the general values of x satisfying cos?x + cos? 2x + cos? 3x + cos? 4x = 2. 


0.2 соѕесх – созес 2x = cosec 4x. Find general vlaues of x ? 


Q.3 Solve cos x cos 2x cos 3x = 


>|- 


0.4  Solvecos Ө+соз 30 —2 cos20 = 0 


0.5 Solve sec 40 — sec 20=2. 


Answer key 
01 Oit); Qn+1)—, Qk*1)— 02 (2m-1)—,m¥#7k-3,kel 
10 2 4 7 
T к T к к 
Q3 шла, 1+0 04 (36402 05 (91)2,0841) 6 
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2.5 ТУРЕ-У : 


Solving equations by a change of variable or by substitution method : 


(i) Equations of the form P (sin x + cos x, sin x.cos x) = 0 , where P(x, 2) is a polynominal, 


can be solved by the change.cos x + sinx=t 

=» 1 + 2sin x.cos x = t? . Consider the equation ; sin x + cos x = 1 +sin x . cos x. 

(ii) Many equations can be solved by introducing a new variable e.g. consider the equation 
sinf 2x + cos 2x = sin 2x. cos 2x. 


Illustration : 
Find general value of x satisfying the equaiton sinf 2x + cos? 2x = sin 2x cos 2x. 


Sol. Let  sin2x.cos2x = у. 
=> зіп 2x + cos! 2x = sin 2x. cos 2x 
=> (sin? 2x + cos? 2x) — 2 sin?2x cos?2x = sin 2x cos 2x 
=> 1-2y=y>2y/+y-1=0 


> у=-1, 2 

. 1 
= sin 2x . cos 2х=у=-—1, 2 

1 
= sin 2x . cos 2x = у = –1, 2 
= sin 4x = —2 (rejected), 1 
л 

> sin 4x =1 > 4х = 2пл+-—,‚пє1 


2 


л 
= x 7 (4n + I) 8 
Illustration : 


Solve the equation: sin x + cos x— 242 sin x cos x = 0. 


Sol. Let (sinx + cos x) = t and using the equation 


2 


sin X ` COS X = , we get 


НР 


> 421 -t-42 20 


1 
The numbers t, = 42, j;- = are roots of this quadritic equation. 
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Thus the solution of the given equation reduces to the solution of two trigonometric equations : 


sin x + соз х = 42 sin x + cos x =-—= 
42 с 7 
ог EEIE — eT: A фе — see £ 
42 42 42 42 2 
i Жү Am ' Rm ока 
ог sin x * cos 4 sin 4 COS X sin x cos 4 sin 4 cos x =- 2 
=> sin| x+—]=1 sin | x*—|2-—— 
4 4 2 
> x^ (n1) r+ ® + (5) 
4 2 4 6 
л T л 
- + — = Жы] —— [— 
= х= 2пл 4 х = пл + (-1) 6 (z) 


Illustration : 


29 
Solve the equation: sin 10 x + cos!? x = 16 cost 2x. 


Sol. Using half-angle formulae we can represent the given equation т the form; 


Ew niw мырк, n were мма 22 


Sol. Using half-angle formulae we can represent the given equation т the form; 


(=a) [Анавак _ 29 
2 2 
Put cos 2x = t, 


(5) ЕЭ! 29, 
—|+——|=—{[ 
2 2 16 


=> 24¢-10P-1=0 
22 (12? + 1) 208 1) = 0 
1 
whose only real root is, ? = 5. 
1 
p © 
cos* 2x 2 
> 1 + со 4х =1 
> cos 4x = 0 
л 
= 4х = Qn + D 
== NE aun . 1 t т 
> х= у у; п є Integer 
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Illustration : 


Solve : tan Ө + tan 20 + tan 30 = 0 


tanO +іап20 
1-tan0tan20] — 


Sol (tan Ө * tan 20) + | 


> (tan Ө + tan 20) (2 — tan Ө tan 20) = 0 
аж tan 20 + tan 0—0 or tan Otan 20-2 
when tan 20 -* tan 0— 0 

tan 20 = ап 0 = tan(-0) 


20-nz-0 > 8-77 


when tan 0tan 20 = 2 


2tan0 


"ne 1—tan^ Ө Ы 


=> tan? Ө = 1 —tan? Ө 


— tan? A = 1 
=> tan? 0 = 3 
ап 2 

1 

> Ө = nz + tan! 2 


Illustration : 
Solve for x: sin За = 4 sin asin (x + а) sin (x — а) 


Sol.  sin3a-4sin a (sir? x — sin? о) 


=> sin За + 45т3 a = 4 sin a—sin? x 


=> 3 sin a = 4 sin asin’ x 


же] 


=> sina=0 or sin?x= 


л 
> GEM ШТОРА НИЕ 
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Illustration : 


Solve for x : tan Ө + tan 20 + 3 tan Otan 20 = 43. 


Sol. tan 0+ tan 20— [3 (1 – tan Otan 20) 
>  tan30- 43 


30- na - ~ 
= пл 3 
пл л 

=—+— 
шк 


Illustration : 


Solve the equation : 4 cot 20 = cot? 0— tan? Ө 


4(1—tan^0)  (1—tan^ 0 )(1+1ап? 0) 
go WT a n 


21апӨ ап? 0 
> 1-11? 0-0 or 2tan0-1 ttam? 0 
L tan? Ө= 1 or (ап 0-1)? = 0 
Set 2tanO = tan? 0 
=> 1-1ап? 0=0 or 21апӨ= 1 + tan’ 0 
> (ап? 0=1 or (ап 0-1)? = 0 
л 
> tan? 021 > 9=пл= у 


Illustration : 


Find the general solution of equation cos 20 — ( JI24.1 ) (coso - A 


42 
42 сох0-1 
4 > у Аар Е 
42 
4244 
=> V2 со80-1-0 or 42 со8 0 17 
42 
RM І 
> с050 = T3 or cos а= 5 
pumpa- ġa pps = 
=> = 2пл 4 ог = 2пл 3 
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Practice Problem 


0.1 Prove that the equation x? —2x + 1 = 0 is satisfied by putting for x, either of the values. 


J2 sin 45°, 2 вш 18° and 2 sin 234°. 


T 1 
j = j 0 e TEES = р 
0.2  Ifsin (n cos Ө) = cos (л sin Ө), prove that cos( 3 7 


0.3  Ifsin (r cot 0) = cos (л tan 0), prove that either cosec 20 or cot 20 is equal to n+ i ,Wherenisa 


positive or negative integer. 


2.6 TYPE-VI : 


Solving equations with the use of boundedness of the function. 


Solving equations with the use of boundedness of the function. 


Remember :- 


—l<sinx<l, —l<cosx<l,tanxeR,cotx eR. 


| cosec x |>1, 


зесх |>1. 


Illustration : 
Solve for x : cos x + cos 2x + cos 3x = 3. 


Sol соѕх = 1 апа cos 2x = 1 and cos 3x = 1 


when cosx = 1 > x72nmnel 
2nz 
when cos 2х = 1 = х= 7 -pnmnel 
when cos 3х = 1 => 3x = 2пл 
2nz 
L -- "E y nel 
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Illustration : 


3 


Solve for x : sin’x — cox = 1 + sin x cos x. 


Sol. (sin x — cos x) (sin? x + cos? x + sin x cos x) = 1 + sin x cos x 


= (sin x — cos x) (1 + sin x cos x) = 1 + sin x cos x 
> sinx—cosx = 1 or l +sinxcosx=0 
л -1 . 
= cos| x+— |=—= 2 sin x cos x =-2 
4) 42 
л 3л | 
> x+ — = 2пл+ — sin 2x =-2 
4 4 
Зл л | 
> x = 2пл + "E a > No solution. 


л 


= х = (2п- 1)л, 2пл + 2 


Illustration : 


Illustration : 


Solve for x : sina сос s 2sinx) + [пения -2савх cosx = 0 
Sol. 213 + cosx = 2 
= 5т (2) =] and со8х-1 
3x л 
> а Бы К x = 2mm 


2л 
=> x= (п +1) -7 х= 0, + 27, + 4л 


Period of the given equation is 87. 


consider x [0, 8л) 
_ 2л 4, 18л 267 34n 
> X — 5 , , 5 , 5 , 5 


common solution = 2л 
8пл + 2л = 2n (4n + 1) Ans. 
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Illustration : 


If x, y € [0, 2n] then find the total number of order pairs (x, y) satisfying the equation 
sin x cos y = I. 


Sol. We have sinx cosy = 1 


> sinx = l, созу = 1 ог sin x = —], cosy = –1 
л 
If sinx =I,cosy=1 = xoc y 70 22 
. 3л 
If sin x =-I, cosy =-1 = х= ул 


л л 3л 
Then the possible ordered pairs are B 1 › Ba 2n | Е л | : 


Practice Problem 


Practice Problem 
Q.1 Solve: cos? x – sin? x= І. 
Q.2 Solve: sin?x + cos?y = 2sec?z for x, у, 2. 


Q.3 Solve: 1 +ѕіпх sin? ^ =0 


0.4 Solve: 12 sinx + 5 cos x = 2y? - 8y +21, to get the values of x and y. 


Q.5  Solveforxandy: 1 - 2x - x? = tan? (x + y) + cot? (x + y) 


Answer key 


Q.] nz Q.2 x=nn+ >,y=mn,2=ke. Q3 xep 


12 T 
Q.4 2nn + а, where tana = == 0.5 а-и t] 
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2.7 TYPE-VII : 


Solution of trigonometric equation of the form f(x) = ./ (x) . 


О — f(x) 2.0, (x) 20 (i) 00-40) 


Illustration : 


Solve for x, .{(1-cosx) = sin x. 


Sol sinx 20 and 1—-cosx 20 (9) 
l — cos x = sin? x = 1 — cos? x 


= (1 — cos x) [1- (1 + cos x)] = 0 = cosx = 0, 1 


when cosx = 0, x = 2пл+ 3 but sinx 20 => х=2пл+ 2 
when соѕх = 1, x = 2nz 
when cos x = 0, x = 2пл+ 5 but sinx 20 => х=2пл+ 3 
when соѕх =, x = 2пл 


Both are satisfying in equality (i) 


3 TRIGONOMETRIC INEQUALITIES AND SYSTEM OF 
INEQUALITY: 


To solve the trigonometric inequalities of the type f(x) <a or f(x) 2 a, where f(x) is some trigonometric 


ratio we take following steps 
1. Draw the graph of f(x) in an interval length equal to the fundamental period of f(x). 
2. Draw the line y=a. 
3. Take the portion of the graph for which the inequality is satisfied. 


4, To generalise, add р ·п, п e I and in the final solution where p is the fundamental period of f(x). 
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Illustration : 


1 
Solve : sin x > +. 


2 


Sol sinx= 4, x= * 

0 ѕіпх= ъ,х= т, 
1 л 5л 

sinx > 2 for 6 хаа 5 fundamental period of sin x is 2л. So adding 2nz on both sides, 


2пл + 2 <х<2пл+ E 
nat = <x пл + —. 

6 6 
Illustration : 


л 3л 
Solve : 2sin?0 — sin > 0, where 2 ЁЧ:ЕЧ FL 


Sol. sin@(2 sin 0— 1) 20 which is possible. only where 


Sol. 5іпӨ(2 sin 0— 1) 20 which is possible. only where 


1 
sin 02 2 or sin 0<0 
1 T 5л 
бт ы л эл 
sin 0> 2 => 2 «0s 6 
3 
sin 0x0 LB 250577 


Illustration : 


Solve : sin 0+ 3 cos 02 I, - 2653 
- 43 1 
501. 2 sind + 7, 00502 2 
1 


л 
in| O+— |> 
sn 3 5 
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Illustration : 


л 
Solve : cos 2x >| sinx |, x € Ez) 


Sol. 


For points B and C 
cos 2x = sin x, 2 sin? x + sinx — 1 = 0, sin x ^ —1, 2 
Brig QE, 25 
sinx = 5 = х= <, 7. 
л 
Since cos 2x апа | sin x | are even fucntion so x-coordinate of point А = "d 
Byram aranh — v A-E. л | 04 ELA 
Tou 
From graph — x € 7273 Lud үгэ 
Practice Problem 
0.1  Findthe general solution of the following inequations 
: " 1 THE 1 
(1) sinx >0 (1)  sinx> 5 (1) sinxs 5 
| ‚Хх 1 ; 
(iv) log [sin z) «-] (У)  cosx«- 2 (vi) tanx»0 


Q.2  tan?x- (3+1 tanx + /3 < 0. 


0.3 Solve the inequality, sinx 2 cos 2x. 


0.4 ./5—251їпх 26sinx- 1. 
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Answer key 


01 @ J nz, 2nn +7) 


nel 


(ii) U C Z 2m4 Š) 
@ U | 


2пл, 207+ 4 U [m^ эл, 2пл + 2d 


nel 


(iv) 4пл, Anz + z) U C inea] 


nel 


(vi) 


2n 4n 
(у) (зах +E, ame AE 


(0 U (mam | 


T T 

Е | | +—,nt+— 
Q.2 (m 1 na z) 
03 | ЕЕЕ 


0.4 | [2nn—2, ann | 
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0.1 


Sol. 


О.2: 


О.2: 


Sol. 


0.3 


$01. 


Solved Examples 


If cos p 0 + cos q 0 — 0, then the different vlaues of 0 are in A.P., where the common difference is 


2n 3n 


ptq (D) ржа 


5 TE а 
(А) (B) 5-4 (C) nis 


p*q 
cos pO = -cos 40 = cos (n -q Ө) 
pO = 2nz = (л q0), (p +q) 0 = (2n + I)x 


_ Qnt£l)z гт 


pig = (pig): Wherer=-3,-1, 1,3, .. 


– Зд -7 T Зд 
=> Ө =...., ; 5 $ у 
(p+q)’ (ptq)’ (ptq)’ (pq) 
S diffi 2 
o common аїтегепсе = 
(ра) 


If 3 tan? 0 —2 sin 0 — 0, then Ө is equal to 


пт т п. т. 


If 3{ап20—25п Ө — 0, then Ө is equal to 


T 


Bs Л 4.5 
(А) 4 (В) пл + (CI < (C) пл + (CD = (D) nz * 4 


Зѕіп2 0 
cos? 0 
= | 35120-25110 (cos?0) = 0, 3sin?0 — 2510 (1 – $1120) = 0 
=» $110 (2sin?0 + 3sin0 —2)=0 


—2sin0 = 0, cos 0z 0 


| 
= $110 (2 sin 0 — 1) (sin 0 +2)=0 > sin 07 0, 27 —2 (rejected) 
n 
=» Ө = пт, пл + (-1)" 6 


If 0 € x 27, then the number of solutions of equation 3(sin x + cos x) – 2 (sin? x + cos? x) = 8 is 
(A) 0 (B) 1 (С)2 (D) 4 
3 (sin x + cos x) — 2 (sin + cos x) (sin? x + cos? x — sin x cos x) = 8 
= (sin x + cos x) [3-2 + 2 sin x cos x] = 8 
= (sin x + cos x) [1 +2 sin x cos x] = 8 
> (ѕіп х + соѕ х)? = 8, sinx+cosx=2 
No solution 
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24 


0.4 


Sol. 


Q.5 


Sol. 


Sol. 


Q.6 


Sol. 


0.7 


1 
If 6 sin 0, cos 0, tan Ө are in GP. then 0 is equal to (n e I). 


п Л п Л 

(A) 217+ > (В) 207+ 7 (С) пл + (–1)" = (0) nz + > 
3 6 3 3 

1 

cos? 0— = sintan > 6cos0-1-cos?0 

> 6 cos? 0 + со5?0-1=0 => (2 cos 0 — 1) (3 cos? 0+2 cos 0+ 1) =0 
T 0-2nr£ 2, nel 

= 50-5 = =2пл& >, пе 


If sin + cos x = 0-2) x € [0, n] then 
y 


ab) 


(А)х= т,у=1 — (By-0 (Oy-2 (D)x 


1 : 
ly+— 242 assuming у> 0 


[n assuming y > 0 
y 
But |sinx + созх | < 4/2 50 у=1 & х= 


Let 0 є [0, 4л] satisfying the equation (sin 0 + 2) (sin 0 + 3) (sin 0 +4) = 6. Ifthe sum ofall the values 
of 0 is of the term Кл then value ofk is 

(A) 6 (B) 5 (C) 4 (D)2 

since, L.H.S. > 6 and R.H.S. = 6, so equality holds 


Зп 7л 


опу sin@=-1 = 9 = PULS 


! 
22 


sum = 5x > k 


Forn € I, the general solution of the equation (V3 e 1) sin 0 + (3 + 1) cos 0 -2is 


пп пл 

= —+— = —-]n—-4-— 
(А) Ө =2пх + 117 (B) Ө = nx + (-1) 4'12 
C)0=2nn+ = D)0-nz (C19 —— 
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(3-1) . ,, (3+) _ 9 
Sol. 242 surest T. gg оова 


NE m 6+ л 6 л 
=> sin — sin Ө + соѕ = cos Ө = соѕ — 
12 12 4 


08 If 213 = (St) andn e I, then 


(A)p+q=0 (B)p+q=2n+1 (C)p+q=2n (D) p+ q=2(2n+ 1) 
Sol. tan( PE) = tan{ 2-25) 
4 2 4 
5 Mogga- pre abl 
4 2 4 4 
=> Pr аль? л > Лал! МНН 
4 2 4 4 


=> (pt+q)=2(2n+1) 


Q.9 | Thenumber of solution of the equation sin x + sin 2x + sin 3x = cos + cos 2x + cos 3x, 
0<х<2л is 
(A)7 (B) 5 (C)4 (D)6 
Sol  (sinx-sin3x)-* sin 2x = (cos x + cos 3x) + cos 2x 
> 2 sin 2х cos x + sin 2x =2 cos 2х cos x + cos 2x 
> sin 2х (2 cos x + 1) = cos 2х (2 cos x + 1) 


1 
=> С08Х--2, tan 2x = | 
Innt —,2x=nn+ = 
х=2пл 3" х=пл 4 
=2nnt 22352 
= х=2пл 3'2 8 
O<x<2n 


8 8 3 S9 3 8 
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Q.10 The general solution of the equation sin 3a = 4 sin a sin (x + a) sin (x — о) is (a + пл). 


(А)пл+ 7 Vnel (В) nn = Vnel 
л n 
(С) nnt 9 Vnel (0) пл+ 12 Vnel 
Sol. sin 3a. = 4 sin a (sin? x ^ sin? a) 


> 3 sin a — 4 sin? а = 4 sin a sin? x 4 sin? a 
> 3 sina =4 sin а sin? x 


Ifsing#0 ѕіп2х= 


Aju 


ЯИВТ: 
, — 


л 
xni. Vnel 


If sin a. = 0; i.e. a = пт, then equation becomes an identiy. 


1 
Q.11 Find the general solution of sin? x + 4 sin? Зх = sin x sin? 3x 


А T" 1, 
Sol — sin?x—sin x sin? 3x + 4 sin? 3x =0 


n. Ds. F А 


SOL. sin* X — SIN X SIn* X + 4 sin* 5x —U 


2 
| 1. 1. : 
> (sinx - sin? +7 sin? 3x (1 —sin? 3x)=0 
І 54 
> (sinx - sin? 3x) +7 sin? 3x cos? 3x =0 


2 
. 1.2: 1... 
-» (sinx 5ш 3 jg Sin 6x =0 


| 
> sin x ~ 2 sin? 3x=0 and sin 6x =0 
: : ч kr 
=> 2 sin x = sin? 3x and sin 6x =0 > х= =kel 
sin?| 3 Кл „шй? kn) jl, ifkisodd 
6]] 2] 10, if kiseven 
тул 1 
=» sinx = or 2 
n 
= х= пл ог х= пл+ (-1)"<, ПЕ! 
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Q.12 Find the general solution of tan Е o) = со жп o) 
Sol. ш Zos o) = Е —Fsin o) 


= 70030 =п7+ 2-7 88090 = sin Ө + cos 0 = (2n + 1) 


> 42 20 - z) =(2n+1) > n70,-1 are the only possibility 


0 Ё =2 + = 0-2 2 ьг 
= -4 207+ т, -20л ог 07+ 5 
when cos! 0- — ээтэн BF Я б жи... 
4 42 4 4 4 
n 
Ө = (21+ Пл ог 2пл -7 
n 
0 = (2n + 1)л Or 2пл “у 


1 
So Ө=2пл,(2п+1)л, (m i is 


1 
0 = mm, (2n ЫГ Ans. 


3 


343 -n J 


Q.13 Prove that the equation 2sin x = |х |+ a has no solution for a є | 
Sol. The equation 2 sin x = |х | + a will have a solution so long as the line y =| x | + a intersects or at least 


d 
touches the curve, y = 2 sin x. So са =2 соѕх = |. 


vla 


Hence, solution will not be possibleif x+a>2sinxatx= 


43 343 -n 


T 
-та»2-- > а> 
3 2 3 
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0.14 Find the smallest positive root of the equation Jsin(1— x) = \/созх ? 


Sol  sin(l-x)20 and  cosx20 


sin (1-х) = cos x, so (3-0-3)) =cosx 


л 
- 2nz-— +1 
> >-1l+x=2nn+x = х=—— 
2 2 
m o lo ”” : : 
Forn=2, x= т 5 which is the smallest positive root of the given equation. 


Q.15 Solve the equation tan*x + tan*y + 2cot?x соу = 3 + sin?(x + y) for the values of x and y. 
q у y 


Sol.  tan*x + tany + 2cot?x cot?y - 2 = 1 + sin?(x + y) 
y y y 
(tan?x — tan?y)? + 2 (tan x tan y — cot x cot y)? = – 1 + ѕіп2(х + y) 
y y y 


L.H.S.20 and R.H.S.<0 => L.H.S. = R.H.S.=0 


Sol tanfx + tan*y + 2cot?x cot?y - 27 1 + sin?(x +y) 
(tan?x — tan?y)? + 2 (tan x tan y — cot x cot y? =- 1 + sin?(x +y) 
L.H.S. > 0 and R.H.S. < 0 > L.H.S. = R.H.S. =0 
=> tan?x-tan?y and tanx tan y=cotx coty 
=>  tan’xtan’y=1 and sin*(x+y)=1 
= tan^x =tan’y=1 
х=пл = wey ann T xty=2nnt _ 


т 
So, х=у=пл+ 4 Ans. 


Q.16 Solve: sinx + зту = ѕіп (х + y) and|x |+|у|=1 


Sol. дви (ХУ) cos У) он (32 = () 
2 2 2 
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а. sin{ *£¥) =o => х+у=2пл > xty=0,nel 
b. sin? =0 = x=2m, mel > х= 0 
б, sin? = = y=2pr, pel > y=0 


Now, In|x|+]y|=1,ifx=0,then|y|=l = у=+1 
Іғу = 0, ћеп |х|=1 = х= +] 


1 
If у= х, then|x|*|-x|21 = хав and у = + 


1 ~] -11 
Solutions are (0, 1),(0,-1),(1,0),(-1, 0), (5. ij and E 2) я 


1 
0.17 Solvetheinequality |5) оо 5) #5 


0.17 Solve the inequality sin (eco (A > 


| 
Sol. ган 2 Ө >> 
О sin Е cos 3 2 


> l- 1 (2) > 
2 3 


. 2{ 2x 
=> sin^| — | < 1 
(2) 


which is always true except when ни: 2) =] 


Ni 


ax ETE: 
3 0152 or цайг наг? 
: а 3пл Зл 
So, solution of xis R~ (x:x- 75 +n E D. 
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0.18 Solve 3tan 2х – 4tan Зх = tan?3x tan 2x. 
Sol. 3 (tan 2x —tan Зх) = tan Зх (1 + tan Зх tan 2x) 


2x-t 
[mmm =tan 3x => – 3 tan (3х - 2x) = tan 3x 


1+ tan3x tan2x 
3tanx tan? x 3- tan? x 
=> -3 мах Б -3 =~ __ BÀ. 
1—3 ап“ x 1—3 (ап? x 


ог tanx = 0 ѕох = пт, tan?x = 


х= пл+ an! (Sin et 


х= пл, п e l. Ans. 


сл |ә 


0.19 Find the general solution of the equation sin!x —cos!™x = |, 
Sol — sin! x = 1 + cos!x LHS: < 1, R.H.S. 2 1 
So, L.H.S. = R.H.S. = 1 


х= пл, п e I. Ans. 


Q.19 Find the general solution of the equation ѕіп!00х —cos!x = 1. 
Sol. ѕіп!00х = 1 + с0$100х L.H.S. < 1, R.H.S. > 1 
So, L.H.S. = К.Н.$. = 1 


л 


cos! =0,5п!00х=1;х=плт<+ 2 


. Ans.] 


Q.20 Find the set ofall x in (~r, x) satisfying | 4 sin x— 1 | < 45. 


– (4/5 -1 5-1 

Sol — Fick da 5, OEM РВА: ВВ 
‚ [т : (2) Ne. : : (=) 
=> = sin} — | < sin x < COS| — | => sin| — | <sinx< Sin| — 
10 10 10 10 


TIEEJ 
10710 
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SOLUTIONS OF TRIANGLE 


1. INTRODUCTION : 


In any triangle, the three sides and the three angles are often called the elements of the triangle. When 
three elements ofa triangle are given, the process of calculating its other three elements is called solution 
of the Triangle. 


In any triangle ABC, the side BC, opposite to the angle A, is denoted by a; the sides CA and AB 
opposite to the angle В and С respectively are denoted by b & с. 


In any triangle ABC 

(i) А+В+С= 180° А, В, С>0 

(1) ат+б >с, b+c>a, c+a>b 
iii) ^ |a—-b|«c, lb - c| <a, lc —а| < b. 
(iv) a,b,c>0 


4 4 “тїї” min m. 


1.1 SINE RULE : 


= b "- i.e., thesines ofthe angle are proportional to the opposite 


In any triangle ABC, = = 
ы sinA sinB sinC 


sides. 


Proof :- 
A 
Consider the acute angle triangle ABC 
Draw AD perpendicular to the opposite side BC с b 
| AD , : 
In the triangle ABD, we have —— = sin В, so that AD=c sin B B D С 


АВ 


In the triangle ACD, we I AD 
n the triangle » we have < 
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Consider the obtuse angle ДАВС 


Ina AABD i и 
па 5 sin "B n 
AD AD 


Ina AACD, sin(x-C)- AG ^b 
50, c sin B=bsin(t—C)=b sin C 
In a similar manner, by drawing a perpendicular from B upon CA, we have 


с _ а 
sinC sinA 


Consider right angled triangle С = 90° 
If one of the angles C, be a right angle as in the figure, we have 


| | а : b 
sin C 7» 1l, sinA-^ — and ѕіпВ = — 
c c 


So a b c 
i sinA sinB sinC 


[Because sin C = 1] 


Lanna far ani: пла af trianala =—= 


b c 


| а 
Hence for any type of triangle, = 


Illustration : 


Prove that a cos —— = (b +c) s^). 
2 sin are cos Fag 
b+c sinB+sinC ~~ 2 2 
BA "IM HA те пш 
8 SH 2 sin — cos 
2 2 


С А 
| = + c) sin 2 
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Illustration : 


Prove that „ы. sp = 1 Es 
a+b 


2 cos 235 sin wa 
a-b sinA-sinB _ 2 2 


a+b ѕіпА+ѕіпВ | (425) (425) 
2sin 2 cos 2 


Sol. 


a-b (+?) (225) 
50 — — — fan cot 
a+b 2 2 


Illustration : 


2 sin( B — 2 dnfC- ЖЩ 
Prove that 2 SP-C) , b 5ї'(С-4) с sin( A-B) |, 


sinB+sinC Sin C + іп A sin А+ sin B 


2 5 Е , 2 . = a b 
а sin( B C) _ g2 Sin Asin( B-C) Ре _ | с бони 


Sol. А p ere 
sinB+sinC sinB+sinC sinA sinB sinC 


: А " add . 2 

MEL an m C) NT. ни 5 Ып ын 
sin B + sin sin B ^ sin 

= K? sin A (sin B — sin C) 


b? sin(C - A) 
sin C —sin A 


c? sin( A- B) 


= K? sin B (sin C — sin A), — | 
sin A—sin B 


Similarly — K? sin C (sin A —sin B) 


so sum of three terms = 0 


Illustration : 


1+с05( А-В)с05С _ а? +b? 
1+с05(А-С)5тВ а? +с? 


Prove that 


1+cos(A-—B)cosC | 1—cos( A- B)cos( A+B) 
1+с05(А-С)5тВ | 1—cos( A-C)cos( A C) 


. . 2 . 2 

Е 1- (cos? A — ѕіл? B) sin* A+sin?B а? +b’ 
oust ni ueni нигини: таана 7 

1- (cos? A-sin? С) sin? At+sin?C а? «c? 
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Illustration : 


a? -b° _sin( А-В) 


= . Then prove that the triangle is either right angled or 
a+b? sin(A+B) Р 5 сны 


In any trianlge, if 


Isosceles. 


а? - p? _ sin? А—5їп? B _ sin(A+B)sin(A-B) 
а? +b? sin? A+sin? B sin? A+sin? В 


Sol. 
sin(A+B)sin(A-B) _ sin( A-B) 
sin? А+ sin? В sin(A+B) 


ый. най sin( A+B) _ 1 sinC EF S 
= sin (A В) = ын sin? A+sin? В 5т(А+В) 0" sin? A+sin? В sinC 


=> soA-B or sin? C —sin"A + sin?B, с? = а? + bf 
so either isosceles оғ right angled triangle. 


Illustration : 


If A =75°, B = 45°, then prove that b + с42 = 2a. 


If A =75°, B = 45°, then prove that + c42 = 2a. 


Sol. А = 75% В = 45° > С = 60° 
а _ Ь NK: Ра ь+./2с ` sin45 adi 55160 , 
Sin75"  sin45"  sin60? sin 75? $їп 75° 


1 43 


b+cV2 = v2 a+v2 2-4- 
3-1 51344 


242 242 


2 243a 
ac = 2а 
43 +1 43-4 


Illustration : 


cosA cosB cosC 


b and the side a — 2, then find the area of the triangle? 
a 


cosA cosB cosC соз А cosB cosC 


sok a b с’ sinA sinB sinC 


50 cot А = cot B = cot С > equilateral triangle. 


Area = 13 2-3 2-1 
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Practice Problem 


Q.1 — Inatriangle ABC, if cos? A+ cos? B—cos? С = 1, then identify the type ofthe triangle? 


0.2  IfanglesA, B and C ofa triangle ABC are in А.Р. and if id = уз , then find angle А. 
с 


42 
0.3 Prove that b? cos 2A — a? cos 2B = b? — a?. 


asin(B - C) " bsin(C— A) а csin(A — В) 


0.4 Ргоуе that 2 — 2 61—42 а2 —b2 


Q.5  Ifinanytriangle angles are in the ratio 1 : 2 : 3, then prove that the corresponding sides are as 1: 43:2. 
Q.6  IfinatriangleABC,asinA- bsinB, then prove that the triangle is an isosceles triangle. 
Answer key 


0.1  Rightangletriangle Q2 75 


1.2 COSINE RULE : 


2..2 .2 2.542 13 2.12 .2 
In a AABC, we have | cosA = pem cosB = кра 0. апа со$С= ХЭН. 
2bc 2ca 2ab 


where a, b & c are sides and A, B & C are angle of the triangle. 


Proof : Consider the acute angle AABC, 


By geometry, we have 
AB? = BC? + CA? -2BC - CD ...() 
А 
Ви Cm C that CD =b C 
u CA = 05 С, sotha = 0 соѕ С. ё b 
Hence (i)becomes с2 =a? b? – 2ab cos С. £ 8-0 
а 
$5 5 
b- 
2ab cos C = a? +b? — c2, so cos C S S Те 
2ab 
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Consider the obtuse angle ДАВС, 


By geometry, we have АВ? = ВС? + CA? + 2ВС · CD 
Ср 

Ви CA^ cos (ZACD) = cos (180? - C) = - cos C 

$0 CD =-5 cos С 

so equation (ii) becomes 


c? =a? + b? + 2a (-b cos C) = a? + b? – 2ab cos С. 


a? +b? с? 


so once again, cos C = 
Ban, 2ab 


Consider the right angle AABC, 
If ZC =90°, then a? +2 = c? 


so cos C = —————— = ——— = 0, we know that cos 90° = 0 B a С 


a+b? -c? 


so here also our formula is valid. So we can say in any type of triangle ABC, cos C = 2:5 


similarly cos B, cos A can be proved. 


Note :- There is another way to prove cosine law consider the triangle as shown in figure. 
AD = АС sin С, =b sin С, СО = AC cos C =b cos C 
$0 Вр =ВС- СЮ =а-Ь соѕ С. А 
AADB is aright angle triangle so с b 
AB?=AD*+BD?, с?= (b sin C} + (a — b cos C)? 


B D&bosC >C 
c? = b? sin? C + a? + b? cos? C - 2ab cos C = a? + b? — 2ab cos С dd 


t 4----» 
a? 4 b^ =o" 


С = 
cos 245 


Note :-(а) If the three sides of a triangle are known, we can find all the angles by using cosine rule. 


(b) Ifin AABC,a>b>c,then ZA > ZB > ZC or vice-versa. 
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Illustration : 
In any triangle ABC, prove that a (b cos C с cos В) = b? —c’. 


Sol. a(bcosC-ccos В) = ab cos С- ас cos B 
31:18 8 2..23 48 
ЭРЭ, +b ЭР лаб tc* —b* ) 
2ab 2ac 
a? +b? -c° -a*-c7 +b? _ 


Illustration : 


Та = J3 „Б = 56 +42), 2547, then find ZA? 


ЖО ИР. 1 6+4/3)+2-3 (1+ 3) d 


Sol. я - 
в OE 2be Vi2+V4 2+3) 2 
А = 


Illustration : 
If the angle A, B, C of a triangle are т А.Р and sides a, b, c are т СР, then prove that a?, 52, с? 


are in A.P. 
n 
Sol. Given, 28В=А+С=л-В => B= 5 
Also, a,b, саге т СР > b? = ас 
1 -— n 
Now, cos B = cos 60? === С—С? > са = с? + а?—Ь? 
2 2ас 


= Ь? = с + а?—Ь? > 22 = а? + с? => а?, b, с? are їп А.Р 


Illustration : 

1 1 3 
+—= | 
a+c b+c a+b+c 


Ifin a triangle ABC, ZC = 60°, then prove that 


Sol. Ву the cosine formula, we have 
с? = а? +b - 2аЬсоз5 C => с = а? + Б? – 2аһ cos 60° = а? + b? – ab 


1 1 3 


a+c b+c a+b+c 
_|(b+c)(a+b+c)+(a+c)(a+b+c)-3(a+c)(b+c) 
i (a+b)(b+c)(atbt+c) 


_ (а? 45* —-аЬ)-с? _ 
(a+b)(b+c)(a+b+c) 
1 1 3 
+ 


a+c b+c a+b+c 


Now, 


50 
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8 
Illustration : 


If the sides of a triangle are (x? + x + 1), (x? — 1) & (2 x + 1), then find the largest angle? 


501, Let а=х+х+1, b-22x*l с=х?-1 
а>0 > x ER 
b>0 = EN em 
2 
c>0 = Х<-1 ок х> 1 
$о, хЕ (1, оо) 
a-b=x?-x>0 => их}, 
a-c=x+2>0 = а>с 


So angle ZA is the largest angle 


Ь?+с?-а? (2x41)? +(x? - 1! -(х?+х+1)? 


sA= 
иш 2be 2(2x+1)(x? -1) 
_-(дх%#+х1-2х-1)_-1 
20 +х?-2х-1) 2 
PEE 
та 


Practice Problem 


а+с 


2 2): 


1 
0.1  Inatriangle, the angles A, B, C are in A.P. show that 2 cos = (А-С) = 
2 a“ —ac+c 


Q.2  Ifthesides ofa triangle are a, b, Я, (a? +ab+ b?) ‚ then find the greatest angle? 


О.З  IfacosA-bcosB, then prove that the triangle is isosceles or right angled. 


sinA _ sinB sinC 


Q.4  Ifinatriangle ABC, 5 


‚ then the value of cos + cos B + cos C? 


0.5  Thesides ofa triangle are 8 cm, 10 cm and 12 cm. Prove that the greatest angle is double the smallest 
angle. 


: „b+c cca a+b cosA _ со5В cosC 
0.6 шаїпацдеАВС, -=— 7 13 . then prove that 7 19 55 
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Answer key 


‚ 21 ‚ 2 
Q. 3 bi 48 


1.3 PROJECTION FORMULA : 


Inany triangle with usual noations, a=bcosC+ccosB 


b=ccosA+acosC 
c=acosB+bcosA 


Consider the acute angle AABC 


A 
BE B h Вр = В 
ВА = “9% so that =C cos 2 Б 
CD 
an —- =cosC С 50 Ша BD=bcos C B р С 
CA 4«4——— à — > 
Hence, a=BC=BD+DC=ccosB+bcosC 
Hence, a=BC=BD+DC=ccosB+bcosC 
Consider the obtuse angle AABC 
а В that ВО = В and ын. ACD 
ВА “05 ,  sotha =ссоѕ В an СА 908 


CD 
CA = 008 (180 – С) = – соѕ С, CD =- 6 cos С 


Hence, іп the case, а= ВС – Вр = с cos В - (-bcos C) 


а = с соз В +b cos С л 
Consider the right angle ДАВС, ZC = 90° с b 
then a=ccosB+0=ccosB+bcos 90° 
B a © 


so that in each case 
a =b cos С + c cos В, b = с соз А +a cos С, c =a cos В +b cos А 


Illustration : 
In any triangle prove that (b + c) cos А + (c ~ a) cos B + (a + b) cos С =а+Ь+с. 


Sol LHS. = (b cos А + а cos В) + (c cos А + а cos С) + (b cos С + c cos B) 
=a +b+c. 
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Illustration : 


С А 3b 
In any triangle а cos? 2 * c cos? 2^2 then find the relation between the sides of the 
triangle? 
С А Ь 
Sol acos? S + c cos? 27.9 a (1+ cos C) + c (1+ cos А) = 3b 
а + с + а соз С + с соз А = 3b, a+c+b=3b, a+c=2b 
50, а, b, c are т A.P. 


Practice Problem 


0.1  Provethat a?cos(B- C) + b? cos (C - A) + с? cos (A — B) = Зас. 

Q.2  Provethat а (02 + с2) cos A + b (c? + a?) cos В + c (а? + b?) cos C = 3abc. 
О.З InaAABC, prove that c cos (А — a) + a cos (С + a) = b cos а. 
cosC+cosA со88 1 


с+а b b’ 


Q.4 Prove that 


1.4 TANGENT RULE (NAPIER ANALOGY) : 


This rule is used when two sides and included angle are known. 


22) b-c E 
tan =— 0] — 
2 b+c 2 


(а) с-а Е 
{ап =— colt] — 
2 с+а 2 
ew a-b E 
tan z———cot| — 
2 a+b 2 

sinB 


sinC 


2cos Be sin В-ы 
b-c _sinB-sinC _ 2 2 


b+c sinB+sinC „ : (3+) ЕЭ 
sin cos 


b 
In any triangle, we have " = 


2 2 
c c 
tan tan 
= 2 = _\ 2 4 
2E (2) 
{ап cot 
2 2 
ЕЗ b-c 
tan = —— ' cot— 
2 b+c 
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Illustration : 


In any triangle ABC, if b — 43, c 7 Land = 30° Find the value ofa, c, А & С? 


tao 2) = (251 (2) 
Sol. We have 2 ГҮҮ" 2 


ац 26) (5-е) A _(УЗ- 1), cot 15? 


btc) 2 "BRI 
65-1) (43:41) "— 41-1 
= > as tan 
(/3+1) (43-1) V3 +1 
B-C 
—— = 45° В-С= 909 
2 
А+В+С = 180% so В+С = 150°, В = 120% С = 30° 
Since А = С, we have а=с= 1. 


1.5 AREA OF TRIANGLE : 


1.5 AREA OF TRIANGLE : 


A= sbesina = casin B= е = ,/s(s—a)(s—b)(s—c) 


Different formulae for area of triangle are as follows : 


AD=csinB 
1 с 
Area of triangle ABC is A= z (ВС) (АБ) / 
_1 242 B C 
A= (a) (c sin B) = jacsinB ‹ а > 
AD -bsinC, - 50) (b sin С) = ab sin C. 
hod Bulle ео ma in А 
= 5 acsinB= 7 absin C= > be sin 


From our tenth class knowledge, we know area of triangle with sides a, b & c is denoted by A 


a+b+c 
"EE 


s(s—a)(s—b)(s—c) | where s= 
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Illustration : 


(a+b+c)(b+c-a)(ct+a-—b)(at+b-c) 


n1 — sin? A 


Prove that 
(a+b+c)(b+c-a)(c+a-b)(a+b-c) 


Sol. 
4b?c? 


Е (a+b+c)(b+c-a)(c+a-b)(atb-c) 

р 4b^c? 

_ dss-ays-b)s-c) 4A! 4 (1. sind ? 
— r pie 9262 E Cc Sin 


— sin? A 


Illustration : 


If the sides of a triangle are 17, 25, 28, then find the greatest length of the altitude. 


If the sides of a triangle are 17, 25, 28, then find the greatest length of the altitude. 


Sol. Note that from geometry the greatest altitude is perpendicular to the shortest side. 


Let а = 17, b = 25, c=28 
1 2A 
Now A= 24р (ВС) > AD = 17 A 


where A= Js(s—a)(s—b)(s—c) 210 


_ 2x210 420 
© 17 17 


Practice Problem 


0.1  Ifc?=a? +b? , then prove that 4s (s a) (s — b) (s—c) = ab’. 


b? sin 2C +c? sin 2B А 


0.2  ШЛАВС, find the value of x 


Answer key 


Q2 4 
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1.6 HALF ANGLE FORMULA : 


1.6.1 Sine of half the angles in terms of the sides :- 


„ы |8-5)8-0) 
2 be 


9:48 [<-96-а) 
2 са 

in C Z [(s—a)(s—b) 
2 ab 


Proof: 
In any triangle ABC, we know cos À = presen 
But — cosAcan be wirtten as с05А=1-2 sin? 5 
Непсе, 2 sin? Ael ccs Ae 1- 1682 
AX. А, „20...09 „2 А2.. мл 


E 2bc - (b? +c”) +а? _ a? - (b? +с^—2Ьс) 
2b? 2bc 


а а?^-(Ы-с)? _ (a+b-—c)(a—b+c) 
2bc 2bc 


Let 2s stand fora - b + с 


a+b+ 


c NE: 
50 5 = 2 = semiperimeter. 


at+tb-—c=a+b+c-—2c=2s—2c = 2 (5 – с) 
а-Б+с=а+ьЬ + с-– 26 = 25 – 2с = 2 (5 – b) 


24 25 2(s —c)2(s — b) . A_ }(s—b)(s-c) 
50 sin’ х= ә 0 SIN = NK "ume 
юм . B [6-96-а) . С_ {(s—a)(s—b) 
Similarly sin, = чт and sin 2^ ab 
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1.6.2 The cosines of half the angles т terms of the sides : 


Proof: 


We know COSA = 2 cos? 2-1, 2 cos? o 1+ cos A. 


b? +c? -a? ” b? +c? + 2bc - a? _ (b+c)? -a? 


A 
2cos?—-14 
“9 2be 2be 2be 


2 cos? А _ (Б+с+а)(+с-а) 
В” 2be 


a+b+c=2s a+b+c-—2a=2s—2a=2(s—a) 


A  2s(2(s-a) 2s(s-a) 


у. sm ЧИРЭВ эд i Em S 
2 cos & 7 ALa 4: ds 


ЭР”: А _ 2s(2(s-a) 25(5-а) 
=з 2 2bc © be 


cos > = ~ Similarly 


1.6.3 The tangent of half the angles in terms of the sides : 


aui |(s-bXs c) " ^ 
2 s(s—a) s(s—a) 
-—— [(s—c)(s—a) _ A 
3 s(s—b) s(s—b) 
e. 
27 


{ап 


(s—a)(s—b) A 
8(8-0) ~ s(s-c) 
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Proof: 
sin А 
since, tan B = 2 
2 А 
cos 
2 
(s—b)(s—c) 
tan A oe m (s—b)(s—c) 1 : 
s(s—a) s(s—a) Similarly 
eB. [6-96- ^ C. [e-96-5 
2 s(s—b) 2 s(s—c) 
Note :- 


A 
Since, ina triangle, A is always less than 180°, so 2 is always less then 90°. Therefore, the sine, consine 


A 
and tangent of 2 (half angle) are therefore always positive. 


A 
Since, ina triangle, A is always less than 180°, so 2 is always less then 90°. Therefore, the sine, consine 


A 
and tangent of 2 (half angle) are therefore always positive. 


1.6.4 The sine of any angle of triangle in terms of the sides: 


: ЯГ А 
We know sinA=2 sin 5 cos 2 


But by the previous discussion 


‚А. _ [($-66-9 4 А _ |5(6-а) 
sin > = Бо and соѕ >= лт 
ЭГЭЭ 18-5)8-0) s(s—a) 

So sinA= Е 4 ERO 


2 2 
= 22.165 ж enc. 
m s(s - a)(s - b)(s - c) = A 
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Illustration : 


A B С 
In any triangle prove that (а+Ь+с) (tm sin 2 = 2c cot > 


2 
Р (s—b)(s—c) (s—a)(s—c) 
Sol. LHS. = (2s) | p + s(s -b) | 
-2s [E29 | Ын EI 
5 5-а 5-5 


8-54-5-а |- 2, 5(8-с)с 


=2 1221 25-27 V(s-a)(s—b) 


Illustration : 


If the sides of a triangle be in arithmetic progression, prove that the contangents of half the 


angles are also in arithmetic progression. 


Sol. а+с = 2Ь (given) 


А E B 
we have to prove that cot 5 + cot Lis 2 cot 3 


5(5-а) " 5(5-с) сх s(s—b) 
(s-b)(s-c) V(s-aJ(s-c) V(s-c)(s-a) 
Multiplying both side by qe 


(5-а) + (s— c) = 2(s - b) 
а+с=26 (whichis the given relation) 
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Illustration : 


A b+ 
If cos E - , then prove that а? +b? = c? . 


Sol. m = bre 
2 2a 
s(s—-a)_ b+c Р 
= m гж (squaring) 
= 2s (2s — 2a) = 2b (b + c) 
> (а+Ь+с) (+с-а) = 2b? + 2bc 
ын (b + с)? - а? = 2b? + 2bc 
=> b? + с? + 2bc - а? = 2b? + 2bc 
> ё=а?+Ь? 
Illustration : 


Illustration : 
If in a triangle ABC, if A = a? — (b — c)", then find the value of tan A? 


Sol.  A-(atb-c)(a-b*tc)-(atb*tc-2c) (а+ь+с- 25) 
A = (2s — 2с) (2s — 2b) 
= A? = [2 (6 – Б) 2 (5 – с)]? 
= s (s—a) (s—b) (s — ¢) = 16 (s — b}? (5— с)? 


- (s-b)s-c) 1 
s(s—a) 16 
"TJ 
> ап 916 
an 4-1 
> an 5 4 
21352 2.1 8 
> tan А = — ==, 
1- tan? 1- 
2 16 
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Practice Problem 


0.1  InanytriangleABC, provethat (Б+с-а) [cot +cot С = 2а cot 


A 5 В 20 _ С ЛИ 
2-6 and tan — === . Find tan and prove that in this triangle a + c = 2b. 


0.2 — Шапу triangle, if tan 2737 2 


A B C 
Q.3 Га, band c be in A.P. Prove that cos A cot PERS B cot 2 апа сов С со! > are in A.P. 


A B С 
0.4 Та, bandc are т H.P. Prove that sin? — , sin? — and sin? — are also in Н.Р. 
2 2 2 


0.5  Ifa?,b? and с? be in A.P. Prove that cot A, cot B and cot С are in A.P. also. 


Answer key 


122 

nn” jig 
‚ 12 
Ч 205 


1.7 m - n THEOREM : 


Let D be a point on the side BC of a ДАВС, such that BD : DC = т : n and ХАОС = Ө, 
“ВАР = а and ZDAC = В. Prove that 


(a) (т + п) cot 0 = m cot a. — n cot В 
(b) (т + п) cot 0 = n cot B—- m cot C. 


Proof: 


: BD m 
(a) Given === m and ZADC =0 


DC 

“АРВ 7180? – 0, ZBAD = a and ZDAC = В. 
So ГАВр-0-0-8, С = 180° – (0 + В) 
From ДАВР, BP ЭЭ .. (i) 


sina = sin(0 — a) 


DC _ AD 


From AADC, sin sin(A В\ 


‚..@) 
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Dividing equation (i) by (ii) 


BD sinB _ $1(0+В) msinp  sin(0-p) 
DC sina  sin(0—a) nsina 8Шш(0-0) 


.. (iii) 


msinB _ sinOcosp- cosOsinp 


nsina  sin0cosa -cossin a 


= m sin В (sin Ө cos @— cos Ө sin о) =n sin a (sin Ө cos В + cos Ө + sin В) 
Now dividing both sidesby sin æ sin p sin Ө 
= т соіа — т соі 0 = п со! В + n cot 0 


22 (m + n) cot 0 = m cot © — n cot В. 


(b) We have, ZCAD = 180? - (0 + C) 
ZABC-B, ZACD=C, ZBAD-(0-B) 
Putting these values in equation (iii) we get 
m sin (0+ C) sin B =n sin С sin (0 — B) 


m (sin Ө cos С + cos Ө sin C) sin B = n sin C (sin Ө cos B — cos Ө sin B) 


dividing both sides by sin 0 sin B sin C 
= m (cot C + cot Ө) = n (cot В — cot 0) 


(m + n) cotü =n cot B -m cot C 


Illustration : 


Ina triangle ABC, ZABC = 45°. Point 'D' is on BC so that 2BD = CD and ZDAB = 15°. ZACB in 
degree equals. 
(A) 30* (В) 60° (C) 75° (D) 90° 


Sol. Applying m-n theorem, т ДАВС 
(BD + DC) cot 60° = CD cot 45?— BD cot С 
=> 3 cot 60° = 2 cot 45" со C 


> cot C =2- 43 


> Ans. 
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Illustration : 


In a triangle ABC altitude AD, ВАС = 45°, DB = 3 and CD = 2. The area of the ДАВС is? 


(A) 6 (B) 15 (С) x (D) 12 


Sol Let ZBAD=a 
Applying (m — n) theorem, т ДАВС 
(3 + 2) cot 90° = 3 cot a — 2 cot (45? а) 


3. (1ачапа) 


0= 
яа tana (1-їапа) 
= 3-3 п а = 2 па + 2 п? a n 
> 2tan?atStana-3=0 
24 

= tan а = rm 

tan a7 = [a Е (0, 45°), tan a e (0, 1)] 

1 

tan а = 5 [a є (0, 45°), tan a є (0, 1] 
AABD € ЭР, AD = 6 

мапа = 7p 2 — = 


1 
Area of ДАВС = Я х5 хб = 15 units 


Illustration : 


tan А 
If the median of a triangle ABC through А is perpendicular is AB then эв B has the value equal to 
1 1 
(A) 5 (B) 2 (C) -2 (D)-5 
Sol Applying (m —n) theorem, ДАВС 
(BD + CD) cot (90° + В) = BD cot 90°— CD cot (A — 90°) A. (А-90) 
= -2 tan B = 0 + tan A 
tand _ 2 4 x 
tanB | ин В D 2 C 
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1.8 CENTROID AND MEDIANS OF ANY TRIANGLE : 


If ABC be any triangle, and D, E and F respectively the middle 
points of BC, CA and AB the lines AD, BE and CF are called 


the medians ofthe triangle. 


From geometry, we know that the medians meet in a common 


point G, such that 


2 2 2 
AG= 3 AD, BG=7 BE and Сб = 3 СЕ 


The point 'G' is called the centroid of the triangle. 


1.8.1 Length of the Medians : 
2 


AD? = AC? + CD? —2АССР cos C = b +a -2b7 cos C 


2 
AD? = 2 + z — ab cos C. 


and c?= b? + a?-— 2ab cos С 


2 


| 
о 2AD?-c- > so that Ар= 5 Jb? +2c? —а?) 


we can also write, AD= (b? +c? +b? +c? -а?) 


1 
2 


1 
Ар = 5 Jo +c? + 2bccos A) similarly 
BE- (ас? -2a?-b?) and СЕ= > (са? +252 - c?) 


Print to PDF without this message by purchasing novaPDF (http:/Awww.novapdf.com/) 


21 


22 
1.8.2 Angles that the Median AD makes with the sides : 


Let ZBAD = B and ZCAD =y, we have 


HUE Ше =й dini ier aive 
Шаб АР 2х? Siny= zy sin C, where = х (say) 


inC 
ды Ат 1 Бо 02), uin m 
2 A 2b* +2c* —a*) 


asinB 


Similarly, sin В == 
(2b? + 2c? -a?) 


Again, if the ХАОС = 0, we have 


sinü AC b b 2bsinC 


- A =? sin == sinc = -————— 
sinC AD х Jb? +20? -a?) 


Note : The centroid lies on the line segment joining the circumcentre to the orthocentre and divides the line 
segment in the ratio 1 : 2. 


Let O and H bethe circumcentre and orthocentre respectively. 
Draw OD and HK perpendicular to BC. 
Let AD and OH meet in G. By geometry AAGP and AOGD 


are similar 
OG AG 2 
GP GD 1 


The centroid therefore lies on the line segment joining the circumcentre to the orthocentre and divides it 
in the ratio 1 : 2. 


1.9 BISECTORS OF THE ANGLES : 


If AD bisects the angle A and divide the base into portions x and y, we have by geometry. The length of 
bisectors will be as follows : 


Print to PDF without this message by purchasing novaPDF (http:/Awww.novapdf.com/) 


23 


y х+у_ а ; А 
b ‘hee Бев val (ДУ 


y АС b' c 
giving x and y PA 


Also, if be the length of AD and 0 the angle it makes with BC, wehave $— x D y С 


1 А 1 А 1 
AABD + AACD = ДАВС, 7 cdsin = +5 bdsin= = > be sinA 


bc sinA 2bc A 
. = со 


= b+e . А G+ 2 


sin — 
2 
А 
0- ZDAB*B- 7 +B. 


Thus, we have the length of bisector and its inclination to BC. 


1.10 СЇВСОМ CIRCLE : 


To find the magnitude of R, the radius of the circum circle of any triangle ABC. 


a с абс 


R=- s= 
sinA sinB sinC 4A 


Proof : Consider any triangle ABC as shown in three figure 


Figure (1) Figure (2) Figure (3) 


Bisecting the two sides BC and CA in D and E respectivley and draw DO and EO perpendicular to BC 
and CA. 


By geometry, O is the centre of the circumcircle. Join OB and OC. 
The point O may either lie within the triangle as in figure (1) or without it as in figure (2) or upon one of 


the sides as in figure (3). 
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Taking the first figure, the two triangles BOD and COD are equal in all respects, so that 


| 
ZBOD = “СОР, -. ZBOD= 2 (2 ZBAC)= ZBAC=A 
Also, BD=BOsin(BOD)=BO sin A =R sin A [as R= BO] 
Ža RsinA 
2 sin 
If A be obtuse, as in figure (2), we have 


1 
“ВОР = 2 ZBOC = ZBLC = 180°-A 


sin(ZBOD ) = sin (180°—A)=sinA 


T a 
~ 2sinA 


and 


IfA be right angle as in figure (3) we have 


a a T а 
К=0А=0С= 5 = 2sin as sin A= sin 90°= 1 
Bebe. = = = in А = sin 90° = | 

= = ыы = as sin А = sin = 


so in all the three cases, we have 


a b c 


бин 25А 2818  2sinC 


1 
asweknow A= 20° sinA 


TW E 

AS sinA= ^q 
n- lpt ас 
228 4R 

р = 208 

4A 


Note : 

(a) In case of acute angle triangle, circumcentre lies within the triangle. 

(b) In case of obtuse angle triangle, circumcentre lies outside the triangle. 

(c) In case of right angle triangle, circumcentre lies on the mid point of hypotenuse. 
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1.11  INCIRCLE : 


Radius of incircle | г = А = (5-а) tan = (5 -b)n =(s—c) аа 
S 


rz ARsin uin Bain 
2 2 2 


1.11.1 The value of r, the radius of the incircle of the triangle ABC : 


Proof : Considerthe triangle ABC as shown in figure. Bisect the two 


angles B and C by the two lines BI and CI meeting in I. A 
By geometry, I is the centre ofthe incircle, join IA, and draw Е pau Е 
ID, IE and IF perpendicular to the three sides. 
B D С 

1 | 
We have Area of AIBC = 5 (ID) (BC) = jn 

E: ^ з ga 

1 1 1 1 

Area of AICA= 5 (IE) (AC) = 5 r.b , Area of AIAB 2 (IF) (AB) = 2 rc 


Hence by addition, we have 


1 
2" (a +b + с) = Sum of Areas of AIBC, AIAC, AIBA 


= ДАВС = A 
NEN" 
“арьс $ 


2 


1.11.2 Тһе same 'r' can be expressed in а different way also : 


Consider the same figure ABC as shown above. The angles IBD and IDB are respectively equal to the 
angles IBF and IFB, so the two triangle IDB and IFB are equal in all respects. 


Hence, BD = BF, so that 2BD = Вр + ВЕ 
so also, АЕ = АЕ, so that 2AE=AE+AF 
and CE=CD, so that 2CE=CE+CD 
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Hence, by addition, we have 
2BD + 2AE + 2CE=(BD + CD) + (BF + AF) + (AE + CE) 


2BD + 2b=a+b+c=2s, 


Hence, ВО-8-0-8ВЕ, similarly CE-s-c, AF=s-a 


е и А њо 
г= (5 — ) tan = (s—a) tan -(8-0) ап 


1.11.3 А third value of г may be found as follows : 


1.11.3 A third value of г may be found as follows : 


а= ВО + СО = Ір cot IBD + ID cot ICD 


uos m 
ПИ т 24 2 
2 2 . B ‚ © 
sin sin 
2 2 
sin( PX) co, А 
= = 2 
Н.В 
sin — sin sin — sin 
2 2 2 
; 26 
sin —sin 
2 a 
r-a as - = 
сов | sinA | 


; . А А 
А$ a-2RsinA-2R2sin cos ^ 


r= Айз Sein B ains. 
2 2 2 
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1.12 ESCRIBED CIRCLE : 


1.12.1 То find the value of r,, the radius of the escribed circle opposite the angle 
A of the triangle ABC : 


= йд ЗАВ сох cos 
2 2 2 2 


wae = AR cae one 
2 2 2 2 


= cane = ikon кен ил 
2 2 2 


Proof : Produce AB and AC to Land M. Bisect the angles CBL and BCM by the lines BI, and CI, and let these 


lines meet in І. 

Draw I,D,,1,E, and ГЕ, perpendicular to these lines respectively. 

The two triangles I,D,B and I, Е, В are equal in all respect, so that I,F, =1,D, similarly Е =1,D, . 

The three nernendicnlar I.D. Т.Е. and Т.В. heine eanal the noint E. is the centre of the reanired circle 

The three perpendicular I,D,, ILE, and Е, being equal, the point I, is the centre of the required circle. 


Now, the area ABI С is equal to the triangles ABC and I, BC, it is also equal to the sum of the triangle 
I BA and I CA. 


Hence, ДАВС + AIBC = AI CA + ДАВ 
1 1 1 
А+ 2 (D) (BO = 2 GE) (CA) + 5 (GF) (AB) 


1 1 1 
At 21375 f, vb 2116 


A=} (ф+с-а)= 2 (а+Ь+с-2а)=г, (8-а) 


А similarly г. —-- г. = а 
72 (s-b)'* (s-o) 
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1.12.2 А Second Value of г; сап be obtained : 
Since AE, and AF, are tangents, AE, - AF, 
Similarly, ВЕ, = BD, and CE, = CD, 

2AE, = AE, + AF, = AB + BF, +AC+ CE, 
= AB + BD, * AC + CD, 
— AB * AC + BC = 2s 
AE, *s* AF, 
Also BD, -BF,-AF,-AB-$-c€ 
similarly CD, = CE, = AE, -АС=з-Ъ ГЕ, = AE, tan (ТАЕ) 
50 гу = $ tan 2 
1.12.3 


A third value of r, may be obtained : 


For, since I, C bisects the angle BCE,, we have 


1 C 

ZI CD, = 2 (180° - С) = 90 ай! 

В 

so, — ZLBD,-90?- 5 


a=BC=BD, +D,C=1,D, cot 1BD, +1,D, cot I,CD, 


. {B+C 
B С sin B sin С sin( 2 | 
=r [tan 3 + tan) =r 24 2 шы ШИШ В Ор 


в С А 
а с0$ — с0$— =r, cos — 
2 2 2 


в С 
асоѕ — COS 


А ‚ А А 
as a-2R sin А = 4R sin 2 cos 2 
0082 


тээ». 
r= sin 2 cos 2 cos 2 


Similarly, г, — 4R si В = 5 
imilarly, r,=4R sin соз 5 cos > 


Эва 3,8 
n= sin 2 cos 2 cos 2 
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Important results regarding r,, г, and r}. 
Given r, r, andr, 


"Dr, 


(i) semiperimeter = s = V nr; + +50 ) = Хг, (1) А = [Enr " 


- MU _ (+ г )(т› +г;)(т,+г,) 
(i) * Ут, 09) В 4У тг, 
2n NS r 
б) а= Tj hth) p= г) (5+1) о г; (п +г›) (vi) Y AUS coc 
У nr X nr X nr (n & 1)(n +в) 


Illustration : 
If in a triangle, r, =r, + ry + в prove that the triangle is right angled. 


Sol r,-7r,tr,*r > r,-r=r,tr; 


A A A A 
= Ez] 
5 


(s-a) s (5-Ь) T (8-с) 


Да 4(25-Ь-с) 
5(5-а) = (s—-b)(s—c) 


=> 5 (5-а) 2(s—b)(s—c) 


52 —5а = s? (+ c) s + bc 


у 


= (b + c-a)s = bc, (b + c-a) 25 = 2bc 
(b * c — a) (b + с +a) = 2bc, ФЪ + с)? – а? =2%, b + с? – а? 


b? + с? =a’, so the triangle is right angled. 


Illustration : 


Prove that cos + cos B+cosC = 1 + "1 
A C 
Sol. соѕ А + cos В + соѕ С = 1t 4 sin sin => sin > 
2 2 2 
4К ут A sin В sin C 
214 —— 22 2.7 
R R 
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Illustration : 
acos A+bcosB+ccosC ғ 


Prove that 
at+b+c R 


Sol. We have 
а cos А + b cos B + с cos C = 2R sin А cos А + 2R sin В cos B + 2R sin C cos C 
= А (sin 2A + sin B + sin 2C) 
— 4R sin A sin B sin C 


A B C 
a+b+c=2R (sin A + sin B + sin С) = 2К `4 соѕ > cos, cos 
алин ant = 
„= жїйє шаш Asin ИС _ 21722 r£ 
8R cos — cos — cos — R R 
2 2 2 
Illustration : 
Prove thatr, * r,* r,- r = 4R. 
Sok pty ty Doa A „А.А 
ян PPTI TE ud 498 ded 8 
=A (s-b)t(s-a) , s~ste -A c ш © 
(s-a)(s-b)  3(s-c) (s-a)(s-b) 5(5-с) 
[s(s-c)*(s—a)(s—b)] Ac 
= Ae = [252- +h+c)+ab 
баата) A AE сайн 
eg 252 252 + b д 206 „һ 
AS - 5° + ab] i 
Practice Problem 
Prove that ina AABC, 
1 1.1. 1 a^). 1 11 1 
Е —+—+— = — 
ы E AE E. д 02 te ca 45 2R 
0.3 (г –г) (r-r) (r-r) =4Rr Q4 а(гг+г,т,) =0 (гг, +г,г) = с (гг, +r r) 
1111 
05 = 
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1.13 ORTHOCENTRE AND PEDAL TRIANGLE OF ANY TRIANGLE : 


Let ABC be any triangle and let AK, BL and CM to be perpendiculars 
from A, В and C upon the opposite sides of the triangle. It can be easily 
shown from geometry, that these three perpendiculars meet in a common 
point H. This point H is called the orthocentre ofthe triangle. The triangle 
KLM, which is formed by joining the feet of these perpendicular, is 
called the pedal triangle of ABC. 


1.13.1 Distances of the orthocentre of the angular points of the triangle : 


Consider an acute angle triangle ABC. 
We have, HK = KB tan (НВК) = KB tan (90? – C) = KB cot C 


cosC АВ 


sinC sinC 


= AB cos В cot С = АВ cos B cos B cos C 


HK = ——— cos B cos С = 2R cos B cos C. 
sinc 
Again, АН = AL sec (КАС) = с cos A sec (90? — C) 
= с cos Acosec C = x cos А = 2R cos А 
Similarly BH = 2R cos B and CH = 2R cos C. 


The distances of the orthocentre from the angular point are therefore, 2R cos A, 2R cos B and 
2R cos C. Its distance from the sides a, b, c are 2R cos B cos C, 2R cos C cos А апа 2R cos A cos B 


respectively. 
1.13.2 The sides and angles to the pedal triangle : 


Consider an acute angle triangle ABC: 
Since the angles НКС and НГС are right angles, the points Н, L , C and К lie on a circle. 
ZHKL= (НСЕ = 90? -A Similarly. 


Н, К, B, M lie on a circle, and therefore, 
ZHKM = ZHBM = 90? - A 

Hence ZMKL = 180? — 2A = the supplement of 2A. 
ZKLM-7180?-2B, 41МК-180-2С. 
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Again, from the triangle ALM, we have 


LM AL _ ABcosA _ ccosA ссоѕА 


sinA 8 (АМ1) cos(HML) cos(HAL)  sinC 


с с 
LM = —— cosAsinA= 4 51п А соѕ А = а соз А 


sin С in С 


50 LM = а cos A, similarly MK =b cos В, KL=c cos С 


The sides of the pedal triangle therefore а cos A, b соз В апас cos С; also its angles are the supplements 
of twice the angles of the triangle. 
1.13.3  Excentric Triangle : 


Let I be the centre of the incircle and I, L and I, the centres of 


the escribed circles. Which are opposite to A, B and C 


respectively. IC bisects the angle ACB and I,C bisects the angle 


respectively. IC bisects the angle ACB and I,C bisects the angle 
BCM. 


1 1 р 
ZICI, = ZICB + ZI,CB = 5 АСВ +5 ZMCB I 


1 1 
75 (ZACB + ZMCB) = 2 (180?) = 90° 


= А right angle. 


Similarly, ZICI, is a right angle. Hence ICI, is a straight line to which IC is perpendicular. So, LAT, is 


a straight line to which IA is perpendiculars and I,BI, is a straight line to which IB is perpendicular. 


Also, since IA and I, A both bisect the angle BAC, the three points A, I and I, are in а striaght line. 
Similarly, В I L and CI, are straight lines. Hence, I, I, I, is a triangle, which is such that A, B and C are 
the feet of the perpendiculars drawn from its vertices upon the opposite sides and such that I is the 
intersection of these perpendicular. і.е. ABC is its pedal triangle and I is its orthocentre. The triangle 


LLI is often called the excentric triangle. 
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1.13.4 Prove that circumradii of AHBC, AHCA and AHAB and ДАВС are equal 


Proof: 


Proot: 


In ABHC, 4ВНС-т-А 
In ABMC, ZB + ZBCM + 90° = 180° 

ZBCM = 90° – ZB, ZKHC = 90° – (90° — ZB) = ZB 
similarly ZKHB = ZC, so ZBHC = ZB + ZC = 180° – ZA 


a A 
In ABHC, = =2R' (where R' is the circumcircle of ABPC) 
sin(r— A) 
Ч L 


a a 
ma 2R' But weknow SAC 2R S 


50 2R'=2R => R'=R. Socircum radii of AHBC, | ш ' 
АНСА and AHAB and AABC are equal. 


R 
Note :- Radius of the circle circumscribing a pedal triangle in PE 


ML acosA 2Rsin A cos А 


sin(MKL) Нйн ~ sin(180°-2A) sin2A 


sin MKL) 257 sin(180-2A) | sin2A К 


1.13.5 Distance between the circumcentre and the orthocentre : 


Print to PDF with 


ОН = RA(1-8cosA cosBcosC) 


If OF be perpendicular to AB, we have 
ZOAF = 90° - ZAOF = 90°-С 
Also, ZOAH =A- ZOAF - ZHAL 
=А- 2 (90°-С)=А+2С- 180° 
=А+2С-(А+В+С)=С-В 
Also, OA=R, HA=2RcosA 
ОН? = OA? + НА? - 2 OA HA cos OAP = R? + 4R? cos? A — 4R? cos A cos (С-В) 
= R? + 4R? cos A [cos A - cos (C - B)] 
= R? — 4R? cos A [cos (B + C) + cos (C – B)] 
OH? = R? - 8R? cos A cos B cos C 


ОН = RA(I-8cosA cosBcosC) 
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1.13.6 Distance between the cirumcentre and incentre : 


OI - JR? -2Rr 


Let O be the circumcentre and OF be perpendicular to AB. 
Let I be the incentre and IE be perpendicular to AC. 


Then, as in the previous article, Е 
ZOAF = 90° - С 
А 
ZOAI = ZIAF - ZOAF = ээ (90° — С) В 
А А+В+С С-В 
2 2 2 
IE " 4R sin A sin 2 sin E 
Also, Аа еа деи X 
sin sin sin 
2 2 2 
AI=4R 81 | dnt 
so =4R sin 2 sin 5 


ОР = OA? + AP - 20A - Al cos (OAI) 
C-B 


B C B C 
OP = R24 16 R? sin? — sin? — – RR? sin — sin 209 


В С В С С-8 
Ol? =R? + 16 R? sin? > sin? — – 8R? sin = sin S osf | 


2 2 2 2 
2 
2%- 1+16 sin? sin? 5 —8 sin Z nS СЕ 
-1-881 = i Е ont P ens C uin Pat C. 
“БШ ааг 2 2 2 2 
при, й в E 
-1-8sin sin > cos| —— )=1-8 6812 sin sin 


OI-R |1-88п A ii B dn 2 

2 2 2 

we can write this in another form also. 
С 


OP -R?-8R? “иг "E sinc 
2 2 2 


А А . В 5 С 
= р2 4R sin — sin — sin ~ 
R | 1 In 1 3 


-82-28 =4Rsin® sin= нас 
= = r as r= Sn шиг ши 
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1.14 CYCLIC QUADRILATERAL AND REGULAR POLYGON : 


1.14.1 Polygon : 


(i) Sum of interior angles of a polygon = (n - 2) х x. where п > 2 and n denotes number of sides of a 
polygon. 
(ii) Sum of exterior angles of a polygon is 27. 


(i) ^ Convex polygon: Ifthe highest interior angle is less than 180? then it is called convex polygon. 
(iv) | Concave polygon : Highest interior angle is more than 180° then it is concave polygon. 


1.14.2 Cyclic Quadrilateral : 


A cyclic quadrilateral is a quadrilateral which can be inscribed by a circle. 


Note : The sum ofthe opposite angles of a cyclic quadrilateral is 180°. 
In acyclic quadrilateral sum of the products of the opposite sides is equal to the product of the diagonals. 


Regular Polygon 
A regular polygon is a polygon which has all its sides as well as its angles equal. If the polygon has n- 


.. (n-2)n 


A regular polygon is a polygon which has all its sides as well as its angles equal. It the polygon has n- 


-2 
sides, sum of its internal angles is (n — 2)л and each angle is in m m я 


Note : In the regular polygon, the centroid, the circumcentre and the in-centre are the same. 
To find the perimeter (P) and Area(A) ofa regular polygon inscribed in a circle of radius *R'. 
Let AB, BC and CD be three successive sides ofthe polygon and O be the centre of both the incircle 
and the circumcircle ofthe polygon. 
n 


2n т 
(ВОС = —,so ZBOL= = = — 
п 2\ п n 


If ‘a’ be the side of the polygon, we have 


л 
a=BC=2BL=2R sin (ZBOL) -2R sin (z) 


3 
> 
Il 
N 
0 
го 
II 
N 
o 
гс" 
5 
3 
Ea 
N 
[ve] 
О 
= 
> 
o 
E 
II 
N 
E 
жещ > 
Bia 
—_ a 
Il 
NIS 
о 
Q 
| 
o MEE. 
ш: 
I 
| 
о 
8 
Л. 
|a 
„Жаш _. 
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where К: Radius of circle circumscribing the polygon = OB = OC 
r: Radius of circle inscribed in the polygon = OL 


п 
Perimeter P = nBC = n2BL) = 2n В sin (ZBOL) = 2n К sin (5) —2nR sin 8 


1 | nR? , (2x 
Area А = п Area of ABOC =n 2 R-R-sin(ZBOC) = EN rm 


Illustration : 


Prove that the area of a regular polygon of 2n sides inscribed in a circle is the geometric mean of 
the areas of the inscribed and circumscribed polygons of n-sides. 


Sol. Let 'a' bethe radius of the circle. 


Then S, — Area of regular polygon of n-sides inscribed in the circle — ана” 5т (=) 
n 


S, = Area of regular polygon of n-sides circumscribing the circle = na? tan (z) 
5; = Area of regular polygon of 2n-sides inscribed in the circle = па? sin (z) 


5; = Area of regular polygon of 2n-sides inscribed in the circle = па? sin (z) 


. Г Фаны © л\ 2 л ‚ ж ПО 
Geometric mean of S, and 5, = 15" 2sin| — |cos| — | па“ tan| — | = na? sin| — =$, 
2 п п п п 


Illustration : 
If the area of the circle is A, and the area of the regular pentagon inscribed т the circle is A, then 


find the ratio Ph ? 
4, 


Sol. т AOAB, 


o 


360 
OA = OB = and ZAOB = = 72° 


5 
bomo Д“ 
.. Area of AAOB = 2 (r) (r) sin 72° = — cos 18° E С 


2 
5r? 
A, = Area of pentagon = T cos 18° 


4, 2r л 
A, = Area of circle = лг? so а, = —— sec (5). Ans. 
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Illustration : 


Sol. 


0.1 


0.1 


02 


Q.3 


0.4 


0.5 


0.1 


The length of each side of a regular dodecagen is 20 cm. Ета (1) The radius of its inscribed 
circle (2) The radius of its circumscribing circle (3) its area ? 


o 


360 
The angle subtended by a side at the centre of the polygon — ҮЕ" 30°, 


0 
=r tan 15° = R sin 15° 


Hence, > 


10 
So, r= 10 cot 15° = 10 (2+ 3) em R= — s = 10 (6 42) ст 


1 
Area = -;Х20хгх12 = 10x rx 12 = 1200 (2 43) cm. Ans. 


Practice Problem 


Find the difference between the areas of a regular octagon and a regular hexagon if the perimeter of each 
is 24 cm. 


Find the difference between the areas of a regular octagon and a regular hexagon if the perimeter of each 
is 24 cm. 


If an equilateral triangle and a regular hexagon have the same perimeter, prove that their areas are 
as 2:3. 


Prove that the sum ofthe radii ofthe circles, which are respectively inscribed in and circumscribed about 


a n 
a regular polygon of n-sides is 2 cot mE where a is side ofthe polygon. 


Oftwo regular polygon of n-sides, one circumscribes and other is inscribed in a given circle. Prove that 
the perimeters of the circumscribing polygon, the circle, and the inscribed polygon are in the ratio 


T T T А : т 
sec — :— соѕес — :1 and that the areas of the polygons аге іп the ratio cos? "c 1. 
nn n 


Given that the area ofa polygon of n-sides circumscribed about a circle is to the area of the circumscribed 
polygon of 2n sides 3 : 2, find n ? 


Answer key 


1.8866 cm 25 3 
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1.15 SOLUTION OF TRIANGLES (Ambiguous cases) : 


When three elements of a triangle are known, the other three elements can be evaluated. This process is 
called solution of triangles. Note following points 


(i) If the three sides a, b, c are given, angle A is a obtained from 
A — - $2 2 
tan— = (s-b)(s-c) or cos A = Drea" 
2 s(s—a) 2bc 
B and C can be obtained similarly. 


(ii) Iftwo sides b and c and the included angle A are given, then 


ЕЗЕ= FN “эн m ES E 
an 2 aT co 2 gives 2 also 2 = 73" 


so that B and C can be evaluated. The third side is given by 


» bsin A 
^ sinB 


ог а? = b? + c? - 2bc cos A. 


г. 
(ш) If two sides b and c and the angle В (opposite to side b) are given, then sin C = h sinB, 


(iii) ^ Iftwosides b and c and the angle B (opposite to side b) are given, then sin C = 5 sinB, 


bsinA 
A-7180? -(B + C) anda- 


: ive the remaining elements. 
sinB 5 8 


Here in this segment there are many cases of possibility of triangle. We will study them one by one. 


Case-I : b «csin B, 
We draw the side c and angle B. Such kind of triangle is not possible. 


Сазе-П : b=c sin B and B is an acute angle, then there is only one triangle possible. 
A 
С b С sin B 
В p 
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Саве-Ш: Ifb >c sin B, b « cand В is an acute angle, then there are two values of angle C. 
A 


2 р csin B 


B 


Case-IV : b> сзш В, с<Бапа В is an acute angle, then there is only one triangle possible. 


C sin B 


C — B G 
Waco 0 0 42 —— АЖ ә 
бк 9" o һу ж 
Bosta O T O 74 ан 

РИ ан 
bl 


Case-V : b >c sin B, c» band B is an obtuse angle. For any choice of point C, b will be greater 
than c which is a contradiction as c > b (given). So there is no triangle possible. 
Because B is obtuse . 


b csin B 


Case-VI: b>csin B, c «band B is an obtuse angle. We can see that the circle with A as 
centre and b as radius will cut the line only in one point. So, one triangle is possible. 


A 
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Case-VII: b > cand B = 90° 


Again the circle with A as centre and b as radius will cut the line only in one point. So 
only one triangle is possible. 


Case-VIII: b<candB=90° 


The circle with A as centre and b as radius will not cut the line in any point. So, no triangle is possible. 
Point'C' will coincide with point 'B' 


Alternative method :By applying the cosine rule, we have 


a? 4c? - b? 


2ac 


cos В = 
> a’-(2ccosB)at+c?—b?=0 
= a=ccosB+ (c cos? -(c? - 0?) 
= а=ссоѕВ+ lb? -(csin B)’| 
This equation leads to the following cases : 
Case-I : If b < c sin B, no such triangle is possible. 
Case-II: Let = c sin B. There are further following two cases : 
(a) Bisanobtuseangle =  cosBisnegative. There exists no solution triangle. 


(b) B is an acute angle = cos Bis positive. There exists only one such triangle. 
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Case-III: Let > с sin B. There are further following two cases : 


(a) В is an acute angle > cos B is positive. In this cases two values ofa will exists if and only if 


ccos B» Ч (b? -(с sin By | orc>b = twosuch triangles are possible. 


Ifc <b, only one such triangle is possible. 


(b) B isan obtuse angle — cos B is negative. In this case, triangle will exists if and only if 


b? — (csin B YJ»| cosB| = b>c. So in this case only one triangle is possible. 
If b<c there exists no such triangle. 


Illustration : 


Ina triangle ABC, the sides b, c and angle B are given such that a has two values a, and a,. Then 
prove that | а-а, | = V(b? -с sin? В). 


2..9 42 
-b 
Suh бы р Dor cos 42-40 
2ac 
= a,+a,=2ccosB, аа,=с?-Ь 
=> а; +а,=2ссоѕВ, аа, = c?- Ы 
- 2= 2 = 402 2n. -Ы 
= (a, — a,)? = (а, + a)? — 4a,a, = 4c? cos?B - 4(c? — b?) 
= 4b? — 4c? ѕіп?В = 4(b? - c? sin? B) 


> | 4-4: | са 2,(52-с sin? B). 


Illustration : 


In a AABC, a, c and A are given and b,, b, are two values of the third side b such that 


9a? - c? 
b, = 2b,. Then prove that sin A = А 


8с? 
-T 
Sol. cos A = —— > - 2be cos A + (2-а) = 0 


b,+b,=2ccosA, bb, = с – а? 
= 2 cos A, 262 = с? - а? 


1 

3b, 
2ccos A 

(26 | = ¢?-@? = 8c? (1 – sin? A) = 9c? – 9a? 
| (9а? -с?) 

sinA = c? à 
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Practice Problem 


Q.1 Ifinatriangle ABC, a= ( +43 ) cm, b = 2 cm, and ZC = 60°, then find the other two angles and the 
third side ? 


02 IfA=30°,a=7,b= 8 in AABC, then find the number of triangles that can be constructed. 


л 


Оз Ifb-3,c-4andB- 3 


in AABC, then find the number of triangles that can be constructed. 


Answer key 


01 A=75°,B=45°,c= 4/6 ст 0.2 2 03 0 
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Solved Examples 


sinA sinB sinC 


с а 
+ —+—+— i 
ssi H т b ЖЫ Р then the value of angle А, is 


(All symbols used have their usual meaning in a triangle.) 


0.1 InAABC,if 


(A) 120° (B) 90° (C) 60° (D) 30° 
Sol.  Wehave 
88А sinB sinC с Ба 
—+——+ = —+—+— 
csinB c b ab ac bc 


a bsinB+csinC | с2+62 a 


cb bc abc bc 


>  a(bsinB+csinC)=b?+c? 


> по рэг 


2R  2R 
@ ылд 
a(b? + с?) 2 
а + с? 
=> OR be +c 
= а=2К 
= ДАВС is a right angle triangle, ZA = 90°. 


Q.2 Inatriangle ABC, 3 sin A + 4 cos B = 6 and 3 cos A + 4 sin В = 1, then ZC can be 


(A) 30° (B) 60° (C) 90° (D) 150° 
Sol Given 
3sinA* 4cosB-6 .. (1) 
3cosA+4sinB=1 .. (il) 


Squaring and adding equation (1) & (ii) 

(3 sin A + 4 cosB)* + (3 cos А + 4 sin В)? = 36 + 1 
= 9 + 16 + 24 (sin А cos В + cos А sin B) = 37 

| 1 

> sin(A+B)= 5 
= А+В=30° or 150° 
when А+В=30° then (3 sin A +4 cos В) <3 sin 30° + 4 cos 30° < 6 
80 А +В = 150° 

ZC = 30° 
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Q.3  Inatriangle ABC, angle А is greater than B, if the measures of angles А and B satisfy the equation 
3 sinx —4 sin? x =k, 0 « k « 1, then measure of angle C is 


п T 2n 5л 
(А) 3 (B) 5 (С) 3 (D) 6 


Sol. We have 3 sinx—4sin?x=k 
=> sin 3x=k 
= sin ЗА =k, sin3B=k 
> sin3A—sin3B=0 


. [ЗА-ЗВ ЗА +3В 
=> 2sin 2 cos 2 =0 


3 
> со82(А8В)-0 =v A>B 


Ans. 


Q.4  Ifinatriangle ABC, sin A = sin?B and 2 cos?A = 3 cos?B, then the ДАВС is 


(A) right angled (B) obtuse angled (D) isosceles (D) equilateral 
Sol. sinA= sin? B 4440) 
2 cos? А = 3 cos? В (ii) 


> 2(1-sinà2A)-3(1-sinA) 

ША-1 2 
=> sinA-1,7 
Bu sinA#¥1 from equation (1) 


sinA= => A=30° or 150° 


2 
2 
| 1 

РА, => В=45° ог 135 


in each can triangle is obtuse angled. 
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0.5 


Sol. 


0.6 


Sol. 


45 


In a triangle with sides a, b and c, a semicircle touching the sides AC and CB is inscribed whose diameter 
lies on AB. Then, the radius of the semicircle is 
(A)a/2 (B) A/s 


2A 2абс 


O — (D) re cos E 


4402 3232 


Let radius of semicircle is r. 
Area of AACB = Area of AAOC + Area of ABOC 


=> = ares 
2 2 


zl 23 
"т Ёс a+b 


2abc A B C 2abc |s(s—a) |s(s—b) 18(8-0) 
cos —cos—cos— = a ee eee a 
s(a+b) 2 2 2 s(a+b) be ca ab 
_ 2abc /S(b—a)(s—b)(s—c) ‚ФА эн 
й 2abe Js(b-a)(s-b)(s-c) __2А _ 


(a+b) абс a+b 


Ifin a triangle ABC, CD is the angular bisector of the angle ACB then CD is equal to 


(A) a+b нь С (В) a+b - C (C) 2ab мм. (р) bsinA 
2a — 2 ab 2 a+b 2 sin( B+) 

We know that CD= 215 оос 

a+b 2 

C 

ZADC=B+ 2 
Applying SINE Rule in AACD ё 
Ср b bsinA 


- ==> CD = — xx 
sinA sin( B+ S| sie 
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0.7  Intriangle ABC, |AB| = |AC]. Points D and Е lie on ray ВС A 
such that |BD| = |DC| and |BE| > [CE]. Suppose that tan ZEAC. 
tan ZEAD and tan ZEAB form geometric progression, and 
that cot ZDAE, cot ZCAE and cot ZDAB from an arithmetic 
progression. If |AE|= 10, then which of the following is/are 


ши В р С 
(А) ZDEA = : (В) cot ZDAC =3 

50 
(C) cot ZCAE = 2 (D) Area of the triangle ABC = гэ 


Sol. Let ZEAD=a 
and ZBAD=ZDAC=8 
2ЕАС=а- p 
tan ZEAC, tan ZEAD and tan ZEAB form a geometric progression. 
=> (ап2а = (ап (о – В) tan (a + В) 


tan? a. — tan? В 


1— tan? a. tan? p 


tana – {ап В | tana + tan p 
l+ tana tan Д 1— tana (ап 


> а | => {ап?а= 


=> (апа -tan^ a tan? В = tan? a — tan? В 
=> tana = 1 = a = 45° 

— А ATAE л an innnnanlan 6 inm 

Эн а Зы: их инж ашке! Modus DR 
> tana=1 > a = 45° 


> AADE is ап isosceles triangle. 


AE 
AD = DE=—= = 54/2 
42 


AACD, DC =AD tan В 
Areaof AABC = AD : CD = AD? tan В 
cot ZDAE, cot ZCAE, cot ZDAB are in AP 
2 cot (45? — B) = cot 45? + cot В 


2(cot 45° cot B +1) 
=] *- cot 
cot 45?— cot p ор 


50 
By solving cot В =3 3, Area of AABC -(2) unit? 


Q.8 Ifthe angles A, B, C ofa triangle are in A.P. and sides a, b, c are in G.P. then a?, b?, c? are in 
(A) A.P. (B) Н.Р. (C) G.P. (D) None of these 
50, 2B=A+C, В=60° 


a?4c?-? _1 


cos В = -, а2+с2-– 2 = ас 
2ас 


as — ac-b? so а?+с?—Ь?=Ь?, a? + с? = 2b? 
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0.9 


Sol. 


Q.10 


Sol. 


0.11 


Sol. 
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If 4 Шеп 
n B 
(A) А=90° (В)В=90° (C) C = 90° 
г р А А А А 


E» g = ГГ, Г Г. = з (s—c) (s-a)(s-b) 


= (5— a) (s- b) = s(s- с) 


EU-N n. tmt =1, ап =] 
5(5—С) 2 5 
с = 90° 


(D) None of these 
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The ratio of the area ofa regular polygon of n-sides inscribed in a circle to that of the the polygon of same 
number of sides circumscribing the same circle is 3 : 4. Then the value of n is? 


(A) 6 (B)4 (C) 8 


(D) 12 


Let'a' be the radius of the circle, then the ratio of the area of the regular polygen of n sides inscribed and 


circumscribing the same circle is 


ылы 25 | А PG 


If in a AABC, sin? А + si? B + si? C = 3 sin Asin B sin C. Find the value of determinant. 


a b c 
b са 
c a b 


sin? А + sin? B + sin? C 2 sin A sin B sin С 
=> sinA=sin B=sinC 


= a=b=c 


48 


0.12 Inascalene acute ДАВС, it is known that line joining circumcentre and orthocentre is parallel to BC. 


Prove that the angle A € (=. х) 


Sol. Distance of circumcentre (О) 


from ВС = Distance of orthocentre (Н) from BC A 
OM = HN 
R cos А = 2К cos B cos С 
=» cos А = 2 cos B cos C = cos (В + C) + cos (B - C) № 
=> cos A=—cos А + cos (В-С) В di. » 


= cos (B - С) = 2 cos А 


0<cos(B-C)<1 > 0«2cosA«1 


> cos АЕ (n. 3 
2 


0.13 IfA, A; A, A, A, and A, be the consecutive vertices of a regular hexagon inscribed in a unit circle. 
Then find the product of length of (A А |), (A А.) and (A, A,). 
Sol AOA,A, 
2n 


п 
ДА ОА: = 6 = 3 


л l+? -(АдА))? _1 
3 244 2 


2л 4 -(AjA)! -1 


АА,ОА 
02р 0087, 2-1-1 2 


AA, =/3 


Similarly АА, = v3 


(АА) (А, А.) (А, А.) = 3 
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Q.14 Three circles with radius r,, r,, г, touch one another externally. The tangents at their points of contact 


пр в 


шавь, is equal to 
n +1 +1; 


meet at a point whose distance from a point of contact is 2. The the value of | 


BU а=г;+г,, ВЕНЕ, c=r,+r, 
We have given ID = IE = IF = 2 


Е Area of ДАВС 
semi perimeter of AABC 


A=,/s(s—a)(s—b)(s—c) = J(r +m +) тт 


2- \лүгәг; (в +r +r) _ nr 


(n +1) +) +i + 


15 
п +г +6 


=4 Ans. 


0.15  Ifinthe triangle ABC, О is the circumcentre and К is the circumradius and R,, R,, R, are the circumradii 


0.15 Ifin the triangle ABC, О is the circumcentre and В is the circumradius and К |, R}, R, are the circumradii 


of the triangles OBC, OCA and OAB respectively, then prove that Е B №, аре 


в OR? № В 
Sol. ABOC, using SINE rule 


a 


сн sin2A 
— -2sin2A 
R, sin 
Эр b Р с | 
Similarly R. 2sin2B, ® ^2 sin? С 
2 3 
3o, D 42 29 (in 2A *sin2B-sin2C 
йт б 75 = 2 (sin sin sin 2C) 
—2 (AsinAsin B sin C) 


a b c abc 


= 8. . = 
28 28 28 R? 


Print to PDF without this message Бу purchasing novaPDF (http:/Awww.novapdf.com/) 


50 


0.16 


Sol. 


(i) 


Q.17 


Sol. 


Ifx, y and z are respectively the distances of the vertices of the AABC from its orthocentre then prove 
that 


a b c abc 
+— 


* —+— = — 11 zz 
(0 х у 2 xyz у н, 
х= 2В соѕА 
y -2R cos В 
z=2RcosC 
а _ 2RsinA A 
x 2RcosA 
"- b c 
similarly — — tan B, — —tanC 
y Z 
a b c 
—+—+—= {ап А + tan B + tan C = tan A tan B tan C 
x y 7 
a b c abc 
=—+—+-—=— 
х y Z ху 


х+у+2=2К (cos А + cos В + cos С) = 2R К + 050) 


2 
f f AN (RA [с\\ 
=2 +46 si( ^: sin Ө 28 
2 2 2 
=2(R+r) 


If I be the in centre of AABC, then prove that IA · IB : IC = abc w(4 tn( 2) w(£) А 


2 

ІА = я ІВ = я 1С = 2 
= r cosec 2 3 =rcosec 2 д =r cosec 2 

3 
3 4R sin 5 sin E sin 

АВС = -u ? 2? 2) 
ПУ. ТТ „А. Ba С 

sin ‘sin sin sin sin sin 

2 2 2 2 2 2 


= 64R? sin? Posi? B t E 
2 2 2 
= ean (E) 8:58-0,8-08:8) в-а 
4A bc ca ab 


Lube а] _ abea 
4? r 
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abc (2) tan Ө tan (S) = abc (s—b)(s—c) |(s-c)(s-a) |(s-a)X(s-c¢) 
2 2 2 5(5—а) s(s—b) s(s—c) 


abe 


\/5(5 —a)(s—b)(s—c) 


к 
Е ЕЗ 
2 


0.18 — ИХ, у, zare respectively be the perpendicular from the circumcentre to the sides of AABC then prove 


b c abc 
that —+—+— 
у z 4xyz 
Sol. АВОМ 
TTE ИЗ 
2х 
similarl tan (B) = 2 
4 748 a 
tan (С)= — = 
ап (С) 21 


inatriangle tanA+tanB+tanC=tanA tan B tan C 


a b c ab с 


FÉ 2x 2y 22 2х2у 22 
а b с abe 

> —+—+-— = 
X у 2 4xyz 


Q.19 If two times the square of the diameter of the circumcircle of a triangle is equal to the sum of the squares 
of its sides then prove that the triangle is right angled. 
Sol. InAABC 
We have to prove that 8R? = а? + b? + c? 
using SINE Rule 
8R? = QR sin А)? + QR sin В)? + (2R sin С)? 


> 2=sin? A+ sin? B + sin? C 
1-cos2A 1-со(2В8 1-со82С 
= Tp — 4 
2 2 2 
> 4=3- [-1 -4 cos A cos B cos C] 


=> 2 
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= cos Acos B cos C=0 
LL one of A, B or C must be 90? 
=> right angle triangle. 
0.20 Inanisosceles ДАВС, if the altitudes intersect on the inscribed circle then find the secant of the vertical 
angle 'A'. 
Sol 2r= distance of orthocentre from BC 


2r = 2R cos В cos C 


2| 4R sin S in Bai C = 2В cos B cos C 
2 2 2 


A 
= (cos А + cos В + cos C 1) = cos В соѕ С 
B=C 4 84552) 
2 
cos А + 2 cos B- 1 = co? B В А С 


соз А + 2 соз В- 1 = cos? B В А С 


-А -А 
> cos A+ св (27 E Е | 


> 1-255215 ПЕЕ regi 
2 2 2 


2 
А 2 1 
=> A=1-2sin?— =1-2 |= | z- 
cos sin 5 B 9 


3 secA=9 Ans. 
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BINOMIAL THEOREM 


1.1 BINOMIAL EXPRESSION : 


Analgebric expression consisting of two different terms is called a binomial expression. 
eg (1) х+у (2) xy) 
But (x + nx) is not a binomial, it is called a monomial. 


1.2 BINOMIAL THEOREM : 


In elementary algebra, the binomial theorem describes the algebric expansion of powers of a binomial 
expression.According to the theorem it is possible to expand the powers (x + y)" into a sum involving 
terms of the form ахбус, where exponents b and c are non-negative integers with b + c = n and the 
coefficient 'a' of each term is a specific positive integer depending on n and b. 

This theorem was given by Newton. 


If ne N 
Binomial Theorem => (х + у)" < pom 
Any index n ¢ М 


terms or the rorm ax"y*, where exponents о апа c are non-negative integers with D + с = n ana ше 
coefficient 'a' of each term is a specific positive integer depending on n and b. 
This theorem was given by Newton. 


If ne N 
Binomial Theorem => (x y)" < (Копа а Шише) 


Any index n ¢ N 
(Form an infinite series) 


1.3 HISTORICAL DEVELOPMENT : 


Earlier people used to multiply the brackets to expand the given binomial of known index. 
Then came the Pascal triangle 
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Note that 
(a) The powers of x go down until it reaches reaches zero, starting value is n. 
(b) The power of y goes up from zero untill it reaches п. 


(c) The n" row of the Pascals triangle will be the coefficients of the expanded binomial. 


1.4 STATEMENT OF THE THEOREM : 


779) хийг?” i RD хийн ана” шиг ай essei L8 ^C IP ханна FIC хол дү, 
Weobserve Т, = "Сох" 
Т, = "С, xn-l 5 у! 


=> General term in the expansion of (x + у)" is 
T 44 mno gn-r $ y! 


r 


n 
Where "C, is called as combinatorial or binomial coefficient also denoted by (" | : 


Ш 
Also, (х+у) = >; "Dua n 
г= 0 


Proof-1: 
Binomial theorem for a positive integral index is a special case of a very general result called symmetric 
product which states that 


(х + у) (х + у,)......... (+y JERES] ELA S, i anas +S; 
where S, (г=1,2,3,....... ‚ n) denotes sum of product of quantities уу, у,,.......... ‚ y, taken rat a time. 
Thus, 5$,=у,+у„+........... y, (C, terms) 

S, T yy; +у,у;+.......... ("C, terms) 

S3 =Y) Ya Y3 H Ya Y3 Удласанн ("C, terms) 
and so on 
Now put 

he ee eee =у=у 
We get 

SFY EY F өөө» + y (C, terms) = "Су 

eh atu ai шаага + y? ("C, terms) = "C, y? 
and so on 
In this special case 

(уута, ano aane В 5665 pac. yn; 
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Proof-2: Combinatorial Proof 
The coefficient of xy? in (x + y? = (x +y) (x+y) (x +y). 
=ххх+хху+хух+хуу+ухх+уху+уух+ууу 
= х3 + 3x2y + Зху? + у? 
Equals 2С, = 3 because there are three x, y strings of length 3 with exactly two y's namely x y y, уху, 


уух. 
Corresponding to the three 2 element subsets of {1, 2, 3} namely (2, 3}, {1,3}, {1,2} 
where each subset specifies the position of y in corresponding string. 


Similarly in (x + y)" 
1.5 IMPORTANT POINTS OF EXPANSION : 


(1) Number of terms in expansion of (x + у)" is п + 1 i.e., one more than index. 
or 
By begger's method n coins and 2 beggars 
vele = (п + 1)їйтез. 


Illustration : 


n+ IC > (п + 1) times. 


Illustration : 
Find number of term is the expansion of (x + у + z + w)”. 


Sol. Соіп = 10, beggers = 4 


13C, terms. Ans. 


(2) Sum of indices of x and y in each term in the expansion of (x + y)" is n. 


(3) New expansions by (x + y)" 
(a) Wehave (x+ y)" S Ct - 0C, xn7 ly +C, 3072 у? +....... QUE 9* еә (1) 


r=n 
i.e., (x+y = A =й хй-г. y . 
r=0 


(b) Replace у by-y 
"ыы х"-!у+"С„х"-2 у? +..... HIC х г. у Туан, C- Tf yt 


r=n 
ie, (х-у) = УС, (-1)' жээ, 
г-0 
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(c) Nowreplace x by 1 and y by x in Ist 
Цэл eO РОЙ ЭРЧ РСЧА, og 


r-n 
Also, ie, (+= 2, CX, 
r=0 


(d) (1- x)" ="C "C, x +"С,х?+........ $C (- 1) x. HAC, (7 D^ х, 


т=п 
ie, a-m 2, C1) "C x, 
r=0 


(e) Alsoremember 
(LFU exea PO, ICR serere ] 
amd (1+х)"-(1-х)"=2["С,+"С,х?+"С„ XS +.......... ] 
Coefficient of x‘ in the expansion of (1 + x)" is "С. 
T, "C, X" 
coefficient of (r+ 1)" term = coefficient of x' — "C, in the expansion of (1 + х)". 
For e.g., Find the coefficient of хб in (1 + Зх + 3x2 + х3)!5 = [(1 +х)3] 5 = (1 + х) 


= 45 г 

Km 1 Cx 

r=6. 

coefficient is С. 

— e e—€——— ыы — "m 

- r 

Tos | Cx 

r=6. 

coefficient is 5C. 


Illustration : 


Find the value of (ri 2f + (-421 =? 


Illustration : 


Find the value of (/3 РА 3} a (/3 ES 3} =? 


sot (зузў-З-з} = WOY -97-0-0)| 


- 2:93 [5c, (/3) суз) + c3] |- 2376. 
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Illustration : 


n r r r 

1 3 7 

Find sum of series upto n terms > (- 1 у 28 + +. upto m terms 
r=0 


Sol. T, = 2, ©; 


ч 
1 
> 
| 
uM 
= 
е» 
t | 
Nr 
"ч 
И 
emm 
~ 
| 
м | — 
— 
И 
N | 


DI TB upto m terms 


| D a 
-141-1 + — | ee m terms 
2 2 2 


т 
1- 1 
cs 2" gin =] 


(4) Pus Le caer ,"C, are called binomial coefficient or combinatorial coefficients and may be 
simply written as Су, С» Cas ............ „С... 
О ху? +С, speed eni, pie ажи pA цан г 
Find the sum ofall the combinatorial coefficient. 
16, Ort Cpt Су зна TUC = 27, 
Ри x=1andy=!1 © getsum ofall the binomial coefficient. 
(x + 2y)" find the sum of all the coefficients. 
(x + 2y)? = х2 + 4ху + 4y? 
Sum of all coefficient =1+4+4=9. 
We can also get it by puttingx =у = 1 
(1+2)?=9 
Sum ofall binomial coefficients in 
(x +y)"=2" 2 In this case sum of coefficient = sum of binomial coefficient. 
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(5) 


(6) 


(7) 


(8) 


Binomial coefficients of the term equidistant from beginning and end are equal. 
(2x + Зу)? =2C, (2x)? + 2С, (2x)! (Зу)! + 2С, (2х) (Зу). 


Now coefficient of 1“ and last term is same ?C, = 2С,. 


себ жее, 


n+l А ed 
г+1 C Tt С, 


Consecutive binomial coefficient. 


"C, _n-r+l, 7C, 5-4+1 1 
- їе - 


«aa . 
C; 4 2 


Illustration : 


Illustration : 


Sol. 


If three consecutive coefficients in the expansion of (1 x)" be 165,330 and 462. Find number of 


terms in the expansion of (1 + x)". 


"С. п-ғ+1 


п 
r-l r 


^ Ч 307. l^ n n n 
Let three consecutive coefficients of terms are"C, ,, "C, "C, у 


"С, were! 330 
"бу r 165 =2 а (1) 


п 


"C rl +1 


n-r 462 n-r 7 


r+] 330 r+l 5 


п=11 and r= 4. 


Print to PDF without this message by purchasing novaPDF (http:/Awww.novapdf.com/) 


Practice Problem 


Q.1 Ка, Б, с, dare the coefficient of any four consecutive terms in the expansion of (1 + х)", n є N prove 
с 2b 


a 
и oe 
Hub uh med Bic 


Q.2 (+2) «(x- 2f. 


2\п = 2 2n 
0.3 If(1* x *x) Ay FBX + а,х^+......... +а, х^", 
Еша (а) а, +а,+а,+......... + asa 
(b) 8 ay a Р шаал +а, . 


Answer key 


Q2  2x4+24x2+8 Q3 (а) (6)! 


2.1 IMPORTANT TERMS IN BINOMIAL : 


(A) — General term 
(Rì Term indenendent nf v 


2.1 IMPORTANT TERMS IN BINOMIAL : 


(A) General term 
(В) .Termindependent of x. 
(C)  Middleterm 


(A) GENERAL TERM : 


(T, , ,)^ term is called as general term in (x + у)" and general term is given by 


ий! 


r 


Tra E "Cx. y 


Illustration : 


7 
Find fourth term in the expansion of (2-2) ; 


Sol. T,,,= 7C, (2х)7-": 12) 


r 


Put r=3toget 4" term 


3 
T, = -"C, (2x)* (2) = — 70x43, 


Print to PDF without this message by purchasing novaPDF (http:/Awww.novapdf.com/) 


8 


Illustration : 


6 
Find term involving x3 & х* їп (эг -z 
x 


Sol. LetT, , involving x? and х“ then 


TS AN 
141 Е : 


= °С. Ø) =r Ч 3 x?-. (2). 


[eT uus 
= AC 26-! (= x? 3r 
=> Coeffiicent of x? > 12 - 3r = 3. 
r=3 4" term involve x? in expansion. 


=> Сое о x! > 4=12-3r 


8 
г #7 . So there is no term exist. 


3 
Important : If г is non integral value then there is no term exist. 
Illustration : 
Important: If r is non integral value then there is no term exist. 


Illustration : 
Prove that coefficient of х0 in (1 + х2)25 (1 + x°) (1 + х0) (1 +x”) is equal to 1 + °С, 
Sol. As we are intersected in coefficient of x??, we shall ignore all terms with exponent more than 50. 
So (1 + х2)25 (1 ajs х25) (1 + xf?) (1 + xf?) 
- (1 sis eU. x? T аа 4 5б, x») х (1 + х25 + x49 + хб + xf?) 
E xc 4 “С, = |] + т, 
(B) TERM INDEPENDENT OF x: 


It means term containing x. 


Illustration : 


10 
1 
Find term independent of x т (= Ф 2) : 
x 


10 20 
Sol. G дэн 2] 9 (=-2) 
x x 


=> Pa = 20С, 20-" (- 1)" 2 = Сее - 1)" 


= 20-2r=0;r=10 
> 11" term is independent of x. 


Print to PDF without this message by purchasing novaPDF (http:/Awww.novapdf.com/) 


(C) MIDDLE TERM : 
Let T,,, is middle term is expansion (x + у)" then 


CaseI: Ifnis odd, then number of terms will be even so there is two middle terms 


th 
n 
Case II: Ifnis even, then number of terms will be odd so only one term is middle term Ё EE ) š 


Note : Binomial coefficient of middle term is greatest. 


Illustration : 
Find coefficient of t? in the expansion of (1 + 2° — 8) 


Sol. Т. = °C, (2-0) 
Now coefficient of appears т г = 3, r = 4. 
r=3 => °C, 6 (2-13 = 26, хбх SO P PEU 
Put p = 2 => °C, x 3C, x 2! xP = 84 x6 xt 
Similarly when r = 4 


фит Л гл 4 — Фит 2 Ru de odes л4-п/ an 


r= 3 = 9C, f (2-97 =9C, x б x 3C, 22-р (чур 
Put p = 2 => °C, x3C, х 2! x 8284 x 6x й 
Similarly when r = 4 
°С, (2-9 =9C, x x C, x ^C, 247 (p 
Put p = 0 °С, x C x 2 x = 126 x 16 x t? 
Hence coefficient of ё in the expansion of (1 + 22 — В)? is 84 х 6 + 126 x 16 
= 504 + 2016 = 2520. Ans. 


Alternative: 


We have 


(1-22)-2| = °c, (14.207) - с re 22] с, (re 22] 6 
Coefficient of t in the expansion of (1 + 22 — 8)? 


= °C, (coefficient of t? in (1 + 22)?) 520222 of t in (i+ 2] | 


+ "С; coefficient of t? т (+27 J) 
ИИ 9-8 
m" "C 2-0 C,’ С, 2m 4.3.2.1 16+ 2.17? 


=9.8.7-5 = 2520. Ans. 


Print to PDF without this message by purchasing novaPDF (http:/Awww.novapdf.com/) 


10 
Illustration : 


" 4 . 100 4 . 100, 4 . 100 4 . 100 4 . 100, = 104 
Prove that 1C}: 1C, +4С, + 10C, + С, + 10С, + 4С. °C. + 4С. 10C = MC 


0С, 10б, +3 (мс, " с, |+ 3c, +100 ie 100¢, 100 су, 
Sol. —— 


— 101 101 101 101 
C, RSIMC Mg Ce AC. 
iic, + шс, + se; + Hes юс, +100 бу 
= < щи 


= 102 . 102 102 = 102 102 102 102 
Сз + 2 C, + "Cy C, t "C, + "C, + °С 
— 103 10307 1047 104 
C, + Со Cio = “С. 


Alternative : Proof by PNC 


1C; D IC 42 б. : Ime, + ©, . MC 4 C, . ис, + Съ . шин” 
Out of 104 students of which 100 are boys and 4 are girls, we have to select 10 students. 


This can be done in !МС,, = 1C, 


т 22 22 , 2 o 4 » v iv 


Out of 104 students of which 100 are boys and 4 are girls, we have to select 10 students. 
This can be done in 1С, = 1C, 


Hence, x + y = 114 or 198 Ans. 


Illustration : 


ELEN I 2" | 9 


Prove that middle term in the expansion of (1 + х)?" is Я1 


(2n)! . 2"(п!)(1-3........ 20-1) 
2 TE сэл РЕЙ п 
Sol. Tan +1 = Ine] = "Сух" Е п! (л!) кош nin! aii 


Illustration : 


If sum of coefficient in the expansion of (2 + 3cx + c^x?)"? is zero. Find c. 


Sol Put x = 1 in the expansion, then 
2*3ct c = 0 


c=-2, c7 I. Ans. 
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Illustration : 
Find coeffiicnet of х! in (x — x°)". 


Sol. Tu = P 0)9-" (– 1)" (х2)" = 1066. c 1) (х 10+ ғ 


10+" = 15: = 5 ie, 6" term 
T, = °С, (- IP «xm — 10С, x. Ans. 


Illustration : 


12 
А ; ; j ; 2 
Find coefficient term independent of x in the expansion of (= + 2) ; 


1y 
Sol. T,,,-"C, ey = 12C, ГЭЭ” 


r 


r=Sand 9" term >T, Ans. 


Illustration : 


Illustration : 
Find last four terms in the expansion of (х + 2х2)5. 


Sol. Above is equivalent to first four terms of (2x? + x)? 
T, = *C, (2x2)8 = 256 x!6 
T, = С, (2х2)? x = 1024 x'? 
Т, = 8C, (2x?)6 x? = 1792 x!* 
D, 5С, (2x?) х? = 1792 x”. Ans. 


Illustration : 


11 
1 
In E x3 find term involving xí also find term independent of x. 


Жок SE ls aa ll EJ . B 
E d Р (2)!!-' (- 3)" (х)22- 3r 


16 
22-3r=6 >t# > and 
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16 
For xô 22-3r=6 >r= ES (which is not possible) 
22 
For independent of x 22- 3r - 02» r= 3 (which is not possible) 
Both do not exist. Ans. 


Illustration : 


20 


1 
1 
In the expansion of | 4? +— | find number of rational terms 
64 


160-11r 


= хс (2 j 28 (3 К | [0 <r x 20] 


20-r 40-2r 


80. Т 20С,- (4) з (6) 226.2? - 


r 


6" 4) 


„к= 6, 20. 
.. There are only two rational terms (T, and Т) Ans. 


r=, 20. 


.. There are only two rational terms (T, and Т,) Ans. 


Illustration : 


10 
А ‘ А cos a 
Find greatest value of term independent of x in (ssina + | а є К. 
3 


[4 


1 r 
Sol, Тра "C (x) 07" > (sin æ)’ -" (cos 4(2| 


> T, р = OC Gin)" (соз a)" 
=> 10-2r=0;r=5. 
> 10С, (sin a)? · (cos а)? 
(sin 20 y 
^ бышыгы" 
10 
Greatest value of T, , , = —, [sin 2a = 1] Ans. 


32 
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Illustration : 


10 
The term independent of x in the expansion of СЕ +1 -žl ) is 
ee ee 
(A) Т; = 210 (B) T, 2 — 210 (C) Т, = 180 (Р)Т,=- 180 


Sol. Ие have 


We have, 
T 


r+] 


= 6. (423)9-т, c x lyr — (1) 


loer r 


=10C x 2(-1) 
It will be independent of x, if 


10-т r 


mH x 2(-1) 
It will be independent of x, if 


= 20- 2" 3ғ = 0 = r=4 
Putting r = 4 in (1), we get 
Т, = 10C, (- 1)* = 0С, = 210. 


Hence (а) is correct answer. Ans. 


Illustration : 


= " 10 
The ninth term in the expansion of [pef M 4. goles + | is equal to 180, then x is 


(A) 2 (B) 1 (С) 4 (D) None of these 


Sol We have, 


[perm +3” srt) = 5+7 (61) t q' № - м} 


Here, Ty = 180 = "C 25777] (7t 1)" | 180 
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14 


x-1 
= "C. (25-1 7) (51-! + 1)! = 180 > шш = 180 
25°7' +7 ye 
> Gly, 4 > m 74, where y = 5*-! 
> y-4 43-0 5 у=31  — 358 =30r5S 1 =1 эў -15or$' = 5, 


Hence (b) is correct answer. Ans. 


Illustration : 


The coefficient of. x? in th expansion 


(1 + x) + 2x (1 +x)?” + 3х? (1 +x)’ +... + 1001x! is 


(А) C,, (B) "C, (© C (D) 1095С 

Sol Let S= (1 +x)! + 2x (1 + x)9 + 3x2 (1 + x)?’ +... + 10015100 2) 
PAN y1001 

Sol Let 5= (1 + x)'9? + 2x (1 + x)? + 3x? (1 + x) +... + 1001x1000 sx (1) 
х5 юм 

> ТД, (1 + х)? + 2x? (1 + x) +... + 1000x! + 1001 Пт... (2) 


After subtraction we get 


1001 


5 
—— ый quia 4x99 + x2 (14x99. 41000 _ | 
= ГҮҮ" (1 +x) х(1+х) x (1 + x) x 1001 123 
x 1001 
S iG y 
- ^m 1000 | лр 
> Тавь (1 + х) EE 1001 тте 
1+х 


> $=(1+х)!100— 1001 (] + y) — 1001 х1%01 
5 = (1 + х)1002 - 1002x109! — x/002 


Coefficient of x*? in S = coefficient of х?? in (1 + x)!?? = 10020» Ans. 
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Illustration : 


Find coefficient of x? in the expansion of (1 — x + x?) 


15 


So. (I-x*x!P = {1 + х(х— DP = °C, + OC x (х— 1) + °С хх? (х – 1)? + °С, х? (x - I +.............. 


Coefficient of x? = — 2°C,-%C, = – 20. Ans. 


Illustration : 


Find coefficient of x* in the expansion of (1 + x + x? + x3)! . 


Sok (1+х+х? + x)! =(1 x) (1 + х?)!! 


= ise Hp ПО qoe qo ef Pus 


(The terms which gives x^ are) 


= "С, + (ИС, x C) TC = 55 + 605 + 330 = 990. Ans. 


Illustration : 


Пена чая ах" ++. + ax? (n є М), then 
(a) а, та, Vd, da usns * ав, (b) Bg Oy T, нэн + ay, 
(c) а, та; Fd. ess +а,_} (4) d5 Td; tat анаа + a, 
2 2 2 2 2 
(е) dj d; E а. d wane Хав, 0 аа-аа, + аа, +........ 


(©) ад,-аа, +а;а,........ 


Sol. 
(a) Ay +a, +а, +а, +........ +а„=3"рш х=1 
(b) ау-а,+а,-а,+........ +а„=1 put х=-1 
3"-1 

(c) From (a) and (b) a, * a, * aj +........ а р == 

3" +1 
(d) From (a) and (b) ay + a, +а,+........ dub, = ш 
(е) (94433) BE OR 28 “лон + du 


1 а а а 
> 2n х?-х T 1)" = ар - +++ ...... += 
* х x к 


lt) 


(ii) 
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From (i) & (ii) 
1 1 п 
а, а а 
tere? (1-22) =(а, + ах + ах? +........ + ax?" )| а= =+—2+......+ 
x 23 E X х 
‚1. 4 2 ЦЭР” А2 2n a, | 0» 4», m 
= y" KRE Get O86 FON tuus +а, х^") ipee i DT t (їй) 


Compairing constant terms on both sides. 


2 2 APT 
aj- a? + а? = а; ........ +а„=а 


S 


Compairing coefficient of x in equation (iii) on both sides. 


ай, -аа, +аа; +........ =0 


(g) Compairing coefficient of x? in equation (iii) on both sides. 


аа. — аа; t ad, ........ ЗЭ ag OF , у. 


Practice Problem 


Practice Problem 


-$ 
1 

0.1 Find coefficient of x?? in the expansion of (1 + х?)# [x +2+ | 
х 


10 
x 3 
Q.2 Find term independent of x in n (5,2 | . 


10 
Q.3 Find the ratio of coefficients of x!° in (1—x2)!9 and term independent of x in (s К 2) 


Answer key 


QI NC Q.2  Noterm Q3 = 
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3.1 NUMERICALLY GREATEST TERM IN (x + у): 


T, , term is said to be numerically greatest for a given value of x, y provided Т,,, 2 T, and 
T T. 
T,,2T,, > 151 авмеПаѕ 21 
r г+2 
Tr uc ll ad Ure fy 
T ч (хуу r X 
Numerically 
greatest term 
is required 


Illustration : 
Find the greatest term in the expansion of (7 — 5х)" where х = 2/3. 
Sol Since we have to find numerically greatest term, 


greatest term in (7 — 5x)! = greatest term in (7 + 5x)! 


1 


Let r th term be the greatest term in the expansion of (7 + 5х)!! 
Now, t, = HC y (рн (5x)! = ЦЭЭР 712-r (5x)! (i) 
and (r+ Ith term, t,,, = C, (7)! (5x ... (il) 


t y “боо? (5)! 


La “0 prr 
t, _ adr T 
or T {12-210 zl .. (Hii) 
27 
or 2Ir 2 120- 10r or "23: 
t 21(r-1) _ 2411-21 


Putting (r — 1) т place of r in (iii), t. (12-(r-1)H0 130-10» < 1 


aZ | 
ог rs 31 ... (iv) 


From (iii) and (iv) r=4 


3 
Greatest term = t, = ИС, + 78 = —. 7%. 53 
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Illustration : 


Sol. 


10 
3x 
Given T, in the expansion of (2 + 8 has maximum numerical value find range of x. 


T,» T, and T,? T. 
10-3-1| 3x 10-441 
> 3 8x2 and 4 
= EIES and | X |< 
— 64 
=> x>2;x<-2 and "x sx 
Inter section 


-64 64 
zi 2 -2)-(z 7) 


Illustration : 


Sol. 
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3x 


«1 


x 2Y 
Find the index n of the binomial E + z) if the 9" term of the expansion has numerically the 


3 3 


greatest coefficient (n є М) (at x = 1) 


If T, is greatest term then 


Ty T, 
y] = <] 
Т, апа Т, 

п-8+1\2 2 п- 9+1 

—'5>] -15 «I 
| 8 JE and 5 | 9 | 
2п-14>8 апа 2n-16<9 
п> 11 апа 11 <п< 12.5 
п = 12. Ans. 
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3.2 BINOMIAL COEFFICIENTS & THEIR PROPERTIES : 


Propertices of "C, 


(1) Soma уа "C, has two solution x = yorx * y 7 n. 
ёр =" 


(3) nC, = : (2304) 


r 


"C | n-r*l 


4 
( ) st r 
Note : 
d ОА он, А 
deis nx 
n+l 
[» dx = +c 
n+l 


In the expansion of (1+ x)"; 1.е.(1+х) "= "Cot "OX + ........ POR Fert "OR 
The coefficients "Cy, "C, ЛС, of various powers of x, are called binomial coefficients and they are 


written as 
Oy Ga Guns 
Hence 
(I43) = CORDE H OK nt CR Forn t D n Cl) 
n(n - 1) 


Where C, = 1, C, =n, C 2l 


in — (п-г+1) C=] 


r r! > 7n 


Now, we shall obtain some important expressions involving binomial coefficients- 


(a) Sum of Coefficient : putting x = 1 in (1), we get 
Cort, + Су tt C, 222 EN VA 
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(b) Sum of coefficients with alternate signs : putting x =—1 in(1) 
We get 
Cor Ci + OC. tuus =0 42) 


(с) Sum of coefficients of even and odd terms: from (3), we have 
Cer Cr Crt uad PX oO Cot uuu ...(4) 
i.e. sum of coefficients of even and odd terms are equal. 
from (2) and (4) 
3 Cg us CEOE а” 


(4) Sum of products of coefficients : Replacing x by 1/x in (1) 
We get 


ЇГ С, © С 
(+2) = С, + = + 2+ "n. а ка .(5) 


Multiplying (1) by (5), we get 


je 


с 
CE = (Cyt Cc Ca.) Cyt 22-82) 


x" 


Now, comparing coefficients of x' on both the sides, we get 
Coo, Or OOF en ыб. 0 еи 
2n! 
= (п +г)!(п-г)! ...(6) 


(е) Sum of squares of coefficients : 
putting r= 0 in (6), we get 


Cot O EO р aa 
(f) putting r= 1 in (6), we get 
C; 0; PCC POC wen © =A _ 


_ 2n! 
~ (n^ t)! (n - 1)! Pre 


(p putting r=2 in (6), we get 
COP OO T EOS t O0 ей 


_ 2n! 
~ (n4 2) (n - 2)! ... (8) 
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Illustration : 


Sol. 


0052 => CAO + os + C x", prove that C; -C} +C} 


n! 


6 ЖАМАЙ — À P Á 
or CD v2)! (872)! 


according as n is odd or even. 


Since 
(1 - x = Co- Cx + Су - ...... чем 
and КЪ СаСО T uu С, 
Multiplying (i) and (ii), we get 


21 


+ CI: CD)" С? = 0 


fi) 
(Ш) 


(1 = x2)" = (С,- Сх + Ср? - ..... + I" С) (Cox + Ср! + С? +... + C) .. (iii) 


Now, coefficient of x" т К.Н.5. 
-02-07-С2-....4(-1ЛС2 
General term т L.H.S. -1Т,,, = "С, (32) 


= 223 574 x^ 
Putting 27 = п 


in 


r=n/2 
- /2 
То = "Cry ЄЛ" x" 


Coefficient of x" in L.H.S. = "C, (-1)"? 


(n/2)!(n/2)! (n/2)!(n/2)! 


if n is even 


0 if n is odd 
-(- — 5 sje 


But (iii) is an identity, therefore coefficient of x" in R.H.S. = coefficient of x" in L.H.S. 


> eet. HED = n! 


(п /2)!(п /2)! 


Illustration : 


Sol. 


| if nis odd 


(-1)"/? ——_——___ if nis even 


mtn = т т п т п п Ч , 
Prove that "*"C. С + t6 TC, PC. Lt Cs un + "С. ifr < т, г < папа m, n, r are 


positive integers. 


Here sum of lower suffices of binomial coefficient in each term is r 
i.e. rer-Itl2r-2t2*.... = г = 


since (1 + х)" = "UD d "Ox +... + С? $ "С. 4- Cx he 


and (1 grs REL SER FOE 4.55 FICH LI 
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T +"С x" (i) 


UC ...(ii) 


22 
multiplying (i) and (ii), we get 
(1 + хул - гс, + eC x +... + KC ott + Сы" + aC x Tues 
+... HMC XM) x (Co "Cx + "СХ +... + "С +... FIC м) — .. (ii) 


Now coefficient of x" in R.H.S. 
= т ‚п т п т п т af 
p ne Ч C FPPO. „+ СЛЕР „шь. б» NC 


="С_+"С_,"С,+"С,_,+"С,+..... "C, 


Coefficient of x" т L.HS. = ИИС, 
But (iii) is an identity, therefore coefficient of x" in L.H.S. = coefficient of x" К.Н.5. 
"M = С, + "С . "С, + ss . "С, + "S + цөл 


(h) Use of Differentiation : 
(Lie C RO acd D e e tt OF cnt е ~) 


Differentiating both sides of (1) w.r.t. x, we get 
п(1+ х) = C, +2C,x + 3C, x? +.....+ nC, x 7! 


Now putting x= 1 and x = ~ 1 respectively 


C.2C.43C.-..nC.2n2rl 4. (9) 
INOW рчишь = гаишчл--1 ICSPCUUVCLY 
QUID MOS nC o a (9) 
and = C,- 2C,+ 3C,-.......= 0 ...(10) 
(i) Adding (2) and (9) 
Cyt 2C, + 3C, +... (1+1) C, = 2 ™! (п+2) (11) 


Illustration : 


П + = бог Cet CX uo, + Cx", then prove that 
Cyt 265 3C, ИС, ЭРЭР", 
Sol. Given series is 
O t = С Cet Са Ux, +С.” 
then differentiating both sides w.r. to x, we get 
emo аЙ ар С, + 208+ ЗО o +nC,x 


Putting x = 1, we get 
nari, FOC, T 3€, и * nC 


or Ci 20; 36, + os * nC, = п.2"-! 
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Illustration : 


If il 43) € + 04 OR F ous + Сх", then prove that 
Cy * 2C, 9 JC, auus + (n I)C, = (n + 2227 . 


Sol Given series is 
(4 #5)! = Og At dogs + С 
Now replacing by x! and multiplying both sides by x!, then 
О ay? "Oa FO +... $m 
Now differentiating both sides w.r.t. x, we get 
S.A "EUM IRO 20x 430324... + (n + Cx" 
Putting = 1, we get 
nO v2 oO 26, 30, +... + (n + DC, 
or Су T 4C, +3С>+ шан + (n + С, = (n + 22"! 


Illustration : 


If (1 + x)" = Co + Cx + Сз? F asas + Cx" then prove that 
Gy BC, FICS uus + (2п + DC =n [2 


Sol The given series is 
(tgs С, HOAs CH E шь RCA 
Now replacing x by x? 
then (i F mE Сее бай +. $E 
multiplying both sides by x! , we get 
$U 43504 UP OP Pas cat 
then differentiating both sides w.r. to x, we get 
xat vt^. dor (12у = Cyt IOR FSCS Fus + (2п + DC x^" 
Putting x = 1, then we get 
л,197,,2- @#= О RID, JC uu. (2п + IC, 


or Cyt 3C, * JC, uu (2n + DC, = (n + 1) 2" 
Illustration : 


If ü xt v6 Сы + Сх" then prove that 
(1.2)С, + (2.3)С, + ...... ((n- 1). n) C, =n (n- 1) 27? 


Sol The given series is 
С +) нЕ Си 2 0745 ЭРЭН та 
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24 


Differentiating both sides w.r. to x, we get 
па -040 t ZU xt 3C us. +в 
again differentiating both sides w.r. to x, we get 
п (п- 1) (1 * x)? =0 +0 + (12)C, + (2.3)С,х * ...... + ((n — 1).n)C,x"? 
Putting x = 1, then 
п (n— 1) (1 + 1)? = (1.2)С, + (2.3)С, + ...... * (n - I)n C, 
or (LCs + COC, F ан +(n-In.C,=n(n-1) 2". 


Illustration : 


LL 3r» Cyt CRA Cw OP + „ы + Cx" then prove that 


C, + 2C, + 3C,- 4C, +...... + (CI) (п + 1)C, 0 


Sol. The given series is 
(f+ t= C+ Cat Colt Су? + ..... +С?” 
Multiplying both sides by x, then 
ПЕСО cs Date uuu i P^ 


К а Сх vox Ds wg + uus Жэт? 
Differentiating both sides w.r. to x, then we get 

ЖИ RI? STA NUT бу» 2 Sou TI uus + (n - Сх" 
Putting x = –1, then we get 

0—-C,-2C, t 3C, 4C, * ...... +41) (n+ 1)6, 
ог Co- 2C; POS EC. +............ FD" (п + DU. -0 


Illustration : 


If (1 + x) = С, + Cx + Сл? + Су +......+ Сх" then prove that 
Č = 26, + 30, CI)" n C, =0 


Suh (1 +x)" HC, + Cx + Са? et Ан + Ск" 
Differentiating both sides w.r. to x, we get 
ВИН БОСС uos + nC х"! 
Putting x = —1, then we get 
0= C,- 2C, + 3C, - ...... + (7I)! nC, 


or С,-2С,+3С,-..... + CI) 0 C, = 0 
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Illustration : 


ГО tx'-C;*CxtCX + Cy? + |... + Сх", then prove that 
C= 3C, FEC, = + C1)" (2n + 1) C,=0 
Sol The given series is 
(L Fa) mi + Єх HOA Ca? P uuu + C,x" replacing x by x? then 
ДУРНО ^ C Ja унш + б" 
Multiplying both sides by x, then 
x (1 dq = Cy + Са + C? de uus p am 
Differentiating both sides w.r. to x, we get 
xni a) 2n (l = С, 4305-5402 T... tZ DC a” 
Putting x — i in both sides, we get 
ОФ 0945,30, t SUA oun + (2n + 1) CD" C, 
or C5;-3C, + 5€,- иш. + (417 Qn * 1) C, =0 


Illustration : 


If (1 + x)" = Co + Cix + UO uu. + Сх" then prove that 


=J 
C? 2C +3С? зый? = COD 
° ((n—1)! Y 


C; *2C; FICS +...... nC; = ————5 
1 ((n— 1)! )' 
Sol Given (1-Бд С, Cat х! Со? P +С” 


Differentiating both sides w.r.t. to x, we get 
ñ (1 FA) OPC, + ZC 36a + us Tac v 


= я(1 tart €, e 26A ЭС" Vas + nC x”! si) 
and (rx drm Салж Ca? б” Cm quus +С, ..(@) 
Multiplying (i) and (ii), we get 
n lx = (С, + 2°Сх + >... tac yr) 
e ID EOD d art ESL +С) ..(iii) 
Now, coefficient of x'-! on R.H.S. 
C; -* 2C; * 3C; +......+пС? 
and coefficient of x"! on L.H.S. = п. ?"!C, , 
M (2n-1)) | (2n-1)! _ (2n- I)! 
(n-1)!n! (n-1)!(n-1)! ((n-1)! Р 
but (iii) is an identity, therefore the coefficient of x"! in R.H.S. = coefficient of x"! in L.H.S. 


2 2 2 2_ (28-17 
C; - 2C; +3С; +...... +пС  =———— 
7 Дан Зан, "Эн Л (1-1) ) 
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Ф Use of Integration : 


(Ix) CC xt Ot... ан CxO 


Integrating (1) w.r.t. x between the limits 0 to 1, we get, 


n4l 3 n+l 


С, C5 C, 27" zuf 
+— +—2 ++ —— 
ы Co 2 3 n+1 n+1 


Integrating (1) w.r.t. x between the limits —1 to 0, we get 


n+1 0 2 3 n+l 0 
(«xy 77 = GC Ru ...... n _ 
п+1 |. 2 3 1 


б, S82 Са, (76, 
— TIT 10а = 
2783 пат (n+) 


Illustration : 


с с C, 2-1 
If C, ="C,, then prove that че al — TÉ Lr 


Sol. Consider the expansion 
(== С Cae СД ST us +С" 
Integrating both sides of (i) within limits 0 to 1, we get 


"(1 xy" dx = | (Cy + Cx + Су? +... + Crd 
|, € х) = | © х + С? uuu х”)ах 


nel ! 2 3 n+l ! 
Ён | [os ££ UE. 7" UE. | 
n+l " 2 3 : 


nl 
z Р 2? + C, 
п+1 2 3 п+1 
с С. С 2" =] 
Н С +—+-2+...... +— = 
"ше YU Ps n+l. n+l 
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n+]! 2 3 n+l 
и ense E u E 
0 


stil 


(1) 


...(12) 


(13) 


27 


Illustration : 


n 


С. С 1 
Prove that С,- > + — NN + (C1) aem. 


3 


Sol Consider the expansion (1 + x)" = C, + Cx + Cy? + ...... + Cx" 
Integrating both sides of (i) within limits —По 0, we get 


Г (1 + x)" ах = |; (Су CAT Caf uos + Cx") dx 


„0 2 3 п+1 0 
> Per) Coo pe +... цэн, 
P 2 3 |, 


nl nl 
1-0 C. € C 
——=0-| -С+-—1--2+...... 1)" —— 
=> "Ur. | 0 2 (-1) £) 
С С 
—=С-—+-2-....... 1)" —— 
FE п+1 ^? 2 3 ici nl 
Hence ёо дБ. — TE AR В 
2 4 ntl n+l 
Illustration : 
C; ‚С; ‚©, p" 
e +4 +......= 
Prove that “нэг ха "TE 


Sol. | Consider the expansion 
Пв = O EOS 625 Rcs Roh + wx +С" н 
Integrating both sides of (i) within limits —1 to I, we get 


Га + х)" dx = Г (C, * Cx + Со Cu + Cpt + 2 + Сл") dx 
- (Git Caf С TN а + | (C € Су? + T ) dx 


-2 Г. (C, + Cy? + Caf + .....)ах +0 (Byprop. of difinite integral ) 


(since second integral contains odd function) 


п+17]! 3 5 ! 
мэн -2 ф 2 Ue +...... 
ntl |, 3 5 


С, С 2" 
Непсе гаг." шин ETT 
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Illustration : 
Pa > y= бул Cet C +... + Сх", prove that 


: ,3€ Me aule antl 241 
+ 32 = А. LLÉ = ——— 
ams 4 d n+l n+l 


Sol. Consider the expansion 
(Lam Ct Ct Ca E Со? +... TO 
Integrating both sides of (i) within limits 0 to 3, we get : 


3 3 
[atta Ee Ot HE Oa +... айна 


п 3 2 3 4 п 1? 
Ыза” „б ЕЁ 1852 pee Toss LET. 
n+l 4 2 3 4 п+1 , 


...... 


3 4 п+1 


4j" =] 32 
+ 
n+l 


гт APUL. BUR gne 
ELM. 


ala ata ad om anal =~ anal 


SUC SC se aC, 4"-]I 
е + += t +......+ r= 
Henes: BE 2 3 4 n+l n+l 


Illustration : 
Prove that "C, + 2C; + АС. = Pe 


Sol. 96, + 256, + ир, - (°С, + ЭС) + EC. + шел) = "T + 6. = ne Ans. 


Illustration : 


E 3 (£ 4" а) (“Se 2 (15)* " и 
"С, с. |е "С 14! find value of n . 


dac m С 
Sol. Given product series may be written as [ese 


r=! 


л n+l "nl (n*1) (n+1) (п+1) (n*1) (п+1)" 


1 2 3 м Л =» п = 14. Ans. 


p.) 
" 
~ 
= 
Д ) 
1 
- 
= 
и 
~ 
™ 
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Illustration : 
Find the sum of S="C, + 2C) + 3 (C) + ............ + (п + 1) (С). 


Sol. Given sum may be written as 


S= Yes) - Yr(c)s (c) - Èr (Cez 


=n Y^ !C, ,*2' =n: 2"-! + 2", Ans, 


r=0 


Alternate Method : 

Consider ата =“С„х PRO ees HIC аг" 

Differtentate w.rt. х (1 +x)" + nx (1 +x)! = КОРЕ Ge T sus + (п DC x" 
Put x = 1 to get apu tw OC) +3 (С) +........... + fat DCC) = т +2" 


Ans. 


Illustration : 


"C "С ЯС 
Rind vahin Af orm ЕР 


wn tan tarm 


"бы. Qu. bu 
Find value of sum —*+—++—...... up to n term 
2 3 4 
ФАШ. о. д 
Sub S= ЕЕ, 
и 2 3 4 
_ п "Є, 
—r-2 
Consider x4 due OC aestate OL n seu PAG att 
Intergrate both side w.r.t x 
1 1 
[х(1+ х)"ах = [d Cet" Or +......+ "C x"! )dx 
0 0 
x(14 x)"! 1+х rd — ECT з ! 
> О Кы ) d E 
nl 5 & me 2 3 " 
2'+! gira 1 п С, п С, п С, 
”т -а-----т-т--22-1т|5-24-24..22228--2- 
п+1 \(n+1)(n+2) (п+1)(п+2) 2 3 п+2 
2"! 27? 1 
— 


= Atl Гаа) тазаа) 
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Illustration : 


Find sum of series S="C, + 2:"C, * 3: "C, +... TC 


Sol. S= Lec, = 26, "s — ЭЭ ж... 


r=! 


= п 2"-! 
Alternate Method : 
Е ce е аа nc 
ЮҮ" 5E (И = TP T ans *05 ^6, 
= 25 =n "C nC. Роды Ta 


= 8-2 PD LEE) 


E S--—2' 


An Important Result : 


An Important Result : 


For sums involving product of two binomial coefficients use 


n m n m n m n m = МП 
C, C, + C, Cd C, 54:44 мэ + C, Cy C, 
Proof: Consider two series 
ncn n n 2 n k n n 
(1 х) PCy + OC xX "С, x t. АС oues +С x 
т = т т т kim k-1 m 
(1 +x) C ab QUT TO C POLEN C ини +С, 


Here second series is written in reverse order. 
Multiplying (1) and (2) and equate coefficients of x* on both sides to get 
mon who mo HEC, “ЯС, (Яла + C, "Co: 


Illustration : 


Find the sum 5 = "C/C, + "C/C, +......... TG. 
Sol X€e"C,C. РС РО. oos *^C gy C, lC, -"C 4 


If sum of lower suffices is constant then 


—-n*n = 2n = 2п 
> 5 С _1 Cd C 


n+ pp ANS. 
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Illustration : 
Find the sum 5 = 1: (CP + 2+ (С)? + 3+ (ФС)? + asian + (п + DCC! 


Sol. Given sum may be written as 


5 = Sr(a or S= Y (н. ^e je. ав вы P» п." С. eC, 
r=] 1 ra 


r= 


n n 
or бп "C-C =a) бы "С. m S=n-*-IC__ Ans 
r=] 


r=! 


Illustration : 


п n 


If (1 + x = С, + Cy +...... + Cx", then the value of AC, * C, ) is equal to 


rz) з=) 
(A) (n + 1) 2"! (B) (n — 1)2"! (С) (п + 1) 2" (D) none of these 
Sol. We have, УУ, +С,) 

rz s=() 
diei Hie iiie: 

к=) s-0 г-0 s=0 $20 \ г-0 г-0 \ «20 ez rah 
-УУс Уус -33 61336) -Уг-У? 

rz0 8-0 r=0 8-0 $20 N г=0 r=0 N 5=0 s=0 г=0 


= (п + 1) 2" + (п + 1) 2" = (п + I) 2"! 
Hence (A) is correct answer. 


Illustration : 


Lea = C, t Cx tuus + Cx", then the value of Y $60 is equal to 


05г <55п 
(А) Їр» _ ЭС) (В) 1 pas _ мо ) (C) Їр» + С] (D) Їр» = mc] 
2 4 2 ! 2 ! 


Sol. Ие have 


n 


сс, (Ze oz сс, 


re 8-0 rel) Osr <ssn 


> 22" = ЭС, 4 25 6,6, 


Osr <ssn 


> LXcc-u-"G] 


Osr<ssn 2 


Hence (A) is correct answer. 
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3.3 АМ IMPORTANT CONCEPT : 


Finding nature of integral part of expression. 


N= (a Je (n є №) 


Step-1: Consider N'= (a - Je or (/5-4/ according as a> vb or Jb >а. 


Step-2: Use N + N'orN- N'such that result is integer. 
Step-3: Use fact N =I+ f 
Т stands for [N] and 'f for {№}. 


Illustration : 


For n € N prove that integral part of N — (3 +7 y is an odd integer. 


Sol. Consider N' = (3 sx | 


N= "С, 3" +C, 3"-1 ec 31-27) +... "С, (ү7) 
N' "С, P "С, 38-17 “ис, TY +........... -"c, (Г). 
Using N + М' = 2 PC,3 + "С, "-2(1} s] 

> N+N'=2k (єй э I+f+N'=2k _ (N-I*f 


0<N<1I1>0<f+N'<2 
But f+ N'it self an integer f +N = 1 >1+1 = 2k orl = 2К— I. 


Hence proved. 
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Illustration : 


Show that integral part of P = (3 ET s *! (n e N) is an even number. 


Sol. Consider P' = (а ш here0 < P'« 1 


> — I*f-P'-2k(k є № 
-I«f-P'«Ibutf- P'isaninteger > f -Р’=0=>1= 2k. 


Illustration : 
Let N — (7+ 443| =1+/ (п eN), then find the value of (1 —f) N. 
Sol. Consider N' = ( EV NI Ї 


Using N+N'=2 °C, т &"C,7-? (413) +.....] 


an To fit AM — Ob ЛЬ — и 


Illustration : 
Let N = (7«443] =1+/ (n eN), then find the value of (1— f) М. 
Sol. Consider М ' = ( 7 443| 


Using N +N'=2 С, "С, ™-? ( /3| +...) 


ог I+f+N'= 2k (К є 1) 
ок /+М'=2К-1 
but 0<{+М'<2=/+М'=1ок]= 1-М'. 


(1-PN=N'N= (1-443) (rea S] = 49-48)" = 1. 
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Solved Examples 


Single correct question 


20 
. Value of middle term of expansion б] фих= pis 32:7°C,, value of'p' is 
3 2x 


1 1 
(A)2 (В) 5 (С) 42 (0) 4 


Sol. Here n =20 so no of terms will be 21 then middle term t, = t,,, , = Суох” 


Q2 НЬ, 5 b, are in С.Р. with common ratio '2' then b, "C, + b, "C, +...... Vb rM m 
b Ы in 
(А) > (3") (B) b, (3") (C) b, (3^ 1) (D) 5 G^-1) 


Sol Ы "C| +b, "С,+...... +b, "C, =b, ("С + 2(°C,) + 22 (Cj) +...... + 21 C.) 


E x | "4 E n ^n тэр сод Е i хо ду =p 


- P t ep = 1-1) 
2 2 


a-n 
03 11 +ах)'= 1 + 8х 24x? ...... then "PT" is equal to 
1 1 
(A)3 (В)-3 @-7 (D) 5 
Sol. Тах у +"C, Gert... = 1+ 8х + 24х2 +......... 
Ву сотрагіѕоп 
> 518545 за (1) and "С,а2-24 .... (2) 
By equation (1) and (2), we get 
n=4 and a=2. 


n 
Q.4 Inthe expansion | x? + = (n є №) has 13" term independent of x, then sum of even divisors of n is 
р x р 


equal to — 
(A) 39 (B) 63 (C) 13 (D) 26 
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бо ty =80 2 >  2n-36-0 ог п= 18 
n=18=2! x 32 
sum of divisors (even) = (21) (3° + 3! + 32) 
=2х 13=26 
0.5  Cofficient of x’ in the expansion of (1 —x^) (1 +x)? is— 
(A)27 (B)-24 (С) 48 (D)-48 


So. (1—x4)(1 +x)? =(1+x)?—x4 (1 +x)? 


cofficient of x! - 9C, °С, =—48 


0.6  Cofficient of x! in 1 c (1-- x) * (1 x * (1 xy ...... (1 +x)" (n> 100) is ?!C,o,, then n= 
(А) 100 (B) 200 (C) 101 (D) None of these 
Sol  :Coffiplentof xac 100C oo О, io ioo 


= НС m C = —n-200 


Multiple correct type question 
07 Cofficients af three consecntive terms in the exnansion of (1 + xY are in the ratin 1:7:42 valne nf'n' 
Multiple correct type question 


07  Cofficients of three consecutive terms in the expansion of (1 + x)" are in the ratio 1 : 7 : 42, value of'n' 


is always less than or equal to — 


(A)55 (B) 54 (C) 56 (D)51 
Sól "C (:"C:"C 137342 => п= 55 and r=7 
200 
Q.8 = E where {x} factional of x then possible of middle term in (2 + 5х)72% is — 
(A) 5th (B) 7th (C) gth (D) 6th 


Sol 3200 = 9100 = (1 + 8)!00 = 1 + [10C] 8 + 1000, 82 ......] 


3200 1 
^ ЇЕГЭ 


(2 + 5х)/29 = (2+ 5x)? 
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0.9 Third term in the expansion of (x + x 810% y is 106 then possible value of x are — 


(A)1 (B) 10 (C) 1052 (D) 106 


So. Т,= 5С, x? (conos Ї = 10-x3*2!9810% = 106 


=> х?*?!ошох = 105 taking long on both sides given 
5 
(3 + 2 log,, x) log,, x =5 => logox-71 ог -2 
010 Ҥ(1+х+х?+х%у=С,+С,х+С,х?+...... + C4, х?" then which of following are correct — 
(A) бут Ct G, + +C,,=2™ (В) Cot Ci t Ст сах =C,+C,+C, 
(С) С, = С, С, = Cz, С = C4, (D) None of these 
Sol. Putx=1 to get = OE, TOM «өө, TC += 
Put x =-1 to get = Сул + Goin SC FC +С, au 
Paragraph type 
Paragraph type 
Paragraph for question nos. 11 to 13 
n 
Let P be a product given by P = (x + о) (x + oo) ...... (x * a) and S, 2 a, * o, * ...... Tm Уо 


5, = УУоа; 5; = > YD оо ак and so on then P = x^ + S, хт! + S, x^? ,..... +5 


i<j i<j<k 


0.11  Cofficient of x? in (x + 2)? (x + 3)? (x + 4) is- 


(A) 26 (B) 27 (C) 28 (D) 29 
0.12 Cofficient of x29 in (x — 1) (32 - 2) (х? - 3) ...... (x29 — 20) is - 
(A) 11 (B)12 (C) 13 (D) 15 


Q.13 Cofficient of x* in (x - 1) (x - 2) ...... (х- 100) is 
(А) 12--22--32--...... + 1002 
(B) (1+2+3+...... +100)? —(12+22+...... + 1002) 


(С) 5 +2+ — + 100)? - (12 + 22 +...... +100?)] 


(О) None of these 
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Sol. (i) (CHE 4+ 4х) (х9 + 3с, х?+...... Она ) expand suitably 


Gi) — (x— 1) (x? -2) (x3 -3) ...... (x29 — 20) 


210 1 2 20 
=X ( EJ -2) 448854 \ -28| 
(iii)  Cofficient x?* in S, in prodct (х- 1) (х-2)...... (х- 100) 


[(1+2+...... + 100? - (12+22+...... + 1002)] 


Match the Column 
Q.14 


Column-I Column-II 


(A)  Cofficientof x? and x? are equal in the (P) 9 


n 
expansion (3 + x) value of'n is 


(B) nC. = 990 then п is divisible hv (0) 45 
(В) "С, =990 then nis divisible by (Q) 45 
(C) — Cofficient of x? and x? are equal in expansion (R 7 
9x Y" 

of (3 + 2x) then m is grater than or equal to (S) 55 

(0) ?C,-?7C,- 1 then р is less than (T) 15 
31-7 31-8 
Sol. (A) “Су = "С => n=55 


(В) "С,=990 = n=45 

3m*2 _ "c 34m*3 
mU = 

(D C=C, +1 or — PIC + PIC, = PIC +1 


© "C, =>  m-9 


=> FC -1 or p=7 
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Reasoning type question 


015 Statement-1: 9C, РС +C PO y+ uuu +20C 15C, has maximum value C, . 
Statement-2: "C, "C, ^C, "C. + °C, "С, ...... +C Cy, wmoc 
(A) Statement-1 is true, statement-2 is true and statement-2 is correct explanation for statement-1. 
(B) Statement-1 is true, statement-2 is true and statement-2 is NOT the correct explanation for statement-1 . 
(C) Statement-1 is true, statement-2 is false. 


(D) Statement-1 is false, statement-2 is true. 
Sol S, is true as У > " C, E^ where г, +r, = К (constant) is equal to "С. Sum given in S, is equal to 


35 
e 
. [#100 100 100 100 : - 
0.16 Statement-1: If "C, "C. ,, "С, and C are in AP then r= 49. 
Statement-2: Four consecutive binomial cofficient can never be in AP. 
(A) Statement-1 is true, statement-2 is true and statement-2 is correct explanation for statement-1. 
(B) Statement-1 is true, statement-2 is true and statement-2 is NOT the correct explanation for statement-1 . 


(C) Statement-1 is true, statement-2 is false. 


(C) Statement-1 is true, statement-2 is false. 
(D) Statement-1 is false, statement-2 is true. 


Sol. 2- o ied = "C + О A 


r-l |99-r 
+ 


Bd -100-r r+2 


which has no solution 
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Appendix - I 


THE PRINCIPLE OF MATHEMATICAL INDUCTION : 


Mathematical induction is a technique for proving any statement any theorem, or a formula that is asserted 
about every natureal number,. 

By "every", or "all" natural numbers, we mean 

any one that we might possibly name. 


For example, 


1+2+3+......+п= 4 (ааа) 
2n 


This asserts that the sum of consecutive numbers from 1 to п is given by the formula on the right. We 
want to prove that this will be true for n = 1, n=2, n=3, and so on. Now we can test the formula for any 


given number, say n = 3. 


1+2+3= = .3.4=6 


Which is true. It is also true for n = 4. 


Which is true. It is also true for n = 4. 
1 
1+2+3+4= 2 :4:52]0. 


But how are we to prove this rule for every value of n ? 


The method of proof is the following. It is called the principle of mathematical induction. 
AXIOM OF INDUCTION : 


(1) when a statement is true for a natural number n = К, 
then it will also be true for its successor, п = К+ 1, 
and 

(2) the statement is true forn = 1. 


then the statement will be true for every natural number n. 
To prove a statement by induction, we must prove parts 1 and 2 above. For, when the statement is true 


for n= 1, then according to 1, it will also be true for 2. But that implies it will be true for 3 which implies 
it will be true for 4. And so on. It will be true for any natural number that we migth name. 
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Appendix - ТТ 


BINOMIAL THEOREM FOR ANY INDEX : 


When п is a negative integer or a fraction then the expansion of a binomial is possible only when 
(i) Its first term is 1, and 
(1) Its second term is numerically less than 1. 

Thus when п ¢N and | х | < 1, then it states 


-1 1 2 1)(п-г+1 
(1+ х) 1 +ах+ у а 0000-2) х?+........ шышы. X' +.....0000 
1.1 General Term : 
_ n(n - f)(n 2).....(n -r +1) 
dei да аг х! 
Note : 
(i) In this expansion the coefficient of different terms can not be expressed as 


"Co" C,, "C.... because n is not a positive integer. 
(ii) In this case there are infinite terms in the expansion. 


(ii) In this case there are infinite terms in the expansion. 
1.2 Some Important Expansions : 
If| | < Тапа n = О butn ¢ N, then 


-1 1 т 
(а) (1+х)"= 1 +ах+ ш д n(n = 1)...(n =F +1) 


xt 
s ang 


1 2 - 
@ бр д, ыйыгы ni, 


Gb лс. шон х2 + + +2) з. п). г) г, 


у Хез т 
1 1 2 1 1 
(4) m o ED эу өө "теч, х) +.. 


By putting п = 1, 2, 3 in the above results (c) and (d), we get the following results- 


(е) (1-ху!=1+х+х?+х?+....+х'+..... 
General term Т, = x' 


(f) (1+х) 1 = 1- x +x% x3 +....(-х) Pt... 
General term Т = (-x)" 
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(g) 


(h) 


(i) 


0 


(1-x)? = 1+2х+ 3x? + 4х3+.....+(г +1)х"+..... 
General term T „| = (r+1) x" 


(1+х)-2 = 1-2x+3x? — 4х3+.....+(г+1) (х)... 
General term T, , = (т +1) (-x)'. 


г+1)(г +2) г 
(1-х)-3 = 1+3х + 6х2+ 10 x? +......+ C. d ani 


г+1)(г +2 
General term = CH 


1)(г +2 
(1+х)3 = 1—3х + 6х2— 10х3 +... „ш 


(r+ 4)(r +2) 
General (егт = 775, — (-X). 


(7x) +... 


Illustration : 


Sol. 


Sol. 


1/2 
If |х| < 2/3 then the fourth term in the expansion of 0 ыг 3 is— 


Illustration : 


Sol. 


27 27 81 81 
Шэнэ «e me 3 а | aiam, M 
(A) 125 X (В)-126 Х (C) 556 X (0)-:56 X 
1/20/2-1(1/2-2) (3x Y 27 
T, al S = Vet 
27 27 81 81 
a And prm ый Ead 
(A) 126 X (В)-т% к (C) 556 X (D) 7556 Х 
|120/2-1(2-2) (3x 77 , 
T, = 3! 2 = 128 X 
1-хү 
The term independent of x in the expansion of (=) is— 
(A)4 (B)3 (С) 2 (D)1 


(1- x (1+ х)2 


> (1- 2x + x2) (1-2х+х2+....) 
= so term independent of x = 1. 


Illustration : 


Sol. 


The coefficient of x? in the expansion of (1— x) $ is — 
(А) 1260 (В)- 1260 (C) — 252 (D) 252 
X5 occurs in T, of the expansion, so 


6.7.8.9.10 


Tela sa X 2328 


Coefficient of x? = 252 
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Ans.[A] 


Ans.[A] 


Ans. [D] 


Ans.[D] 
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1.3 Applications of binomial theorem : 
(1) With the help of binomial theorem, we can find out the value of sq. root, cube root and 4" root 
etc. of the given number upto any decimal places. 


Illustration : 


The value of cube root of 1001 upto five decimal places is — 


(А) 10.03333 (B) 10.00333 (C) 10.00033 (D) None of these 


..... 


мэ аан Ll (1 1 , 1303-2 1 
Sol  (1001)2-(1000«1)2 = 10 | 154600 = 10 — Lus 


10 {1+0.0003333 — 0.00000011+....} 
10.00333 Ans.[B] 


(ID To find the sum of Infinite series : 


: | Р . . : n(n - 1) 
We can compare the given infinite series with the expansion of (1+ x)" = 1+ nx + ^ 


: РЕ : А : n(n - 1) 
We can compare the given infinite series with the expansion of (1+ x)" = 1+ nx + 21 


x? +..... and by finding the value of x and n and putting in (1 + х)" the sum of series is determined. 


Illustration : 


1 13 1.3.5 Я 
Тһе вит оР1 +7 * ув + 4812 + .....00 15— 
1 
(А) {2 (В) 7 (С) уз (0) 222 
: 1 n(n - 1) 
Sol Comparing with 1 nx + ^ 5, ХЭ... 
пх = 1/4 (1) 
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n(n - 1)x? 


and M ч 1.3/4.8 
nx(nx-x) 3 1(1 3 
ог паю i э 1-6 (бу (1)) 


LM _ 3 24. 3 of 
=> Ё к) х 123.21 (2) 


putting the value ofx in (1) 


п (-1/2) = 1/4 = п=- 1/2 
sum of series = (1+х )" 
= (1-1/2)? = (1/22 = Jo Ans.[A] 


(Ш) Approximation: 


Illustration : 


If x is so small so that its square and higher power can be neglected. 


If x is so small so that its square and higher power can be neglected. 


2x 


=5 
c | +(4+2х)!? 
Find the value of 3 i 


(44 x)? 


Sol. | -— ———— Л ^. ЭШЕ?! ТШШ 
(4+ х)?? {+ 3 


_ 31-17 з) _ 1-17 зх) _ 72-95х 
m$ 18 8/ 8 18 8/  24x8 
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PERMUTATION AND COMBINATION 


FUNDAMENTAL PRINCIPAL OF COUNTING : 


If an event can occur in m different ways following which another event can occur in n different ways, 
then total number of simultaneous occurrence of both the events in a definite order is (m x n). This can 
be extended to any number of events 

Eg : For an event to be occur in т, m», ...... ‚ т, ways then number of ways is m, x m, ...... m 


Important Point : 


FPC (Fundamental Principal of Counting) is used to count some event without actually counting 
them. 


Let us take help of some model. 


Model- I : Find number of ways of in which one can travel from T, (town 1) to T, (town 3) via T, (town 2). 


Total ways : — 


ап 
[r]- 85,7 8-17 
1-41-47] = 6 ways 


Itis easy to proceedbyFPC Т, to T, — 3 


T,to T, —2 
Total ways =3х2=6 


Print to PDF without this message by purchasing novaPDF (http:/Awww.novapdf.com/) 


Model- П: 
(i) To find the number of ways by which a person can enter and leave cinema hall by a different door. 
D, 
D, 
D, 
D, 


Cinema Hall 
D, 
QE? 
D 
D, 
Cinema D, 
a —O<. 


D 

' 4+4+4+4+4=20 
бус? 
р 


Ву ЕР.С. 
А person can enter in cinema hall by 5 ways & leave by 4 ways = 5 x 4=20. 


(ii) If he can enter and leave by any door then number of ways = 5 x 5 = 25. 


(ii) If he can enter and leave by any door then number of ways = 5 х 5 = 25. 
Basic Steps to Remember : 


Step-I : Identify the independent events involved in a given problem. 
Step-II: Findthe number of ways performing/occuring each event 
Step-III: Multiply these numbers to get the total number of ways of performing/occuring all the events 


Illustration : 
How many 3 digit numbers can be formed by the digit 1, 2, 3, 4, 5 without repetition. 


Sol. | Hundred's place digit can be selected in 5 ways. 
Ten's place digit can be selected in 4 ways. 
Unit's place digit can be selected in 3 ways. 
So, 5x4x3=60 


Illustration : 
In an examination of 10 T/F question, How many sequence of answers are possible. 


Sol. Апу question can be answered in two ways , i.e. true or false. 
So total task of anwering tan question can be done in 
2€*2X29,.. 10 times = 21 ways 
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Illustration : 
10 students complete т а swiming race. In how many ways can they occupy the first 3 positions. 


Sol І place can be occupied in 10 ways 
2"4 place can be occupied in 9 ways 
3'4 place can be occupied in 8 ways. 
So total number of ways = 10 x 9 x 8 720 


Illustration : 


There are 7 flags of diffrent colour. Find the number of diffrent signals that can be transmitted by 
the use of 2 flags one above the other. 


Sol. 18 place can be occupied in 7 ways 
274 place can be occupied in 6 ways 
So total number of ways = 7-0 = 42 


Illustration : 


A letter lock consists of 3 rings each marked with 10 different letters. In how many ways, its is 
possible to make an unsuccessful attempt to open the lock? 


e v ^ , 1 ! .. ‘ a Га! , 1 rin Prr a Powe 


possible to make an unsuccessful attempt to open the lock? 


Sol. 2 ring may have same letters at a time. One ring can have any one of 10 different letters in 
10 ways. 
Similarly 2"4 and 3"Ч ring can have any one of 10 different letters т 10 ways respectively. 
Total number of attempts = 10 x 10 x 10 = 103 = 1000 
But out of these 1000 attempt, only one attempt is successful. 
Required number of unsuccessful attempt = 1000-1 = 999 


Illustration : 


How many 6 digits odd number greater than 6,00,000 can be formed from the digits 5,6,7, 8, 9, 0 
if repetition of digit is allowed ? 


Sol. Numbers greater than 6,00,000 and formed with the digit 5, 6, 7, 8, 9, 0 are of 6 digit but begin 
with 6, 7, 8 or 9. 
Also, the numbers which end with 5, 7, 9 are odd. 
Hence, first place can be filled by 4 ways (out of 6, 7, 8 or 9). Last place can be filled by 3 ways. 
Hence, first and last place can be filled by 4 х 3 ways. 
Also 2"4 place can be filled by 6 ways. 
3'4 place can be filled by 6 ways 
4" place can be filled by 6 ways. 
5" place can be filled by 6 ways 
Hence, all the 6 places can be filled by 
4х3 хбхбхбхб = 15552 ways. 
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Illustration : 


How many integers greater than 5000 can be formed with the digit 7, 6, 5, 4 & 3 using each digit 


at most once. 


Sol. For 4 digits number => First position can be filled by 7, 6 or 5 (that is in three ways). Hence 
4 digit number - 3 х4х3 х2 = 72 
5 digit number = 5 x 4x 3x2 x |] = 120 
Total number = 192 


Illustration : 
How many natural number less than 30000 can be made from the digits 0, 1, 2, 3, 4, 5, 6. 


Sol.  Leta five digit number be denoted by 


[a|b [c [4 [e] 
Each of the places can be filled by either of 0, 1, 2, 3, 4, 5, 6 in 7 ways. 
The place marked by "a" can be filled by the digits 0, 1 or 2 (since number is to be less than 30000) 


Each of the places can be filled by either of 0, 1, 2, 3, 4, 5, 6 in 7 ways. 

The place marked by "a" can be filled by the digits 0, 1 or 2 (since number is to be less than 30000) 
Hence number of intergers -1х7х7х7х7 -3х7 

In these numbers one case includes "00000" which is not a natural numbers 


Hence number of natural numbers = 3 x 74 – 1 


Illustration : 


Consider the word DAUGHTER. How many 4 letter word can be formed from the letter of above 


word so that each word contain letter G. 


Sol. 4 possible positions for С. 
Remaining threeby => 4х 7x6x5 = 28 x30 = 840. 


Alternative method : 

Total number of ways by which 4 letter word can be formd = 8 x 7x 6x5 

Number of four letter word without G = 7 x6 x 5 x 4 
=8х7х6х5-7х6х5 х4. 
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Illustration : 


How many diffrent words can be formed using all the letters in the word " MIRACLE". 
(a) If vowels may accupy the even position. 
(b) If vowels may occupy odd position. 


Sol. 
3.4 567 
(a) Even position = TET HT lal 


vowels > ГЕ, А 
consonants — М, К, С, І 
Three vowels at three position = 3х2х]=6 
Four consonants at four position =>4 X 3 x 2 x ] = 24 
Total bres of ways — 6 x 24 — 144. 

234587 


0) ЗГ ЛЭГ ТЕ 15 
1“ position can be filled by any опе of the four vowel. 
2"4 position can be filled by any one of the three vowel. 
3'7 position can be filled by any one of the two vowel. 
Thus total ways = (4x3 х 2) x (4x 3x2x I) = 576 


Illustration : 


There are m men and n monkey. Number of ways in which every monkey has a master, if a man 
can have any number of monkey. 


Sol. | Monkey is distributed among in masters, like 1 monkey can go to — m masters 
Total number of ways = m х m X .......... т = т" 


Illustration : 


Number of ways in which m diffrent toys can be distributed т "n" children if every child may 
receive any number of toys 


Sol. Object of distribution toys 
One toy — nchildren 
Total number of ways = ПЕЙ аван п=п" 


Illustration : 
Find the number of ways in which we can post 5 letters т 10 letter boxes. 


Sol. I* letter => 10 boxes 
274 letter => 10 boxes 
34 letter — 10 boxes 
4" letter => 10 boxes 
5 letter — 10 boxes 
= 105. 
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Illustration : 


Inacar plate number containing only 3 or 4 digits not containing the digit 0. What is the maximum 


numbers of cars that can be numbered? 


Sol. Here repetition of digits is allowed. 
Also, numbers are formed with the digit, 2, 3, 


Case-I : When car plate numbers contain 3 digit number of places to be filled up r = 3. 


Out of the 9 digit first place can be filled by 9 ways. 
Similarly, 2"4 and 3" place can be filled in 9 ways respectively. 


So, when car plate number contais 3 digit, maximum number of cars = 9°. 


Case-II: | When car plate number contains 4 digit, in this case number of cars to be filled up 


г = 4. 
15 place can be filled in 9 ways. 


274 place can be filled by 9 ways and so on. 
Maximum number of cars that can be numbered. 


= 93 + 9# = 7290 


Lexicography illustration (Lexicography is called science of making words) : 


laù Eind tatal мазак af lattar wrard that лам ha farmad fram lattare afurard "TOI ТЫ"! 


(a) Find total number of 5 letter word that can be formed from letters of word "TOUGH". 


11 


ttt 
5x4x3x2x |= 120 


(b) Find the rank of "TOUGH" ifall the letters of the word are arranged in all possible orders & written out 


as in a dictionary. 


The number of letters in the word "TOUGH" is 5 & all the five letters are different. 
Alphabatical order of all the letters is G, H, О, T, U 


Number of words begining with G = 
Number of words begining with H = 
Number of words begining with O = 
Number of words begining with TG = 
Number of words begining with TH = 
Number of words begining with TOG = 
Number of words begining with TOH = 


4x3x2x] 
4x3x2x] 
4х3х2Х1 
3х2хХ1 
3х2хХ1 
2х1 

2x] 


Next words begining with "TOU" and it is "TOUGH" = 1. 


Rank = 24 + 24+24+6+6+2+2+1=89 


Try Yourself 


Find the rank of "SACHIN" if all the letters of the word are arranged in all possible order & written out 


as in a dicitonary. 


Print to PDF without this message by purchasing novaPDF (http:/Awww.novapdf.com/) 


[Ans. 601] 


0.1 


0.2 
0.3 


QA 


Q.5 


Q.6 


Q.7 


Q.8 


Practice Problem 


If the letters of the word “VARUN” are written in all possible ways and then are arranged as in a 
dictionary, then the rank ofthe word VARUN is : 
(A) 98 (B) 99 (C) 100 (D) 101 


How many natural numbers are their from 1 to 1000 which have none of their digits repeated. 


A man has 3 jackets, 10 shirts, and 5 pairs of slacks. If an outfit consists of a jacket, a shirt, and a pair 
of slacks, how many different outfits can the man make? 


There are 6roads between A & B and 4 roads between B & C. 


( | Inhow many ways can one drive from A to C by way of B? 

(i) In how many ways can one drive from A to C and back to A, passing through В on both trips ? 

(iii) In how many ways can one drive the circular trip described in (ii) without using the same road 
more than once. 


(i) Find the number of four letter word that can be formed from the letters of the word HISTORY. 
(each letter to be used at most once) 

(ii) | How many of them contain only consonants? 

(iii) How many of them begin & end in a consonant? 

(iv) How many of them begin with a vowel? 

(у) How many contain the letters Y? 


(iv) How many of them begin with a vowel? 
(v) How many contain the letters Y? 

(vi) How many begin with T & end in a vowel? 
(vii) How many begin with T & also contain S? 
(viii) How many contain both vowels? 


If repetitions are not permitted 

(i) | How many 3 digit numbers can be formed from the six digits 2, 3, 5, 6, 7 & 9? 

(ii) How many of these are less than 400 ? (iii) How many are even ? 

(iv) How many are odd ? (v) How many are multiples of 5? 


A letter lock consists of three rings each marked with 10 different letters. Find the number of ways in 
which it is possible to make an unsuccessful attempts to open the lock. 


It is required to seat 5 men and 4 women т а row so that the women occupy the even places. How 
many such arrangements are possible? 


Answer key 


С 0.2 738 0.3 150 Q.4 (024; (ii) 576; (11) 360 
(i) 840: (11) 120; (111) 400; (iv) 240; (v)480; (vi) 40; (vii) 60; (vii) 240 

(i) 120; (11)40; (iii) 40; (iv) 80; (v) 20 

999 

2880 
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NOTATION OF FACTORIAL : 
Notation of factorial & its Algebra : 


The continued product of first n, natural number is called as " n factorial" and denoted by п! or | п 


п!=1.2.3.4....... (n— 1) 
41=4:3:2:1=24 
31=1:2:3=6 


5! = 120; 61 = 720; 7! = 5040 


Special Results : 


e 0! = 1 i.e. factorial of zero is 1 
Proof: n! = (n- 1)!:n 
Putting п-1 
1!-(1-1)!)1 > 0!=1 
e Factorial of negative number is undefined 


(n- 1)! = a if n=0 then (-1)! = g - Н Not defined 
“on `0 0 | 
Asking: 
(i) Find n if (n+1)!=12x(n-1)! 
(i) (1+2)! =2550 п! 
Sol. 


@ — (n+ 1)n(n—1)!=12 x (n- I)! 
n?+n-12=0; 
(п+4)(п-3)=0..п=3 

Gi)  (n+2)(n+ 1)=2550; 
(n+52)(n-49)=0 ::. n=49 


3 (21!) 2 2^: n! [1.3.5...... (2n – 1)] 
Proof: 
(2п)!=1-2-3-4-5-6...... (2n - 1) 2n - 2) 
Take 2 common each n even terms 
=2"(1.,3.5...... (2п+1))(1-2.3...... п) 
= 20 (nl) (1*3*5...... (2п + 1)) 


Illustration : 
Using above find exponent of prime 2 in (100 !) 


Sol. (2:50)! = 269 + 50! (1: 3* 5 ...... 99) > 50 25 
(50!) = (2+ 25)! = 289. 251 (1* 3 5 ...... 49) 25 25 
(24!) = (2: 12)! = 202 x 12!(1+3+5...... 23) >12 2% 
(121) = (2:6)! 92.6! (1*3: 5 ...... 11) >6 25 
(6!) = (2:3)! 229.31 (1:3: 5 ...... 5) 
= 29 +31 (1+3+5) 53 25 
(3!) =3.2.:1=20. (1.3) 31 2's 
G0 T 423 ЛЕЧО BI = 27 
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Alternative Method : 
Let p be a prime number and n be a positive integer. Then, the last integer amongst 1, 2, 3, ...... е 


(n — 1), n which is divisible by p is H р, where H denotes the greatest integer less than or 


| n 
equal to |. 
е р 


10 12 15 
— =3, — =2, —|-5et 
For example, H H H etc 


Let E, (n) denote the exponent of the prime p in the positive integer n. Then, 
E, (п!) = E, (1.23 ...... (n — I)n) 


_ — n *- Remaining integers between 
т at 2рЭр....., H) | land п аге not divisible Бур | 


= 


Now, the last integer amongst 1, 2, 3, ...... " H which is divisible by p is 
р 
[ue], [n |, 
INOW, INE IASI LUE SEV атоп у 1, 4, 2, ......, n WHICH LS GIVISLUIC Dy p ts 


Ps) 


| п |) * Remaining integers between 
2 


sept ppp 


where s is the largest positive integer such that р’ Sn < р"! 


land H are not divisible by p 
p 


Alternative Method : 
100 100 100 100 100 100 
E (1009 = [5 1 211211(211211(2) 
=50+25+ 12+6+3+1 
Illustration : 


Find number of zeros of the end of (1000)! 


Sol. | папу usual factorial of a natural number of 2s are more than number of 5s. Hence number of 10s 
are same as number of 5s. 
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Special Note : 
Such kind of counting is possible only on the basis of primes. 


Basic Method : 
Now we decide number of 5s in (1000)! (1000!) 


5, LO DS „эк, 1000:200 => 200 number containing at least one 5 
P.L]: sinees 1000:40 => 40 number containing at least two 5 
125, 250 ......... 1000 8 => 8 number containing at least three 5 
625 1 = 1 number containing at least four 5 


Total = 200 + 40 + 8 + 1 =249 
Objective approach 


1000 1000 1000 1000 
Е, (1000!) = | ~z~ * uw ы > а EF 


= 200 -- 40 - 8 + 1 = 249 


Illustration : 


Find number of zeros at the end of 2007! 


Find number of zeros at the end of 2007! 
2007 Р 2007 a 2007 » 2007 
Sol. E; (2007!) = 5 52 53 54 
= 401 + 80+ 16 + 3 = 500 
Illustration : 


Find exponent of 3 in 100! 


Sol. Basic method: 


Term 
One 3 3, 6, 9, 12,.......99=33 = 33 number containing at least one 3 
Two 3 a зөвөө 99-1] => 11 number containing at least two 3 
Third 3s 27 + 54 + 81 = = 3 number containing at least three 3 
4s 81 = > 1 number containing at least four 3 


Sum = 33 + 1+3+1=48 
Objective approach 


ЖЕЛЕДЕ 


=33+11+3+1=48 
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Illustration : 


In a class of 20 students having 20 chairs in 5 raw's of 4 each. If the class has 10 boys and 10 girls, 
in how many ways, can the student's be placed in the chair's such that no boy is sitting in front of, 
behind, or next to another boy and no girl is sitting in front of, behind or next to another girl. 


(A) 2,, (1012 (В) 2x? (101)? (C) 2x (101)? (D) not possible 
GB G 
Sol. Let us colour the desk of chair's like chessboard pattern. B 
The given arrangement is possible if boys lies on black and girl's B 
„ B G 
on white or girl's on black and boys white can be done С, (0). В 
Black 
White B G B G 


DIVISIBILITY OF NUMBERS : 
The following chart shows the conditions of divisibility of numbers by 2,3,4,5,6,8,9,25 


Divisible by Condition 
2 whose last digit is even (2, 4, 6, 8, 0) 
3 sum of whose digits is divisible by 3 

4 whose last two digits number is divisible by 4 


whose last two digits number is divisible by 4 
whose last digit is either 0 or 5 
which is divisible by both 2 and 3 
whose last three digits number is divisible by 8 
sum of whose digits is divisible by 9 

5 whose last two digits are divisible by 25 


ю 2 оо е ол Б 


РЕРМОТАТІОМ & СОМВІМАТІОМ : 


Permutation : 


Permutation means arrangement in a definte order of things which may be alike or different taken some 
or all at a time. Hence permutation refers to the situation where order of occurrence of the events is 
important. 


Combination : 


Combination/selection/collection/committee refers to the situation where order of occurrence of the 
event is not important. Combination is sellection of one or more things out ofn things which may be alike 
or different taken some or all at a time. 


Note : 
Things which are alike and which are different. All god made things in general are treated to be different 
and all man made things are to be spelled weather like or different. 
Hence we say that permutation is arrangement of things in definite order. 
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Example: 
(i) Out of A, B, C, D take 3 letters & form number plate of car. [Pemutation] 


(ii) Out of four letters A, B, C, D take any 3 letters & form triangle (possible). [Combination] 
In 1* case arrangement of letters are there, іп 2™ case only selection will form the triangle, arrangment is 
not required. 


Theorm related to application of Permutation and Combination : 


Theorm-1 : 


Number of permutations of n distinct things taken all at a time symbolised as : 

ар = P(n, п) = Аз =n! 
Proof: 
Let these are n things arranged at n places 

n:(n- 1): (n-2)...... 3-2:1-1! 
We also say that number of ways in which п distinct objects can be arranged amongst themselves in "P, =n! 
i.e. Find total number of words that of 10 letters that can be formed from all the letters of word 
GANESHPURI. 

AMP = ТОГ] 


Theorm-2 : 


Number of permutations ofn distinct things taken г at a time 
0<г<п 
" n! 
p eP(nf)5A.- ECT 
Things T,, T, ...... T 
Places 1,2,3, ...... r 
Choice n: (n- 1): (n-2) ...... [n - (r- 1)] 
n(n - I)(n -2)...... (n-r-l)(n-r)! п! 
Total way = о бо (n-r) -1) 


Hence we сап say that 


n! 
t^ (n-r)! 


Eg : In how many ways can 5 person be made to occupy 
(a) Five different chairs 

ЭР, = 5! = 120 
(b) Three different chairs 

3P,75x4x3-60 
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Theorm-3 : 
Number of combination / selection of n distinct things taken r at a time 
ee B TM M 
C7 6,1) = (т) тука)! 


Proof: 
Let 10 different objects аге givenas А, В, C, D, Е, Е, С, Н, І, J 
Let combinations taking 3 at a time = x 

Arrangement = (x) x (3!) 


x: 3! «Ip, 
Pp. 10! 
x= ===: UA ANA 
3 (10-3) 
Theorm-4 : 
Number of combination ofn different things taken rat a time when p particular things are always included. 


= MIC. 
-p 
i.e. Find total number of ways of selecting 11 player out of 15 player when Mahendra Sing Dhoni and 


Yuvraj Singh are always included = °С, = "C, 


Theorm-5 : 


Number of combination ofn different things taken r at a time when p particular thing are always excluded. 
n-pCc 
r 
Eo + Haw тапу different selections af б hanks can he made fram 11 different hanks if two narticular 
и-р(: 
r 
Eg : How many different selections of 6 books can be made from 11 different books if two particular 


books are never selected = ''?C, = °С, 


Important Results : 


(1) С =1 
(ii) = 
ш) "С ,="С, Е 1C = "C, = х+у=п ог х=у 


(v) "=" 
i.e. permutation is defined total number of combination of object then arragement of objects. 
(у) чы "кы 


Examples on "C, and "P, : 


Illustration : 
There are n points in a plane, no three of which collinear, find 


(a) Number of straight lines (b | Number of triangles 
(c) Number of digonals in a polygon of n sides. 
Sol. 


(a) Number of ways by which we can select any two points gives total number of straight lines = "С.„ 
(b) Number of ways by which we can select any 3 non collinear points, gives total number of triangle 
= "С 
m 
(c) In any polygon number of vertices = number of sides 
"C, = number of sides + number of diagonals 
"C,- п = Number of diagonals. 
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Illustration : 


There are 10 points in a plane of which 4 are collinear and rest are non-collinear. Find 
(9) Number of lines (ii) |^ Number of triangles 
Sol. 


(i) Number of lines 


A 7 8 9 10 B 
Method-I : 
Given 4 points are collinear so total number of ways of selecting any two points = !°C,. 
If 4 collinear points give only one line (AB). So over counted number of lines formed by 
collinear 
points = С, - 1. 
Thus total lines = !°C,-4C, + 1 


Method-Il : 
Take any two points from upper arc = °C, ways. 
Take one point from upper arc and one point from line AB = °C | X C, ways. 
Take both the points from line AB then number of lines — 1 (Line AB). 
Tatal numher af lines = °C х «C + 60 +1 


Take both the points from line AB then number of lines = 1 (Line AB). 
Total number of lines = °C, x *C, + 6С, + 1 


(ii) Methoa-I : 
Number of ways of taking any three points = !°C, 
Number of ways of taking any three points from four collinear points = *C, 
Number of triangles formed = !°C, — *C, 


Method-Il : 
Two points from upper arc and one point from line AB = °C, x “С, 
Two points from line AB and one point from upper arc = C, x С, 
All the three points from upper arc = 9C, 
Total number of triangle = °C, x 4C,+ 5C, x 4C, + °C; 


Illustration : 


The sides AB, BC, CA ofa triangle ABC have 3, 4, 5 points respectively on them. Find the number 
of triangle that can be constructed using these points as vertices. 


Sol Total ways = °C,- °C,- *C, -?C, = 205 
A 
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Illustration : 


10 diffrent letters of English alphabet are given. Words of 5 letters are formed from these given 
letters. How many words are formed when at least one letter is repeated. 
Sol. 10-10-9-7-6-060976 


Illustration : 


Everybody in a room shakes hand with every body else. The total number of handshakes is 66. 
Find total number of person in the room. 


Sol. Let total number of persons are n. For every two persons possible handshake is 1. 
So, total hand shake = "C, = 66 > m —n- 132-20 
n= 12, -11 > n = 12, п#-11. 


Illustration : 


The number of ways т which a team of 11 players can be selected from 22, players including two 
of them and excluding four of them 


Sol As two players are already included so only 9 players to be selected from 22 — 4 — 2 = 16 
Number of ways = 16С„ 


Illustration : 


Illustration : 


How many differnt words can be formed from the letters of the word GANESHPURI, when the 
letters E, H, P are never together. 


so. С° TT TT [EHP] — string 
(Consider EHP as a letter or string) 
So, we have to arrange one string & 7 letters 
Hence total number of ways = 10! — 8! x 3! 


Ls. EHP can be arranged amongst themselves in 3! ways. 


Illustration : 


How many ways can the seven diffrent colour of a rainbow be arranged so that the blue and 
green never come together 


Sol. Тога! number of arrangement without constraint = 7! 


ва | | | | —» String (Consider BG as a letter or string) 


string 
A 


If BG always come together then number of ways = (1+5)! 21 
letters 44 L Arrangement of B & G 


Required number of ways = Total possible (without restriction) — (ways when BG together) 
=7!-6! x 2! 
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Illustration : 


In a morse telegraphy there are 4 arms and each arm is capable of taking 5 distinct position 
including the position of rest. Find total no. of different signals. 


Sol. | One arm is capable of taking 5 positions 
Hence total number of ways — 5* 
Out all above these arise a unique condition in 
which no signal is transfer. It is RR RR 
Hence number of different signal ^ 5* — 1 


Illustration : 


An 8 oared boat to be manned from a crew of 11 of which 3 can only steer. In how many ways the 
staff can be arranged if 2 of the men can row only on the bow side. 


Crew of 11 oar 
5 p 
6x 7 2 
3 can steer only 8 can only row jer I< D3 коч 
8s 7 4 
2 only bow side 6 any where 


Sol. For steering position 3 person's can be selected т °C, ways. 
Out of 4 places of bow sides two are selected for 2 men by C, ways and arranged by *C,x 2! ways 


оо aur omer #115 Реут У persoun dD си UC OUICULCGO HI bad | yv eu yo. 
Out of 4 places of bow sides two are selected for 2 теп by С, ways and arranged by С. x 2! ways 
Remaining six person's can be arranged by 6! ways at six places (As number of seats and 
number of person's are equal) 


Thus required ways = °C, х (С, (2!) х (6!) 


Row Any 
Steer side side 


Illustration : 


4 Boys & 4 Girls are to be seated in a line find number of ways 
(ї) They сап be seated so that "No two girls are together" 
(i) ^ Ifnotall the girls are together 
or 
If at least one girl is separated from rest of girls. 
(iii) ^ Boys and girls are alternate 
(iv) If there are 4 married couples then number of ways in which they can be seated so theat each 
couple is together. 


Sol. 
(9) Out of four standing boys five gaps are there 
|8, |8,18, В, 
Out of five select any four gaps by C, ways т which girls are arranged by = C, х 4! ways. 


Also standing boys are arranged by 4! ways 
Required ways = (4!) x PC 4 `4!) 


Note :-Arrangement by this method is called as gap method. 
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(ii) Consider G, G,G,G, > as one string. 
Four boys 
If all girls are together then total ways = (1+4)! (4!) м (5! x 4!) 
: Arrangement of four 
String girls in string 


Total number of arrangment without any restriction = 8! 
Total number of ways by which not all girls are together = 8 ! — (5 ! x 41) 


(iii) ^ If boys and girls are alternate then two ways of arranging respective position of boys and girls are 
shown below 


НМ 
ИШ, 


Number of ways of arranging boys => 4! 
Number of ways of arranging girls — 4! 
Required ways = 2 х 4! x 4! 


(iv) | Let the couples are as below 
Tre 1 Гаа 1 Гао 1 Гаа 1 


(iv) | Let the couples are as below 


There are four string and each string has husband and wife which can be arranged in 2! ways. 
Ways of arranging strings = 4! 
Required ways = (2!)* x 4! 


Illustration : 


Let C be the set of 6 consonants (b, c, d, f, g, h) and V be a set of 5 vowels (a, e, i, о, и) and W be 
the set of seven letter words that can be formed with these 11 letters using both the following 
rules. 

(a) The vowels and consonant in the word must alternate. 

(b) No letter can be used more than once in a single word. 

If the number of words in the set W are 10 K. Find K. 


Sol. Consonant — b, c, d, f. g, (6) 
Vowels — a, e, i, o, u (5) 
W: 
Case 1: If word begins with consonants 
then (°C, x 4!) x (С, x 3!) = 360 х 60 = 21600 
Case П : If word begins with vowels 
CC, x 4!) x (6C, x 3!) = 120 x 120 = 14400 
Total = 36000 => 10K = 36000 = К =3600Ans. 
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Illustration : 


Find total number of permutations of n different things taken not more than m at a time when 
each thing may be repeated any number of times? 


Sol. Number of permutation of one thing = п 
Number of permutation of two things =n х п = п 
Number of permutation of three things =n Xn хп = п 
and similarly for m things 
So, number of permutation of n things taken not more then m at a time when repetition is allowed 


2 
3 


Illustration : 


In how many ways 10 examination papers be arranged so that the best and the worst papers 
never come together? 


Sol. For the number of arrangements of 10 examination papers without restriction 
n = 10 к= 10 
total number of arrangement of 10 examination papers with any restriction = 10Р, = 10! 
Keeping best and worst together, number of different papers = 9. 
(i.e. in this case n = 9, r= 9) 
Number of arrangements when best and worst are kept together = *P, 2! 
Hence, the required number of arrangements of 10 examination papers so that best and worst 
papers are not together is 10! -*P,- 2! = 8 x 9! 


асно, не FCQUITCU TIUITIUCI UJ ыгып етсин чу LU CAUITITTEEGULUUTE PUPPES OY HIME VCSEL UN тогос 


papers are not together is 10! —*P,- 2! = 8 x 9! 


Illustration : 


On a new year day, every students of a class sends a card to every other student, the postman 
delivers 600 cards. How many students are there in class? 


Sol. Тога! number of students = п 
Number of pair of students = "С, 
Two students out of n can be selected in "С, ways. 
Here for each pair of students, number of cards sent is 2. 
If P sends card to Q, the Q also sends a card to P. 
Number of cards sent = 2 x "C, 
According to the problem 2 x "C, = 600 


n(n—-1) 
ge Cu 
2! 
=> n=25 [^ n#-24] 


=> 2 = 600 п?-п- 600 = 0 


Illustration : 


In how many ways the letters of the word 'PERSON' can be placed Ї 

in the squares of the given figure shown so that no row remain К, 

empty? R, 
Sol There are 6 different letters in the word 'PERSON' 

Total required way = Total possible way — (1%! row empty + 2" row empty) 

Total possible ways = Р, (arrangement of 6 different letters in 8 boxes) 
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ways when 1" row empty = 6! (arrangement of 6 different letters т remaining 6 boxes) 
way when 2" row empty = 6! (arrangement of 6 different letters in remaining 6 boxes) 
Total required ways = 5P,— (6! + 6!) 

= 18720 


Illustration : 


Sol. 


Q.1 


0.1 


0.2 


0.3 


0.4 


О.5 


Consider all the six digit numbers that can be formed using the digits 1, 2, 3, 4, 5 and 6, each digit 
being used exactly once. Each of such six digit numbers have the property that for each digit, not 
more than two digits smaller than that digit appear to the right of that digit. Find the number of 
such six digit numbers having the desired property. 

Begin with six open positions. 

To get an arrangements of digits having the desired property, choose a position to place the digit 6. 
The 6 can be placed in any of the 3 rightmost positions. 

Once the position of the 6 has been chosen, choose a position to place the digit 5. 

The 5 can be placed in any of the 3 rightmost positions not occupied by the 6. 

Continuing in this way, the digits 6, 5, 4 and 3 can all be placed in one of 3 positions, 
the 3 rightmost positions which are left open. 

Finally, there will be 2 available positions to place the 2, and only one position left for the 1. 
Thus, the number of ways to choose an arrangement with the desired property is 34 · 2 = 162. 


Practice Problem 


In how many ways can 5 persons be made to occupy 


Practice Problem 


In how many ways can 5 persons be made to occupy 
(i) five different chairs (ii) three different chairs 


A telegraph has 5 arms and each arm is capable of 4 distinct positions, including the position of rest. 
What is the total number of signals that canbe made. 


A gentleman has 6 friends to invite. In how many ways can invitation cards be sent to them if he has three 
servants. 


An English school and a Vernacular school are both under one superintendent. Suppose that the 
superintendentship, the four teachership of English and Vernacular school each, are vacant, if there be 
altogether 11 candidates for the appointments, 3 of whom apply exclusively for the superintendentship 
and 2 exclusively for the appointment in the English school, the number of ways in which the different 
appointments can be disposed of is : 

(A) 4320 (B) 268 (C) 1080 (D) 25920 


If m denotes the number of 5 digit numbers if each successive digits are in their descending order of 
magnitude and r is the corresponding figure, when the digits are in their ascending order of magnitude 
then (m — п) has the value 

(A) ЁС, (B) °C, (С) "C, (D) °C, 


0.1 
0.4 


Answer key 


(i) 120, (ii) 60 Q2 4-1-1023 0,3 8° 
О [Hint:-Similarto boat problem] 05 В 
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FORMATION OF GROUPS : 


(D No. of ways in which (m + n) different things can be divided in two groups, one containing m things and 
other contains 'n' things is 
(m+n)! 
m! n! 


mC, ОГ 


Illustration : 


Out of four players Р, Р, Py P, form two teams one contain 3 players and other one player. 


4! 


Sol. | Number of groups = ТЕП =4 


Мое : 
= Acutual explanation of above 4 groups 
These an 4 answers so obtains 


Select-3 | Rejected-1 


(ID — If grouns are equal size i.c. т=п 
MILITE) "з 
(II) Ifgroupsare equal size i.e. т=п 


2n 
n 


2! 


Total number of ways in which 2n different things can be divided into two equal groups = 
_ Qn)! 
(n!) (n!)(2!) 
We divide by 2! to avoid false counting. 


Proof: 
Divide P,, P», P4, P, in two groups 


We see that half ofthe case are repeated. 
Thus 22 gives us wrong answer. 
4! 
(2!)(2!)(2!) 
Actually counting all such cases we observe that regrouping appear's when equal size group's 
are required. To avoid false counting we devide by factorial of number of equal size group's. 


Correct answer = 
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(III) Total numbers of ways in which (m + n + p) different things can be divided into three unequal groups 
(mn 4 p)! 


РВ шир 


Illustration : 


If we divide 12 different things in three unequal groups (2, 3, 7) then total number of ways are 


2 
12 digit ^" 12! 
Sol. things i” 21317! 
4 
Explanation : 
227 1 12 T add : 10 
110! !7! 
ыя 2110! wo < 317! 
7 
12! 10! 12! 


Total ways = "°C, x C, x °С; = эу з= 21317! 


If groups are equal (т = n= p) then number of ways 


__Gn)! 
(n!)?3! 


Important Points : 
The number of ways in which 'r' group's of n different object's can be formed in such a way that 'p' 
groups of n, object, q group of n, object each is ...... 


n! 
Required ways = ———— —— — 
(n,!)? (n) (p)(q) 
n (n РЇЇ eos p times ) + (n, + n, ............ q times) 


Divide by factorial of number of equal size group. 


Illustration : 
In how many ways 3 team's of 11 player's each, 4 team's 6 player's each, 2 team's of 15 player's each 
can be formed out of 87 player's 
87! 1 


Sol... Required ways = 01186) 51) 1 (31412) 


Illustration : 


In how many ways 6 bundles of 12 different toys be made such that 2 bundles are of 3 toys each, 
2 bundles are 2 toys each & 2 bundle of 1 toy each 
(12!) 1 


Sol. Required ways = Gy oyay x 072505 
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Illustration : 


Total number of ways in which 200 person's can be divided into 100 equal group's. 


200! 
Sol Required ways = — oo — 
(2!) (100)! 
Corollary : Grouping and then arrangement. 
If (m + n + p) different thing's can be divided in 3 group's & can be distributed to three person's. 
(m n 4 p)! 
m!n! p! 


Required ways = x3! 


Illustration : 


Find number of ways by which 30 Jawan's can be devided into three group's of 12, 10 & 8 and send to 
three different boarder's. 


(30!) x 3! 


Sol. Total ways = (8!) (10!)(12!) 


In above case if group's are equal size (i.e. group of 10 each) 


r> Send to three boarder's 


In above case if group's are equal size (i.e. group of 10 each) 


[* Send to three boarder's 
_ (30!) x (3!) 
(101)? (3)! 
L> Three equal size groups 


Illustration : 


In how many ways six diff. books can be distributed between four persons, so that each person 
gets atleast one book. 


Sol. Two cases possible {1, 1, 1, 3}, {1, 1, 2, 2} 


6! 6! 4! 
— — + — , — , — | #4! 
Groups | 7113 331 (IP (21) 21 2! 
Illustration : 
Find number of ways by which five different objects given to three students. 


Sol. Two cases possible (1, 1, 3} (1, 2, 2) 


5! 5! 
WG эн Dore a Р 3! 
(11) 31х21 (20 x2 
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Try yourself : 
In how many ways eight different computers can be distributed in 5 institution so that each institute gets 
atleast one computer. 


Illustration : 


Number of ways in whcih 8 persons can be seated in three diff. taxies each reaching 3 seats for 
passengers and duly numbered is 


(a) If internal arrangement of persons inside the taxi is immaterial. 
(b) If internal arrangement also matters 


Sol. 
a 
881 ЕЕЗ 
8 —»3 ЖЭЛ 
г Uu д: xD] 


8! 1 
(b) Using grouping e x 2) »| 31313! — 9! 


or arrange 8 people in 9 seat °C, x 8! = 9! 


Illustration : 


During election's 3 districts are to be convassed by 20, 15, 10 people respectively. If 45 volunter's 
there then number of ways in which they can be sent. 


45! 


Sol. Required ways = 201(5! (101) 


Illustration : 


In a jeep there are 3 seat in front and three in the back, number of different ways in which six 
persons of different height can be seated so that every one in front is shorter than the person 


directly behind him, 
2 
"T T 6! x 3! NULL  ———Ám 
ol. Ah (21) 31 "X - - ns. 
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0.1 


Q2 


0.3 


QA 


Q.1 


Q.3 


Q.3 


Practice Problem 


In how many ways can a pack of 52 cards be divided 
(i) equally in four sets. (ii) equally among four players 


In how many ways can a pack of 52 cards be 
(i) distributed among four players having 10, 12, 14 and 16 cards. 
(ii) divided into four sets of 7, 15, 15 and 15 cards. 


(i) In how many ways can five people be divided into three groups. 

(ii) In how many ways can five people be distributed in thre different rooms if no room must be 
empty. 

(i) In how many ways can 12 different balls be divided between 2 boys, any one receiving 5 and the 
other 7 balls? 


(ii) In how many ways can these 12 balls be divided into groups of 5, 4 and 3 balls respectively? 


Answer key 


OA |221 а 92 0—5 „л (i) — ух 
етш 47 T ^а] ? Фтотпа © лая” 3 


(1) 25, (ii) 1500.4 (2 a al Bu 


гал сло! 


(i) 25, (ii) 1500.4 лон (ii i) 583 


PERMUTATION OF ALIKE OBJECTS : 


| Case- I: taken all at a time 
Case - II: taken some at a time 


Case-I: Permutation of a like objects taken all at a time 


p of one kind n! 
Number of permuation of n things << q of another kind and taken allatatime 2 ——— 
p 5 г are all different p!q!r! 

Proof: 
DADDY 
Let three D's are different 

D, AD; D, Y One DAD DY is counted as 

D, A D, D, Y six different, word's 

BABE Let x is required ways 

D, AD, D, Y хз (бү= 6t 

D, AD, D, Y _ 6! 

D, AD, D, Y ий! 
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Find total number of word's formed by using all letters of the word "IITJEE". 


6! 
Sol ways are = 21(2!) 


Illustration : 


Consider word ASSASSINATION, find number of ways of arranging the letters. 
(i) Number of words using all. 

(ii) If no two vowels are together. 

(iii) Ifall S are seperated. 

(iv) Atleast one S is seperated from rest of the S's 

(v) vowels are in the same order. 

(vi) X Relative position of vowels and consonant remain same. 


Sol. 
(i) ASSASSINATION contains four S, three A, two N and two I. 


13! 


(i) ASSASSINATION contains four S, three A, two N and two I. 


13! 
(4! )(3! (2! )( 2! ) 


Total ways = 


(ii) We have six vowels as A, A, A, I, I, О and seven consonants as 5, 5, 5, 5, М, Т, М 
|S|S|S|S|N|T|N| 
Six vowels in 8 gap's 


6! 7! 
Total ways = °C, х (31)(21) (4121) 


(iii)  |4|4|1| N] A] T| T | OJ N| 
Out of 10 gaps select 4 


9! 


— 10 СЕБЕ 
Total ways С, х (3! )(2!)(2!) 


(iv) | Total — all four S together 


13! 240 
(41)(31)(21)(21) (31)(21)(2!) 


=> Consider | SSSS | as one string. 
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13 7! 
() Total ways = |С6ХЇХ Пу 


arrangement 


— 
of vowels arrangement 
of consonants 


(vi) 


6! 7! 
12 ^ 412! 
—— 


arrangement 
of vowels 


Total ways = 


arrangement 
of consonants 


Illustration : 


How many words can be formed with the letters of the word 'PATALIPUTRA' without changing 
the relative positions of vowels and consonents? 


Sol. The word 'PATALIPUTRA' has eleven letters, in which two P's, three A's, two T's, one L, one О, 
one R, one I, Vowels are AAIUA 
5! 


M - Mo Rn зо ажлаа n nS ns non бул go mem nnn nmn om rho ыу +++, чече Жл му ем а ы, rto мж >, 


one R, one I, Vowels are AAIUA 


5! 
These vowels can be arranged themselves in s 20 ways. 


6 
The consonents are PTLPTR these consonents can be arranged themselves т ——— = 180 ways. 


2! 2! 
Required number of words = 20 x 180 = 3600 ways. 


Illustration : 


How many words can be formed using all the letters of the word HONOLULU if no two alike 
letters are together. 


Sol. Let Arepresent's ways when OO together, B when LL together, C when UU together. 
Required ways = Total ways — [When all three alike letters together + when 2 alike letters together 
* when one alike letter together] 
= Total ways — [п(Е,) + n(E,) + n(Ey] 880) 


Total ways = = 5040 


8! 
(2!)(2! )(2! ) 
(a) n(E) =ANBOAC (Region?) 


ie, |н ОО] ии] 


n(E,) = 5! = 120 
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(b) n(E,)=3 [(ANB)-(ANBOC) or [Regio 4 +5 + 6] 


! 
= 48-н = 720 


ie, [Н | OO | N | LL | UU | 


() п(Е) =3[4-{ANB)+(ANO} + (ANBAC] 


7! 6! 
(o 2) = 1980 


Put in 1%! 
Required ways = 5040 — [120 + 720 + 1980] = 2220 Ans. 


Try Yourself : 
How many 8 digit numbers can be formed using two I's, two 2's, two 3's, 4 and one 5. So that no two 


consecutive digit is identical. [Ans. 2220] 
Illustration : 
consecutive digit is identical. [Ans. 2220] 


Illustration : 


Four faces of a tetrahedral dice are marked with 2, 3, 4, 5. The lowest face being considered as 


the outcome. In how many way a total of 30 can occur in 7 throws. 


Sol. 7 throws outcome whose sum is equal to 30 can be obtained in following way. 


Category | Numebr of ways 


3,5,5,2,2,2,3. 


5,5,5,5,4,4,2 
an 


5855433| =й 
C) 
5,5,5,4,4,4,3 
aa” 


5,5,4,4,4,4,4 
gi" 


Total ways = 42 + 105 + 105 + 140 + 21 = 413 Ans. 


Print to PDF without this message by purchasing novaPDF (http:/Awww.novapdf.com/) 


28 


Illustration : 


Sol. 


(1) 


(2) 


(3) 


(3) 


(4) 


(5) 


(6) 


Total number of ways of forming 6 letter word from the letters of word "PROPORTION". 


There are 


Р—›2: R2, 


Category 


2 alike, 4 different 


3 alike, 3 different 


2 alike of one kind 


2 alike of one kind 
2 alike other kind 
& 2 different 


3 alike of one kind 
* 2a like of another 
kind + 1 different 


2 alike, 2 alike 
+ 2 alike 


All 6 different 


Total 


О-3,Т-» 1, I1, N91 


Process of Selection 


(a) 2 alike PP, RR, OOO 
>С, 
(b) 4 different from 5 possible 
option °C, 
(а) 3 alike ООО —>'C, 
(b) 3 different out of 5 


different option > °C, 


(a) 2 alike of one and 2 alike of 


(b) 3 different out of 5 
different option > °C, 
(a) 2 alike of one and 2 alike of 


other PP, RR, ООО С, 
(b) 2 out of 4 different >4C, 


(a) ООО, РР, RR > !C, х 2С, 
(b) 2 out of 4 different  *С, 


РР RR, ООО 
—!C, x !C, x !C, 


6 possible option 
P, R, O, Т1, N > 6C; 


Then total number of words formed = 11130 


Selection Arrangement 
6! 
3С, x 5C, = 15 15 хъу 
6! 
IC, x 5C, = 10 10x 3j 
6! 
IC, xC, 10 10x 3j 
6! 
ЗС, x *C, = 18 18х Суу», 
6! 
^C, x *C,- 8 да 
6! 
'C,=1 I* 512121 
LI 6! 
Number of Number of 


selection = 53 
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PERMUTATION OF THE OBJECTS TAKEN SOME АТ А TIME : 


Illustration : 


Sol. 


How many 5 lettered words can be formed using the letters of the words "INDEPENDENCE". 


There are E> 4,N 3,0 >2,P -1,1-1,С- 1 


b PR = 


2 alike & 3 diff. 


2 alike + 2 other alike 
and 1 diff. 


ай five diff "Cs =6 6х5! = 720 
| EDIPC | 


Dre | | 


Illustration : 


Sol. 


(1) 


(2) 


(3) 


(4) 


(5) 


Find the number of words each consisting 5 letters from the letters of йе word "MISSSISSIP PI" 
5-4, I >4, P >2,M >I 


Category Selection Arrangement 
5! 
4 alike, 1 different С. х= 0 бх 7 
6! 
3 alike, 2 alike 20, x?C 4 4 Х 5131 
6! 
3 alike, 2 different 2С, x 9C, = 6 6x зу 
5! 
2 alike, 2 alike С, х 26, = 6 6 х 2777 
1 different иж 
5! 
2 alike, 3 different 3C, x 3C, = 3 3х эу 
Total Number of Number of 
selection = 25 arrangement = 1350 


Then total number of words formed = 1350 
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Practice Problem 


0.1 
0.2 


0.3 


QA 


Q.5 


Determine the number of permutations ofthe letters ofthe word MATHEMATICS. 


Find the number of numbers greater than 10° that can be formed using the digits of the number 2334203 
ifall the digits ofthe given number must be used. 


In how many ways can be letters of the word RESTRICTION be arranged so that the vowels never 
occur together. 


How many ways can be formed with the letters of the word RESTRICTIONwithout changing the 
relative order of the vowels and consonants. 


In how many ways can the letters AAABBCD be arranged so that 
(1) the two B's are together but no two A's are together. 
(ii) no two B's and no two A's are together. 


Answer key 


11! 81 4 7 (4 шэн 
YT 02 30 0355 04 Qy "2 0.5 (i) 24, (ii) 96 


CIRCULAR PERMUTATION : 


When object are different 


Permutation of objects in a row is called as linear permutation. If we arrange the objects along a closed 
curve it is called as circular permutation. 

Thus in, circular permutation, we consider one object fixed and the remaining objects are arranged as in 
the case ofa linear arrangements. 


Theorm-I : 


The number of circular permutation of n distinct objects is (n — 1) ! 


Proof :-Consider Sobjects A, B, C, D, E to be arranged around a closed curve is called circular permutation. 


A E D C B 
(3 | Cy C Cy (C) 
D C С В В А А Е Е D 


All are Same 
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Let the total number of circular permutation be x. Above circular permutation is equivalent to 5 linear 
permutations given by ABCDEF, EABCD, DEABC, CDEAB, BCDEA 
that is one circular permutation is equivalent to 5x linear permutation given by 

х.5=5! 


Similarly for n objects nx =n! 


! 
п 


(1) n distinct things taken all at a time and arranged along circle in (п- 1) ! ways 
(ii) Taken r things out of n distinct things at a time and arranged along circle іп "С, - (r—1) ! ways. 


Note :- 
In the above theorem anti-clockwise and clockwise order of arrangements are considered as distinct 
permutations. 


Theorm-II : 


Ifaniclockwise and clockwise are considered to be same total number of circular permutation given by 


If aniclockwise and clockwise are considered to be same total number of circular permutation given by 


(n - 1)! 


2 


If we arrange flowers or garland beads in a neckless then there is no distinction between clockwise & 


anticlockwise direction. 
Turn over 


Flip to right 


Clock wise Counter clockwise Both Same 
Note:- 
(1) If we haven diffrent things taken rata time in form of a garland or neckless 
"C, -(r- 1)! 


Required number of arrrangements — 2 


(ii) The distinction between clockwise and anticlockwise is ignored when a number of people have to be 
seated around a table so as not to have the same neighours. 
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Illustration : 


Find the number of ways in which 9 people can be seated on a round table so that all shall not 
have the same neighbours in any 2 arrangements. 


Sol. For same neighbour, clockwise and anticlockwise arrangements are same. 
So total number of ways will be arrangement of 9 people taken clockwise and anticlockwise same 


день CL 
and equat to 2 2 
A A 
B I I B 
C H H C 
D G G D 
Е Е Е E 


Illustration : 


Illustration : 


Find the number of ways in which 10 children can sit in a mary go round relative to one another. 


Sol. Here clockwise and anticlockwise arrangements are diffrent. 
Thus required ways = (10 — 1)! = 9! 


Illustration : 


The 10 students of batch B feel they have some cenceptual doubt on "Circular permutation". 
Mr. Mathew called them in disussion room and asked them to sit down around a circular table 
which is surrounded by 13 chairs. Mr mathew told that his adjacent seat should not remain 
empty. The number of ways, in which the students can sit around a round table if Mr. Mathew 


also sit around a chair. 


Sol. 


mM — Mr. Mathew chair 
"C,x2! Ways of filling adjacent 
Remaining seat out of 10 boys 


| 5 "C, х 8! 


2. Required number of arrangements 
= "C, x 2! x "C, 8! 
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Illustration : 


Find number of ways in which 7 American and 7 British people can be seated on a round table so 
that no two Americans are consecutive. 


Sol. Circular arrangement of 7 British = (7 — 1) ! 
There are 7 gap among 7 British. 


" 4 : Lu 
хат 
be сай 
В, В, 


Out of 7 gap's 7 American can be filled by (7!) ways. 
Total ways = (7!) (7 — I)! 


Illustration : 


There are n intermediate stations on a railway line from one terminus to another. In how many 
ways can the train stop at 3 of these intermediate stations if 

(a) all the three stations are consecutive 

(b) at least two of the stations are consecutive 

(c) no two of these stations are consecutive. 


Sol. 

(a) The number of triples of consecutive stations, viz. 
51525» 5,535, 5,5455 кш; 4 S, 25, jS, 
is (n — 2). 


(b) The total number of consecutive pair of stations, viz. 
535, S,5,, ...... 5,1, 
is (n — 1). 
Each of the above pair can be associated with a third station in (n — 2) ways. Thus, choosing a 
pair of stations and any third station can be done in (n — 1) (n — 2) ways. The above count also 
includes the case of three consecutive stations. However, we can see that each such case has 
counted twice. For example, the pair S,S, combined with 5, and the pair 5,5, combined with 
S, are identical. 
Hence, subtracting the excess counting, the number of ways which three stations can be 
chosen so that at least two of them are consecutive 
= (n— I) (n— 2) - (n 2) = (п- 2). 
(c) Without restriction, the train can stop at any three stations in "C, ways. 
Hence, the number of ways the train can stop so that no two stations are consecutive 


n( n — 1)(n— 2) _ 


pc eT 7 


(1-2) 


= n-2 С, 


п -п-бп+12 | (п-2)(п-3)(п-4) 
б E 6 


-a-»| 
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Illustration : 


n different things are arranged т a circle. In how many ways can three objects be selected if 
(a) all the three objects are consecutive 

(b) at least two of the objects are consecutive 

(c) no two objects are consecutive 


Sol. 

(a) The number of triaples of consecutive objects, viz. 
ааа» аа;а„ ...... ааа, 
isn 

(b) The total number of consecutive pair of objects, viz. 


аја, Ay ...... а, а} 
isn 

Each of the above pair can be associated with a third objects as 
ааа, ааа, ааа» ...... ааа 
т (n— 3) ways. 

Note that а,а,а, has not been counted since it will be counted when we write a aa, 

Thus, choosing a pair of objects and any third object can be done in n(n — 3) ways. 


Hence, the number of ways of selecting three objects so that at least two of them are consecutive. 
— n Им 21 


ичке инче quu имә им исен сони Orto (e rra Ut мумии ем nen те тюбюне vga puo 
Thus, choosing a pair of objects and any third object can be done in n(n — 3) ways. 
Hence, the number of ways of selecting three objects so that at least two of them are consecutive. 
— n (n — 3) 
(c) Without restriction, three objects сап be selected in "С; ways 
Hence, the number of ways of selecting three objects so that no two of them are consecutive 
="C,-—n (n— 3) 


Illustration : 
Find number of circular permutation of n persons if two specific people are never together. 


Sol Required ways = Total — when A & B are always together 
=(n-1)-(n-2)! х2=(п-2)! [n- 1-2] 
= (n — 2) ! (п- 3). 


Illustration : 
In how many ways 7 diffrent flowers can be formed into a garland. 


Sol. Here clockwise and anticlockwise permutations are same 


! 
Hence total ways = >. 
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Illustration : 


Find number of ways in which 5B and 5G can be seated оп а circle alternately if a particular В, 
and G, are never adjacent to each other in any arrangement. 


Sol. B 
B, B 
For В, С, not to be together. С, must select from 3 possible gaps т С, ways 
4! x3C,x 4! = 1728 Ans. 
4 4 
Boy С, 
Try Yourself : 


Out of 10 flowers of diffrent colours, how many diffrent garlands can be made if each garland condsist 


5! 
of 6 flowers of diffrent colurs. [Ans. М C, 2 1 


Illustration : 


How many hexagon's can be constructed by joining vertices of a quindecagon (15 side's polygon) 


How many hexagon's can be constructed by joining vertices of a quindecagon (15 side's polygon) 
if none of the sides of Hexagon is also the sides of quindecagon . 


Sol. Мер (i) Select the initial vertex say 'I' (т C, ways) 
(ii) Now 2 and 15 cannot be selected. From the 
remaining vertices 3 to 14 (twelve) we have to select 
5 more for our hexagon. 
(iii) | Symbolise the vertices to be taken by 


(5) (5) (5) (5) (5) апа the vertices not be taken 


(7 in this case) by X X X X X X X. 
(iv) Identify the gaps between these crosses (8 in this case) and select 


4 161719 110112114 
ххх хх хх 
any five out of these gaps т С, ways. 
3 5 8 


И 13 


(v) Serial number are to be alloted either to (S) or to 'X' whichever comes earlier. In 
the present problem the vertices corresponding to one selection are 3, 5, 8, 11, 13 
and the hexagon as shown 

(vi) | For each selection we therefore have a 
haxagon with two non consecutive vertices. 

(vii) ^ Number of hexagons = C, x *C,. However this particular hexagon 1, 3, 5, 8, 
11, 13 will occur 6 times when we select the initial vertex as 3 or 5 or 8 or 11 or 13. 
Hence our answer is 6 times more. 

155 7C, _ 15x56 

K 


5 


(ий) Required number of hexagons = = 140 Ans. 
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Alternative Solution : 
As in linear let us open this chain to have 1, 2, 3, ...... 13, 14, 15 ОООООО tobeselected ; 
|X| X|X|X|X|X|X|X|X| not to be selected number of ways = С, 
Required number of ways = !*C, — number of ways when 1 and 15 are included, since in circular 
these become consecutive 
Now if 1 and 15 are laready selected , 2 and 14 cannot be taken. Remaining vertices are 


3,4, 5, ss 11, 12, 13 (1); OOOO; |X|X|X|X|X|X| (7) 
Cases to be rejected = “С, 
Required number of ways = "C, – 8C, а 6? => 210-70 = 140 Ans. 


Illustration : 


In how many ways triangle can be constructed by joining vertices of a queendecagen if name of 
the sides of triangle can be sides of quindecagon. 
Sol. Ву method in above question 
Bc x Hc, 


= 3 #25 


Case-II : Circular permutation which objects are alike. 


Illustration : 


In how many ways letter's word ALLAHABAD can be arranged in a circle. 


In how many ways letter's word ALLAHABAD can be arranged in a circle. 


A 
D L 
Sol. There are four A's & two L's " " 
| (9-1)! 8! 
Required ways = 4120 4121 B A 
A H 
Practice Problem 

Q.1 In how many ways can 5 men and 5 women be seated at a round table if 

(i) there is no restriction (ii) all the five women sit together 

(Ш) no two women sit together (iv) not more than four women sit together 
Q.2 In how many ways can 5 men and 3 women be seated at a round table if 


( no two women sit together 
(ii) | two particular women must sit together, while the third one must not sit beside those two. 


Q.3 Find the number of ways in which n different beads can be arranged to form a necklace. 
Answer key 

Q.1 (i) 9!, (ii) 5! x 5! (iii) 4! x 5), (iv) 9! — 5! 0.2  (i)4! x^P, (ii) 5700 

Q.3 j- 1)! 
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TOTAL NUMBER OF COMBINATIONS OR SELECTION OR COLLECTION : 


We know that 
(Irae RO. RO eol BC opone Би TIGR Fuso SE, УЛ, 
Now replace x by 1 


then = 2^ - "C, € "C, + "C, + "C +... + "C 


Case-I : Selection of one or more things out of n things. When all the things are different total number of 
selections. 
One thing can be selected in "C, ways 
Two things can be selected in "С, ways 


Three things can be selected in "C, ways 


n things can be selected in "C, ways 


n things can be selected in "C, ways 


Total ways = "С, * "C, t "C, * ...... TRO = 22-1 


Illustration : 


Sanjeev has 7 friend's. In how many ways can be invite one or more of them to dinner. 


Sol. TC, "C, "C, ......7б,=27—1 


Case-II : The number of selecting zero ог more things out of n identical things is n + 1 
Proof: 
Selecting none thing = 1 way 
Selecting 1 thing = 1 ways 


Selecting2 things = 1 way 


Selecting nthings = 1 way 


Total number of ways = 1 - 14 1 ...... (n+ 1) times = (n+ 1) Ans. 
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Case-III : Number of ways selecting one or more things out of which р are alike of one kind, q are alike of 
second kind, r alike of third kind, while s are different is (p + 1) (q+ 1) (г+ 1)25- 1 
Proof: 
Selecting none thing (out of p alike things) = 1 way 
Selecting 1 thing (out of p alike things) = 1 ways 
Selecting 2 things (out of p alike things) = 1 way 


Selecting p things (out of p alike things) = 1 way 
Total number of ways = 1 - 14 1 ...... (p+ 1) times = (р+1) Ans. 
Similarly for q alike, total ways = q+ 1 
Similarly for r alike, total ways ^r 1 
For s different things total ways of selection will be 25 , i.e. any item is selected or not. 
So total number of required ways = (р + 1) (q+ 1) (r+ 1) 25-1 
(115 subtracted when no item is selected) 


Illustration : 
Find the number of ways in which one or more letter be selected from the letters "AAAABBCCCDEF" 


Sol Total number of ways = (4 + 1) (2+ 1) (3 + 1) 22-1 = 479 
A B C DEF 


Sol. Total number of ways = (4 + 1) (2 + 1) (3 +1) 22-1 2479 
A B С DEF 


Illustration : 


It is given that 4 Apples, 3 Mangoes, 2 Bananas, 2 Oranges, consider the following cases. 
Case-I: Fruits of same species are alike and rests are different ,then 

(i) Find the number of ways, atleast one fruit is selected. 

(ii) Find the number of ways, atleast one fruit of each kind is selected. 
Case-II: Fruits of same species are different and rests are also different , then 

(i) Find the number of ways, atleast one fruit is selected. 

(ii) Find the number of ways, atleast one fruit of each kind is selected. 


Sol Саяе-1: 
(i) Apples can be selected in (4 + 1) ways 
Total number of ways = (4 + 1) (3 + 1) (2 + 1) (2 + 1) ~ 1 = 179 
(ii) Since we need atleast one fruit of each kind, Apples can be selected in 4 ways. 
So total number of ways = 4 х3 x2 х 2 = 48 


Case-Il : 

(i) Since fruits of same kind are different. 
Apples can be selected in 24 ways 
Total number of ways = 24 x 23 x 2? х 2? — 1 = 2047 

(ii) ^ Since we need atleast one fruit of each kind, Apples can be selected in 24 — 1 ways. 
So total number of ways = (24 — 1)х (23 —1) x (22-1) x(2? — 1) 
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Total number of combinations in different cases : 


(a) The number of combinations ofn different things taking some or all (or atleast one) at a time 
мэ PN Patt = 2%—] 


(b The number of ways to select some or all out of (p +q+r) things where p are alike of first kind, q are 
alike of second kind and r are alike of third kind is = (р +1) (q +1) ( r*1)-1 


(c) The number of ways to select some or all out of (p + q + t) things where p are alike of first kind, q are 
alike of second kind and remaining t are different is = (p +1) (4+1) 2'-1. 


PROMBLEMS BASED ON NUMBER THEORY : 


Note that every natural number except | has atleast 2 divisors. If it has exactly two divisors then it is 
called a prime. System of prime numbers begins with 2. All primes except 2 are odd. A number having 
more than 2 divisors is called a composite. 2 is the only even number which is not composite. A pair of 
natural numbers are said to be relatively prime or coprime if their HCF is one. For two natural numbers 
to be relatively it is not necessay that one or both should be prime. It is possible that they both are 
composite but still coprime. eg. 4 and 25. Note that 1 is neither prime nor composite however it is 
coprime with every other natural number.A pair of primes are said to be twin if their non-negative 
difference is 2e.g.3 &5;5 & 7e.t.c. 


Number of divisors and their sum : 


Number of divisors and their sum : 


(a) Every natural number N can always be put in the form N = рү! 


a a 
> P2? ... р," where py, py, ... p, are 
distinct primes and с, о, ... , о, are non-negative integers. 
(b) IfN= рү! ý р)? - p,' then number of divisor of N is equivalent of number of ways of selecting zero 


or more objects from the groups of identical objects, (ру, р, ..., @, times) (р,, p», ... oo times), 
(ру, ру «++ » Qg times) = (a, + 1) (a, + 1)... (о + 1) which includes | and М also. 


(c) All the divisors excluding 1 and М are called proper divisors. 
Also number of divisiors of N can be seen as number of different terms in the expansion of 


(p; pur pit рг ун (p, go! E Fet p Saa CE Pp p Р) 
Hence, sum of the divisors of N is 
(tp 59 tant рУ +py tp? ++ pe?) oe. Op tp +... ep) 


a) +1 3 раа". p%*! —] 


Р! k 


p,-1 pazl " pko! 


| 
(9) Number of ways of putting N as a product of two natural numbers is 2 (a, + 1) (a5 + 1).....(а + 1) if 
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(е) IfN=p*x ахг...... р, Ч are prime number & a, b are natural number. 


I= (Total number of divisors) 


2 


where 118 the number of required ways if N is not a perfect square. 


I= (Total number of divisors + 1) 
7 2 


where I is the number of required ways if М is a perfect square. 


Illustration : 


Consider the number N = 2° х 34 х 57 x 7, 
Now answer the following question. 

(i) Total number of divisor, 

(ii) | Number of proper divisor 

(iii) ^ Number of odd divisor 

(iv) | Number of even divisor. 

(v) Number of divisors divisible by 5. 

(vi) | Number of divisors divisible by 10. 
(vii) Number of divisors divisible by 2 but not by 4. 
(viii) Sum of all divisors 

(ix) | Sum of even divisors 


(уп) митоекг о] aivisors апязиле Dy 2 Dui not Dy 4. 

(viii) Sum of all divisors 

(ix) | Sum of even divisors 

(x) | Sum of odd divisors 

(xi) ит of divisor of the form (4n + 2), n e N (4n +2) => Even number but not divisible 
by 4, so exactly one 2. 

(xii) ^ Number of ways in which М can be resolved as product of two divisor. 


Sol. 
(0) 
5° 
0 
и 1 3 5 ° 
2 3! 5 7 
2 
2 » 3 y 5 3 7 7 
7 3 5 7 
3! 
2? 5° 
57 


Number of divisor = (5 + 1) (4+ 1) (7 + 1) (2 + I) 
-6х5х8х3-720 


(її) Proper divisor will be other than 1 and number itself. 
So proper divisor = 720—2 = 718. 


(iii) ^ Number of odd divisor can be obtained by choosing 34 х 57 x 7. 
Which can be formed by (4 + 1) (7 + 1) x (2+ 1) = 120 ways 
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(iv) — It can be obtain by selecting atleast one '2' in 2.3.5.7 

which can be done in 5 x (4 1) * (7 - 1) * 2+ ]) = 600 
(v) — Atleast one 5 must be there in 25 х 3 х 57 х 7 
(5 + 1)(4 +1) (7) (2 + 1) т 630 


(vi) For divisibility by 10 number most be divisible by 2 & 5, 
So total divisor must contain atleast one 2 and atleast one 5 in 2) х 34 х 5” х 7 
So that ways = 5х (4+ 1) * (7) * (2 + 1) $25 

(vil) Exact one 2 should be there 
Total ways = 1 * 5«8* 3— 120 


(vili) It can be obtained from 
(29 + 2! + 2 + 2 + 24427) "+ 3 3-343439 


(5° + 5 524 51+ 54+... HS 4 7! 4 7) 
5 5 : 
-(28-1)х (3 edi [9 -1) {7 -1) 
2 4 6 


fix) Atleast one 2 must be there 
Sum = (2! + 2? uu + 25) (39 + 31+... 039 0? € 5! uuu + $7) (7 + 7! + 7) 


j ^ 3 
„(3 =) te =i) 44 -1) 


Sum = 2. {25 — 1) 


их 


И “I dL IT 
м 


(х) No 2 сап be selected 
Sume РЕ PIF 37 EII QS vu. £39 T4 7 +7) 


(xi) ит = (2) (30+ 31+ 32+ 33 + 34) (50+51+...... + 57) (79 + 7! + 72) 


ag ы Жыш UP I LO" ы] шы, 
2 4 6 24 
(xii) When N is perfect square М = 2? x 34 x 57 х 7? is not a perfect square 


p= (Total number of divisors) _ 720 _ 5. Ans. 


So 2 2 


Illustration : 
For М = 75600, find number of ways by which М can be resolved as product of 2 devisor. 


Sol. N=24 x 33x 52 х 7! 
Total number of divisor (Му) = (4 + 1) x (3 + 1) x (2+ I) x (1 + 1) = 120 


М. 
If (N,) is even then required number of ways = ED = 60 
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Illustration : 


Prove that number of ways in which N can be resolved as a product of 2 divisors which are 
relatively prime = 2"-!. Where n is the number of prime involed in the prime factorisation of 
М = 26 x 35 x 54 x 73 x J]? x 13! 
Sol. М = 26 x 35 x 5! x P x I]? x 13! 
a b c d e / а, b, c, d, e, fare relatively prime 
ae 
Total ways = °C, + °C, + °C, аги 
6C, — 1 х abcdef 
6C, —> а x bcdef, b х acdef, c х abdef, d х асе}, e х abcdf, f х abcde, 
6С, —> abxcdef, aexbcdf, ...... 


—— — 2 јоғ equal size group 


6 
С 
Total ways = °C, + °C, + °C, tT = 26-1 = 32 


Similarly for n prime factorisation total ways = 277! 


Illustration : 


Illustration : 


Find the number of permutation of 6 digits from the set (1, 2, 3, 4, 5, 6) where each digit is to be 
used exactly once, so that the chosen permutation changes from increasing to decreasing or 
decreasing to increasing at most once e.g. the strings like 123456, 654321,126543 and 
63214 5 are acceptable but strings like 1 3 24 56 or 653241 are not. 


Sol. {1,2,3,4,5,6} 


Case-1: up up up up ар 6 447 
Case-2: up up up up 6 down С, 
Case-3: up up up 6 down down 26, 
Case-4: up up 6 down down down 5С, 
Case-5: up 6 down down down down б, 
Case-6: 6 down down down down down 36, 
Case-7: down down down down 1 up 5С, 
Case-8: down down down 1 ир ир С. 
Case-9: down down 1 up up up "os 
Case-10: down 1 up ар ир up ICa 


Total = 62 Ans. 
Aliter: ЁС, x2+ С, х2+ бб, = 12+ 30 + 20 = 62 Ans. 
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Illustration : 


Let N be the number of ordered pairs of non empty sets A and B that have the following properties: 
(a) AUB={1, 2, 3, 4, 5, 6, 7, 8, 9, 10} 
() | AnB-6 
(c) The number of elements of A is not the element of A. 
(d) The number of elements of B is not an element of B. 
Find N. 


Sol | Explanation: 
(a) and (b) = n(A) + n(B) = 10 
(c) and (d) — if A is the two elements set then B is an eight elements set, therefore 2 is not in 
A and must be in B and 8 is not in B and must be in A. 
Also note that both set can not have equal number of elements because if A is a 5 element set 
then B will also be five element set and the elements can not be both in A and B. 


No. of elements in A i.e. n(A) 


1/9 m 7 c 
9 element set 22 
group of 0 and 8 
ld ees } 8c 
8 element set _2 
group of 1 and 7 
8 
С, 


3 element set d m— } 
ЛО } 7 element set — 
group of 2 and 6 
3 element set L3 y, 8 
C, 
р РЕТ } 7 element set = 
group of 2 and 6 


4 element set 8 
C; 
6 element set 


5 element set Not possible 
6 element set 


8 element set 
9 element set 


Total = (8C, + 8C, +8С,+.......... + 8C,)-8C, = 28- 70 = 256- 70 = 186 Ans. 


o 


Illustration : 


Find the number of non-empty subsets S of (1, 2, 3, 4, 5, 6, 7, 8, 9, 10, 11, 12} such that, no two 
consecutive integers belong to S and if, S contains k elements, then S contains no number less 
than k. 


So. 5={1,2, 3, 4, 5, 6, 7, 8, 9, 10, 11, 12} 
single element subset = 12 
two element subset (1 cannot be taken — think! why?) 
S S 2 
| х|х|х|х|х|х|х|х|х| 9 
nine to be taken 


gaps 10 > 100, = 45 
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|||” 3 element subset (1 and 2 cannot be taken) 
5 4 хайн 1l, 12 
000 
|х|х|х|х|х|х|х| 
8C, = 56 
4 element set (1, 2, 3, rejected) 
0000 
|х|х|х|х|х| 
6С,= 15 
5 element (1, 2, 3, 4 rejected) 
00000 
|х|х|х| 
С; = 0 Not possible 
Total = 12 + 45 + 56 + 15 = 68 + 60 = 128 Ans. 


Practice Problem 


0.1 Consider the number N = 75600 (23.32,52,7!) Find 
(i) | Number of divisors (ii) Number of proper divisors 
(ш) ^ Number of odd divisors (iv) | Number of even divisors 
(v) Number of divisors divisible by 5 (vi) | Number of divisors divisible by 10 


(xiY сит ofall the divisars 


Ul)  INUIIIDCT OI OU AIVISOTS uv) INUIIIDCT OI EVEN G1 VISOIS 
(v) Number of divisors divisible by 5 (vi) | Number of divisors divisible by 10 
(vii) sum ofall the divisors 


Answer key 


01  ()120 (0918, (iii) 24, (iv) 96, (v) 80, (vi) 64, 
(vii) (29+ 2! + 22+ 23 + 24) (39+ 3! + 32 + 33)(50 + 51+ 52)(70 + 7!) 


SUMMATION OF NUMBERS (3 DIFFERENT WAYS) : 
(a) Sum of all the numbers greater then 10000 formed by the digits 1,3,5,7,9 if no digit being repeated. 


Method - 1: All possible numbers = 5! = 120 
If one occupies the units place then total numbers = 24. 


Hence 1 enjoys units place 24 times 1111) 
У 1 enjoys each place 24 times 

Sum due to 1 = 1 x 24( 1+ 10 + 10? + 10° + 10%) 
У Sum due to the 

digit 3 = 3 х 24(1+ 10+ 10? + 103 + 104) 


Required total sum = 24 (1+ 10+ 102 + 103 + 105) (1+3+5+7+9) 
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Method —2: Іп 1“ column there are twenty four 1’s , Twenty four 3’s & so on and their sum is 


= 24 x 25 = 600 
Hence add. in vertical column normally we get = 6666600 
5th 2nd ]5t 


X X X X X 
X X X X X 


666 6 6 0 0 — 6666600 


Method-3: Applicable only if the digits used are such that they have the same 
common difference. (valid even ifthe digits are repeating) 
Writing all the numbers in ascending order of magnitude 
$=( 13579-13597 + слизь +97513 + 97531) 
$ = ( 13579 + 99531) + (13597 + 97513) + .... 
= (111110) 60 time = 6666600 Ans 
п 
> ( 


$ = 1+ L) where п = number of numbers, / = smallest, L = Largest 


Illustration : 


Illustration : 


Find sum of all the numbers greater than 10000 formed by the digit 0, 1, 2, 4, 5, no digit being 
repeated. 


Sol. Using all the given digits we can form a five digit number except when zero is at first place. 
So to find the sum of all the possible five digit number 
= (Sum of all possible arrangement) — (Sum of all the arrangements when zero is at first place) 
5! 
=> 5 different digits can be arranged in 5! ways so each digit will appear at every place = 35 times 
i.e. 24 times 
Sum of all digits at unit place = 24 (0+ 1+2+4+ 5) 
Sum of all digits at ten's place = 24(0+1+2 +4 + 5) 
Sum of all digits at 10000" place = 24 (0 - 1 +2 +4 + 5) 
In this way sum of all possible arrangement = 24 (0+1+2+4+5) [1+ 10+ 10? + 103 + 104] 
when zero is at first place 4 digit number willbe formed. 
Each number will appear 6 times at every place. 
Sum of all 4 digit number at unit place = 6 (1 + 2 + 4 + 5) 
Sum of all 4 digit number at ten's place = 6 (1 +2 +4 + 5) 
Hence sum of all four digit numbers = 6 (1 + 2 4 + 5) (1+ 10 + 10? + 10) 
Required sum = 24 [0 - 1+2+3+4+ 5] [1 + 10 10? +10 + 10) 
-6(1+2+4+ 5) (1 + 10 10? + 10) 
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Illustration : 
Find the sum of all the four digit numbers that can be formed with the digits 3, 2, 3, 4. 


Sol. The number of numbers having 2 in units place 


3! 
“ы Г." the other three places are to be filled Бу 3, 3 and 4] 
Similarly the number of numbers having 4 in units places 
3! 
=>" Г." the other three places are to be filled by 3, 3 and 2] 


and the number of numbers having 3 in units places 
=3/=6 Г." the other three places are to be filled by 2, 3 and 4] 
Thus, sum of the digits occurring in the units place 
=2х3+3х6+4х3 = 36 
We can see that the given digits (3, 2, 3, 4) occur at the tens, hundreds and thousands place, the 
same number of times as they occur at the units place. 
Hence, the required sum of the numbers formed 
= 36 (1 + 10 + 100 + 1000) = 39996 


Illustration : 


Find the sum of the five digit numbers that can be formed using the digits 3, 4, 5, 6, 7 not using 
any digit more than once in any number. 


Sol. If 3 is placed at units place, the remaining 4 places can be filled in 4! = 24 ways 


Sol. If 3 is placed at units place, the remaining 4 places can be filled in 4! = 24 ways 
Thus, 3 occurs at unit place 24 times. 
The other digits similarly, each occurs at the unit places 24 times. 
Similarly, each of the digit occurs at the other places tens, hundreds and so on, 24 times. 
Hence, the required sum, is 
= 24 (3+4+5+6+7) (10° + 10! + 102 + 103 + 104) 
= 24 x 25 x 11111 = 6666600 


Illustration : 


Find the number of permutations of the digits 1, 2, 3, 4 and 5 taken all at a time so that the sum 
of the digits at the first two places is smaller than the sum of the digits at the last two places. 


Sol. Тоа! = 120; a, aa, а. а; 
Number of ways in which a, + a,7 a, + a, = number of ways in which a, + a, «a, + a; 
(120)-(a;+a, =a; +a; )* 
2 
(* denotes the number of ways when a, + a, =a, t ay) 
Now а; +а, =а,+а; (1, 2, 3, 4, 5) 
If d, = 4, 43125 8 ways 
й, 2, 15324 8 ways 
а;= 3, 41523 8 ways 
If a, =2/4/ 6 not possible (think !) 
(120)-24 


required number = м“ 48 Ans. 


required number = 
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DESTRIBUTION OF ALIKE OBJECTS : 


TYPE-1: 
Total number of ways in which n identical coins can be distributed among p persons so that each person 


(n+p-1) 


may get any number of coin is РС = (р-1) (n) 


Proof:- 
Let 6 identical coins can be distributed among 3 persons R|S|G 


ooo 000 
(False coins) 


ООФОО ОО Out of eight places if we select any two 3 
R $ G partitions are formed by ЁС, ways 


Partition wall 


Illustration : 


Find number of ways in which 30 mangos can be distributed among 5 persons. 
Sol. 30+5-1 С, i= vi 


PINU HUHIUCI UL Ways ш WINCH OU шапро сап UC шишеси ALUN 2 persurims. 
+5- Y 
Sol. 3045 “бал - 6, 


ТҮРЕ-2: 
Total number of ways in which n identical items can be distributed among p persons such that each of 
them receive at least one item PIO а 


Illustration : 


Find total number of ways of distributing 7 identical computers to R|S|G. So that each receive atleast one 
computer 


Sol. TC, = ‘C, 


Illustration : 


Find number of natural solutions of equation x + y + z= 102, where x, y, z e N. 

Sol. x+y+z=102consider x, у, zas 3 beggers and 102 as coins, give 1 coin to each equation becomes 
X+Y+Z=99, X=x+1,Y=y+1,Z=z+l. 
Now distributed 99 coins without constrants total ways 99'2C, = !°'C,,. 


Imp. Point: 
Number of different terms in a complete homogeneous expression of degree m in n variables 
is equivalent to distribution of m identical coins among n beggers. 
If expression is (x, + x, +X, ....... + x,)" number of terms EG gs 
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Illustration : 


Find number of different terms in expansion of (xt+y+z)!°. 
Sol. dm EA - ыг” 


Illustration : 


Aman has to buy 25 mangoes in four different variety buying at least 4 of each variety. In how many 
ways can he plan his purchases; if mangoes of each variety are identical and available in abundance. 


Sol — V,, V), V3, V, are considered as beggers give 4 to each 


ооооооооо $99 


Now 9 mangoes to 4 verieties without any ristriction given as?*C, , = PC; 


Illustration : 


Number of non-negative integral solution of the inequality x+y+z+t < 30. 
Sol. (xtytzt+t)+w=30 


(False begger) 
Required condition is equivalent to giving 30 coin's to 5 begger’s = 30151С, , =4C,,. 


IHlluctratinn * 


AVV VU VM VULINIUNXIH 1D ми уалып ол руці JV Ао Мә БЕЗ ог №51 ын “УФ 


Illustration : 


Number of ways in which 16 identical toys are to be distributed among 3 children such that each 
child does not receive less than 3 toys will be 
(A) 96 (B) 16 (С) 36 (О) 46 


Sol. Let x,, x,, x, be the number of toys received by the three children 
Then, x,, X;, x, > 3 and x}, Х,, x, = 16 
Let u; = ху 3, u, = x, — 3 and u, = x, – 3 
Then, и, u, u, > 0 and u,t+ u, + u, = 7 
Неге, п = 7 andr = 3 
Number of ways = "ЛАС, 


‚ = ?С,= 36 


Illustration : 


Number of non-negative integral solutions of x,* x,+ x, + 4x, = 20 will be 
(A) 496 (B) 516 (C) 536 (D) 546 


Sol. Неге, clearly 0 < x, < 5, x,,x,,x,,20 апі x, +x, +x, = 20 - 4x, 
=> r=3 and п = 20 – 4x, 


If x, = 0 number of ways 20*3-1С,_, = 2С, 
If x, = 1 number of ways '6*3-1С,_, = '8C, Similarly, if x, = 2, 3, 4, 5, number of ways 
= МО, 8C, °C.) ^C, respectively 

Total number of ways 
= Эр, + "c + MC, T x^^ + °С, + o^ = 536 
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Illustration : 


Number of ways 5 identical balls can be distributed into 3 different boxes so that no box remains 
empty will be 


(A) 1 (B) 3 (C) 6 (D) 15 
Sol. Тһе required number of ways = *!C, | 
4.3 
= 4С, = = 6 
Try yourself : 
A shelf contain 6 separate compartment's. Find number of ways in which 12 identical marbles can be 
placed in the compartment so that no compartment is empty. [Ans. ИС; | 


MAXIMISE "С, : 


r- if nis even 


NIS 


С, is maximum at 


jadis E if nis odd 
2 2 


e.g. ^C, is maximum when r 7 7 or8, C, is maximum when г= 6 


GRID PROBLEM : 
Complete cartesian plane is nartitioned bv drawing line | to x and v-axis eauidistant араг like the lines 
GRID PROBLEM : 


Complete cartesian plane is partitioned by drawing line | | to x and y-axis equidistant apart like the lines 
on a chess board. Then the 


Illustration : 
Number of ways in which an ant can reach from (1, 1) to (4, 5) via shortest path. 


Sol. | Whatever may be the mode of travel of the ant; it has to traverse ЗН (Horizontal) and 4V (Vertical) 
paths. 


ТЄ, 


7! 
ПЕЛЕ 


Hence required number of ways = 


Note : If there are п vertical and m horizontal lines then there will be (n — 1) horizontal and (т- 1) 
vertical paths 
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DERANGEMENT : 


Ifn things are arranged in a row, the number of a ways they can be deranged so that r things occupy 
wrong places while (n—r) things occupy their original places, is 


= “бн р, 
1 1 1 = 1 
where D,=r! тит ГР? +(-1) z) 
Ifn things are arranged in а row, the number of ways they can be deranged so that none of them occupies 
its original place, is 


1.1 1 | 
= еи (БЕ TERES «ei 
Aliter : 
D, = ways in which п things are arranged so that all n things occupy wrong places 
= arranged without restriction 
— ways in which 1 thing is in correct position while (n — 1) things are deranged 
— ways in which 2 things are in correct position while (n – 2) things are deranged 


eee eee eee eee eee n n 


— ways in which all п things are in correct position and there is no derangement 
anl- D ая хэхэхэхэ -"CD 


2^7 п-2 n-0 
n 
-nl- У "С,р,., 
п 
-nl- У "С,р,., 
=] 
Thus, we have i 
р,-01-1 


р,-1-1С,,-0 

р,-2!-2С,р,-2С,0,-1 

D, = 3! -°C D, - ?C,D, -?C,D, =2 

D, = 4! -4C,D, - ^C)D, - ^C4D, - ^C,D, = 9 

D, = 5! -?CjD, - ?C;D, - ?C,D, -?C,D, - ?C;D, = 44 
and so on. 


Illustration : 


A person writes letters to five friends and addresses the corresponding envelopes. In how many 
ways can the letters be placed in the envelops so that 
(a) all letters are in the wrong envelopes. 
(b) at least three of them are in the wrong envelopes. 
Sol. 
(a) Required number of ways 


Pdl 4,411 A Г. N 
= 5!) 1-—+—-—+—-—|=—-—+—-— 
| 2! 3! 4! 5!) 2! 3! 4! 5! 
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(b) Required number of ways 


zn» CD... where n = 5 
n-l 
=°C,D; + °C,D, + °С, 
1,1 1 1 1 1.1 1,4 4 Z 1 
= 10 аи T 3 xa Le Zit) +] ие 
= 10(3-10+5(12-4+1+ (60-20+5-1)=20+45+44 = 109 


Practice Problem 


Q.1 The number of ways to put 4 letters in 4 addressed envelops so that all in wrong envelopes. 
Q.2 The number of ways to put 5 letters in 5 addressed envelops so that all are in wrong envelopes. 
Answer key 


Q.1 9 0.2 44 


Q1 9 0.2 44 


SOME IMPORTANT RESULTS ABOUT POINTS : 


If there are п points in a plane of which m (<n) are collinear, then 
(a) Тоа number of different straight lines obtained by joining these п points is 
"С, - С, +1 


(b) Total number of different triangles formed by joining these n points is 
“с mc 
3 3 


(с) Number of diagonals in polygon of п sides is 
п(п-3) 
2 


(а) Ifm parallel lines їп а plane are intersected by a family of other п parallel lines, Then total number 
of parallelograms so formed is 


"C, -n i.e. 


mn(m- 1) (n- 1) 


"C, х "С, 4 
(е) Number of triangles formed by joining vertices of convex polygon of п sides is "C, of which 
(i) Number of triangles having exactly two sides common to the polygon = п 
(ii) Number of triangles having exactly one side common to the polygon = n(n — 4) 
т : : n(n —4)(п – 5) 
(i) ^ Number of triangles having no side common to the polygon = нх cmm 
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Solved Examples 


Single correct question 


0.1 


Sol. 


Q.2 


Sol. 


0.3 


$01. 


0.4 


$01. 


Ina bag there is a minimum of six old indian coins of every denominations (i.e. Athanni, Chavanni, 
Duanni, Ekanni). Number of ways in which one can take 6 coins from the bag is 


(A) 120 (В) 90 (С) 84 (0) 60 
Let Athani — А Duani — С 
Chavanni > B Ekani — р 


А-В-С-0-6 where А20, B20,C20,D20 
Total number of arrangement = ^*!C. , 9C, = 84 


3 Indian and 3 American men and their wives are to be seated round to circular table. Let m denotes the 
number of ways when the indian couples are together and n denotes the number of ways when all the six 
couples are together. If m = kn then К equals. 


(A) 36 (B) 42 (C) 45 (D) 48 

Indian couples can be seated together and rest 6 person are siting in a round table in (6 + 3 — 1)! x 23 
= 8! x 23 

where 2? are arrangement among themselves 
m= 8! х 23 


Similarly 6 couples in a round table can be seated in 
n =(6— 1)! x 26 ways = 5! x 26 
8! x 23 


91х26 = К = К = 42 


т 
m=kn => ы = 


Similarly 6 couples in a round table can be seated in 
n= (6 – 1)! x 26 ways = 5! x 26 
8! x 2? 


91х26 К > К = 42 


т 
m=kn => m > 


Golden temple express going from Amritsar to mumbai stops at 5 intermediate stations. 10 passengers 
enter the train during the journey with 10 different tickets of 'k' classes. If number of different sets of 
tickets they have is “С,, then К equals. 
(A)1 (B)2 (C)3 (D)4 
Let 11,111, are the intermediate stations. 
A 1111 M 
Total number of tickets of one class are = 5, (Selecting two station as origin & destination station) 
Total tickets for К classes = °C, х К 
= 15k 

10 different tickets for 10 person can be choosen іп КС, 

15КС = 45C = 45C 

10 35 10 
15К = 45 > k=3 


The number of ways in which 5 X's can be placed in the squares of the figure so that no horizontal row 
remains empty is 
(A) 97 (B) 98 (C) 100 (D) 126 
Total number of x's are 5 so two horizontal rows can not be empty 
at a time that one horizontal row could be empty. 
Total number of required ways = °С, (total possible) 
— [top row empty + middle row empty 
+ bottom row empty] 
= 9С, – С, + $C, + 5C,] = 98 Ans. 
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$01. 


0.6 


Sol. 


Q.7 


Sol. 


Q.8 


Sol. 


53 


Six boys and six girls sit along а line alternativelyin x ways and along a circle (again alternatively) in y 
ways then: 
(A)x=y (B) y= 12x (С)х= 10у (0)х= 12у 
Lencar arrangement of 6 boy = 6! ways 
|B, | B, | B, | B4| B; |В, 
Arrangement girls can be done in 6! x 2 ways 
x=6!x6!x2 
For circular arrangement boys can be arranged in 5! 
6 places can be filled by 6 girls in 6! ways 
total ways y=5! x6! 
x=12y Ans. 


A forecast is to be made of the result of five cricket matches, each of which can be a win or a draw ora 
loss for indian team. 
Let — p=number of forecast with exactly 1 error 
q=number of forecast with exactly 3 errors and 
r=number of forecast with all five errors, then incorrect statement is : 
(A) 8p = 5r (В) 2q=5r (С) 8p =q (D)2(p+q)>q 
Selection of one wrong forecast = 5C 1 
Wrong forecast of 1 match can be done in 2 ways 
p=°C, x2=10 
4-2С,х2х2х2-380 
г=5Сх2х2х2х2х2 = 32 
Hence (A) А. 


------ y =y - —-—. 


The number of ten digit numbers that contain only 2 and 3 as its digit, but no any pairwise 3's joins 
together, is 
(A) 145 (B) 143 (C) 129 (D) None 


One 3 and Nine 2s > |2]2]2|2|2]2|2|]2]2| — "C, 
Two 38 and 8 28 > С, 

Three 3s and 7 2s > *%, 

Four 3's and 6 28 -» © 

Five 38 ай 5 2% > 26, 

Sx 35 and 6 2's > Not possible as repetition of 3's will come 


Total number of ways = '°C, + °C, + 5C, + 7C, + 6C, 
= 143 Ans. 


If the sum of all even positive dirisors of 100000 can be expressed in the form К (52+ 5 + 1) (53+ 1) 
then the value of k is 


(A)31 (B) 62 (C) 64 (0)93 
100000 = 25 х 55 
Sum of all even divisor = (2 + 22+ 23 + 24+ 25) (50+ 5! +...... + 55) 
25-155-1 , 31, р 
=2. . =7. — = + 
2 = 2 46 1) (5° + 1) 


= 62 (52+ 5 + 1) (5+ 1) > К = 62 
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0.9 


Sol. 


Number of ways in which 15 indistinguishable oranges can be distributed in 3 different boxes so that 
every box R as atmost 8 oranges, are 

(A) 52 (B) 108 (C) 76 (D) 28 

Requried ways = (Total possible ways without restriction) — (ways when any box can 2 9 oranges) 
Total possible ways are 


х+у+2= 15 = s C 
Ways when апу box can have 9 orarges 
х+у+2= 15 


either one of x, у, 2 сап have more then 9 orages. 
xty+z=15-9=6 with x20, y20, 720 


Number of ways are С x $*-1C, , =3C, x 8C, 


Required ways are = "C, —3C, x *C, 
—52 Ап. 


Paragraph type 


Q.10 


Q.11 


0.11 


0.12 


$01. 


@ 


(ii) 


(iti) 


Paragraph for question nos. 10 to 12 


Consider a polygon of sides 'n' which satisfies the equation 3 -"p,=""'p,. 

Rajdhani express travelling from Delhi to Mumbai has n station enroute. Number of ways in which a train 
can be stopped at 3 stations if no two of the stopping station are consecutive, is 

(A) 20 (B) 35 (C) 56 (D) 84 


Number of quadrilaterals that can be made using the vertices of the polygon of sides 'n' if exactly two 


adjacent sides of the quadrilateral are common to the sides of n - gon is 
ГАХАЛ (DKA с“ 10 £YYY Nana 


Number of quadrilaterals that can be made using the vertices of the polygon of sides 'n' if exactly two 
adjacent sides of the quadrilateral are common to the sides of n - gon is 
(A) 50 (B) 60 (C) 70 (D) None 


Number of quadrilterals that can be formed using the vertices of'a polygon of sides 'n' if exactly 1 side of 
the quadrilateral is common with the side of the n- gon is 
(A) 150 (B) 100 (C) 96 (D) None 

n! __(n-1)! 
35 (1-4) (n-6) 
=» Зп = n? - 9n + 20 = п? - 121+20=0 

п= 10, n-2 notpossible 

80 п= 10 
Dehi I, L LE I,...... Го Mumbai 
3 intermediate station such that no two are consecutive 
Train is stopping at 3 station, for 7 remaining station there are 8 gaps. 


3n- (n- 4) (n- 5) 


Filling these 3 station out of 8 gaps can be done in С, = 56 ways $ 
n=10 

Contecutive two sides can be formed by (1, 2, 3) point so 4, 10 can't be 10 3 
Seleted but one point out of remain 5 points can be selected in °С, ways | 2 


So total quadrilaterals = 10 x 5C, = 50 

One side common means any two consecutive vertices can be selected in 10 ways. Now (1, 2) is 
selected 3, 10 can't be selected rest two non consecutive vertices can be selected from °C, ways 
Total number of quadrilateral = 10 - °С, = 100 ways. 
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Paragraph for question nos. 13 to 15 
Consider the word "w"=C OM MISION ER containing 12 letter of which five vowels and 7 
consonants 
Q.13 Number of 5 lettered word each comprising of 2 vowels and 3 consonants is 
(A) 5120 (B) 6720 (C) 4960 (D) None 


Q.14 Number of ways in which the letters of word 'w' can be arranged if alike letters are together but separated 
from the other alike letters is 


121-8! 


(A) 2880 (B) 1120 (e 


(D) None 


0.15 Number of ways is which the letters of the word 'w' can be arranged without changing the order of alike 
letters is 
12! 
(A) (21) (B) ЭС, (С) 1p, (D) mp, 


Sol. Vowels are OOIIE 
Consonants areM MSSRCN 


(1) 2 vowel & 3 consonant 
(a) vowels are alike (a) 2alike, 1 different 
?С,=2 2C, x 4C, =8 
(b) vowels are different (b) АЗ different 
3C, =3 5С, = 10 
uJ 2 VOWUI e 2 CULISULIAIIL 
(a) vowels are alike (а) 2alike,1 different 
2С,=2 *C,x4C, =8 
(b) vowels are different (b) АЗ different 
°С, =3 © = 10 
Total arrangement 
аа! х Pas x > bat +5 + bb' x 5! 
5! 5! 5! 
2x8x д toe lee ET *3x8x 2i *3x10x5! 


= 480 + 1200 + 1440 + 3600 = 6720 ways 


(ii) Alike word are ММ, ОО, 11, SSare together both seperated from other alike i.e. M M is seperated 
from OO. 
SO С М E R arearranged in 4! ways 
5 placed are filled & arranged by °С, x 4! 
total ways are °C, x 4! x 4! = 2880 


(iii) Total possible ways = 12! (considering all defferent) 
ways of arranging 8 distinct letters are 8! 


| 12! 
total required ways = ог 
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Match the Column 


Q.16 Column-I Column-II 
(A) | Number ofall six digit natural numbers such that sum (P) 350 
of their digits is 10 and each of the digit 0, 1, 2, 3 occurs 
atleast once in them is 
(В)  Aquestion paper consists of 2 parts A and B. Part A (Q) 405 
has 4 questions with 1 alternative each and Part-B has 3 
question without any alternative. Number of ways in which 
one can select the question when atleast one question must (R) 490 
be attempted from each part, is 
(С) Number of ordered pairs of positive integers (a, b) such 
that the least common multiple of 'a' and 'b' is 22-54-114 (5) 560 
Sol.(A) 6 digit number containg 0, 1, 2, 3 atleast once are 


i 01,2; 3 4,0 ! 
2! 
ii 0, 1,2 1 ! ! 
Я : > р = 
2!x2! 2!x2! 
iii 3 ЕЈ , > 5! 


Ws My заар = эу) 4 x —*=240 
2! 


m - 
(11) 0,1,2,3 : { 5! = 150 
2!x 2! 2!x2! 
, —-—=100 


(4) (0,1,2,3 


Total required ways = 240 + 150 + 100 = 490 
(B) 3 option for question of paper A (i.e. 1“ alternative 2 alternative no solution) 


2 option for question of paper B 
Total ways = (34 – 1) (23-1) 
= (80) (7) = 560 


(С) a=2'- 58-11! b= 2". 55.11" 
If r=0,1,2 then г=2 
If r=2 then r70,1,2 


Total ways =3 x 2 – 1 (for the repetition of (2, 2)) 
If s=0,1,2,3,4then 5! =4 


If s=4 then 5'=0, 1, 2,3,4 
=4х 2 – 1 (for repetition (4, 4)) 
= 9 ways 


Similar for t & t' number of ways = 9 ways 
total ways 5x9x9-405 Ans. 
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0.17 Column-I Column-lI 
(A)  Ifthenumberof ways in which n different toys can be (P 3 
distributed in n children if exactly one child doesn't get 
any toy is 1200 then n equals 
(B) There are 2n white and 2n red counters. Counters are all (Q 4 
alike exept for the colour. Ifthe number of ways in which 
they can be arranged in a line so that they are symmetric (К) 5 
w.r.t. a central mark is 70 then п equals to 
(C) Тоа! number of divisors of the number М = 360 which are (S) 6 
of the form 4n +2, п> 0 is 
Sol.(A) Child can be rejected in"C, ways 
Now dividing п toys in (n — 1) boys. 


_ mni! 
2!(n ~ 2)! 
Total ways = "С, x 21x (n2)! =n! x "C, = 1200 
n=5 
(B) 2n red counters, 2n white counters 
= Lo а DR 
Total ways = "C, 21x (n -2)! =n! „= 


n=5 


(В)  2nred counters, 2n white counters 


ЧИШ Arrangement of 
Mirror image : 
n white, n red 


Central mark 


: . 2n! | ON" 
n white and n red can be arranged in nin! WBS (Rest n white and n red are the mirror image) 


2n! 
uan) => n-4 
n! n! 


(CO) 360= 23.32.5 
4n+2 => even number which is not divisible by 4 hence exacthy опе '2' must be taken. 
number of divisor (1) x (3) x (2) =6 
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0.18 


Column-I Column-II 
(A) Number of five digit numbers ofthe form (y "°С, 
d, d, d, d, d; where d. i= 1, 2, 3, 4, 5 are 
digit and satisfying d, < d, < d, < d, < d,, is 
(B) Number of five digit numbers of the form ( "Cc, 
d, d, d, d, d; where d; = 1, 2, 3, 4, 5 are digits 
satisfying d, > d, 2 d, > d, > 4., is 
(C) Boby fischer and Boris Spassky play a unique ® "с; 
game series in a chess tournament. They decide 
to play on till one of them won 5 matches. If each 
match end only in win or loss. Number of ways in 
which series can be won by either of them, is 
(D)  Abadminton team has to be selected comprising (S) 2.16, 
of 5 students out of 10 students for inter shcool 
tournament. Number of ways this can be done ifa 
perticular player is to be always included or always 
excluded from the team, is 


Sol.(A) d, < 4, < 4, < 4, « d; = Number of numbers “С, (0 not included) 


(B) 


(B) 


(C) 
(D) 


d; < d, = d} < d} < d; > Number of numbers °С, (0 not included and two same digit) 


If d; <d, < d}, < d} =d; = МитбегоҒпитбегѕ °C, (Onot included and two same digit) 
If d,<d,=d,<d,=d; = Numberofnumber °С, (Onot included & two pair of same 
digit) 
Total = °C, + °С, + °C, + 9C, = VC, + C= NIC, 
d, »d,2d,» d,» d; С, (Ifall different) 
C, (fd,=d,) 
digit) 
Total = ?С, + ?С, + °C, + °C, = MC, + !°С, = ИС, 
d; > d, > d, > 4, > d; 10С, (Ifall different) 
10 10 И И "C, (6-8) 
= УС; ТС; = HO = С, Ans. 


Total number of ways in which the tournament can be won by either player = юс. =2х С, 
Always excluded =°С, 

Always included =°C, 

Total ways = °C, + °C, = °C, = 2 · 9C, 


Reasoning type question 
Q.19 Consider the 10 digits 0, |, 2,3, ...... 9 


Sol. 


Statement-1: Number of four digit even numbers that can be formed if each digit is to used only once 
in the number is 2268. 
because 
Statement-2: Total 4 digit numbers that can be formed if eah digit is used only once is 4536. 
(A) Statement-1 is true, statement-2 is true and statement-2 is correct explanation for statement-1. 
(B) Statement-1 is true, statement-2 is true and statement-2 is NOT the correct explanation for statement-1 . 
(C) Statement-1 is true, statement-2 is false. 
(D) Statement-1 is false, statement-2 is true. 
Four digit even number 
Case-I: — Ifzeroas least digit 
9x8x7 [0] =9x8x7 
Case-II: Zero is not last digit 


8х8х7 -8х8х7 
4 ways (2, 4, 6, 8) 
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Four digit even numbers = 17 x 56 = 952 
Total four digit numbers 


т и] в 


9x 9x 8 x 7 = 4536 


Q.20 Statement-1: Number of different terms in the expansive of (a + b c + d)'? is С, 
because 
Statement-2: Number of ways in which n distinguishable objects can be distributed in p persons if 
each reciving none or one or more is "'P-!C. . 
(A) Statement-1 is true, statement-2 is true and statement-2 is correct explanation for statement-1. 
(B) Statement-1 is true, statement-2 is true and statement-2 is NOT the correct explanation for statement-1. 
(C) Statement-1 is true, statement-2 is false. 
(D) Statement-1 is false, statement-2 is true. 
Sol.  Statement-1: 
Power of a — x, 


Power of b > x, X, +X, +X, +x, = 12 
Power of c > x, total ways = 5C, 
Power of d > x, 


Statement-2 : 
n different object can be distributed to person in р" ways. 


0.21 Withusual notation 
Statement-1: с (п, г) p (г, г) =р (п, г) where г, пе М 
because 
Statement-2: Every permutation of n distinct objects taken r at a time can be uniquely determine by 


пашашщегеш оојес сап DC GISUTDULCG tO personin p^ ways. 


Q.21 Withusual notation 
Statement-1: с (п, r): p (г, г) = р (п, г) where r, ne М 
because 
Statement-2: Every permutation of n distinct objects taken rat a time can be uniquely determine by 
first choosing r object out of these n object and then arranging thdese r objects. 
(A) Statement-1 is true, statement-2 is true and statement-2 is correct explanation for statement-1. 
(B) Statement-1 is true, statement-2 is true and statement-2 is NOT the correct explanation for statement-1. 
(C) Statement-1 is true, statement-2 is false. 
(D) Statement-1 is false, statement-2 is true. 
Sol c(n,r)="c, 


r! 
POD" PR" y" 
с (п, г)  p(r г) =р (п, г) 


0.22 Statement-1: Number of rectangles on chessboard (which may be overlapped also) is С, x ЁС, 
because 
Statement-2: To forma rectangles we have to select any two of the horizontal lines and any two from 
the vertical lines, 
(A) Statement-1 is true, statement-2 is true and statement-2 is correct explanation for statement-1. 
(B) Statement-1 is true, statement-2 is true and statement-2 is NOT the correct explanation for statement-1. 
(C) Statement-1 is true, statement-2 is false. 
(D) Statement-1 is false, statement-2 is true. 
Sol. Rectangle can be formed by selecting any two horizontal line and any two vertical lines. 
Chess board has 9 horizontal and 9 vertical lines so total rectangles from a chessboard 
=?С, x °C, 
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STRAIGHT LINE 


1. INTRODUCTION : 


We are familiar with 'Geometry' which is simply the study of the properties of figures and curves. The 
geometry usually studied upto the high school is known as 'Euclidean 'Geometry' as it is based upon the 
axioms laid by famous Greek mathematician Euclid in his first systematic treatise on geometry about 300 
B.C. During this period and upto the seventeenth century geometric reasoning alone was employed in 
the study of geometry. This study of geometry is named as ‘synthetic geometry’. There were problems 
whose solution were not available in the synthetic geometry. It was until about 17th century, A.D. that the 
geometry was linked with algebra, which is employed in solution of problems in synthetic geometry. By 
this mean the methods of algebra are applied in the study of geometry which is referred now as ‘analytic 
geometry’. A systematic study of geometry by the use of algebra was first carried out by celebrated 
French philosopher and mathematician Rene’ Descartes’ (1596 — 1650), in his book "Та Geometrie’, 
which was published in 1637. The book 'La Geometric is mainly concemed with the algebraic solutions 
of geometric problems and geometric interpretation of algebraic equations. 


In order to relate algebra with geometry Descartes established a relationship between the basic geometric 
concept of ‘point’ with ordered pairs of real numbers. This association is named after Rene’ Descartes’ 
as Cartesian coordinate system which will be studied in this chapter. 


2. TYPES OF QUADRILATERAL (EUCLIDIAN FIGURES) : 


FAMILY OF QUADRILATERAL 


Parallelogram Trapezium Kite Cyclic Quadrilateral 


Rectangle Rhombus 


Square 
2.1 PARALLELOGRAM : 


Definition :- 
If opposite sides of quadrilateral are parallel and equal, then quadrilateral is called parallelorgam. 
Four ways to prove that a quadrilateral is parallogram. 

(i) Opposite sides are parallel і.е. AB | DC and AD || BC 
(ii) Opposite sides areequal ie. AB=DCandAD=BC 
(i) ^ One pair of opposite sides are equal and parallel. 

(iv) ^ Diagonals bisect each other 
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Note: Area of parallelogram = 1. 
ote: Area of parallelogram = = © 
Proof: Area= Base х Height (where P, and P, are distances between pair of parallel 
=АВХР, sides and 0 is angle between two adjacent sides) 
ЕТЕ 
НТ (ин “АВ 


(i) Rectangle : 


Definition : 


If all angles of parallelogram are equal then it is called rectangle. 


(i) Diagonal are equal and bisect each other. 
(ii) Each diagonal divides the rectangle into two triangles of equal area 


(1) ^ Rhombus : 


Definition : 


(i) Diagonals are perpendicular 


Г] 
| А в 

If all sides of a parallelogram are equal then it is called Rhombus B 
БО 


1 
(ii) Area = 2 4,4, where d, and d, are diagonal. 


Note: If distance between pair of parallel sides are equal then it is a rhombus. 


(iii) Square : 


Definition : 
If all the sides and all the interior angles of a parallelogram 
are equal then it is called a square. 
(i) All sides are equal 
AB-BC-CD-DA 
(ii) Diagonals are equal and bisect each other at 90°. 


^ 


(iti) Area = T (d = diagonal) 


Note: Everysquare is a rectangle but not the converse. 
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2.2 TRAPEZIUM : 
Definition :- 


Trapezium is a quadrilateral which has exactly one pair of opposite sides parallel. 


1 
(i) Area of trapezium = 5 (sum of parallel sides) 


x distance between sides 


" | 1 
(iii) Median (EF) = 2 (a+b) ZDAB & ZCBA = Base angle 
(ivy) _ Forequilateral /isosceles trapezium, non parallel sides are equal i.e. AD - BC 
2.3 KITE: 


Definition : 
It is a quadrilateral in which two pairs of adjacent sides are equal. 


(i) 
(ii) 
(iti) 


AD=DC and AB - BC 
Diagonals are perpendicular but not bisect 
Only one diagonal divide the figure into two congruent triangles. 


2.4 CYCLIC QUADRILATERAL : 
Definition : C 
If all vertices of quadrilateral lies on the circumference of a circle, y 
then it is called cyclic quadrilateral. D СА 
(i) Opposite angles are supplementary. 
(ii) Sum of product of opposite sides are equal to product и 


of diagonals АХ P В 
рг + qs = d,d, 


3. FIVE IMPORTANT POINTS WITH RESPECT TO А TRIANGLE : 


A 


3.1 СЕМТВОТО (б): 


Definition : 

Centroid is a point of concurrency of medians. 

Centroid always lies inside the triangle. 

Centroid divides the median in the ratio 2 : 1, reckoning from the vertex. 
The area of AGBC, АССА, AGAB are equal (G is centroid) 

Each median divides the triangle into the two triangles of equal areas. 


мж 
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3.2  CIRCUMCENTRE (О): 


Definition : 

Circumcentre is a point of concurrency of perpendicular bisector of sides of triangle. 
or 

Circumcentre is a centre of circle circumscribing the triangle. 


=> Incase of acute angle triangle circumcentre lies inside the triangle 
For right angle triangle it lies on mid-point of hypotenuse and in case of obtuse angle triangle 
it lies outside the triangle. 


3.3 INCENTRE (1): 


Definition : 
Incentre is a point of concurrency of internal angle bisector of triangle. 


= Incentre always lies inside the triangle. A 
=> Internal angle bisector AD divides the base BC in the ratio of / 7x 
the sides containing the angle i.e. BD: DC=c:b b 


ES Incentre I divides AD in the ratio AB : BD Є 
= АТ: ID=(b+c):a А 


В ра C 
3.4 ORTHOCENTRE (Н): 
Definition : ^ 
Orthocentre is a point of concurrency of altitudes of triangle. " 
E 

= In case of acute angle triangle orthocentre lies inside the triangle. 

For right angle triangle orthocentre lies at the vertex where it is 

right angled and in case of obtuse triangle orthocentre lies outside 

the triangle. » " 

A 
B B C 
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3.5 EXCENTRES (Т,, I,, Ij) : 


Definition : 


Excentre is а point of concurrency of two external angle bisectors and one interior angle bisector. 
or 
Centre of a circle (excircle) which touches all the sides of the triangle externally. 


= There are three excentres with respect to a given triangle. 
I, : Centre of the excircle opposite to vertex A (as shown in figure) 
L : Centre of the excircle opposite to vertex В 
I, : Centre of the excircle opposite to vertex C 


Imp. Points : 


@ For isosceles triangle centroid, circumcentre, orthocentre and incentre are collinear. 


@ Fora triangle Orthocentre (О), Centroid (С), Circumcentre (С) are collinear and centroid divides 
orthocentre and circumcentre in the ratio 2 : 1 internally. 


@ For equilateral A, centroid, circumcentre, orthocentre and incentre coincide. 


Illustration : 


Find the distance between the orthocentre and circumcentre of a triangle whose vertices are 


ETC 
P(3, 0), Q(0, 0) and (i. 2 ^ = | 
- > > 
Sol. .. side PQ = \ (3-0)? «(0—0y =3 


Hence РО = ОК =РК 
Hence, the triangle is equilateral. 
Now, since in an equilateral triangle orthocentre and circumcentre coincides therefore distance 
between them is zero. 
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4. CARTESIAN COORDINATE SYSTEM : 
4.1 QUADRANT : 


Two mutually perpendicular lines meeting at 'O' (origin) у 
are called axes. Horizontal line Х' OX is known as 
x-axis and vertical line Ү'ОҮ is called y-axis. These 
two perpendicular lines divide the plane into four 
quadrants, viz., as follows their names are given in х X 
anti-clockwise sense. 

XOY = First quadrant, ХОҮ = Second quadrant 

X'OY' = Third quadrant, Y'OX = fourth quadrant 


Ш IV 


4.2 COORDINATES OF A POINT : 


Co-ordinates of a point are given by ordered pair (x, y) whose first entry (x) denotes the x-coordinate 
or abscissa of the point and second entry (y) denotes the y-coordinate or ordinate of the point. 

For x-coordinate (Abscissa) of the point, |x | is the perpendicular distance of the point from y-axis. 
For y-coordinate (ordinate) of the point, | y | is the perpendicular distance of the point from x-axis. 


Note : 

(i) y-coordinate of any point lying on the x-axis is always zero. 

(ii) x-coordinate of any point lying on the y-axis is always zero. 
In Ist quadrant x >0, y>0 


IInd quadrant x « 0, y>0 
Шга quadrant x < 0, у < 0 and 
IVth quadrant x > 0, y « 0 
х<0 х>0 
у>0 y>0 
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Quadrant wise sign of abscissa (x) and ordinate (у) 
Let x and y are positve real numbers. 


5. DISTANCE BETWEEN TWO POINTS : 


Let P(x,, y,) and Q(x, y,) be two given points in the xy 
plane then distance between them is given by 


ІРО |= J(x, x) * (у-у) 
Proof: For triangle POR 
РО? = PR? + RQ? 
= (x= XF + (у-у)? 


|PQ| - y Go -xy +(y,-y,)° 


Note : distance of (x,, y,) from origin = 4 ж + у? 


Illustration : 


Match the Column 


Column-I Column-II 

(A) The triangle with vertices A (7, 10), B (4, 5) (P) Equilateral 
and C (10, 15) is 

(B) The triangle with vertices P (2, 7), Q(4, —1) (Q) Isosceles 
and R (-2, 6) is 

(C) The triangle with verties L(3, 1), M (5, 6) (R) Right angled 
and №9, 16) is 

(D) The triangle with vertices К (a, a), S(-a, —a) (S) Collinear 


and T (/3а,- За) is 


501. (А) Ina A4BC 
АВ = (4-77 «(5-10y. 2434 
а СОЙМ 
BC = \ (10-47 +(15-5) = 136 


Ки е 
AC = 4(10—7 y +(15-0} = 434 
Hence АВ = AC 


Hence AABC is isosceles triangle. 
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(B (2 РО = (2-4) «(7 +1)? = 68 
QR = (442) «(-1-6y = /85 
PR = \(-2-27 +(6-7} - 17 


Hence РО? + РЕ? = ОЕ? 
Hence ДАВС is right angled. 


( 4 LM = 4(5-3) +(6-1) 2 429 
MN = (9-5)? «(16-6). = 4116 = 2429 
LN = 4(9-3) +(16-1) = 426123429 


Hence LM + MN = LN 
Hence points L, M, N are collinear. 


(5 = side RS — \(а+а?+(а+а} =242а 


ST = \(3a+ay +(-УЗача? =2/2a 
= 2 2 
КТ = \(V3a-a) +(-V3a-ay’ -242а 


Hence RS = ST = RT 
Hence ARST is equilateral. 


Illustration : 
If A(0, —1), B(6, 7), C(-2, 3) and D(A, 3) forms a rectangle then find the value of 2. 


Sol. АВ = Срапа АС = BD. 
АВ = 465? +8? =10 


CD = (A427 4242| 


A+2=10 or A+2=-10 
A=8 or --12 „С 
Now АС = BD 
4 + 16 = (6- Ар + 4? 
4 = 36 + А?— 124 
— 12-124 + 3220 
A=4,8 
Hence from (1) and (2) 
A=8 
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Illustration : 


Prove that the four points A(0, 0), B(2, 2), CQ ( 42 +1 ), 2) and Df 2/2 ‚ 0) form a Rhombus but 
not a rectangle. 

Sol. Sides are 
АВ-2/2, BC-242. CD=2f2 04-22 


Diagonals 
AC = 22042 +1) +4 


вр = {22042-17 +4 
Since АС = BD 
and all sides are equal hence given points from a Rhombus but not а rectangle. 


Illustration : 
The vertices of a triangle are A(0, 0), B(2, 3) and C(0, 4). Find sinA. 


50, a-BC- [441-45 
b=AC=4 b 
с= АВ = 449 = 413 


b) + с? -а? 16+13-5 3 В а C 
u— ЭНН Е 
» Эл... 3 9 - 4 
sin'A = 1-соғА = 1-3 = 13 


2 
5тА = VIB 


6. SECTION FORMULA : 
6.1 FORMULA FOR INTERNAL DIVISION : 


Coordinates of the point that divides the line segment joining the points (x,, y,) and (x., y,) internally in 
the ratio m : nare given by 


ёс mx,+nx, ту, +пу; 
m+n ' m+n 
Proof: 
From the figure, 
Clearly, AAHP and APKB are similar. 
AP AH PH 
— h — = — I —— 
BP PK BK 
m cs ВИЕ лаг 1 х 
zi - = 
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m X-X; 
Now, й 


Х,-Х 
> MX, — mx = ПХ ~ nx, 


mx, + nx, 
х= 
m+n E Уз у 


> ту,-ту=пу-пу, 

„Эу 

С m*n 

тх,+пх, mM 


Thus, the coordinates of P are | > 
m+n m+n 


6.2 FORMULA FOR EXTERNAL DIVISION : 


Coordinates of the point that divides the line segment joining the points (x,, y,) and (x,, у,) extemally in 
the ratio m: nare given by 


y = А2 11 _ My2— ny 
m-n ' m-n 
Proof: 
From the figure, 


Clearly, trianlges PAH and PBK are similar. Therefore, 
AP AH PH 
PB BK PK 
m X-X y-y 


n х-х, у-у, 


>> mx- MX, = NX—NX, 


mx, — NX, 
—— x =— 
m-n 
ЯЛЖ. 
п У-У, 
= my—my,=ny—ny, 
my, -п 
s gm 
m-n 
: п: EK, YS Д7 
Thus, the coordinates of P are Ec n 
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7. HARMONIC CONJUGATES : 


Iftwo points Pand О divides the line А B internally and externally in the same ratio m : n, then Pand Q 
are said to be harmonic conjugate of each other with respect to Aand B. 


A(x, у) Р В(х., у:) Q 
AP AQ 
ie PB BQ ^ 7 (1) 


Also, AP, AB and AQ are in H.P. іе. == 


AP’... АВ 
Proof: from (1), AB-AP AQ-AB 


AB-AP АО-АВ 
AP AQ 


Examples: 
(i) Internal & exeternal angle bisector of an angle of a triangle 


divide the opposite base harmonically. 


(ii) External and internal common tangents 
divide the line joining the centres ofthe two 
circles externally and internally in the ratio 


ofthe their radii. 
CP CQ 1 
PC, С.О т; 
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Illustration : 
If mid points of the sides of a triangle are (1, 1), (2, 4) and (3, 5). Find the co-ordinates of vertices. 


Sol. h,+h,=2, Л, +h, = 6, h,+h,=4 
= h, +h, +h,=6 
h =2,h,=0,h, = 4 
k, +k, = 2, k, +k, = 5, k, +k, = 10 
k, +k, +k, = 10 
k, =8,k,=0,k, = 2 
Points are A(2, 2), B(0, 0), C(4, 8). 


Illustration : 
Find the harmonic conjugate of point R(2, 4) with respect to the points P(2, 2) and Q(2, 5). 
Sol Let К divides the РО in ratio К: 1. 


42 _ 

ЕЕ“ 

Sk+2=4k+4 
k=2 


2x2-1x2 2х5-1х2 


ЭЭ 33 Е 


harmonic conjugate is | 


8. COORDINATES OF SPECIAL POINTS WITH RESPECT ТО А 
TRIANGLE : 


If co-ordinates of vertices of a triangle are given as А = (х,у). B=(x,, y,) and = (x,, y,) then the 
co-ordinates of its Centroid, Incentre, Excentre, Circumcentre and Orthocentre are as follows : 


8.1 CENTROID : 


Asitis known that centroid is the point of corcurrency of medians. 
From the figure D is the mid point of BC A(X» Y) 


. х,+х, Уу, +У, 
co-ordinates of D аге Dz "ES 2 


We know that centroid G divides AD in the ratio 2 : 1 
co-ordinate of G are B(x,y) D C (x, y.) 
X54 X4 


+ 2 = 
1+2 3 


x co-ordinate of G is = 


+у, + 
Similarly y-co-ordinate of G is = uu x» 
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8.2 INCENTRE : 


We know that point of concurrency of the internal bisector of the angles of a triangle is the incentre of the 
triangle. 
Angle bisector AL divides the base BC intemally in the ratio c : b 

co-ordinates of L are 


b+c ` b+c 


Now, I divides AL internally in the ratio b +c : a 


ax, + + 2. 223 | 
с 


x-co-ordinates = 
at+bt+c 


ax, + bx, * cx, 
a+b+c 


ах, bx;,-cx, ay,+by,+cy; 
Hence, =... Se e виа 


a+b+c¢ ` а+Ь+с 


8.3 EX-CENTRES : 


Let A(x,. y1); В(х,. ул), C(x,. уз) be the vertices of the triangle ABC, and let a, b, c be the length of the 
sides BC, CA, AB, respectively. The circle which touches the side BC and the other two sides AB and 
AC produced is called the escribed angle B and C meet at a point I, which is the centre of the escribed 
circle opposite to the angle А. 


BL c Al (ес) 


1c p? LL 4 


The coordinates of I, are given by 


—ах, +6х, +сх, —ау, +Бу, +су, 
= i тысе) 
Similarly, coordinates of I, and I, (centres of escribed circles opposite to the angles B and C, respectively) 
are given by 
ax,—bx,+cx, ay,—by,+cy, 
си Е i mma) 


ax; +bx,-cx, ау, +Бу, —су, 
ч” а+6-с ^ a+b-c 
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8.4 ORTHOCENTRE : 


Important ratios which are useful to determine the coordinates of orthocentre are : 
BD : DC =c¢ cos B : b cos C 

and AH:HD=2R cosA:2R cos В соѕ С 

where К is the circumradius of the triangle. 
Coordinates of orthocentre are 


x, tanA+x,tanB+x,tanC у, tanA+y, tanB * y, ап С 
tanA+tanB+tanC | tan A + tan B + tan С B 


8.5 CIRCUMCENTRE : 


Important ratios which are useful to determine the coordinates 
of circumcentre are 

BD : DC=sin2C : sin2B 
and AO:OD=sin2B+sin2C:sin2A 

Coordinates of circumcentre are 


x, sin2A+x,sin2B+x,sin2C y,sin2A+y,sin2B+y, sin2C 
sin2A+sin2B+sin2C ý sin 2А +sin2B+sin2C 


R = Radius of circumcircle 


* Students are suggested to remeber the coordinates of circumcentre and orthocentre as it is, proof is 
not important. 


Illustration : 


If a, B and y are the roots of equation x? — 12x? + 44x — 48 = 0. Find the centroid of the A whose 


1 
co-ordinates are (в, 2) of. >) and 20 2) 
а В Y 


P. E. 
а+В+у a B y 
Sol. Centroid =й Б ШЕШ ЭШЕ жо 77 
3 3 
а+В+у а ьи 
3 ын! Ён 
1(1,1,1]. !(aB*Br*ya -i(4).4 
3a By) apy 23448] 36 


1 

3 

-— (4 x) 
Centroid is | 4, 36 
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Illustration : 


Sol. 


Find the co-ordinates of circumcentre of the triangle whose vertices are (8, 6), (8, —2) and (2, -2). 


Let A(8, 6) and B(8, —2) and С(2, —2) 
P(h, k) be the circumcentre 
PA = РВ = PC 
> РА? = РВ? 
(п – 8)? + К- б)? = (п – 8)? + (k + 2)? 
16К = 32 => к= 2 
РВ? = РС? 
(h - 87 + (k + 2P = (h-2P + (К +2)? 
12һ = 60 == 483 
Hence the co-ordinate of the circumcentre is (5, 2). 


Illustration : 


Prove the following results, analytically. 
(1) Line joining the middle points of a quadrilateral forms a parallelogram. 
(ii) | Median to the hypotenuse in a right angled triangle is half as long as the hypotensue. 


Sol. (i) P. О, R & S are the mid point of sides АР, AB, CB & DC respectively. 


(ii) 


Mid point of AD = pf : У! T 


Similarly of 522 nte), 4 32 P 2 lS ) 
(оне) 
2 2 


XptXj*X;ktX, Ууж Угж Уул У 
Mid point of рк = ахын коюла иж = 2 


XptXjytX;tX, Ууж Угж Уст У 
Mid point of 05= SS г ан x 
Since PR & QS bisects each other therefore РОК$ is a parallelogram 
hence PORS form a parallelogram 


BD is a median to AC 
where ZB = 90° 
Let M is the mid point of AB 


hence DM || BC 


In AADM & ABDM 

АМ = BM 

DM = РМ (соттоп) 
“АМР = ZBMD = 90° 

AADM & ABDM are congruent 


1 
hence АР = Вр = 34€ 
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Practice Problem 


Single correct question 


0.1 Тһе distance between the points (2.42 u) and (3,-v2 t), if t, and t, are the roots of 
х2-22х41-05 
(A)3 (B) 646 (С) 5/2 (D) 10 


0.2 Let AABC have vertices A (3, 4), В (4, 6) and C (-1, 6). The distance between orthocentre of AABC 
and the origin is : 
(А)0 (B)3 (C)8 (D)5 


Q.3  Aparticle begins at the origin and moves successively in the 
1 
following manner as shown, | unit to the right, 2 unit up, 


і .. Е = ae , 1 . 
4 unit to the left, g unit down, 16 unit to the right, 32 unit 
up etc. The length of each move is half the length of previous 
move and movement continues indefinitely. The co-ordinates 


of the point to which the movement converges is : 


42 24 42 24 
(А) (2.2) (В) (2.4) (С) (52) (р) (2.5) 
Q.4. Harmonic conjugate of the point C(5, 1) with respect to the point A(2, 10) and B(6, —2) is 
(А) (8, –8) (В) (-1, 3) (C) (6, —4) (D) (2,5) 


172 11 
Q.5  IfinatriangleA s (1, 10), circumcentre = (- 3 3 and orthocentre = [5 , $) then the co-ordinate 


of mid-point of side opposite to A is 


11 
(А) (1, 6) (В) (1, 5) (C) (1, 3) (D) БЭ 


Multiple correct type question 


Q.6 Coordinate of the vertices of AABC are (12, 8), (-2, 6) and (6, 0) then the correct statement (s) are : 
(A) triangle is right but not isosceles 
(B) triangle is right as well as isosceles 
(C) triangle is obutse 
(D) The product of abscissae of the centroid, orthocentre and circumcentre is 160 
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Paragraph type 


Paragraph for question nos. 7 to 8 


Consider the equation x? — 3x? + 6x – 1 = 0, let a, В, y are the roots of the equation then 


(A) (0, 3) (В) (-1, 10) (С) (2, 5) 


> 


- 


2) ЇР 5 Jed +] is 


E l 
Q.7 Thecentroid of the triangle the coordinate of whose vertices are G , 


(D) (-3, 8) 


Q.8 .Theratioin which x-axis divides the join of centroid of AABC and the point (3, —4) is 


(A) 1 : 3externally 
(C)2: 1 internally 


Match the Column 


Q.9 


(A) 


(B) 


(C) 


(D) 


Column-I 

The point (2, 0), (3, 3), (0, 2) and (-5, —5) taken 
in order are the vertices of 

The points (2, —2), (8, 4), (5, 7) and (-1, 1) taken 
in order are the vertices of 


The point (-3, 4), (-1, 0), (1, 0) and (3, 4) taken 
in order are vertices of 

The points (3, —5), (-5, —4), (7, 10) and (15, 9) 
taken in order are the vertices of 


0.10  Provethe following result analytically 


(i) 

(i) 

(ii) 
01 B 
06 BD 


Diagonals ofan isosceles trapezium are equal 


(B)2:5 externally 
(D) 5: 2 intemally 


(P) 


(Q) 


Column-lI 
Rectangle 


Trapezium 


Parallelogram 


Cyclic qudrilateral 
kite 


3 
22012442 E (a? +b? + c?) (where /,, [,, 1, are the lengths of median of AABC) 


Medians of the equal sides of an isosceles triangle are equal and converse. 


Answer key 
Q2 D 53 А 
07 B Q8 D 


Q9 (А) ЭТ; (B) ЭР, К, S; (С) О, S; (0) 5 Q 
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9. DETERMINANT : 
9.1 INTRODUCTION : 


is called a second order determinant. 


The quantity 5 = 


1 
2 


It consists of two rows and two columns, and it stands for the quantity a,b, —a,b,. Thus 


a, b 
a, Ь, = 210, - 25b, 
a b с 
Thesymbol|a; b; c;|iscalledthe determinant of order 3. Its value can be found as 
а; b с; 
ЭН b; C+ a, =, a> b. 
— b3 c > 81. & E ау b, Ы 
b; с, b b с 
=а |2 2|-а| T| +а ! ' 
‘lb, C3 “|b; с; Эр, с. 


In the way we can expand a determinant in 6 ways using elements of R,, К„, Ку, C,, C, C.. 
9.2 MINORS AND COFACTORS OF A DETERMINANT : 


Minors: 
Minors (M, ) of an element (a; is defined as the value of the determinant obtained by deleting ih row 
and j^ column in which that element lies. e.g. in the determinant 


а: а: а; =: ғар 
"= јаз аз; а,| minorofa,,denotedas M,,— |, — , | and soon 
, ? м 35 
аз аз: аз; 
Cofactor : 


It has no separate identity апа is related to the minor as 
Cj; 7 (CD! Mj where'i' denotes the row and 'j' denotes the column. 
Hence the value of a determinant of order three in terms of ‘Minor’ and ‘Cofactor’ can be written as 
D=a,, Mj, — a), M + a), Mj or 
=a), С, +a), C, +а,; Су; 


Illustration : 
2 200 
Expand -2 1 2}. 
G э =Й 


2 
6 -l 
= 2(-1 — 10) -3(2 — 12) + 0=-22 + 30=8 


-2 1 
+0 
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9.3 


Р-1: 


Р-2: 


Р-3: 


Р-4: 


Р-5: 


P-6: 


PROPERTIES OF DETERMINANTS : 


The value of a determinant remains unaltered, if the rows & columns are inter changed. e.g. if 


a b, e| ја а, а, 
D-|a; bz <=, b, b,|-D' 
a; b, €&| |< с, с; 


D & D' are transpose of each other. If О’ = ~ D then it is Skew symmetric determinant but 
D'=D=>2D=0=> D=0= Skew symmetric determinant of third order has the value zero. 

The value ofa skew symmetric determinant of odd order is zero. 

If any two rows (or columns) ofa determinant be interchanged, the value of determinant is changed in 


sign only. e.g. 


a b, € a; b, с, 
Let D = а, b, с» & р' = а, b, €i Then D' = —D. 
ay bj с; ay b, с; 


If a determinant has any two rows (or columns) identical , then its value is zero. 


а b, €, 
ay b с; 


If all the elements of any row (or column) be multiplied by the same number, then the determinant is 
multiplied by that number. 


а b, c Ka, Kb, Ke, 
If D=|a, b, c,|and D'=/a, b, с, Then D'- KD 
а; b с; a; bi с; 


Ifeach element of any row (or column) сап be expressed as а sum of two terms then the determinant can 
be expressed as the sum of two determinants. We can say 


а+х b+y с+2 а b с! |х y z 
а, b, €, |=|a, b, с, +а, b, c, 
a3 b; C3 a; b; с;| ja; b; с; 


The value of a determinant is not altered by adding to the elements of any row (or column) the same 
multiples of the corresponding elements of any other row (or column). 


a, b 6 а +та› b,+mb, c,+mc,!| 
eg  LetD-|a; b, c,|and D'-| а, b; €; |. Then D'=D. 
a, b, с; aà,*naà, b,-nb, су+пс 


Note that while applying this property ATLEAST ONE ROW (OR COLUMN) must remain 
unchanged. 


Print to PDF without this message by purchasing novaPDF (http:/Awww.novapdf.com/) 


20 


P-7: If by putting x =a the value of a determinant vanishes then (x — a) is а factor of the determinant. 


Note : Factorisation in respect the following determinants are very useful and should be remembered. 


Ix x 
(0 Гу у|=(х-у)(у-7)(7-х) 
1 2 22 
NE ЭХ 
@ 1 y у =(х-уХу-202-х)0(х+у+2) 
1 2 zz 
х x yz 
(ui) y y х = (x - yXy - 2)(2- XXXy + yz + zx) 
201 ху 
a c 
(iv) b c a|7-(i2*b-c-3abc) «0 where a, b, c are different and positive 
с а b 
1 х x? 
Prof:() 8-1 y y 
Iz 22 
21 р y 
р-17 У |-x| У |+х: y 
хх 1 z' | 2 


= (у22 – у22) – х (22у?) + х2 (72 -у) 
-yz(z-y)-x(Z-y)*x'(z-y) 
= (2- у)(у2-х (z+ у) +х?) 
-(x-y)(y-2 (z-x) 


| x x 
Proof :(ii) р= y y 
121 


Applying В, э К, — R, and R, > R,- R,, we get 
yry 
3 


0 x- 
D-0 y-z у-г 
E 3 z 
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0 1 x^ «xy ey! 
-(x-yKy-20 1 y!«yzez 
1 7 23 


1 х2+ху+у> 
1 y +уг+22 


=(х-у)(у-2) 


= (х-У) (у-2) (у + yz+z?-x?-xy-y’) 
= (х-у) (у- 2) (2-х) (х+у+2) 


хх 
Proof: (ii) О=у y 
Z 2 


ApplyingR, >К,-К, & К, > R,-R, 


> 


х-у Key z(y - z) 1 x+y g 
y-z fr xe-y) = (х-у)(у-21 y+z -x 
2 2 ху z z ху 


Applying К, >В, К, 


0 x-z x-z 
-(x-y)(y-2)| ytz -x 
ж 27 ху 


0 1 1 
=(х-у)(у-2)(х-2) |1 y+z -x 
7 ® ху 


Applying С, C,- C, 
0 0 1 
-(x-y)(y-2)(x-2)] x+y+z -x 


> zi-xy ху 


=(х-у)(у-2)(х-2)[2°-ху-2(х + у +2)] 
-(x-y)(y- 2) (z-x)(xy + yz + zx) 
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а b с 
ре м 
c a b 


Proof: (iv) D- 


Applying К, > R, +R, +R, 


а+6+с beca с+а+Ь 
=| b c a 
c a b 
111 
-(a-rb-c)b са 
c а B 
Applying C,2C,-C, & C, C,-C, 
0 0 1 
-(a-b-c)b-c с-а a 
c-a a-b b 
РГ b-c с-а 1 
=(a+b+c) , аы = (а+Ь+с)[(Ь-с)(а-Ь)—(с-а)?] 


=—(а+Ь+с)(а?+ 62 + с2– аф – Ыс са) = (а + b? + c? —3abc) 


Illustration : 


If a, b,c are the roots of the equation x? — 3х? + 2x — 1 = 0 then find the value of 


1-а 1 1 
1 145 1 
1 1 Ite 
1-а 1 1 
Sol 0-114 145 1 
1 1 Ite 


Taking а, b & с common from row 1, row 2 and row 3 respectively. 


MEE 1 
a a a 
=ab 5 n 4 
Ь b 

| 1 41 

c с с 


Applying R, >R,+R,+R; 


AP Ж 1 1 1 1 11 
]t—4—4— 14-4-4- 14+-+-+ 
a b c a b a b 
= abc 3 144 - 
b b b 
1 1 1+2 
c c c 
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=ab( 1424241) 
ao с 


1 21 1 abc + ab+bc+ca 
= abc 1--4-4- = abc ———— 
аф c abc 


= абс + аб + Бе +са=1+2=3 


Illustration : 


р Ь с 
р 4 
Пар, Бла саг апі |а с = 0, then find the value of —— * —— + —. 
fap, b4q А Н » fi p-r q-b т-с 
p b q 
Sol. ja q c-0 
a b 


Applying К, э R,— R, and R, > R,- R, 


p-a 6-9 0 
0 4-65 с-г=0 


а Ь г 


(р-а) [(q—b)r—b (c—r)] + af(b – q) (с-1) = 0 
(p -a)(q—- b)r-(p-a) (c-r)b + a(b-q) (c-r) = 0 
Dividing the equation by (p — а) (q — b) (r — c) 

r b a 


+ + 


нь... =0 
4-5 р-а 


Free 


Lr ,5-q+q „@<РЕР үд 
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Practice Problem 


Single correct question 


1 1+ас 1+be 
Q.]  Thevalueof || 1+а9 1+bd} equals 
1 1+ае 1+be 
(A)0 (B)1 (C)3 (D)a+bt+ec 
х+у у 7 
Q2 Ҥ|у+> x у =К(+у+2) (х-2)? thenk equals 
7+х Z Xx 
(А) х2 у> 22 (В) хуг (С) 1 (0)0 
cos(a+B) -зи(а+В) 1 
Q.3  Thevalueof | sina cosa sin B | is dependent on 
— cosa sina cosp 
(A)a (B)p (C) both a and В (D) Neither a nor p 
Multiple correct type question 
1 -1 x 
0.4  Leta,p,yaretherootsoftheequation | x 0 2 |=Othen, which ofthe following are correct? 
-3 x -5 
- 
(А) (а + Ву! + (6 + ү)! +(ү+ ау! = v (B) о? + f? + у? = Зару 
(C) 92+ P-y3-8 (D) Ха - Eaf = 4 
a b aa +6 
Q.S  Thedeterminant| b с ba -c|-70if 
aat+b Ба+с 0 
(A)a, b, c are in A.P. (B) a, b, c are in GP. 
(C) a is aroots of ax? + bx * c - 0 (D) (x — a) is a factor of ax? + 2bx + с= 0 
Answer key 
0.1 А Q2 С 03 р 0.4 АВ 0.5 BD 
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10. AREA OF А TRIANGLE : 


The area of a triangle, whose vertices аге (х,у), (х„, y;) and (х,, уз) is 


x, y l 
ху Уз 1 


1 1 
21 (у, - Уз) + х, (Уз – У) + х3 (у, У) | 72 
x; у; 1 


Proof: 


Let ABC be a triangle whose vertices are A(x,, y,), B(x,, y,) and C(x,, y,). Draw AL, BM and CN as 
perpendicualr from A, B and C on the x-axis. Clearly, ABML, ALNC and BMNC all are trapziums. 
We have 

Area of AABC = Area of trapezium ABML + Area of trapedezium ALNC — Area of trapezium BMNC 


=  Areaof AABC= 1 вм + AL) (МО + : (AL + CN) (LN) - ; (BM * CN) (MN) 
1 | | 
= (Уз FY) (ху х) + 5 (у, + уу) Hs х1) (у, + y) (s 7x) 


1 
= 5 ЇХ| (у, Y3) +х, (¥3—Y,) + x; (у, 7 у,)] 


x, y l 


1 (Remember) 


Illustration : 
If the area of the triangle formed by the points (1, 2), (2, 3) and (x, 4) is 40 sq. units then find x. 
Sol Let A (1, 2), B (2, 3) & C(x, 4) be three points. 


1 1 
Area (D) = —|2 


2 
3 1-40 
4 


ha | - 


1 
x I 


=|1(3-4)-2(2-4)+x(2-3)|=80 
=|-1+4-х=80 
=|3-х|=80 


3-х = 80 ог 3-х=-80 
х=-77 ог х = 83 
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Illustration : 

If A(1, 1), B(3, 4), C(5, -2) and D(4, —7) in order are the vertices of a quadrilateral. Find its area. 
Sol. To find the area of quadrilateral ABCD, we can calculate area of ДАВС & AADC 


1: £ 4 
1 18 
Area of ДАВС = 13 T ИЕ 
5-21 * 
Е 0.5 as 
Area of AADC = 54 Ex i ДЕ 
"p =f Д * 
; 18 23 41 
Hence Area of quadrilateral ABCD = ДАВС + AADC = > тт” > 


10.1 COLLINEARITY OF THREE POINTS : 


Different conditions for three points A(x,, y,), B(x,, y,) and C(x,, y,) to be collinear are as follows 
(1) АВ + BC-AC, AC- AB = BC 
(ii) 
A(X, у) B(x,, y.) C(x, у,) 


Slope of AB = Slope of BC 


2731 . 33-32 
X34—Xi X37 X2 


(ш) If the area of triangle ABC be zero then the three points will be collinear. 


=> 


xX, y 1 
X; y; | 
ху у; 1 


Illustration : 
Find the value of К for which points (2, 3), (3, 5) and (5, k) arecollinear. 


Sol Ifthe points are collinear then 
Area (A) =0 


l53- к) -—k (2-3) + 1 (10-9)| =0 
-10-5-1|1-0 
К-9|-0 

Ё-9 
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Illustration : 
Show that points (b, с + a), (c, а + b) and (a, b + c) are always collinear where a, b, c є R 


b+c 1 


a 
1 

Sel. Агса(4)--18 с+а 1 
2 a+b 1 


a b+c 1 
b с-а 1 
c a+b 1 


ад = 


Applying с. әс +С; 
la+b+e bc 


=b+c+a с+а | кенес 


с+а+ђЬ a+b 


1 Бас 
1 с+а 1-0 
1 a+b 1 


Since А = 0, hence points are collinear. 


Practice Problem 


Single correct question 
0.1  Thearea of quadrilateral whose vertices are A(1, 1), B(3, 4), C(5,—2) and D(4, -7) 15: 
5 343 : к 41 : 
(А) 12 sq. unit (В) AL sq. unit (C) 25 sq. unit (D) 5 59. unit 
Q.2  Ifthe points (sin Ө, cos 0), (245, 2) and (45, 1) are collinear, then the number of values of 


ОЕ [0, 2x] is: 
(A)0 (B)1 (C)2 (D)Infinite 


Q.3 Гед denotes the area of the triangle formed by the vertices (a3 тў, ат, ), (am? ‚ат, ), (а> mj, ат) 


апа A, denotes the area of the triangle formed by the vertices (2am,m,,a7(m? +m3)), 
ES 2 2, $ 2 А 
(2am,m,,a?(m3 B m?)) and (2am,m, „а? (п + тү )). Тһеп As (а > 0) equals 
a a? 
(А) 5 (В)2а (С) ry (D) 8а? 


Multiple correct type question 


1 
0.4  Ifareaof Hexagon whose vertices taken т order are (0, 0), (1, 1), (1, 3), (—1,4), (-3, 2) and Ё 2, 3 


a 
can be written in the form b (where а, b e N anda and bare in their lowest form) then 


(A) aand b are co-prime (B) a+ bis ап even number 
(C)a +b is an odd prime (D) à? + b? = 1000 
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0.5 Ifthe area of triangle formed by the points (5, 2), (0, 3) and (a, 4) is 8 square units. Then 
(A) sum of all possible value(s) of'a' is equal to 5 
(B) sum ofall possible value(s) of ‘a’ is equal to —10 
(C) product of all possible value(s) of'a' is equal to 125 
(D) product ofall possible value(s) of ‘a’ is equal to -210 


Answer key 


Q1 D Q2 C Q3 A 0.4 АС 0.5 BD 


11. LOCUS AND EQUATION TO A LOCUS : 
11.1 LOCUS : 


The curve described by a point which moves under given condition or conditions is called its locus. 
For example, suppose C is a point in the plane of the paper and P is a variable point in the plane of the 
paper such that its distance from C is always equal to a (say). It is clear that all the positions of the 
moving point P lie on the circumference of a circle whose centre is C and whose radius is a. The 
circumference of this circle is, therefore, the " Locus" of point P when it moves under the condition that its 
distance from the point C is always equal to constant a. 

Let A and В be two fixed points in the plane ofthe paper, and P be a variable point in the plane 
ofthe paper which moves in such a way that its distance from A and B is always same. Thus, the "locus" 
of P is the perpendicular bisector of AB when it moves under the condition that its distance from A and 
B isalways equal. 


11.2 EQUATION TO LOCUS OF A POINT : 
The equation to the locus ofa point is the relation which is satisfied by the coordinates of every point on 
the locus ofthe point. 
Note : Steps to find locus ofa point. 
StepI: Assume the coordinates of the point say (В, К) whose locus is to be determined. 
Step II: Write the given condition in mathematical form involving h, К. 
Step III : Eliminate the variable (s), if any. 


Step IV : Replace h by x and k by y in the result obtained in step Ш. 
The equation so obtained is the locus of the point which moves under some condition(s). 
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Illustration : 


Find the locus of point P if P is equidistant from points 
(9) A(3, 4) 4 В(5,-2) 
(ii) А(а+Ь,а-Ь)&В(а-Ь,а+Ь) 


501. 
@) If point P(h, К) is equidistant from A(3, 4) & B(5, —2) then 
РА = PB 
Ls s.j 22. hà еМ? Ж 
= ү(В—3)° +(k-4y -4(h-5y +(k+2y7 
=> #?— 6 + 9 + К?— 8К + 16 = I – 10һ + 25 +? + 4k+4 
e 4h— 12k = 4 
= ћ- 3К = 1 
hence locus of Pis х-Зу=] 
(ii) PA =РВ 


= [h-(a+ bj}? + [k—(a— ЫЈ = [h - (a - b)? + [к (а + b)P 
= — 2h (a + b) — 2k (a — b) = —2h (a — b) — 2k (a + b) 

=> | 2h(2b)-*2k(2b)-0 

=> htk-0 

hence locus of P is x + y = 0 


Illustration : 


Find the equation to the locus of a point which moves so that 

(1) Its distance from the point (a, 0) is always four times its distance from the axis of y. 
(ii) | Sum of the squares of its distances from the axes is equal to 3. 

(iii) х distance from x-axis is 3 times of its distance from y-axis. 


Sol. 
(1) Let the point be P (h, К) 
Distance of P from axis of y = | h | 


Distance of P from (a, 0) = \( h-a y +k? 
V(h-aP +k -4|n| 


=, 
=> (һ- а) +102 = 16 
=> А2 - 2аһ +а? +? = 16? 
=> 152-0 + 2ай = а? 
hence locus of P is 

15x? – у? + 2ах = а? 
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(її) Let the point be P(h, К) 
Distance of P from y-axis = | h | 
Distance of P from x-axis = | К | 


+k =3 
hence Locus of P is 
х +у = 3 


(iii) Let the point be P(h, k) 
Distance from x-axis = | | 
Distance from y-axis = | h | 

[= 3| 4| 
3h-k=0 or 3h *k-0 
3x-y=0 or Зх+у= 0 


Illustration : 


A(0, 1) and B(0, — 1) are 2 points if a variable point P moves such that sum of its distance from A 


? > 


and B is 4. Then the locus of P is the equation of the form of 5 + 3 = 1. Find the value of 
a 
2222 


Sol Let the point P is th, К) 
Given that PA + PB = 4 where A (0, 1) and B(0, —1) 


=> (14-08 ++ ОЕ =4 

=> Ум +?-2Е+1=4-УМ! +k +2К+1 

squaring both sides, we get 

> R+k-1P =16 +h + (К + 1) -8 (6+1) 
> sh? IJ = 16 + 4k 


squaring again, we get 
=> 40 +30 = 12 


kd ? 


hence locus of P is Ч T =] 


= а + =3 + 4 
= 7 
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Practice Problem 


Single correct question 


Q.1 The equation of locus ofall points equidistant from the point (—1, 2) and the origin is : 
(А)х-Зу-7-0 (В)2х-4у+5=0 (С)4х+у-3=0 (D)x+2y+1=0 


0.2  LetA (1, -3) and В(-2, 5) be vertices of AABC. If the third vertex C of AABC move on the line 
3x + у= 1, then locus of centroid is : 


(A) x-y=0 (В)х-у=3 (С)х+у=1 (0) Зх+у=0 


Q.3 ІА (cosa, sin a), B(sin a, -cos a), C(1, 2) are the vertices ofa AABC, then as a varies, the locus of 


its centroid is 
(А) x? + y? -2x- 4Ay + 1=0 (В) 3 (x? + y?) 2х – 4у + 1 =0 
(С) x? + y? -2x -4y 4 3-0 (D) None of these 


Multiple correct type question 


Q.4  Astickoflength 10 units rests against the floor and a wall ofa room. If the stick begins to slide on the 
floorthen 
(A) Locus of middle point is x? + y? = 25 
(B) Locus of middle point is x? + y? = 100 
(C) Locus of centroid of triangle formed by axes and stick is x? + y? = 25/9 
(D) Locus of centroid of triangle formed by axes and stick is х2 + y? = 100/9 


Q.5 Ifthe equation of locus of a point which moves so that its distance from the point (ak, 0) is 


К(К> 0, # 1) times the distance from the point E o) then 


(A) Locus of the point depends on k (B) Locus of the point is independent of k 
(C) Locus is x? + y? =a? (D) Locus is (1 - К2)х2 + у2 =k? 
Answer key 
0.1 В Q2 D Q3 B 0.4 АР 0.5 BC 
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12. STRAIGHT LINE 
12.1 DEFINITION : 


It is a locus ofa point P (h, К) which moves in such a way that point P(h, К) is collinear with the two given 
points. 


U ' 


ог 
A straight line is а curve such that every point on the line segment joining any two points on it lies on it. 


12.2 INCLINATION OF A LINE (0) : 


Ifa straight line intersects the x-axis, the inclination of the line is defined as the measure of the smallest 
non-negative angle which the line makes with the positive direction of the x-axis. 


y 


12.3 SLOPE (GRADIENT) OF A LINE : 


If the inclination ofa line (i.e. non vertical line) is 9 and 0 = 2i then the slope ofa line is defined to be tan 0. 
Imp.Point :- 
© a) 
Slope = tan 0 = positive Slope = tan 0 = negative 
(0° < 0 < 90") (90° « 0 « 180°) 
(ii) 0° €0 < 180° (0 + 90°) 


(iii) If 0 = 0 then line is parallel to x-axis 
If 0 = 90° then line is perpendicular to x-axis or parallel to y-axis. 


(iv) IFA(x,, y,) & B(x,, y;), x, * x, are points on a straight 
line then the slope m of the line is given by 


(уз = у) 


т = (x; -xi) 


" TS НЕ га. (у. = у) 
slope = tan 9 = m 7 (X.-x) 
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Example : Find the slopes if 
-—.— n ЭХ _ 5л 
(i) 0= 8 (ii) 0= 8 (1)0= 
Ans. (0) (4/21)  G)(/241) агсан) 
12.4 INTERCEPT : 


Definition : 
The abscissa of the point where a line cuts the x-axis is called its x-intercept and ordinate of the point 
where it cuts the y-axis is called its y-intercept. Ifa line is parallel to x-axis its x-intercept is infinite, and 
if parallel to y-axis then y-intercept is not defined. 


Intercepts of a line on the Axes : 

If a straight line cuts x-axis at A and the y-axis at B then OA 
and OB are known as the intercepts of the line on x-axis and 
y-axis respectively. y-intercept 
The intercepts are positive or negative according as the line 
meets with positive or negative directions of the coordinate 
axes. 


x-intercept -» 


In figure OA = x-intercept, OB = y-intercept у" 
OA is positive or negative according as A lies on OX ог ОХ' respectively. 
Similarly OB is positive or negative according as B lies on OY or OY' respectively. 


Note: 


(i) Line having equal interecept then m — -1. 


(ii) Line having intercept equal in magnitude but opposite in sign then m = +1 
(i) ^ Lineequally inclined with coordinate axes then m = +1 
(ivy) —_ Line cutting of equal non zero distance from origin then m = &1. 


(v) 0.x +0.y +с= 0 (c 0) represents a straight line with x and y intercept both infinity 
= Straight line approaches at infinity. 


у 
у=а 
(vi) X Equations of lines parallel to x-axis are of form y =a. a 
0 X 
y 
(vii) Equations of lines parallel to y-axis are of form x =a. | | i 
0 a 
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13. DIFFERENT FORMS OF А LINE : 
13.1 POINT-SLOPE FORM OF A LINE : 


The equation of a line which passes through the point (x,, y,) and has the slope 'm' is 


У-У; =m(x—X,) 
Proof: 
Let Q(x,, у, be the point through which the line passes and let P(x, y) be any point on the line. Then, the 
slope of the line is 
У-У! 
х-х, 


But m is the slope of the line. Therefore, 


Цэн 
Х-Х, 


т => у-у =m(x-x,) 


Thus, y— y, = пх —x,) is the required equation of the line. 


Illustration : 


A line passes through the point (1, 0). Find the equation of line if 


3л 
(a) | [tis inclined at an angle of FI with positive x-axis. 


(b) | Itpasses through (2, 1). 

(c) It passes through the point of intersection of lines y =x and y = 2x + 1. 
(d) It has equal non zero intercepts. 

(e) . Ithasintercepts equal in magnitude but opposite in sign. 

(f) It cuts an intercept of 4 units on x-axis. 

(g) = It cuts an intercept of —3 units on y-axis. 

(h) It cuts equal non zero distances on co-ordinate axes from origin. 

(i) It is equally inclined with co-ordinate axes. 

G) It has an angle of 30° with positive y-axis. 


Sol. Since equation passes through (1, 0) 


3 
@) 0- == 
m -tanO- 4241 
у-0 = т (х -– 1) 


у= (42+ 1) (&- I) 


(b) Іі passes through (2, 1) & (1, 0) 
1-0 


slope = СЭН үн 1 
Equation of line у-0-1(-1) 
у=х-1 
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35 
(c) Point of intersection of y = x and y = 2x + 1is х= -1, у 2-1 
Line passing through (-1, —1) & (1, 0) 
PD E 
1-(-1) 2 


slope (т) = 


Equation of line (y — 0) = 26 — I) 


2у=х-1 
(d) — If it has equal non zero intercepts 
then slope (m) = –1 
Equation of line (y — 0) = —1 (x — 1) 
х+у=] 


{е) Jf it has intercepts equal т magnitude but opposite т sign then, m = 1 
y-0-71(x- I) 
у=х-1 


(f It cuts an intercept of 4 units on x-axis then it passes through (4, 0) 
Slope of line through (1, 0) and (4, 0) is 


Ha 8 
As 
Equation of line у-0 = 0(x — 1) 
у= 0 


(g)  lIfcuts an intercept of —3 on y-axis, then it passes through (0, —3) & (1, 0) 

0-(-3) _ 
1-0 

Equation of line (у— 0) = 3(x — I) х» 3х-у=3 


3 


slope (т) = 


(h) If it cuts equal non zero distances then slope (m) = + 1 


Equation of lines are 
(y — 0) = 1 (x — 1) or (y - 0) = -1 (x – 1) 
х-у= 1 оғ х+у= ] 
(1) If it is equally inclined with co-roordinate axes then т = +1 
Equation of lines are 
х-у-1 ог х+у= 1] 


6) If angle with y-axis is 30" then angle with positive x-axis = 120^ 


slope (m) = tan 120° = —J3 5 

Equation of line is 4 
y-0-7-43 (&- I) 120° 
Беър 
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13.2 TWO-POINT FORM OF А LINE : 


The equation of a line passing through two points (x,, y,) and (x, y,) is 


Е (3 с-х) 
Х,-Х, 
Proof: 
Let m be the slope of the line passing through (x,, y,) and (x,, y,) then 


аз 72-3 


X2—Xy 
So, the equation of the line is 
у-у =m(x—x,) (Using point — slope form) 
Substituting the value of m, we obtain 
y-y,= 12-23 (х-х) 
Хэ-Х, 


This is the required equation of the line in two-point form. 


Illustration : 
Find the equation of a line passing through (2, 3) and (4, 5). 


Sol. Equation of line is given by 


Illustration : 


Find number of straight lines passing through (2, 4) & forming a triangle of 16 sq. cm with the co- 
ordinate axes. 


Sol Let the co-ordinates on x-axis be (h, 0) 
Equation of line becomes 


4 
2-4 06-9 


Jons 
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4h 
y-intercept = h-2 
1| 4h 
area of triangle = —hx = 16 
f - 2| A 
h-2 
h? = 8h - 16 or h? =-8h + 16 
h? —-8h + 16=0 or h? + 8h - 16 = 0 
@-4?=0 


Three values of h are possible hence three equations are possible. 


13.3 SLOPE INTERCEPT FORM OF A LINE : 


The equation ofa line with slope m that makes an intercept c on y-axis is 
у=шх+с 
Proof: 
Since у intercept = 'с' 
Hence it passes through (0, c). 
Equation of line with slope m and passing through (0, c) is given by 
y-c-7mí(x- 0) 
y=mxte 


Illustration : 


Find the equation to the straight line cutting off an intercept 3 from the negative direction of the 
axis of y and inclined at 120" to the positive direction of x-axis. 


Sol Slope of line (m) = tan 120" = — 43 


y intercept (с) = -3 


Equation о line is 
у=тх+с 
p" -43x4 (3) 
yt V3x+3=0 
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13.4 INTERCEPT FORM OF А LINE : 


The equation ofa line which cut-off intercepts a and b, respectively from the x and y-axes is 


a b 
Proof: 
Line cut-off intercepts a and b from the x and " 
y-axes respectively, 
Equation of line passes through the points Во. b) 
(a, 0) and (0, b) is 
-b b M Р(х, y) 
у-0= — (x-a) 
4 A(a, 0) 
=> bx + ay = ab ^ L " 
4 —— 


ЖУ 
m Г ИШ 
> 25 1 


This is the equation of the line in the intercept form. 


Illustration : 


Find the equation to the straight line passing through the point (3, —4) and cutting off intercepts, 


equal but of opposite signs from the two axes. 


Sol. Let the intercepts cut off from the two axes are a & —а, then equation of straight line is given by 


x-y=a 


Since it passes through (3, —4) 


hence 3—(4)=а 
a=7 

Required equation is 
x-y=7 
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13.5 NORMAL FORM OR PERPENDICULAR FORM OF A LINE : 


The equation of the straight line upon which the length of the perpendicular from the origin is p and this 
perpendicular makes an angle a with positive direction of x-axis is 

xcosatysina=p 
Proof: 
Let the line AB be such that the length of the 
perpendicular OQ from the origin O to the line be p 
and ZXOQ =a. 
From the diagram, using the intercept form, we get 
Equation of line AB is 


х 
BE NE NE 
pseca pcoseca 


or х с05 а + узта=р 


л ‚ы Ж = E 3x 
(i) Set (1) > «a «n (iii) 1 « a «3n (iv) > <a<2n 


Illustration : 


Find equation of a straight line on which length of perpendicular from the origin is four units and 
the line makes an anlge of 120° with the positive direction of x-axis. 


501. а = 30° 
Р=4 
Equation line is given Бу 
xcosat+ysina=P 
x cos 30° + y sin 30° = 4 
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Illustration : 


(А) 


(В) 


(С) 
(D) 


(E) 


Sol (А) 


(B) 


(С) 


(D) 


(E) 
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Match the Column 
Column-1 


Equation of line which cuts off an intercepts of 
4 units on the x-axis & pass through (2, —3) 


Equation of line which cuts off equal non-zero 
intercepts on co-ordinate axes and pass 
through (2, 5) 

Equation of line passing through (0, 0) & (3, 5) 
Equation of line making an angle 135° with 
positive x-axis and pass through (1, 0) 
Equation of line passing through (1, 0) and 
equally inclined with co-ordinate axes 


(P) 


(Q) 


(R) 


(S) 


(T) 


Соіитп-П 
5х- Зу = 0 


х+у= 1 


3х-2у = 12 


х+у=7 


х-у-1 


Line cutting off intercept 4 on the x-axis, then line passes through (4, 0) 


Equation of line passing through (4, 0) & (2, -3) 


yt3- 2 ecd 
А 2 

2y +6 = 3х- 6 
3х- 2у = 12 


Line cutting off equal intercepts = а 
Let the line be 


acd 
— 4-2] 
а а 
хту=а 


it passes through (2, 5) 
2+5=а = a=7 
Equation of line х+у=7 


Equation of line passing through (0, 0) & (3, 5) 


22 
у-@ = 300-0 
3у = 5х 
Sx- 3у = 0 


Slope of line = tan 135° =—1 

Equation of line through (1, 0) 
у-0--1(х-1) 
у+х=] 


If line is equally inclined then slope (m) = + 1 
Equation of lines are у-0 = +1 (x — 1) 
х+у= ] or х-у= 1 


Practice Problem 


Single correct question 


Q.1 The gradient of the line joining the points on the curve y = x? - 2x + 3 whose abscissa are —1 and 2 is 
1 
(л)! (B)-3 ©- (D) 5 


Q.2 Ifthe equation x cos 9 + y sin 8= pis the normal form of the line УЗх+ у+2=0 then values of 6 and 


pare 


(л) 1 (B=, 3 © 25,1 (р) 4 
6" 3"2 Эг” 6” 
Q.3  Avariable straight те passes through a fixed point (a, b) intersecting the co-ordinates axes at A and В. 
If "O' is the origin then the locus of the centroid of the triangle ОАВ is 
(A) bx + ay —3xy = 0 (В) bx + ay— 2ху =0 
(C) ax + by -3xy = 0 (D) none 


04 The graph of function, y ^ cos x cos (x + 2) - cos? (x + 1) is 
(A)astraight line passing through (0, —sin? 1) with slope 2 
(B)a straight line passing through (0, 0) 
(C) а parabola with vertex (1, sin? 1) 


(D) a straight line passing through the point E sin’ ) and parallel to the x-axis. 


Multiple correct type question 
Q.5 The equations of lines which cut off intercepts on the axes whose sum and product are | and —6 respectively 


are 
(А) 5x + 3у +2 = 0 (В) 2х – 3у-6=0 
(С) 3х-4у+1=0 (D)3x-2y *6-0 


0.6  Theequation to the straight lines each of which passes through the point (3, 2) and intersects the x-axis 
and y-axis in A, B respectively such that OA ~ OB = 2 are 
(А)х-у=1 (B)8x-5y-2-0 
(С)3х-у-5:0 (0) 2x + Зу = 12 


Answer key 


Q1 C Q2 A Q3 A Q4 D Q.5 BD Q.6 AD 


Print to PDF without this message by purchasing novaPDF (http:/Awww.novapdf.com/) 


42 


14. ANGLE BETWEEN TWO STRAIGHT LINES WHEN THEIR 
EQUATIONS ARE GIVEN : 


Let the equation of lines are 
y,"m,x*e, and у, =тх+е, 
then angle ф between lines L, & L, is given by 


шон» 
1- mm; 
Proof: 
By figure 
slope of line L, — tan 0, — m, 
slope of line L, = tan 0, = m, 
In triangle ABC 
9, =$+6, 
ог $ 7 0, - 0, 
_ 1ап0, — tan 0, 
is uae 1+ tan 0,:tan0, 
m, -m5 
ату mm, 


& other angle of line L, = 180°-ф 


m; —ms 
tan (180° — ф) = -tan$ = 1+ mm, 
TY WEM Lus шкы: 
1+ mm» 
Note : 
Ifangle of any one line is 90° then slope of line is not define so to find angle between them. 
By figure, in triangle ABC 
6, + >= 90° 
or >= 90° — Ө, 
or tan $ = cot 0, 
1 1 
їа = =eo 
d ne tan, m, 


and other angle of line is 180° — @ or is equal to WA ; 
m, 
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Illustration : 


Find the equation of a line passing through (1, 2) and making an angle of 45° with the line 
2х + 3y = 10. 


-2 
Sol. Slope of 2x + 3y = 10 is Е] 


Let the slope of the required line is т, then 


(3) 
т- A — 
tan45°=| ЗА 
128 ? 
3 
3m 42 
3-2т 


3т+2==(3-2т) 
=$ Зт +2 = 3 – 2т ог 3m + 2=-(3-2т) 
1 


тэ ог т = –5 


5 
Equation of newly formed lines 


I 
y-27-5(x- 1) or у-2= 5-1) 


у+5х=7 ог Sy-x=9 


Illustration : 
Find the tangent of angle between pair of straight lines x —y + 5 = 0 and x + 2y = 0. 


Sol.  Slopeof x-y * 5-0 is 1 
-1 


Slope of x + 2y = 0 is 5 


-1 
m, = I, ^ EET 


* 


Angle between lines 


1 
— Des 
tan 0 = |——— =|-— “| =3 
1+ түт, (C 
2 
=> tan0-3 
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14.1 CONDITION FOR THE LINES TO BE PARALLEL : 


If the lines a,x + b,y+c, =0 anda,x + b,y + c, = Оаге parallel, then 


m,=m, 
ал. аа 
is bum 
1 2 

а, b 

= a b 


14.2 CONDITION FOR THE LINES TO BE PERPENDICULAR : 
If the lines a,x +b,y +c, =O and a,x +b,y + c, = 0 are perpendicular, then 


ЕР (а) 
меч +  КЫ- 


> аа,+ЬЬ,=0 
If follows from the above discussion that the lines a,x + b,y * c, = О anda,x + b,y +c, = O are 


ЭГ 31.59) 

(i) Coincident, Ё ау 5, c 

| à bo 

(ii) Parallel f D 5. £5 
а | b, 

(iii) ^ Interesecting, f x * m- 

(iv) Perpendicular, Ё аа, + b,b, =0 


14.3 EQUATION OF A LINE PARALLEL TO A GIVEN LINE : 


The equation ofa line parallel to a given line ax + by +c =O is 
ax+by+A=0 
where А. is a constant and value of À can be determined using another given condition. 


Illustration : 
Find the equation of straight line parallel to 3x + 2y + 4 = 0 and passing through (1, 1). 


Sol Let the line | | to 3x + 2y + 4 = 0 be 
3х+2у+с=0 
Since it passes through (1, 1) 
3(1) + 201) +с= 0 
с =-5 
Equation of line Зх + 2у = 5 
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14.4 EQUATION OF A LINE PEREPENDICULAR TO A GIVEN LINE : 


The equation ofa line perpendicular to a given line ах + by +c = 0 is 
bx —-ay+A=0 
where À is a constant and value of à can be determined using another given condition. 


Illustration : 


Find the equation of line perpendicular to 2x ~ у = 7 and passing through point of intersections of 
line 3x + 4y = 8 and y-axis. 


Sol. Point of intersection of 3x + 4y = 8 & x = is 

x=0, y=2 

Let the equation of line 1 to 2x — y = 7 be 
х+2у = с 

Passes through (0, 2) 

- 0-4-с 

= с=4 

hence equation is x + 2y = 4 


14.5 THE TANGENTS OF THE INTERIOR ANGLES OF A TRIANGLE FORMED BY 3 
GIVEN LINES : 


Arrange the lines L,, L, and L, in their descending order of slopes (as m, > m,>m,) 
then tangents of interior angles of AABC can be written directly as 


т; = 7; m,-m, Uum 
1ап А = ‚  tanB= ,lanC = 
1+ mm, 1+ т,т, 1+m,m, в С 
Explanation: A=a,—«, (from the figure) A 
a 


oA ) tana, — tan a, m, — m, 
Aina, у 2 L3-0 
жы s L,-0 
l+tana, tana, 1+m,m, tanam; 12-00 mnam, 
tàn с-=т» 
В=а,-а, 
" lana,—tana, т„-т, 
tanB = tan(a, — а.) = ——— gi mes 
(9-0) 1+ (апа, tana, 1+т,т, 


x-C=a,-a, Be C=x+a,-a, 
tana, —tana, m, = т, 
tanC = tan(a, – à) = T MM -——À! 


l-tana,tang, l+m,m ` 
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Illustration : 


If a A ABC is formed by the lines 2x + y-3 = 0; x -y + 5 = бапа 3х-у + 1 = 0, then obtain a 


cubic equation whose roots are the tangent of the interior angles of the triangle. 


Sol. Given lines are 


2х+у-3=0 йб) 
х-у+5=0 (И) 
3х-у+1=0 (їй) 


Slope of line (i) = —2 
Slope of line (ii) = 1 
Slope of line (iii) = 3 


Arranging the lines in descending order of their slopes 


= m, = 3, т, I, т; = –2 
" ту-т» m 3-1 3 
= ы "1431 2 


ту = т; Е 1-(-2) ш 


tan B = тм, = 1*1(-2) = 


mi-m, (-2)-(3) _ 


tan С = 1+т;тү | 1+(-2)3 i 


1 
Roots of cubic are —3, > and 1. 


1 
ын Equation of cubic is (х + 3) [x- 92 -1)-0 


= 28 + 3х? -8e +3=0 


15. LENGTH OF THE PERPENDICULAR : 


The length of the perpendicular from a point (x,, y,) toa line ax + by +c =Ois 


ax, + Бу, +c 


Ма? 4 p? 
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Proof: The line ax + by + c = 0 meets x-axis TEX) and y-axis at в[о 23! 


Let P(x,, y,) be the point. Draw PN L AB. 
Now, area of APAB 


1 се) cf c | 
0+—|--| -—- y, |+0(у, – 0 
| 3 = b У) (У | 
eu MN SI 
b a аЬ 


1 


2 


с 
(ax, +by, 9 -À 


Also, area of APAB 
c 
41 AB x PN во.) P(x, y.) 
2 
H с ыг хРМ 
\ a^ b? 
= Ja? «b? xPN (ii) 


From equation (i) and (ii), we get 


c с 2 2 
Эн Е ШИШ ИЕ куст 
22 We p А. 


" _ аху * by, +c] 


la? +b? 


ч 


Illustration : 
Find the point on y-axis whose perpendicular distance from the line 4x — Зу — 12 = 0 is 3 


Sol Let the point on y-axis be P(O, К) 
Distance of P(0, К) from 4x – Зу - 12 = 0 is 


4(0)-3(К)-12 
(42 +(-3)? 
|3k + 12| = 15 
|k+ 4, =5 
к= 1,-9 
hence the points are (0, 1) & (0, -9) 


=3 
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Illustration : 


Three lines x + 2y + 3 = 0, х + 2y—7 = 0 and 2x —y—4 = 0 form three sides of two squares find 
the equations to the fourth sides of squares. 


Sol Distance between the lines + 2y +3 = 0 бх + 2y-7-0is 
at Sete 


dat eb? 


3-(-7) _ 10 
41-4 45 


The fourth side is parallel to 2x — y — 4 = 0 
Let the fourth side be 2x-y +k=0 


10 
Distance between two sides 2x — y – 4 = 0 and 2x — y + k = 0 should be Js 
N 


k-4 _ 10 
4441 45 
|k*4|7 10 


k=6 or К=-14 
hence the 4" sides of squaresare — 2x -y * 6-0 or 2x-y- 14-0 
Illustration : 


Two mutually perpendicular lines are drawn through the point (a, b) and enclose an isosceles 
triangle together with the line x cos a + y sin а = P. Find the area of triangle. 


Sol — ДАВС is right angled at A. 
AB = AC 
AD perpendicular BC 


Length of perpendicular from A (a, b) = 


acosa Hr B 
cos! a + sin^ a 
= |a cos а + b sin a — P| 
Since AABC is isosceles © AD = BD = DC 


BC =2(AD) 
= 2 |(а cos a + b sin a — P)| 


A(a, b) С 


1 
Area of AABC = 5 x |(а cos a + b sin а-Р)| + 2|(а cos a + b зїп a — P)| 


= (а cos a + b sin a— Р)? 


Print to PDF without this message by purchasing novaPDF (http:/Awww.novapdf.com/) 


49 


Illustration : 


Find the condition so that lines ax + by * c, = 0, ах + by Te 0 ax-* by te= 0 and 
ах + by +c, = 0, form a rhombus. 


Sol. Ifthe given lines form a rhombus then perpendicular distances between opposite sides are equal 
Distance between ах * by +e,=0 & axtby+e,=0 


Ср-С) 
D,- 


E a; +b; 


Distance between ax + by +c,=0 & a х + by +с,=0 


D, =< 
© , > 
үа; +b; 
D,=D, 
Cy—C> т Cy—C> 
? 3 > > 
ya; +0; уа +55 
> > ? Ээ 
= aj +b; =a; +05 


15.1 DISTANCE BETWEEN TWO PARALLEL LINES : 


Let(x,, y,) be any point on the line ax + by +c, =0 
Distance of point (x, , y,) from the line ax + by * c, = 0 is 


jax by, +4 a 
- Xey)  ax*by*c- 
Ма? +b? | 
Now point (x,, у) Нез on ax + by +c, = 0 then - 
ax, + by, +с,= 0 — ыы 
= ax, + by, =-c, ax + by +c, =0 
Їл 
—. = 
р Ма? +ь? 


15.2 AREA OF THE PARALLELOGRAM : 


Area of the | gm whose 4 sides are as shown in the fig. using у= тх +, 
А =p, p, соѕес is given Бу 


(с, - e: )(d, - dz) 


m, - m, i 


$10 A 


у= пх + с, 
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Practice Problem 


Single correct question 
Q.1 The product of the perpendiculars drawn from the two points (+ Ja? -b?, 0) upon the straight line 


X y C. А 
—cos 0+ = іп Ө = 1 is 
а b 


(A) а? (B) b? (C) a? +b? (D)2ab 


Q.2  Letheco-ordinates ofthe two points A and B be (1, 2) and (7, 5) respectively. The line AB is rotated 
through 45* inanti clockwise direction about the point of trisection of AB which is nearer to B. The 
equation of the line in new position is : 

(A)2x-y-6-0 (В)х-у-1-0 (С) 3х-у- П =0 (D)Noneofthese 


0.3 The line L, givenby "x : = 1 passes through the point M (13, 32). The line L, is parallel to L, and 


has the equation Sy 3 = |. Then the distance between L, and L, is 
m 2 


17 23 23 
7 a 2 = 
"mom "e n ud 


Multiple correct type question 


Q.4 The equations of the straight lines which pass through the origin and are inclined at 75? to the straight 
linex ^y 43(у-х)-а аге 


(А)х=0 (В)у=0 (С) 3х+у=0 (0)х-43у-0 


0.5  Theequation(s) of the straight lines drawn through the point (0, 1) on which the perpendiculars let fall 
from the point (2, 2) are each of length unity, is(are) 


(A)x-y=1 (В) х-1=0 (C)y-—1=0 (0) 4х-3у+3 = 0 
Answer key 
0.1 В Q2 С оз C 0.4 АС 0.5 CD 
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16. PARAMETRIC FORM OF A LINE : 


The equation of straight line passing through a given point A (х, у) and making an angle 0 from positive 
direction of x-axis in anticlockwise sence is — 


EM WX 
cos0 590 
where, ris the distance of any point on the line from the given point A(x,, y,). 
Explanation : 
Let P(x, у) be taken on the line above the given point (x,. y,) 
then from the APAN. 
x-x,-rcos 0 
у-у; =гѕіп 0 
z x 
cos0  sinü | м. 2 " 
Again, if point is taken оп the line below the given point A(x,, y,) then from the AAPN' 
x,-x-rcos0 
y,-y7rsinO 
х-Х, у-у _ 
со59 50 
Combining (1) & (2) 


у 


ыы ^u) 


Хохь Y» it 

cos0 890 
Here, х=х, +гсоѕ 0, у=у, +тѕіп Ө are the co-ordinates of the points situated on the line at a 
distance г from the given point A(x,, y, ). 


Illustration : 


A straight line is drawn through the point P(2, 3) and is inclined at an angle of 30" with the x-axis. 
Find the coordinates of two points on it at a distance 4 from P. 


Sol Here (x, yj) = (2, 3), Ө = 30°, the equation of the line is 


x-2 _ y-3 

cos30" — sin30" 

Х-2 у-3 
> ET 

2 2 


> х-2= 36-3) 


яа х- 43y 2 2-343 

Points on the line at a distance 4 from P(2, 3) are 
(x, &r cos 0, y, +r sin 0) 

= {2 +4 cos 30°, 3 + 4 sin 30°) 


= (2+2.3,3+2) > (2+2.5, Jor2-2V3, 1) 
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Illustration : 


Sol. 


Find the equation of the line passing through the point A(2, 3) and making an angle of 45° with 
the x-axis. Also determine the length of intercept on it between A and the line x + y + 1 = 0. 


The equation of a line passing through A and making an angle of 45° with the x-axis is 


x-2  y-3 


cos45" ѕіп45° 


r2 F= 
1 4 
42 v2 
=> х-у+1=0 


Suppose this line meets the line x + y + 1 = 0 at P such that AP =r. 

Then, the coordinates of P are given by 
Ж-4 y — 

cos45"  sin45" | 


= x=2+rcos 45% у = 3 + тїп 45° 


г Г 
= 4 == (зэ = 
= х=2 427 s£ г. 


г г 
Thus, th rdinat P 2+—,3+ 
us, the coordinates of are ( 7 + 
Since P lies onx + у + 1 = 0. Therefore, 
r r 
2+ 43414--41:0 
7 42 


= J2r z -6 = z—342 
Therefore, length AP =|r|=3 42 


Illustration : 


Sol. 


A (3, 2) and B(7, 4) are two vertices of a triangle. Find the third vertex C so that ABC is an 
equilateral triangle. 


is 
Let the point be C(h, К). If the triangle is equilateral then length of altitude is zi times the 


length of side. 
Length of side (AB) = 44! +2? 2420 
Length of altitude = 415 
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coordinates of point D = (5, 3) 


1 
slope of side (AB) = 


2 
slope of altitude = —2 
tan 0——2 
кыз Ж 
sin 0 = 45 > COS == 45 


Equation of line 


x-h y-k - I5 


cosÜ  sinO 
ru - 22 = +315 
5 V5 
The points аге 


(7-43,342/3) and (543, 3-243) 


Illustration : 


A line through А(-5, —4) meets the line x + Зу + 2 = 0, 2х+у+4=0апа х-у-5-04 
B, С and D. If (15/ABY + (10/AC = (6/AD). then find the equation of the line. 


Sol. Let the inclination of line be 0 then equation of line through point А (-5, —4) is 


хс ээ herei = 1, 2,3 
cosÜ зто E. МНЕ "Хийн 
= АВ, = АС, and г; = АР 


ck (r, и: 5, r, sin 0— 4) 
Points B satisfying the line x + 3y + 2-0 
(r cos 0-5) + 3 (r sin 0—4) * 2—0 


13: 13 
or г, (cos 9+ 35т 0)-5-12+2=0 or cos + 3 sin Ө= — =. 


"n 
Similarly 


2 cos Ө + si ga 
cos Ө + sin 0= = 


| 6 
and cos @-sin Ө = AD 


Using the given relation 
| ) | Ї | | 
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=> — (cos0-3sin 0)? + (2 соз Ө + sin 0)" = (cos 0—sin 0}? 
> {(1+3ап@)7+({(2+ап 0y = (1 —tan 0p 

=> 91ап 0+ I2tan0+4=0 

> (3tan0+2P=0 

=> tan 0= — 


3 


-2 
Equation of line is y * 4 — > (x + 5) 


= 3y + 2x +22=0 


- 


17. POSITION OF A POINT W.R.T. ALINE : 


If the points P(x, , y,) and Q(x,, y») lies on the same side of the 
line Ax + Bx + C-0 then the expressions 
Ax, + By, +С andAx, + By, + will be of the same sign and Б 

if P(x,, y,) and Q(x, , y,) are on the opposite side of the line Ох... у.) 
then the expressions Ax, + By, +С 

and Ax, + By, + C will be of opposite sign. 


P(X,, y Qix., у.) 
line ° " 
Ax | By! C70 


Illustration : 
Are the points (3, 4) and (2, —6) оп the same or opposite sides of the line 3x ~ 4y = 8? 


Sol Let L = 3x – 4y — 8. Then the value of L at (3, 4) is L, = —15 and the value of L at (2, -6) is L, = 22. 
Since L, and L, are of opposite signs, therefore the two points are on the opposite sides of the 
given line. 


Illustration : 


If the point (a, а?) lies between the lines x + y — 2 = 0 and 4x + 4y — 3 = 0 then find the range of 
values of a. 


Sol If (a, а?) lies between the lines x + y — 2 = 0 and 4x + 4y — 3 = 0 then sign of + а? — 2 and 
4a + 4а? — 3 should be opposite hence 
(a + à? – 2) (da + 4а – 3) «0 
— (a — 1) (a + 2) (2а + 3) (2a4— 1) < 0 
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Practice Problem 


Single correct question 


Q.1  Ifpoints (sin Ө, cos 0) and (3, 2) lies on the same side of the line x + y = 1, then Ө lies between 
о) — e) © eG 
'4 4'2 2°4 4” 


0.2 Ашапе ABC is formed by the lines 2x ~ 3y -6 =0; 3x - y + 3 = 0 and 3x + 4y ~ 12=0. If the points 
P(a, 0) and Q(0, B) always lie on or inside the AABC, then : 
(А) a. € [-1, 2] and В є [-2, 3] (B) a є [-1, 3] and В є [-2, 4] 
(C) a € [-2, 4] and p є [-3, 4] (D)a e [-1, 3] and В є [-2, 3] 


Q.3 А line 4x + y = 1 passes through the point A (2, —7) meets the line BC whose equation is 
3x - 4y + 1 = Oat the point B. The equation to the line AC so that AB = AC, is 


(A) 52x + 89у - 519-0 (B) 52x + 89у + 519-0 
(C) 89x + 52y + 519-0 (D) 89x + 52у- 519-0 
Q.4  Ifthe straight line through the point P(3, 4) makes an angle Ё with the x-axis and meets the line 
12x + 5у + 10=0 at О, then the length PQ is 
(A) _ 132 (В) 132 C) 132 (D) _ 132 
543412 543-12 (9 128 +5 1243-5 


Multiple correct type question 


Q.5  Iftheslopeofa line passing through the point A (3, 2) be 3/4, then the points on the line which are 5 units 
away from А, are 
(А) (5, 5) (B) C, 5) (С) (-1, -1) (D) (3,4) 

Q.6 . Thedirectionin which a straight line must be drawn through the point (1, 2), so that its point of intersection 


with the line x + у= 4 may beat a distance : 46 from this point. 


(А) 15° (B) 30° (С) 60° (0) 75° 
Answer key 
01 A 02 р 0.3 В 04 С 0.5 ВС 0.6 АБ 
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18. CONCURRENCY OF THREE LINES : 


Three lines are said to be concurrent if they pass through a common point, i.e. they meet at a point. 
Thus, if three line are concurrent the point of intersection of two lines lies on the third line. Let the three 


concurrent lines be 
a,x+by+c,=0 .. (d) 
a,x + b,y+c,=0 .. (ii) 
a,x +b,y+c,=0 .. (iii) 


Then the point of intersection of equation (1) and (i1) must lie on the third. 
The coordinates of the point of intersection of equation (i) and (ii) are 


Бус – Бс, саз – сај 
a,b, —a,b, , a,b, -ab 


This point lies on the line (iii). Therefore, we get 


2” ai bie; — bsc, +b, 9492-5214 |. =0 
(ab-ab) аб, — ab, à 


> а, (b,c, —b,c,) + b, (са, – c,a,) + c, (a,b, — ab) = 0 


a b, с, 
= аз b; с. =0 
а; b, с; 


This is the required condition of concurrency of three lines. 


Alternative Method : 

Three lines Lj, =a,x+byy+c,=0; L,=a,x+b,y+c,=0;L,=a,x+b,y+c, = 0 are concurrent 
iff there exist constants A,, A,, 4, not all zero at the same time so that AL, +A,L, +4,L, = 0, 
i.e., A, (a,x + by + c) +A, (a,x + by +c) + А, (a,x + by + ¢,) = 0. 


Illustration : 


If lines (cos? A)x + (cos A) -y + 1 =0, (cos? В)х + (cos В)у + 1 =0 and (cos С)х + (cos Сју + 1 =0 
are concurrent, where A, B, C are angle of a triangle then prove that the triangle must be isosceles. 


Sol. If the given three lines are concurrent then 


cos А cosA 1 
cos В cosB 1-0 
cos C cosC 1 
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К, >К,-К,, К, >К,-К, 


cos’ А-со5? В cosA-cosB 0 
соз? В -соѕ С cosB-cosC 0 =0 
соз? С соз С 1 


= (cos А — cos B) (cos B — cos C) (cos C- cos A) = 0 
hence cos А = cos B or cos B = cos Cor cos С = cos A 
we can say that triangle is isosceles. 


Illustration : 


Sol. 


If the lines px + ду + 1 20, px + ду + 1 = дапархх +q, + 1 = даге concurrent then prove 
that the points (р, 9). (р> q and (p, q) are collinear. 


If the given lines are concurrent then 


Pr 4) н 
Р: 4: T" 
Ps 43 1 


Above determinant also shows twice the area of triangle formed by points (р, q). (p. q) and 


(p » 49 
Since area of triangle formed Бу these points is zero, hence the given points are collinear. 


Illustration : 


Sol. 


A x * (sina )y * cosa =0 
Let A&aER Iflines x+(cosa)y+sina=0 ; are concurrent, then find the set of 


—x+(sina )y -(cosa ) 2 0 
values of A. 


А sina cosa 
1 cosa sina =0 
-1 sina -cosa 


Applying К, > R,—R, 


3-1 0 2cosa 
1 cosa sina |=0 
-1 sina -—cosa 


(А + 1) [-cos? a— т? а] + 2 cos a [sin a + cos a] = 0 
— (А + 1) + 2cos a [sin a + cos a] 


A*172cos a [sin а + cos a] 
А = sin 2a + cos 2a 


АЕ L V2, 42] 


U ууу 
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(i) 


(ii) 


(ш) 


(у) 


(v) 


EQUATION OF STRAIGHT LINE IN DETERMINANT FORM : 


x y i 
Line passing through two points (x,,y,)and(x,,y,)is|x, y, 1=0 Gy) су) TW 
x; y, | 
Equation of the median through A (x, , у) is 
А (Xis y) 
х у ! х у | x y l 
х 
х, +X; к мате | „иин Чын ШАГУ 
" == X; у, | хз Уз 1 Хх›+ху У. +Уз 
2 2 EC азаа 


= 


. . А 2241 
Equation of the altitude through ‘A’ is бу.) 


x y 1 2 05 I 
ЪсоѕС |x, у | + ссоѕВ |х, y, 1-0 (х,у) В C(x, у,} 
х, у, 1 х, у; 1 (bcosC)x, + (с cosB)x, — (6 соѕС) у, + (c cosB) y. 
beosC + с cosB bcosC + с cosB 


Equation of the line through A and parallel to the base BC is 


ХК... 
x, y, 1-0 where (a, b) are assumed to be co-ordinates of D. 
a b I 
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Now , equating the middle point of BD and АС 
а+х,=х+х, = а=х,-х,+х, 
bty-y,ty, => b=y -У, + У; 

Hence the equation of the line is 


X y 1 
ЫГ Yi 1-0 В (х,.у,) С (х,, y;) 
ХүтХ,-Х, Уур+уз-уз | 
" y | x у x yl 
х, у, {Г — - PE 53i lj- |x y 1-0 
X,-X; Уу-у 1-1 хз У | з Уз | 


Illustration : 


Find the equation of median through A if three points of triangle are given by A(2, 1), BG, 6), C(I, 0) 


Sol. Mid-point of BC = (2, 3) 
Equation of line passing through (2, 1) and (2, 3) 


e t x 
— 
— 


x(1—3)-y(2-2) + (6-2) = 0 
-2х +4 = 0) 
х= 2 


Practice Problem 


Single correct question 


0.1  Let(x, y, (x,, y,) and (x,, у) are the vertices of a triangle ABC respectively. D is a point on BC such 
that BC = 3BD. The equation of the line through A and D, is 


x y 1 |x у 1 x у 4 |x у 1 
(А) х, y, 1+2х у 1-0 (B)3x, y, 1+2х у 1-0 
Xx; y; 1 k уз 1 xj yr | |n уз 1 
*.w 1 Ж: ў ] х ж {ж y d 
(С) |х, у, 143 x, y, 1-0 (D2xXx, y, 1+х у 1-0 
X3 y» | х; у; 1 X; у 1 {хз Уз 
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0.2 


0.3 


Let (x, , y,) r= 1, 2, 3 are the coordinates of the vertices of a triangle ABC. If D is the point on BC 
dividing it in the ratio of 1 : 2 reckoning from the vertex B, then the equation of the line AE in the similar 
from where E is the harmonic conjugate of D w.r.t. the points B and С. 


x y» 4 | x y | x y 1 х y 1 
(А) |x; у 1-2х у 1-0 (В) 2х у, 1-х, y 1=0 
Х» уз Ш [хз у; 1 Xx; yy lx у; l 
x ya x y 1 х у К јх у ! 
(O2|x y, 1-Зх y, 1-0 (D3|x, y, l-2x, y, 1-0 
хә У d [№ Уз X; уз | x у; 1 


If the line x + 2ay +a = 0, х + 35у +b=0 & x + 4су + с = 0 are concurrent then 
(A)a,b,careinA.P. (B)a,b,careinGP. (C)a,b,careinH.P. (D)Noneofthese 


Multiple correct type question 


0.4 


0.5 


20. 


If A (x,. уу), В (x, Y2) С (X, уз) are the vertices ofa triangle, then the equation 


t wy CI y] 
х Ур 1+х у 1=0 represents 
X; Yo 1 X3 Уз l 
(A) the median through А (B) the altitude through A 


(C) the perpendicular bisector of BC (D) the line joining the centroid with a vertex A 
The line x + y— 1 = 0, (m—1)x + (т? —7)y - 5 = 0and (m—2)x + (2m – 5)у = 0 are 

(A) concurrent for three values of m (B) concurrent for one value of m 

(C) concurrent for no value of m (D) are parallel for m = 3 


Answer key 


D Q2 B оз © CD 


Q.4 


Q.5 


FAMILY OF STRAIGHT LINES : 


Let L sax t by t c, = 0and L, s ax +b,y * c, 70 


Then, the general equation of any straight line passing 
through the point of intersection of lines L, and L, is 
given by ц + AL, = 0, where A ЕК 


These lines form a family of straight line 


aX +Ь„у+су=0 


a,x+b, y*c,70 
Also this general equation satisfies point of intersection 
of L, and L, for any value of A. 


Conversely, Га variable line is expressed іп the form of L, * XL, — 0 (A є К) then it always passes 
through fixed point which is the point of intersection of L, = 0 and L, = 0. 
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Illustration : 


Two lines are given by L, : 3x—4y +6 =O &L,:x + y + 2 =0. Find ше equation of line passing 
through the intersection by L, = 0 & L, = 0, if 

(1) It passes through (1, 2) 

(ii) _ ltis parallel to y = 2x + 3. 

(iii) It has intercepts equal in magnitude but opposite in sign. 

(iv) It is parallel to x-axis 


(v)  ltisata distance of 42 units from origin. 


Sol. Let equation of line through the intersection of L, & L, is 
L,* 4L,-0 
3jx- dy 6 * A(x *y * 2) = 0 
x(3* A) *y(A—4) *6* 22-0 


(1) If it passes through (1, 2) 
3+4+24-8+6+24=0 
SA =-] зэ --1/5 
Equation of line becomes 


3-01-01) 0 
5 5 5 
14х-21у--28-0-22Х-3у-4-0 


(ii) If it is parallel to y = 2x + 3 


ГЭ) 
1-4 
-8-34--11-4 
3-5 
A-38 


Equation becomes (3) “(8-0 6 + 15) = 0) 


14х -7y + 28 2 0 = 2х-у+4 = 0 


(1) Н has intercepts equal in magnitude but opposite т sign, then 
slope = I 
—(3+A)_ [ 

1-4 — 

-3-А= 4-4 
24 = 1 
А = 1/2 
х-у+2=0 
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(iv) | Its is parallel to x-axis 
slope = 0 
-(3-4)- 
4-4 
Equation becomes 
х(3-3)-у(-43-4)-6-2(-3)-0 
y=0 


0 


(v) Из ata distance of 42 units from origin equation of line (3 + А)х + y (А—4)+6+2А=0 
Perpendicular distance from origin 


0(3-3.)-0(1-4)-6-21 
(31-31 «(A-4) 


N 


-42 


(246) 
UZFTNFZNT. 
(24 + б)? = 2(22? — 24 + 25] 
4А? + 24A + 36 = 422 — 44 + 50 
28А = 14 
А = 1/2 
.. Equation of the line is x - y + 2 = 0 


= 42 


Illustration : 


It the family of straight lines x(a + 2b) + у(а + 3b) = a + b passes through a fixed point for all 
values of a and b. Find the point. 


Sol. x(a+2b)+y(a+3b)=ar+b 
= а(х+у-– 1) *b(2x + 3y- 1) -0 
This equation will always be satisfied for x +у - 1 = 0 & 2х + 3y- 1 = 0 solving these equation 
we get 
x=2,y=-l 


Illustration : 


A variable line ax + by + c = 0 passes through a fixed point if a, b, c are in arithmetic progression. 
Find the fixed pont. 


Sol Ifa, Б, саге in A.P. then 
АЉ =а+с 


=0 & 2 +1=0, we get 
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Illustration : 


Ifa? + 9b? = 6ab + 4c and ах + by + с = 0 is a straight line that passes through one or the other 
of the two fixed points. Find the points. 


Sol. Given 
а? + 9b! = bab + 4c 
а? — 6ab + 9b - 4с? = 0 
(a - 3b)? -cF = 0 
(a—3b—2c) or (a — 3b + 2с) = 0 
Case-I а = 3b + 3c 
ах +фу+с=0 
(ЗЬ + 2c)x + by +c =0 
b(3x+yt+e(2x+1l=0 
3х+у=0, 2+1=0 


i E. 
puis x" 
Case II Ifa = 3b— 2c 


ах + Бу +с = 0 

(ЗЬ — 2с)х + by + c = 0 

b (Зх + y) + с(-2х + 1) = 0 
3х+у=0, 2+1=0 


Illustration : 


The equations of the sides of a triangle are x + 2у = 0, 4х + 3y = 5 and 3х + у = 0. Find the 
co-ordinate of the orthocentre of the triangle without finding the vertices of triangle. 


Sol. Equation of line passing through A can be given Бу 
xt2ytA(3x ty) = 0 
x(1 * 3A) +у(2+А) = 0 
Altitude through A is 1 to BC (4х + 3y — 5 = 0) 


Slope of altitude through A is — = = 2 
-(3A*1) 3 3 
142 4 
-12h-4=3A+6 
15А = -10 
2 
Ag 
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4 
Equation of altitude А is х(-1) + 5) = 0 


- јх + 44у = 0 wi 
Equation of line passing through B is 

х + 2у + (4х + 3y- 5) = 0 

x (1 + 4k) + y(2 + 3k) - Sk = 0 


1 
line perpendicular to 3x + у = 0, has slope = 3 
(5 +1 ) Же, 
3k+2) 3 
-(12k + 3) = ЗК +2 
—15К = 5 


Equation of altitude through B 


р 4 1 
x(^73 + у(2— 1) – 5 “Эр” 0 
— +3у+5=0 
x-3y-5-0 =) 
solving (1) and (2) we get orthocentre as (-4, —3) 


Illustration : 


Find equation of the diagonals of the parallelogram formed by the lines 
2х-у+7=0, х-у-5=0, 3x + 2y -5 = 0 and 3x t 2y +4 = 0 


Sol. Equation of diagonals can be formed by 
64-66,=0 or (4,7 64,70 
/,/:2Х-ут7:0 £6:3p*2y-5-0 
6G:2x-y-35—0, — 4:3 *2y * 4-0 
(2x — y + 7) (3x + 2y- 5) - (2x - y 5) Gx + 2y t 4) = 0 
= —5(2x — у) + 7(3x + 2y) 35-4 (2x —y) + 5 (3x + 2) + 20 = 0 
€ -10х + Sy + 21x + 14у - 35 – 8x + 4y + 15x + 10 +20 = 0 
18x + 33y 15 = 0 
бх + Пу-5=0 
Other diagonal 
(2x-—y + 7) (3x + 2у + 4) – Qx- y - 5) 3x + 2y - 5) = 0 
4(2x — y) + 7(3x + 2y) + 28 + (2x у)5 + 5 (3x + 2y) - 25 
18х + 5у - 1-0 
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Optics Based Problem : 
Hlustration : 
Find the image of (3, 1) across the line y = 2x + 7. 


Sol Let the point P(3, 1) has image Р" across the line 2x - y + 7-0 


Now PP' is perpendicular to 2x — y + 7 = 0 PG, 1) 
1 

Slope of PP’ =- 2 

Equation of PP' is 2х-у+7=0 
1 
у-1=-7(х- 3) 
2) | нан 2--х-3 
БЭ >= 

х+2у=5 -9 17 
Point of intersection of lines 2x - y + 7 = 0and x + 2у = 5is О ERAS 
О is the mid point of PP' 
Let P' (h, k) 


й+3 _ -9 k+l _ 17 


Illustration : 


A ray starts from point (1, 1) and is reflected by x-axis and then it passes through the point (6, 3). 
Find the equation of 
(i) Incident ray (ii) Reflected ray 


Sol Ifthe ray started from (1, 1) and after reflection it passes through (6, 3) then incident ray was 
supposed to pass from the image of (6, 3) across x-axis. 
Image of R(6, 3) in x-axis is R'(6, —3) R(6,3) 


P(1,1) 
[в 1) 


Equation of PO => у-1 (E 


5у-5=—4х +4 £ 
4х + 5у-9 = 0 Ws. 
to find equaiton of reflected ray we have to find Q. ч 


О is point of intersection of ray with x-axis o|? Ў 2 
Equation of OR. 


э 
»-37 (5-974) ®-9 


3-2 6 
-3=$; &-6 


Sy — 15 =4х- 24 
4х-5у-9-0 
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Practice Problem 


Single correct question 


Q.1 The equation of the line through the point of intersection of the lines 5x – Зу = | and 2x + Зу = 23 and 
perpendicular to the line 5x – Зу - 1 = 0 15 
(A) 33x - 47y +21 =0 (В) 3х + 22у + 14-0 
(С) 63x + 105у ~ 781 = 0 (D) 21х - 84у + 1023 =0 


0.2 The line (k +1)? x + ky - 2k? 2 = 0 passes through a point regardless of the value of k. Which of the 
following is the line with slope 2 passing through the point? 
(A) y=2x-8 (В) у= 2х – 5 (С) y=2x-4 (0) у= 2х +8 


0.3 Family of lines represented by the equation (cos Ө + sin Ө)х + (cos 0 —sin 0) — 3 (3 cos Ө+ sin 0) = 0 
passes through a fixed point M for all real values of 0. The reflection of M in the line x — y = 0, is 
(А) (6,3) (B) (3, 6) (С) (-6, 3) (D) (3, -6) 


Multiple correct type question 


Q.4  If(-2,6)isthe reflection of the point (4, 2) with respect to line L = 0, If L can be written in the form 
ах + Бу+с= O(where a, b and c in their lowest form and a, b, се N) then 
(A)a*b-c (B)a=b+c (C)ab+bc+ac>0 (р) а2 +62 + с? > (а+Ь+с)? 


Match the Column 


0.5  Setoffamily of lines are described in column-I and their mathematical equation are given іп column-II. 


Match the entry of column-I with suitable entry of column-ll. (m and a are parameters) 


Column-I Column-Il 
(A) having gradient3 (P) mx-y*3-2m-0 
(B)  havingy intercept three times the x-intercept (Q) mx-y+3m=0 
(C)  havingx intercept (-3) (R) Зх+у=3а 
(D) concurrent at (2, 3) (S) 3х -у+а=0 
Answer key 
Gi С 0.2 A 0.3 В 04 вр 


0.5 (A)OS;(B)OR;(C)—Q;(D) —P 
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21. SHIFTING OF ORIGIN : 


Let OX and OY be the original axes and let the new axes, parallel to the original, be 
O'X' and СҮҮ" 


Let the coordinates of the new origin O', referred to the original axes be h and k, so that, if O'L be 
perpendicular to OX, we have 
OL = hand LO' = К 


Let P be any point in the plane of the paper, and let its coordinates, referred to the original axes, be x and 
y and referred to the new axes let them х and у. 


Draw PN perpendicular to OX to meet O'X' in N'. 
then, ON-x, МРЕУ ON' = x and NP y 
we therefore, have 

x=ON=OL+O'N'=h+ x’ 
and у= NP=LO'+N'P=kty' 


The origin is therefore, transferred to the point (h, k) 
when we substitute for the coordinates x and y the 
quantities. 
x'+h апау + к 
The above article is true whether the axes be oblique or rectangular. 


Illustration : 
Find the new coordinates of point (3, —4) if the origin is shifted to (1, 2) by translation. 


Sol. Since origin is shifted to x = 1 and y = 2 
Непсех- 1 = Xandy - 27 Y 
Point (3, —4) is shifted to 
X 7 3 - 1, Y2-4-2 
Х=2, У=-6 
Hence new coordinates are (2, —6) 


Illustration : 
Find the newly tranformed equation of the straight line 2x — 3y + 5 = 0 if origin is shifted to (3, —1). 


Sol.  lforigin is shifted (3, —1) 
х-3-Х,у-()-Ү 
x-23tXy-Y-l 

New equation is 2(X + 3) ~ 3(Y - 1) +5 = 0 
2Х-37+ 14-0 
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Illustration : 


Find the point at which the origin be shifted so that the equation x? + y! — 5x + 2y 5 = 0 has no 
first degree terms. 


50. х? + у? 5х + 2у-5 = 0 


2 25 25 
> (x zm 
4 
зү 
= (-5) *(ytl,—-—7-70 
х + ү = 49 
ы ий”, 
If new equation to be formed has no first degree terms then shift the origin to 
5 
yest у=ж-] 


22. ROTATION OF AXES : 
22.1 ROTATION OF AXES WITHOUT CHANGING THE ORIGIN : 


Let OX and OY be the original system of axes and OX' and OY' the new system, and let the angle, 
XOX", through which the axes are turned be called 0. 
Take any point P in the plane of the paper. 


Draw PN and PN' perpendicular to OX and OX’, and also N'L and ММ perpendicular to OX and РМ. 
Ifthe coordinates of P, referred to the original axes, be x and y, and referred to the new axes, be x' and 
y', we have 

ОМ = x, МР = y, ON’ = x' and N'P = у 


Theangle, 
MPN' = 90° - ZMN'P = (ММО = ZXOX'- 0 


We then have 
x = ON = OL - MN'- ОМ cos Ө - МР sin Ө 
= x' cos Ө ~ y' sin Ө 

and  y-NP-LN'-MP-0ON'sin 0 + N'P cos Ө 
= x' sin O + y' cos Ө 
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If therefore, in any equation we wish to turn the axes, being rectangular, through an angle Ө we must 
substitute 
x-x'cosÜ-y' sinÜ0 and y=x'sinO+y'cos®0 


23. ANGLE BISECTOR : 
23.1 EQUATION OF BISECTORS OF THE ANGLES BETWEEN TWO LINES : 


(i) Equations of the bisectors of angles between the lines ax+by+c=0 &a'x t b'y*c'-0 


+by+ 'х+Бу+с’ 
(ab’+ a'b) are: = - in: ЗИРЕ cial ыд 


> à 2 
fw 0844 
Explanation : As we know that angle bisector between two lines is the locus of the point which moves in 
a plane such that its perpendicular distance from both the lines are equal. 


Let P(h, k) be a moving point 
PM =PN ü L,:ax+by+c=0 
ah+bk+c| ja‘h+b'k+c' P(h.k) 
Уа?+ь? | | үуа!-ы? һ:ах+Ьу+с'=0 
ах+Бу+с a'x+b'y+c' 


a Ta эы D 3o AES 
Locus of P(h, k) is Зад +b? d a+b? 


(ii) To discriminate between the acute angle bisector & the obtuse angle bisector 


If 0 be the angle between one of the lines & one of the bisectors, find tan Ө. 
If |tan@| < 1, then 20 < 90? so that this bisector is the acute angle bisector. 
If |tan0 | > 1, then we get the bisector to be the obtuse angle bisector . 


(Ш) Todiscriminate between the bisector of the angle containing the origin & that of the angle not containing 
the origin. Rewrite the equations , ax+by+c=0 &a’x+b’y+c'=0 such that the constant terms 
c,c' are positive. Then ; 


ах + Бу+с  ,a'xtb'y*c' 


+ ————— gives the equation of the bisector of the angle containing the origin 
| 2 2 .2 2 $ 
уа? +b ya +b 


ax+by+c а'х+Ь'у+с' . : | эь 
5 TE -— EAE AE gives the equation of the bisector of the angle not containing the 
ya^ *b* ya" b"? 
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(iv) To discriminate between acute angle bisector & obtuse angle bisector proceed as follows 
Write ax + by+c=0 & a'x * b'y * c'—0 such that constant terms are positive. 

Ifaa’ + bb’ < 0, then the angle between the lines that contains the origin is acute and the equation of the 

— ы ИА a'xtb'yte" ах + Бу+с __а'х+Ь'у+с' 


bisector of this acute angle is 2 — therefore 
Va? eb? dae Зэр? Ма? + a" +b” 


is the equation of other bisector . 


If, however , аа' + bb' > 0, then the angle between the lines that contains the origin is obtuse & the 
equation of the bisector of this obtuse angle is: 


ах + Бу+с i ах-ьУу-с icii ах + Бу+с — a’x + b’'y +c’ 
fa? «b? а? +6" Е Ja! «b? Ма eb? 


is the equation of other bisector . 


(v) Another way of identifying an acute and obtuse angle bisector is as follows : 
Let L, - 0 & L, = 0 are the given lines & и, =0 and u, = 0 are the 
m ЭР between L, = 0 & L, = 0. Take a point P on any one of the lines 
L, = 0 or А = 0 and drop perpendicular on 
70 & и, = 0 as shown. If, 


1.2=0 


[pl < |а! = u, is the acute angle bisector. 


Г > lal = цу is the obtuse angle bisector. 


Ip] = | а! => the lines L, & L, are perpendicular. 


Note : Equation of straight lines passing through P(x,, y,) & equally inclined with the lines 
a,x+by+c,=0& a,x +b,y +c,=0 are those which are parallel to the bisectors between these 
two lines and passing through the point P. 


(vi)  Bisector in case of triangle 


CASE-I : When vertices of triangle are known. 
А(х„у,) 


Mn j зә 
Method-1 : 
1. Find the length of sides of triangle AB(c), BC(a) and CA(b) by distance formula. 
ах, +bx, +сх; ау, +Бу, +су; 
а-Б-с ° a+b+c | 
3. With the help of incentre we can find all angle bisectors of triangle ABC. 


2. Find incentre I of triangle where I = | 


Method-2 : 
1. Find the point D which divides the side BC in ratio c : b. and also find the points E and F 
similarly. 


2. Find the equations of AD, BE and CF. 
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CASE-II : When the equation of sides are given. 


Method-1 : 
l. ComputetanA , tanB , tanC and arrange the lines 
in descending order of their slopes. 
2. With the help of angles we can find all acute/obtuse 
angle bisectors. 


Method-2 : 


1. Plot the lines approximately and compute bisectors containing or not containing the origin. 


Illustration : 


Sol. 


Find the angle bisectors between the lines 4x + 3y — 7 = 0 and 24x + 7y — 31 = 0. Also identify the 
acute angle bisector and bisector contianing origin. 


If the given equation are 

4х + 3у- 7 = 0 and 24x + 7y - 31 = 0 
These can be written as 

—4x —3y + 7 = O and -24x -7y + 31 = 0 
Equation of bisector is given by 


[Ae Id 


ear OU 08-37 


4242 +7? 


5 (-4x —Зу + 7) = + (-24x -7y + 31) 
Equation of bisector containing origin is 
5(—4х —3y + 7) = (-24x —7y + 31) 
x-2y+1=0 
Equation of bisector not containing origin is 
5(-4х —3y + 7) = (-24x —7y + 31) 
2x +y-3=0 


Acute Angle Bisector 

aa’ + bb' = (-4) (-24) + (-3) (-7) > 0 
Since aa’ + ЬЬ' > 0 hence the angle bisector that contains origin is obtuse angle bisector 
i.e, х- 2y + Í = 0 and equation not containing origin is acute angle bisector i.e., 2x + y- 3 = 0). 
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Illustration : 


Find the equation of bisectors between the lines x + J3y = б + 243 апіх- Зу =6- 243. 


Sol. Slope oflinex + J3y =6+ 243 ism, = E 
N 


Slope of line x – J3 y = 6— 2453 is m, = 


г. 
gi~ 


Now m,+m,=0 
Since sum of slopes is zero therefore x = h, and у = К are equations of angle bisector where (h, К) 
is point of intersection. Hence bisectors are x = 6 and y = 2. 


Practice Problem 


Single correct question 
Q.1 The equation of the bisector of the acute angle between the lines 3x – 4у + 7 = 0 and 12x + 5y -2 = O is 


(A) 21x + 77y - 101 - 0 (В) 1х ~ 3у+9=0 
(С) 21x + 77у + 101 =0 (D) Их-3у-9=0 
0.2 The equation of the bisector of the lines 3x —4y + 1 = 0 and 5х + 12у – 11 = 0 which do not contain 
origin is 
(A) 7x - 56у + 34=0 (В) 32x +4y—21=0 
(C)3x + 7у+ 11 20 (D)16x-3y * 7-0 
Q.3  Whentheorigin is shifted to (1, 1), the equation xy - x — y + 1 = 0 becomes 
(A)X?-Y?-0 (B) XY =0 
(С) X?-Y?-2X *2Y-0 (D) X -Y?-5X-42Y-5-0 


Multiple correct type question 


2 
1- 


2m’ 


1-7 


0.4 The bisectors of angle between the st. lines, y—b= = (x-a)and y—b= (x —a) are 
(A)(y - b) (т + m) + (x- a) (I1- тт) - 0 
(В) (у - b) (т + m) - (x- a) (1- mm)-0 
(C) (y - b) (1 - тт’) + (х-а) (m+m’)=0 
(D)(y - b) (1 - mm) - (x-a) (m* т) =0 


Q.5  Letíp,q)isthe point to which the origin should be shifted so that the equation y? — бу — 4x + 13 ^0 is 
transformed to the form Y? + АХ = 0 then 
(A)p+q=4 (B) p? + 42 = 25 
(С) р? + q? = 10 (D) p and q are twin prime 


Answer key 


0.1 A Q2 A Q3 B 04 Ар 05 ACD 
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24. PAIR OF STRAIGHT LINES : 
24.1 A PAIR OF STRAIGHT LINES THROUGH ORIGIN : 


(i) A homogeneous equation of degree two of the type ax*+ 2hxy + Бу? = 0 always represents a pair of 
straight lines passing through the origin & if: 
(a) h?>ab = lines are real & distinct. 
(b) h?=ab =>  linesarecoincident. 
(c) h?<ab =>  linesareimaginary with real point of intersection i.e. (0,0). 


Note: Ahomogeneous equation of degree n represents n straight lines through the origin. 


(i) = Ify-mx&y-m,x be the two equations represented by ax? + 2hxy + by? —0, then; m, +m, = — = 
a 
& л =” 
m, т, Ь 
Explanation : 


b(y —m,x) (y—m,x) = ax? + 2hxy + by” 
Comparing co-efficients of x? and xy on both sides 


—2h 

-b(m, +m,)=2h = m,+m,= 
a 
bm, т, =а => тт, = b 


24.2 ANGLE BETWEEN STRAIGHT LINES REPRESENTED BY THE 
EQUATION ax? + 2hxy + by? = O : 


Let the equation ax? + 2hxy + by? — 0 represents two lines which are y - m,x = 0 and y - mx ^ 0 
-. Angle between these lines is 


2 | -2h 3 -4 а | 
p- [mama y(m,*m) -4mm,| Wi b b| |2vyh?-ab 
ta = =e] = 
4 1-түт, 1+ mm, 142 a+b 
b 
г. acute angle Ө between the pair of straight lines represented by the equation, 
24h?- ab 
ax? + 2hxy + Бу? = 0 is tan 0 = "Ht "E 


The condition that these lines are : 

(а) At right angles to each other if a+b=0. i.e. co-efficient of 
x? + co-efficient of y? — 0. 

(b) Coincident if h? = ab. 

(c) Equally inclined to the axis of x if h=0. i.e. coeff. of xy - 0. 
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24.3 BISECTORS OF ANGLE BETWEEN THE LINES REPRESENTED ВУ 
ах? + 2hxy + by? = 0: 


Let the given equation represent the straight lines 


y—m,x=0 sin 
y-my-0 . . (ii) 
where m, + m, - 2h/b and тут, = a/b ‚..(Ш) 


The equation to the bisectors of the angles between the straight lines in equation (1) and (ii) are 


y-myx ,y-m;x 


lem? /l+m? 


Therefore, the combined equation of the bisectors is 


y= I НЬ Sr DAL NL -0 
(ч шд 5 \ї+т? MEET 
(y-mxY (у-ты) | 


ог 
Iam; 1+5 


hence, by equation (iii), we get 


z% 0х2 тунау о 


b 
х2-у? _ ХУ 
“ a-b h 
Important point 


The product of the perpendiculars, dropped from (x,, y,) to the pair of lines represented by the 


" . ax, +2hx y, *by/ 
equation, ax? + 2hxy + by! = 0 is ————=——=————-. 
d (a-b) «an 


24.4 GENERAL EQUATION ОР SECOND DEGREE REPRESENTING A PAIR OF 
STRAIGHT LINES : 


(i) ax? + 2hxy + by? + 2gx + 2fy + с=0 represents a pair of straight lines if: 


a h 
абс + 2fgh —af?-—bg?-ch?=0 , ie. if |h b f|-0. 
g f c 


(ii) ^ Theangle 0 between the two lines representing by a general equation is the same as that between the 
two lines represented by its homogeneous part only . 
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Illustration : 


Prove that the x? — 4ху + у? and x + y = 1 enclose an equilateral triangle. Find also its area. 
Sol. Angle between the two lines x? — 4xy + y = 0 is 
24h? —ab 
a+b 
244-1 
1*1 
= tan! 3 = 60° 


Again x! ~ 4ху + y! = 0 
> xl-4xytdy-3y9-0 


=>  (x-2y-(43)'-20 
>  (x-2y* 43y) (&-2y- 43y) = 0 
Equation of lines represented by x? — 4ху + у? = 0 
ae  x-(2-43)y-0 -.0 
х-(2-/3у-0  ..(ii) 
Now angle between the line x + y = I and line (i) is 


Ө = tan 


= ат! 


т, +m, 


6=tan' 


1-туит» 


c») 


1 
е5) 


Gu 


= tam 


= tan! | - 3| = tan! В = 60° 
Similarly, angle between the line x + y = 1 and line (ii) is 60°. 


.. Angle between the lines taking any two of the given three lines be 60°. 
thus, the triangle formed by these lines is an equilateral triangle. 


Again, point of intersection of lines x — 4xy + у? = 0 is origin. So, distance of the line 


(0)*(0)-1| 1 
x + у— I = 0 from the origin is h= JP + “АЗ 
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Let a is the side of the equilateral triangle 
Hence, a sin 60° = h. 


е 43 ч 43 2 43 : 
Area of triangle = Se Би ха units. 


Illustration : 


Find the centroid of the triangle the equation of whose sides 12x? — 20xy + 7y? = 0 and 
2х-3у+4=0. 


501. 12х? — 20ху + 7p = 0 (0,0) 
12х? — 14ху – бху + 7) = 0 
2х (бх — 7y) — y (бх — бу) = 0 
=> (2x — y) (6x — 7у) = 0 


So three lines are 2x-y=0 S 
бх —7y = 0 w+» (И) TETZEN) 
2x-3y+4=0 .... (iii) 


Point of intersection of lines (i) and (ii) is (0, 0). 

Point of intersection of lines (i) and (iii) is (1, 2). 

and Point of intersection of lines (ii) and (iii) is (7, 6). 
0-147 219) Ё 4 


Centroid 8( 3 ' 3 


Illustration : 
Find the distance between the parallel lines 4х? + 4xy + у? — бх-Зу-4=0 


Sol Given lines is 4х? + 4ху + y - бх -– 3y- 4 = 0 
Again, 4х? + 4xy + у? = 0 
(2x + ур = 0 
=> (2х+у+А4) (2х +y B) =4х + 4ху + у – бх-3у-4 
= 4х? + 4ху + у? + (2А + 2B)x + (А + B)y + AB = 4х? + 4ху + y! - бх - Зу - 4 
Comparing both sides, we get 
А+В=-3 ..0) 


AB = -4 „ (ii) 
By solving (i) and (ii) we get 
A=-4,B=1 


= Two parallel lines are 2x - у - 4 = 0 апа 2x+y+1=0 


distance — — ийг 
2 
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25. HOMOGENISATION : 


The joint equation of a pair of straight lines joining origin to the points of intersection of the line given by 
ix+my+n=0 sessed & 


the 2nd degree curve: ax? *2hxy + by + 2gx *2fy*c-0 — uan (ii) 


is ax? + 2hxy + by? + 2gx SS + (+ ту + (imr) =0 ...... (iii) 


-n 
NE : НК : SEM Ix + my 
(iii) is obtained by homogenizing (ii) with the help of (i), by writing (i) in the form: a d 1. 


Important concept: 


Any second degree curve through the four point of intersection of f(x y) - 0 & xy=0 is given Бу 
f(x y) - xy =0 where f(xy) = 015 also a second degree curve. 


Illustration : 


Find the equation of the line pair joining origin and the point of intersections of the line 
2x — y = 3 and the curve x? — y? — ху + 3x бу + 18 = 0. Also find the angle between these two 
lines. 


Sol Given 
curve : x? + y! — xy + 3х— бу + 18 = 0 
and line : 2x -y = 3 
covert the curve in homogeneous equation with the help of line 


2х-у 2x-y 2x-yY 
э-у-зу+( 5 4 428425) -0 


>x – у -xycx(2x-y) - 2y 2x у) + 20х-у?=0 
>x -y axy + 2%? – ху – 4ху +2у + 80 + 2у?— 8ху= 0 
=> Их + 3y - 14ху = 0 

Angle between them is 


dn? — 
tang = 2m where a = 11, b = 3 and h =-7 
a+ 


_ 249-33 
14 


t “398. 0 -t ae 
or fan "Las an 7 
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Illustration : 


Find the value of ‘m’ if the lines joining the origin to the points common to 
х?+у?+х-2у-т=0&х +у = lare at right angles. 


Sol. Given: х+у+х-2у-т=0 
andaline: х+у=1 
Homogenize the curve with the help of line 
> xt-ytx(kty-2y(x * y) - mx * yy = 0 
> x cy tx +ху- 25у -2y - mx -my - 2mxy = 0 
= x! (2-т)-у (1 + m) - xy (1 + 2m) = 0 
If lines are at right angle then 


tha | 


(2— т) – (1 + т) = 0 = т = 


Illustration : 


A line L passing through the point (2, 1) intersects the curve 4x? + y! —x + 4y — 2 = 0 at the points 
A, B. If the lines joining origin and the points A, B are such that the coordinate axis are the 
bisectors between them then find the equation of line L. 


Sol. Given: 
Curve : 4? +y -x*4y-2-70 and point (2, 1). 
Let the slope of a line is m, then the equation of the line passing through a point (2, 1) is 
(v - I) = m(x - 2) 
=> у-1 = тх- 2т у -– тх + 2т- 1-0 
Маке the curve homogeneous with the help of line then 


— у-тх у-тх y-mx 
uA UE Am) 1 (12) де] ан 
=> 4х? (1 —2mp + у? (1 — 2my — x(y — mx) (1 — 2m) + 4y (y — mx) (1 — 2m) -2 (y - тх) = 0 
: If the co-ordinate axis are the bisectors between them the coefficient of xy should be zero. 
(2m — 1) + 4m (2m — 1) + 4m = 0 
Sm +2т-1=0 
8m? +4т-2т-1=0 
4m (2m + 1) - 1 (2m + 1) = 0 
(4m — 1) Qm + 1) = 0 


lines are 


6-D- 6-2 or 6-1) - 56-2) 


х-4у+2 = 0 оғ x+2y-4=0 


Print to PDF without this message by purchasing novaPDF (http:/Awww.novapdf.com/) 


Practice Problem 


Single correct question 


Q.1 


Q.3 


Q4 


The combined equation of straight lines which pass through (1, 2) and perpendicular to the line pair 
3x? — 8ху + 5y? = 0 is 

(А) 5х? - 8ху + 3y* + 13x - 15у+7=0 (В) 5x? + 8ху + 3y! - 26x – 20у + 33 =0 

(С) 3х2 + 4ху + 3Зу2 - 15х + 25у+12=0 (0) 3х2 + 4xy-3y!-46x + 8y 433-0 


If the pair of lines ax? + 2(a + b) ху + by? = 0 lie along diameters of a circle and divide the circle into four 
sectors such that the area of one of the sectors is thrice the area of another sector, then 

(A) За? + 2ab + 3b? = 0 (В) За? + 10ab + 3b? = 0 

(С) За? - 2ab + 3b? = 0 (D) 32? – 10ab + 3b? = 0 


If x? - 2рху- y? =0 and x? - 2qxy - у? = 0 bisect angles between each other, then 
(А)р+4= 1 (В)ра= 1 (С) ра + 1 =0 (D) p? * pa * 4 =0 


If the straight lines joining the origin and the points of intersection of the curve 
5х2 + 12ху- 6y? + 4х -2y * 3 = Оапіх + Ку- 1 = 0 are equally inclined to the co-ordinate axes then 
the value ofk : 

(A) is equal to | (В) is equal to -1 

(C) is equal to 2 (D) does not exist in the set of real numbers 


Multiple correct type question 


Q.5 


Q.6 


0.1 
0.4 


The lines L, and L, denoted by 3х? + 10ху + 8y? + 14x + 22у + 15 =0 intersect at the point P and have 
gradients m, and m, respectively. The acute angle between them is 8. Which of the following relations 


hold good? 
(A) m, +m, = 5/4 
(B) m, m, = 3/5 


2 
(C) acute angle between L, and L, is sin! E 


(D) sum ofthe abscissa and ordinate of the point P is-1. 


If angle between the lines joining origin and the point of intersections of the line x — y = 2 and the curve 
x? —4xy + 2у? -2х+у+К= 0 is 45° then 

(A) Sum of all possible value (s) of k is equal to 3 

(B) Sum ofall possible value (s) ofk is equal to 2 

(C) Product ofall possible value (s) of k is equal to -16 

(D) Product of all possible value (s) ofk is equal to 12 


Answer key 
B Q2 A Q3 © 
B Q.5 BCD 0.6 BC 
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SOLVED EXAMPLES 


0.1 IfA(1,2)and B (3, 8) be two given points, find a point P such that |PA| = |PB| and АРАВ = 10. 
Sol. Let P=(a,B),then|PA]=|PB} = PA? = PB? 
=>  (a-1)-*(pB-1Y-(a-3y + (В – 8) 
> а2-2а+1+В82+4-4В = 02 +9 ба + p? + 64— 168 
405128 = 68 = «+3В=17 .. i) 
Ако, area of APAB = 10 


= ра-В+8—6+38 8 = 10 

nd —ба + 28 +2 =+ 20 

= —За +В+1== 10 

=> -3a +В =-1= 10 

= -3a t B = -11 .. (ii) 
or -jatp-9 .. (Ш) 


Solving (i) and (ii), we obtain a = 5, В = 4, solving (i) and (iii), we obtaina = –1, B — 6 
Hence, the point P is either (5, 4) or (-1, 6) 


(b+c)? a 
0.2  Factorize |(c+a)} b 
(a+b)? ge 5 


Sol. Applying C, — C, * C, - 2C, 


2 
a^ +5 +c? а? be Та. b 
2 ? seg 
D= а +b *c b- са! = (а> + b? + с?) 1 5 са 
а?+Ь?+с?* c? ab | c а 


Applying К, >R, - R;, В, — R;- К, 


0 a?-bp? c(b-a) 
= (а? + b? + с?) 0 b^-c^ a(c-b) 


1 ЁС ab 
0 a+b -c 
= (а2 +2 + с?) (а-5) (Ье) 0 b+c -a 
] « ab 
2 2 > a+b —с 
= (а + 6° + с") (а- 6) (6-с) |ыс -a 
сэ С - С, 
= (a? + b? + c?) (a - b) (b - т саб: E: 
= (a? +b? + с?) (a-b) (b-c) (a &b ^c) | = 


= (а? + b? + c?) (a+b + c) (a- b) $-с) (c - a) 
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Sol. 


04 


501. 


а’ 2-3 y xt 54: 
Te ; Lm ы. and a 29. : are collinear and 
a-l a-l /'| b-1' b-1 c-I' c-l 
a abc + В (a * b + c) = y (ab + bc + ca), a, В, y є №, then find the least value of a + B + y. 


Let the equation of line on which these three points lie be 
Ix * my * n- 0 


б (2-3 
and — thepoint PS lie on the line where t =a, b, c 


3 2 
(24 Эн -0 
t-l t-l 


li) +т(?—3)+п(—1)=0 
b/+tm+tn—-3m-n=0 
If a, b, c are the roots of given equation then 


-m 

ie i NT M ..(1) 
n " 

ab + be + са = 1 .. (i) 

be= mun ” 

абс = т .. (Ш) 


using (1), (ii) & (iii) we get 
abc = —3 (a + b * c) + ab + bc + са 
abc + 3 (a * b + c) ^ ab + bc + ca 
= at+B+y=1+3+1=5. 


A fixed line PQ: : + : = 1; cut the x and y axis at P & Q. and a variable line perpendicular to it cut the 
x-axis at R and y axis at S. Find the locus of the point of intersection of QR and PS. 


Line PQ cut the x-axis and y-axis at P & Q respectively. 
So,  P-(a,0) and Q=(0,b) 


-b 
Slope of PQ = T L, 
{fixed 
linc) 


1Q(0,b) 
a L»( Variable line) 

Slope of line perpendicular to РО = b 

Equation of line perpendicular to РО is ax – by + А = 0 

It intersect x-axis at R and y-axis at S 


Hence, R=(=*,0}, s-(0,*} 
a b 
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Slope of ОК = = 
а) 


ке 

$1 fPS= = — 

= 0-а ab 

=> QR 1 PS 

Let the point of intersection of QR and PS is T(h, k) 
= PT 1 QT 


> h(h-a)-k(k-b)-0 
= h? + k?—ah—bk=0 
So, Locus of Tis x7 + y2—ax—by=0 


Q.S Aline perpendicular to the line segment joining the points (1, 0) and (2, 3) divides it in the ratio | : n. Find 
the equation of the line, (n = —1) 


Sol. The given points are A (1, 0) and B (2, 3). The required line divides the segment [AB] in the ratio 


l :n(nz-1). 
— — Їх240х1 Ix3+nx0) (2+n 3 
Dividing point C is | Ira ed (85:35) 
3-0 
Slope of line АВ = = 3 


-1 
Slope of the required line (1 АВ)=-1/3 


: . - з 1 п+2 
As the line passes through С, therefore, its equation is у— дал” a(x өөх: 1 
Point slope form 
or Boy 23 _ 1+2 _ 

3 z n+l 3-1) 


or ly, [к= =0 
Ми Зар) 


ог (п + 1)х+3(п+1)у-(п+11)=0 
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0.6 


Sol. 


0.7 


$01. 


The owner ofa milk store finds that, he can sell 980 litres of milk each week at Rs 14/litre and 1220 liters 
of milk each week at Rs 16/litre. Assuming a linear relationship between selling price and demand, how 
many liters could he sell weekly at Rs 17/litre? 


Let the milk store owner sell L litre of milk at Rs p per litre and let the linear relation ship between L and 
p be 


L=mp+b .40) 
when p=14,L=980 
980 = 14m +b .. (ii) 
when p-16,L-1220 
1220 = 16m + . . iii) 
Substituting (ii) from (iii), we get 240 = 2m 
240 
= m=" = 120 


Substituting this value of m in (ii), we get 

980 = 14 x 120+6 => 980-1680=b => b=-700 
Substituting т = 120 and b = -700 in (1), we obtain L = 120p ~ 700. 
when p = 17, then L= 120 х 17 — 700 = 2040 — 700 = 1340 
Hence, the man can sell 1340 litres of milk at Rs. 17 per litre. 


If pand д are the lengths of perpendiculars from the origin to the lines x cos 0 — y sin Ө = 3 cos 20 and 


E] 


x sec Ө + y cosec Ө = 3, respectively, then find the value of p? + 4q?. 


[0cos0— Osin 0—3cos 20 | 

Her, p- ШЕ Se er ae 
v(cos0)* + (-5т0)- 

_ 13с0520| 


or 
1 


р = |3 cos 20] ER 


[0sec0 + 0cosec0 — 3| 


ни sp Мѕес2 0+ соѕес20 


13| : [3sin 20| 
“тт тела 3 


\ соз?0 ѕіп20 


(^ sin26=2 sin Ө cos Ө) 


= 29 = B sin 20] .. (il) 
Squaring (i) and (ii) and adding 

or — pl*4q!-(3cos 20) + (3 sin 20)? 

or p^ + 442 = 9 (cos? 20 + sin? 20) 

or  p'*4q'-9. 
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0.8 A variable line through origin meets two fixed lines. a,x + by + c, =O and a,x + Б.у + c, =0 at 


P and О. On it is taken a point К. If LN. EUN then prove that locus of R is also a st. line. 
OR OP OQ 
Sol. ах+6у+с,=0, ах+Бу+с,=0 
Let the point К be (h, К) 
Equation of line through origin with inclination 0 is 
x-0 y-0 : =. 
ө шо з where i= 1, 2, 3 
r, = OP, r,=OQ and r,-OR 
P lies on a,x+by+ce,=0 


a,r, cos 0 + bir, sin6+c,=0 


—-R o аман 
г = 
a, cos 0 b, sin O 


А =C} 

Similarly n = ———————— 
А a, соѕ0+ b, sinO 

К = (г, cos 0, г, sin Ө) 

h=r, cos Ө, k=r, ѕіп Ө 


2 1 1 
If a eremi 
OR OP OQ 
Z 4 4 
= === 
h A G 


2 - (сеооа ” a,cos0+b, иә) 


п € € 


goes aj cosO+ birsinO | | az cos8 + bor; sin 
€ 52 


2- ah -bjk| |а,һ+Ь„К 
C €; 


-2- (354 а.) 
< C с G 


Ах+Ву+2=0 which is the equation of line. 
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(sin30)x +ay+b=0 
0.9 — Ifbe#adand the lines (cos 20)x +cy +d =0 | are concurrent then find the number of values of 
2х +(a+2c)y+(b+2d)=0 
0 in [0,24]. 


Sol.  Ifthelinesare concurrent then 


sin30 a b 
cos 20 c d |=0 
2 (a+2c) (59-24) 
Applying К, > К,- К, -2К, 
ѕіп 30 a b 
cos 20 c 4-0 
2-sin30-2cos20 0 0 


(2 — sin 0 ~ 2 cos 20) (ad - bc) = 0 

since bc + ad, hence 
2—sin30-2cos20- 0 
2-(3 sin 6—4 sin’ 9) - 2(1—2 sin? 0)- 0 
-3sin0 *4sin? 0-- 4sin 0-0 
sin 0 [4 sin? 0 4sin0—3]- 0 
sinO(2sin0— 1) (2 sin6+3)=0 


1 -3 
sinO — 0, ѕіпӨ = 5 sin Ө = Ж, (rejected) 


> 9=0,х,2л 0=-, — 


number of values of 0 in [0, 2л] is 5. 


Q.10 LetABC bea given isosceles triangle with AB = АС. Sides AB and AC are extended up to E and F, 
respectively, such that BE x CF = AB?. Prove that the line EF always passes through a fixed point. 


Sol | LetABC be the triangle having vertices (-а, 0), (0, b) and (a, 0). Now, 


BE x CF - AB? RBS SP xod 
ч "^ 4: ви: 


Hence, the coordinates of E and Е are (-а (2. + 1), —b) and (a (1 + 1/2.) - b/7.). Equation of line EF is 


ж 


УЕ" a( +1) 
3 


-а(.-1)- 


[x + а (А+ 1] 
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24-32) 
ог = та 
ЗО) үгэ) 
А 
b(A-1) 
or yt Ab= ig уу М +20. + 0] 


or a( + 1)у + ab (A+ 1) 2b(— D) x + ab (А2 – 1) 

or (bx + ay + ab) ~ A (bx ~ ay - ab) - 0 

which is the equation of a family of lines passing through the point of intersection of the lines 
bx + ay + ab = 0 and bx — ay — ab = 0, the point of intersection being (0, —b). Hence, the line EF passes 
through à fixed point. 


О.П Тһе straight line 2x + 3y + 1 = 0 bisects the angle between two straight lines, one of which is 
3x + 2y +4=0. Find the equation of the other straight line. 


Sol Тһе given line is 3x+2y+4=0 .. (1) 
and bisector is 2х+3у+1=0 . 40) 
Since the other line passes through the intersection of (i) and (п), its equation is 
2x +3y+1+k(3x+2y+4)=0. .. (Ш) 


Since, P lies on one bisector 
-. length of perpendicular from P on (1) = length of perpendicular from P on (iii) 


puris _1(2+3К).1+(3+2К)(—1)+(1+4К)!| 
” /9+4 (2 +3к)? +(3+2Кк)? 
Ёл 51К| 


= 
415. Jis? +24k +13 


=> 13k? + 24k + 13 = 13k? 


13 
5 24к + 13=0 => к--54 


Substituting this value of k in (iii), we get 
13 13 13 3.2 7 
2-— 3-— 1-— [20 Sr y- 
eaen inen 


Q.12 Show thatall chords ofthe curve 3x? —y? —2x + 4y = 0 subtending right angles at the origin pass through 
a fixed point. find also the coordinates of the fixed point. 


Sol. 3x?-y?-2x+4y=0 
Let the point through which it passes is (h, k) 
Equation of line through (h, k) 
y—-k=m(x—h) 
y-mx=k—mh 


Print to PDF without this message by purchasing novaPDF (http:/Awww.novapdf.com/) 


87 


0.13 


$01. 


Homogenising the curve with the line, then 


Е аё у- тх y-mx 
& X — A——— + i = 
— 2x (==) ay (=) е 


«(reso em) 
k-mh) ^ (Кар S x—mh k mh 


If they subtend a right angle at origin then, coeffi. of x? + coeffi. of y? =0 


2m 4 
+ +——- |= 
3 k-mh k-mh EM 
2m 4 
= — + —— 2 
3 k-mh k-mh " 


k-mh*m*2-0 
К+2+т (1-В)=0 
=-2 аа в = 1 
Hence the fixed point is (1,—2) 


A straight line is drawn from the point (1, 0) to intersect the curve x? + y? + бх – 10у + 1 = O such that 
the intercept made by it on the curve subtend a right angle at the origin. Find the equation of the line. 


Let the equation of line is у = т (х – 1) 
Equation of curve x? + y? + бх – 10y + 1=0 
Homogenising the curve with the line, then 


2 

mx- y mx-y mx-y 
24 2 + = Алалы: ДЕ -- 
хоу" вх )- io (Et E Ч ) 0 


coeffi. of х?=1+6+1=8 


А 10 1 
coeffi. of у= 1+ —+— 
m m 


If it subtends a right angle at origin the 
1 


9т2 + 10m+1=0 
9m? + 9m *m* 1-70 
(m + 1) (9m + 1) 2 0 
-] 
m--1 or т= — 


9 
Equation of lines are 


-] 
y--l(x-1) or у= 9 6-1) 


х+у= 1 ог х + 9у = 1 
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RELATION & FUNCTION 


1. ORDERED PAIRS : 


An ordered pair consisting of two elements in a given fixed order. 

Eg. (a, b). 

An order pair is not a set consisting of two elements. The position of a point in two dimentional plane is 
Eg. ofan ordered pair (1, 2), (2, 2) .. 


1.1 Equality of ordered pairs : 
Two ordered pairs (a,, b,) and (a,, b.) are said to be equal if a, =a, & b, =b, 
Eg. Find the values of a and b if (3a— 2,b*-3)2(2a- 1,3) 
b+3=3, 3a—2b=2a-1 > a=1,b=0 


1.2 Cartesian Product of two sets : 
Let A and B be any two non empty sets. The set of all ordered pairs (a, b) such that a є A and є Bis 
called as cartesian product of sets A and В and is denotes by A x В. 
The cartesian product of two sets A, B is anon-void set of all ordered pairs (a, b). 
А = {1,2,3}; В = {p,q,r} 
A B= {(а, Б) /ає Aandb є Bj 
= {(1, р), (1, 9), (1, г), (2, р), (2, 9), (2, г), (3, р), (3, 9), (3, г) 


2. RELATION : 


Every non-zero subset of A x B defined a relation from set A to set В. 


Defination : 
Relation is a linear operation which establishes relationship between the element's of two set's according 
to some definite rule of relationship. 
К: {(a, b) | (a,b) € A x B and a R bj 
Eg:1 Ais {2,3,5} 
B is {1, 4, 9, 25, 30} 
If aRb — bissquare ofa 
Discreet clement of relation are {(2, 4), (3, 9), (5, 25)] 
Eg:2 А = (Jaipur, Patna, Kanpur, Lucknow} 
В = {Rajasthan, Uttar Pradesh, Bihar} 
aRb > ais capital of b, 
Ах B= {(Jaipur, Rajasthan), (Patna, Bihar), (Lucknow, Uttar Pradesh) | 


2.1 Total number of Relation from A to B : 
Let number of relations from A to B be x. 
Let A contain 'm' elements and В contain ‘п’ element's. 


Number of element's in А х B— m*n 
Numberofnon void subsets = "С + тС, + ........ Жэ ээг 
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2.2 Domain and Range of Relation: 


If К be a relation from а set A to set B. Then set ofall first component's or coordinates of ordered pairs 
is called the domain of R, while the set of all second component's or coordinates of the ordered pairs is 
called as range of relation. 
Let R: A— B (R isa relation defined from set A to set B) then domain of this relation is 
Domain : Set ofall the first entries in К 
(а | (а, b) € R} 
Range : Set ofall the second entries in К 
fb | (a, b) € R} 
Ер. А = (1,3,5, 7); В = {2, 4, 6, 8} 
Relation is aRb => a>b; acA, Бє В 
R= {(3, 2), (5, 2), (5,3), (7, 2), (7, 4), (7, 6) } 
Domain = {3, 5,7} 
Range = {2,4,6} 


2.3 Inverse of a Relation: 


If R is a relation defined from A > В then R^! isa relation 
defined from B — A as 

R^! = {(b, а) | (a, b) є R} 
i.c. domain is converted in to range element's and range is 
converted into domain elements. 

ie. | DomanofR = Range of R^"! 

Range of R = Domain of R! 

E.g. N is a set of first 10 natural nos. 

aRb = а+26 = 10 


N = {1, 2,3, ..., 10} &abeN 
R= {(2, 4), (4, 3), (6,2), (8, 1)} PT 


Inverse relation is R^! — {(1, 8), (2, 6), (3,4), (4, 2) 


2.4 Types of Relation : 


(i) Identity Relation 
A relation defined оп а set А is said to be an Identity relation if every element of A is related to itself and 
only to itself. 
Eg]!  Arelation defined on the set of natural number's as 
withrule aRb <> а= isan identity relation 
R= {(1, 1), (2, 2), (3, 3), ......... } 
Eg2 TherelationI, = {(1, 1), (2,2), (3, 3), ......... } is the identity relation on set A = (1, 2, 3j but 
{(1, 1), (2,2), (1, 3)} are not identity relation 


Types of Relations 
Reflexive Symmetric Transitive 
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(ii) Reflexive: 
A relation defined on a set A is said to be an Identity relation if each & every element ofA is related to 
itself. 
Le. if (a, b) є R then (a, a) є К. However if there is a single ordered pair of (a, b) Е К such 
(а, а) e К then К is not reflexive. 
Eg. 1: Ге А = {1,2,3} beaset then R= {(1, 1), (2,2), (3,3), (1, 3), (2, 1)} is a reflexive relation on A. 
К, = ((1, 1), (3,3), (2, 1), (6, 2)} is nota reflexive relation on A, because 2 € A but (2, 2) є К. 


E.g.2: A relation defined on (set of natural numbers) 
aRb => 'a' divides ' a,b € N 
К would always contain (a, a) because every natural number divides itself and hence it is a reflexive 
relation. 
Note : 
Every identity relation is a reflexive relation but every reflexive relation need not be an identity. 


(iii) ^ Symmetric Relation: 
A relation defined on a set is said to be symmetric 
if aRb => bRa.If(a, b) є К then (b, a) must be necessarily there in the same relation. 
Eg: 
(1) aRb => a is parallel to b 
It is a symmetric relation because іЃа is parallel to b then the line b is parallel to a. 
(ii) LR Lrs L, is perpendicular to L, is a symmetric relation. 
(ш aRb => a is brother of b is not necessarily brother a. 
(м) aRb => ais а cousin of b. This is asymmetric relation. 
Note : ИК is symmetric 
(i) R=R"! 
(п) Rangle of R= DomainofR 


(ivy) Transitive relation : 
A relation on set A is said to be transitive ifa К b and К c implies а К c then it is transitive. 
(ab) ЕК & (b, с) e => (a,c) ЕК and (a, b, c) need not be distinct. 
Ер.1: aRb (a-b)iseven 
(6, 4), (4,20) = (6, 20) К 
Eg.2: On the set of natural numbers, the relation К defined Бух Ку => x < y because for any 
х,у;жЕМ x<¥¥sz = X<Z. 


(v) Equivalence Relation: 
If arelation is Reflexive, Symmetric and Transitive then it is said to be an equivalence relation. 
Eg.1: Arelation defined on N 
ху => х=у 
R is an equivalence relation. 
Eg.2: A relation defined on а set of | | lines in a plane 
aRb = a||b 
Itis an equivalence relation. 
Eg.3: Relation defined on the set of integer (I) 
xRy => (x — y) is even is an equivalence relation. 
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4 
Illustration : 


Check the following relations for being reflexive, symmetric, transitive and thus choose the 
equivalence relations if any. 

(i) aRbif la] <b; a, b e set of real numbers. 

(ii) a Rbiffa<b; a,b eN. 


1 
(iii) aR biffja-b| > 5; a,beR. 
(iv) aRbiffa divides b; a, b €N. 
(v) aRbiff(a—b) is divisble by n; a, Б € 1, n is a fixed positive integer. 


Sol. 
(i) Not reflexive, not symmetric but transitive 
Let a = —2 and b = 3; (-2, 3) Е К. Since |- 2| <3 is true 
Since |-2| 22 $ —2 hence relation is not Reflexive 
Since 3 <-2 is wrong hence relation is not symmetric 
Now Let a, b, c be three real numbers such that |а| <b and |b| xc 
|а| <b = 620, so | b| Sc bsc 
Hence |а | Sc is true so the given relation is transitive. 
(ii) Not reflexive, not symmetric but transitive. 
Since no natural number is less than itself hence not reflexive, 


Ifa < b then b < a is false. Hence not symmetric. 
Іа < b then b < c clearly a < c. Hence transitive 


(iii) Not reflexive, symmetric, not transitive. 
І e" | 
la -а|=0} > hence И is not reflexive. 
Vx? =| x| hence symmetric. 


3 1 5_1 
Leta =1,Ь=-1апйс = 5, la-b-2»- so(a,b)e R; жинг” so (b, c) ER 


But |а-с|= 1-3 2 => x so (а,с)е К. Hence R is not a transitive relation. 
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(iv) 


(у) 


Q.1 


Q.2 


Q.3 


Reflexive, not symmetric, transitive 


a 
Since 2” 1 i.e. every number divides itself, hence К is reflexive. 


If a divides b then b does not divide a (unless (a = b) hence the relation is not symmetric 


(but anti-symmetric). 
If a divides b and b divides c then it is clear that a will divide c. Hence transitive. 


Relfexive, symmetric as well as transitive, hence it is an equivalence relation. 
Since 0 is divisible by n | — =0 | so given relation is reflexive 

n 
If a — b is divisible by n, then (b — a) will also be divisible by n. Hence, symmetric. 


If a - b = nl, and b - c = nl,, where I,, 1, are integer. 
Then, a — c = (a Б) + (b—c) = n(T, + 1) so а— с is also divisible by n, hence transitive. 


Practice Problem 


If R isa relation froma finite set A having m elements toa finite set B having n elements, then the number 


of relations from A to B is- 
(A) 2mn (B) 2%" - | (C) 2mn (D)m" 


Let L denote the set of all straight lines іп a plane. Leta relation К be defined by aR p <> а LB, а, В €L. 


ThenR is- 
(A) Reflexive (B) Symmetric (C) Transitive (D) None of these 


Two points A and B ina plane are related if OA=OB, where O is a fixed point. This relation is - 


(A) Reflexive but not symmetric (B) Symmetric but not transitive 
(C) An equivalence relation (D) None of these 

Answer key 
B Q.2 B Q.3 С 
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FUNCTION 


3. INTRODUCTION : 


A function is like a machine which gives unique output for each input that is fed into it. But every machine 
is designed for certain defined inputs for eg. a juicer is designed for fruits & not for wood. Similarly 
functions are defined for certain inputs which are called as its "domain and corresponding outputs are 
called "Range". 


3.1 General Definition : 


Definition-1 : 

Let A and B be two sets and let there exist a rule or manner or correspondence * f” which associates to 
each element of A to a unique element in B,then f is called a function or mapping from A to B. It is 
denoted by the symbol 


f: A» BorA A B 


which reads * f” is a function from A to B’ or ‘f maps A to B, 


Ifan elementa є А is associated with an element b є В then b is called ‘the f image ofa’ or ‘image of 
a under f" or ‘the value of the function fata’. Also a is called the pre-image of b or argument of b under 
the function f. We write itas 

b=f(a)or /:а b orf: (а, b) 


3.2 Function as a set of ordered pairs : 


A function f: А — B can be expressed as a set of ordered pairs in which each ordered pair is such that 
its first element belongs to A and second element is the corresponding element of B. 


As such a function f: А — B can be considered as a set of ordered pairs (a, f(a) ) where a є A and 
f (a) є B which is the fimage of a. Hence fis a subset of A x B. 


ч_н хосын v mom В 
| | | | | | БЭ 
пин НЫ EE: = 


Function Not a function Function 
Not à function 
Asa particular type of relation, we can define a function as follows : 
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Definition-2 : 


A relation R froma set A to a set В is called a function if 

(1) each element of A is associated with some element of B. 

(ii) each element of A has unique image in B. 

Thus a function * f” from a set A to а set B is a subset of A х B in which each 'a' belonging to A appears 
in one and only one ordered pair belonging to f. Hence a function f is a relation from A to B satisfying 
the following properties : 


Every function from A — B satisfies the following conditions. 
(1) fcAxB (ii) VaeAc-(af(a)ef and 
(1) (а, b)ef & (а, с) ef => b=c. 


Thus the ordered pairs of f must satisfy the property that each element of A appears in some ordered 
pair and no two ordered pairs have same first element. 


Note : Every function is a relation but every relation is not necessarily a function. 
3.3 Domain, Co-domain & Range of A Function : 


Let f: А B, then the set Ais known as the domain of f & the set B is known as co—domain of f. 
The set ofall f images of elements of A is known as the range of f. Thus: 

Domain of f= {a | a € A, (a, f(a)) e f] 

Range of {= {f(a) laeA, Ка) є В, (a, f (a) ) є f} 
It should be noted that range is a subset of co—domain . If only the rule of function is given then the 
domain of the function is the set of those real numbers, where function is defined. For a continuous 
function, the interval from minimum to maximum value ofa function gives the range. 
Let f and g be function with domain D, and D, then the functions 


Note : 
[+ р, f—g, fg, f/g are defined as 
(f+ gXx) = f(x) + е (x); Domain D, ^ D, 
(f— рух) = f(x) - g (х); Domain D, © D, 
(Їю)(х) = f(x): g(x); Domain D, гэ, 
[е „=, Domain = (x e D, ND,| g(x) #0} 
g g(x) : 5 


eg Ё(х)=х?+2х2 апі g(x)=3x?-1. Findf+g, fgandf/g. 
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8 
3.4 Graphical Representation of function : 


Let fbe a mapping with domain D such that y = f(x) should assume angle value for each x.(i.e. the straight 
line drawn parallel to y-axis in its domain should cut at only one point. 
Eg ух’ 
Here all the straight lines parallel to y-axis cut у = х? only at one print. 
y 


Eg куй 
Here line parallel to y-axis is intersecting the circle at two points hence it is not a function. 
y 


3.5 Domain : 


Rule for finding Domain : 

(1) Expression under even root (i.e. square root, fourth root etc) 2 0. 

(1) Denominator z 0 

(Ш) ^ Ifdomainofy- f(x) & у= g(x) are D, & D, respectively then the domain of f(x) + g(x) or х): g(x) is 
D, ^D, 


| f(x), 
(iv) Domain of (x) is D, OD,- {g(x)=0}. 


3.6 Classification of Functions: 


(i) Polynomial Function: 
If a function f is defined by f (x) = aj x"-- a, х"! + a, x"? ... +a үх * a, wheren isa non negative 
integer and a), a, à, ..., a, are real numbers and a, # 0, then f is called a polynomial function of degree 
n. A polynomial function is always continuous. 


Note: (A)  Apolynomial of degree one with no constant term is called an odd linear function 
Le. х) - ax, az 0 


(B) There are two polynomial functions, satisfying the relation ; 
f(x).f(L/x) = fix) + КИх). They are : 
(а) х) -х"41 & (b) (х) = 1-х" , wherenisa positive integer. 


(С) Apolynomial of degree odd has its range (— ©, ©) put a polynomial of degree even has a range 
which is always subset of R. 
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(ii) 


(iii) 


(iv) 


(у) 


(vi) 


Algebraic Function: 
A function f is called an algebraic function if it can be constructed using algebraic operations such as 
addition, substraction, multiplication, Bi and эш. roots, started with polynomials. 


= 
ев. f(x)= 2+1; g (x)= ^——=- E *(x-2)* Yx4] 


Note that all polynomial are algebraic but converse is not true. Functions which are not algebraic, are 
knownas Transcidential function. 
Fractional Rational Function: 


A rational function is a function of the form. y= f(x) ‚ Where g (x) & h(x) are polynomials & 


чо 
h (x) = 0. The domain of f(x) is set of realx such that В (x) #0. 
2x‘ —x7 +1 
e.g. =; D= {x|x#+2} 


Exponential Function: 

A function f(x)=a*=e*"?(a>0, az l, x ER) 15 called an 
exponential function. f (x) = a* is called an exponential function 
because the variable x is the exponent. It should not be confused 
with power function. g (x) = x? in which variable x is the base. 
For  f(x)-e'domainis К and range is R*. 


0<а<1 а>] 


І 
For Ё#(х) = е х domain is В - {0} and range is К? – {1}. i.e. (0, 1) U (1, 0) 


ES 
f(x)» тх With domain К? - {1}, range is К ~ {0} 


Logarithmic function: A function of the form y = log x, x » 0, a>0, ағ 1, is called Logarithmic 
function. 


а>] 


ас! 


Absolute Value Function: 
A function y =f (x)= |х | iscalled the absolute value function or Modulus function. Itis defined as: 


зы x if x20 
-x if x<0 
For  Ї(х)-1х| domainis К and range is К? U {0}. 
4. 


х 
Ix] - | ? i E domain is К — {0} and range 15 R*. 


For f(x)» 
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(уй) 


(viii) 


(ix) 


Signum Function: 
A function у= f (x) = Sgn (x) is defined as follows : y=1 Их>0 
| for x>0 
у= (х)= |0 for x=0 
-] for х<0 


It is also written as Sgn x = |x|/ x or 77 
х=0; £(0)=0 
Note that Sgn(Sgn x) = Sgn x; 


1, (х|»! 


у= Sgn (x?-1)= 40, |х|=1 
—1,|х|<1 


Greatest Integer Or Step Up Function: 
The function у= (х) = [х] is called the greatest integer function where [x] denotes the greatest integer 
less than or equal to x . Note that for : 
-14х<0 ; [х]  - 1 О<х< 1 › [х]= 0 
1<х< 2 : [x] = 1 26553 : [х]= 2 апа so оп. 
For f (x) = [x], domain is В and range is I. 


1 1 
Еог#(х) = [х] domain is R - [0, 1) and range is 0 net-(0)}. 


Properties of greatest integer function : 

(а) = [x] <x <[x]+1 and graph of y=[x] 3 , 
x-I«[x] Sx, 0Sx-[x]« I 

(b [х+т]= [х] * m, if m isan integer. 

© [х]+[у]<[х+у]< [х]+[у]+1 lf — 

(9) к= 0 if x isaninteger 


2 ә ————. 


— 1 otherwise. 
(е) ЇхХ|2п > хє л, æ) V nel 
(f) [x] >n > xe[n* 1, ») V nel 
(2) [х] <п > xe(-~,n+1) У nel 
(h) [x]<n => xe(-~,n) У nel 


Fractional Part Function: 

It is defined as: 

g (x)= {x} =х- [x]. 

e.g. the fractional part of the number 2.1 is 
2.1—2=0.1 and the fractional part of —3.7 is 0.3. The period Yt graph of y={x} 
of this function is | and graph of this function is as shown. 
For (х) = {x}, domain is К and range is [0, 1) 


1 
Рог f(x)» 77 ,domainis К - I, range 1$ (1, оо) 


{х} 
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(х) 


(xi) 


11 


Properties of fractional part : 
(a) 05 {x} <1 
(b) {x+n}= {x}, nel 


0, xel 
(c) t9«tx =] сэн 
Identity function : 
The function f: А — A defined by f(x) x V x €A is called the identity of A and is denoted by I,. 
Itis easy to observe that identity function defined on R is a bijection. 


Г: В >В, f(x)=x 


Constant function : 

A function f: A — B issaid to be a constant function if every element 
of A has the same f image in B. Thus f: АВ; f(x)» c, V x €A, 
сє B isaconstant function. Note that the range of a constant function 
is a singleton and a constant function may be опе-опе or many-one, 
onto or into. 


eg. f(x)-[(xi]E:g(x)-sinx- cos*x; h(x) = sgn(x? 23x +4) etc, all are constant functions. 


Illustration : 


Sol. 


Find the domain of following function 


(i) f 6) = Vx? - 5x 46 (9 Гб) = Nx -3х+2 бт 


А 1 
pag + 108 ур (x3 — х) (v) у(х) = хх 


1 x=; 2 
к) J= = (vi) ЈО) = (84125 = | 


(i) Го) = 


> 
1+х 


(vii) fix) =,/cos(sinx) + өг 2х | (vii) f(x) = log, log, log, (x) 


positive negative positive 
е —— 
2 3 


х?—-5х+6>0 
(х-2)(х-3)>0 
x € æ, 2] 2/3, о) 


<) = Vx? - 5x46 
цээл 
> 
=> 
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(ii) Уб) = Ve- 


х-3х+220 and x°-3x-4>0 

x'-3x4220 p й / 
> @-2)(х-1)>0 ———————— 
> хє(-ә 1] v[2, x) ...@) ! 2 


and x°-3x-4>0 1 | И 
(х 4) (х +1) > 0 _Positive | negative _ positive | 
x Е (-2, —1) v (4, æ) (üi) =“ 4 
Taking union of (i) & (ii) 
x e (o, -1) U(4, æ) 


2 
(1) f()7-3—,* 810 (х? – х) 


Following conditions should be followed 
x'-420 & ж-х>0 
х *+2 
хЕК- {-2, 2} fi) 
Цав 6, о ө ө ө 
x(x—-1)»0 — A 14 — 
x(x—1)(x * 1)7»0 
x € (-1, 0) (1, æ) -. (ii) 
Taking union of (i) & (ii) 
x € (-1, 0) o (l, 2) o (2, æ) 


= 
=> 


1 
(v) Је) = —— 


М х|-х 
|х|-х>0 
Ix| х 


This is possible only when x is negative i.e. x < 0, hence 
x € (—2, 0) 


1 
б) [o> 
Vx] -x 
[х] -х> 0 
[х] > х 
but we know that [x] <x 
Hence domain is ф 
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(vi) Г) = llog (55) 


4 
3х-х 2, 
4 
=> x(5-x)>0 => х(х- 5) <0 
x Е (0, 5) ...@) 
Also og (== зо 
5 4 
5х-х (1ү " 
=> ——s — => 5x-x^ <4 
4 2 
. e 
= х-394420 a ee i 


x € (-5, 1] Uf4, x) ...(ii) 
Using (i) and (ii) 
x € (0, 1] [4, 5) 


І+х? 
(vii) fix) = Jcos(sinx) + sin! | = | 


cos(sin x) 20 
-| ssinx<1VxeER 


1 0-0 -#<0<= 
л COS 0 for > 2 


hencex ER 2449) 
sin! Dex 
2x 
1+x° , 
> [zx <1 — Lio? | 21| 


=> xp-2|x|*1s0 

=> (х|-1?50 

Only atx = + 1 ... (ii) 
Using (i) and (ii) 

x € (-1, 1] 


(viii) fix) = log, log, Іов, (x) 
= log, log, (x) > 0 => log, (x) > (29) 


1 ! 
=> log,,x>1 2-1 ёс B 
Also 0 «х 


1 
=r 0,— 
zl J 
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RANGE : 


Range of y= f(x) is the collection of all outputs corresponding to each real number of the domain. 


To find the range of function 
(1) First of all find the domain of у = f(x). 
(ii) If domain is а set having only finite number of points, then range is the set of corresponding f(x) values. 


(ш) Ifdomainof y= f{x)is К or R- {Some finite points}, then express x in terms of y. From this find y for 
x to be defined or real or form an equation in terms of x & apply the condition for real roots. 


Illustration : 


Find the range of the following function 


(i) Их) =asinx+ba>0,beER (ii) fix) = 4 tan x cos x 
(ü) у= a (iv) у = Іов, (3х – 4х + 5) 
x-x  x(x-I) | : 

(7 YT viua 7 x(x2) pg хийж 


Sol. 


(i) fix) -asinx * b. a» 0, beR 
füx-asinx*b 
v-lSsinx $1 
~-a +6 < х) <а+ьЬ 
Range Е [b — a, b + a] 


fii) fix) = 4 tan x cos x 
Их) = 4 sin x for cos x #0 
-I Ssinx < 1 
but at sin x = +1, cosx = 0 
hence points with sin x = + I will not be included in range. 
Range є (-4, 4). 


> 


... эгч x 
ад у 1+х 
y is defined Vx Е R, domain is К 
х” TN M 
from y — J-e > x= -y 
- j= 0 a 0 
—0sy«1 
Range [0, 1) 
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(iv) y=log, (3х? - 4x + 5) 
y is defined if 3x? - 4« + 5» 0 
D < 0 and coefficeint of x? > 0 
hence domain is R and log is increaisng function. 


Minimum value of 3x? — 4x + 5 is "s 


ETT #2) 
> = 403) 3 =>  y2log, 3 


Range € 28 )« 


х-х | Х(х-1) 
В’ 2” 2+2х x(x+2) 
Domain is x є R — {-2, 0} 
х(х-1) 
y= x( x 2) 


х—1 1+2у 
х+2 т 1-y 
if x isrealy- 1 20у #1 

1-2y 


Also for x — d-y x #0 


when x #0, y = 


1 
hence y 2—— 


2 
(v) у=3-2 
Domain is x є R 
0s2* < о 
Range є (0, 3) 


-1 
ss Hence range y eR- f=, 1 | 


Illustration : 
Find the domain of the folloiwng function 
@ fl) = In Gx? — 4x + 5) + 42508 x—Ssinx+2 
(i) — fx) = In fx} + /х-2{х} 


а ое. Х-2 
(1) у) = Vagos L3] 


1 
6) A9 a Iren -xU 


1 
(у) fix) =log rmm 
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Sol. 
(i) 


(ii) 


(їй) 


Дх) = In Bx? — 4х + 5) + N2sim x—Ssinx+2 
Зх – 4х + 5 

Coefficient of х? = 3 

Discriminant (D) = 16-4 x 5 х3 =-44<0 
hence 3c —4х+5> 0, Vx eR 

2 5т2х-55тх+2>0 


Зайн | (sin 3 25 
—2|sim x-—sinx| -220 => sin x—-—|-—|-220 
2 4 16 


| 5 
> (5-2 >— Ss sinx 22 or зтх- S — 


і Y: 
sinx 22 sinx S => xe [22-7 ma 2 пей 


Лх) = т fx} + fx- 20x) 
for In [x] to be defined 
{x} 20 
хєЁ-1 И) 
х- 2{х} > 0 
> [У-{х}>0 > [> 
х>1 ... (tt) 
Using (i) and (ii) 
x є(1,=)-Г 


x-2 
Лх) = | logos — 


for fix) to be defined 


x-2 


x-2 
eta $1 and #0... fi) 


Solving LHS 
x-2 


t120 


wren rod ... (ii) 
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Solving RHS 


x-2 


151 
х 


x0 ..f(iii) 
hence from (i), (ii) and (iii) 
x Ef], 2) - {2} 


| 

() 97 хрх —6 
Ї1х-1141417-х1/-620 
Case 1: 

РЕ д 

[x- 1] + [7- x] -6 #0 

[x] -1 + Fa] + 7#0 

[x] + [х] 20 

xel 

x € (1, 7) - (2, 3, 4, 5, 6} 
Case Il: 

xsl 

[1-x] + [7 +x] - 620 

2 + 2[-x] 20 

[x] *-1 

-x e -1 

— x (0, 1] >x є (—=, 0] 
Case III : 

[x- 1] + [x - 7] - 6 #0 

2[x] = 14 

[x] #7 

x e [7, 8) 
using can I, П and Ш we get 
x €R- (0, 1] — (7, 8) – (2, 3, 4, 5, 6) 


1 


= c x+— 
2 


(v) Л) = 10е dos d) 
E 


Icosx < – 


ha | 


хє 253 
3 3 
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Practice Problem 


Q.1  Findthe domain of the following functions 


lcosx— 


@ w- @ = [62х06 
\6+35х - 6x? M 
(ii) х) =1ор,,, (x? - 5x13) (iv) во [| oc 
х+3 


0.2 Find the range of the following functions 


> 


6 _х?+х-1 MES LM 

(i) Y 5 эрэн 1 (ii) y 3sin T X 
x ех ех 

Giiyy=3 sinx-+ asin (x3) +7 (у= ур 


(v) y=[x?]-[xP 


4. EQUAL OR IDENTICAL FUNCTION : 


Two functions f & g are said to be equal if 
(1) The domain of f = the domain of g. 
(ii) The range of f = the range of g and 
(ui) f(x) = g(x) , for every x belonging to their common domain. 


eg Ё(х)= : &  (х)- = are identical functions. 


Note : Functions are also equal if their graphs are same 


Illustration : 
Find the domain of x for which the function f(x) = In х? and g(x) = 21 x are identical. 


Sol. fix) =inx? =2In|x| 
g(x) = 2тх 
if Лх) = g(x) 


2ln | x | = 2inx 


function are equal only if x є (0, oc) 
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Illustration : 
Find out which of the following functions are identical. 


А - E ve - 

(i) JO) = cosec x, g(x) = ae (fii) fix) = tan x, g(x) = pu 

(14) Лх) = Ine, (х) = e"* (v) х) = \ [eem ‚ g(x) = sin x 
(v) ГО) =—, gax) = Vx? 


= х 
501. 


(i) fX) = cosec x, g(x) = == 


sin x 
Domain of f(x) > x e nz 
Domain of gx) > x e пл 
Since domain and range are same hence identical fucntion 


(i) fi) = tanx, еб) = —— 


cot x 
f(x) = tan x, x = 0 is domain of fix) 
ший, 
80) = сих 


x = 0 is not т the domain of g(x) 
hence f(x) and g(x) are not identical. 


(1) fix) = пе", g(x) =е"х 
fix) = Ine Domain = К 
g(x) =е"* Domain = Rt 
hence not identical funciton 


Я [1-соз2х : 
(v) f= Y 2 ^" g(x) = зїп х 


SG) = | sin x | Range (0, 1] 
2(х) = ѕіпх Range [0, 1] 
hence not identical. 


v) ft) -. g(x) = Vx? 


|x| 

Лх) = = 
а ere 
gx) Je TI 


hence identical functions. 
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Practice Problem 


Q.1 Identify the equal function 


1 1 
(i) f(x)=log.e; g(x)= log. x (ii) f(x)=log.x; g(x)- log, e 


(iii) f(x) = dita ; э(х)= Jx-1 /х+1 (v) f(x) log(x*2)* log(x 3); g(x) =(x?-x-6) 


X 


› , l 
(9) fx) -x|x |; р(х) =x? sgn x @йҗӘ=—ү: 0951,, 
1+ 


(vii) f(x) = [1x1]; 0х) = {[х]} 


5. CLASSIFICATION OF FUNCTIONS: 


5.1 One-One Function (Injective mapping): 


A function f: A— B is said to be a one—one function or injective mapping if different elements of A have 
different f images in B. Thus for х,, х, Е A& Вх,), х,)єВ, 
f(x,) = f(x,) S x =x or x, * x, <> f(x)» x). 


Examples: RR Ё(х)=х +1; f(x)-e-"*;f(x)-Inx 
Remember that a linear function is always one-one. 


Diagramatically an injective mapping can be shown as 


(2-0) - =) 


one-one function one-one function 


Note: 
(1) A continuous function which is always increasing or decreasing in whole domain, then f(x) is one-one. 
(ii) A function is one to one ifand only ifa horizontal line intersects its graph at most once. 
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5.2 Many-one function (not injective) : 


A function f: A— Bis said to be a many one function iftwo or more elements of A have the same 
fimage in B. Thus f: A— B is many one if for; 
X,,X, € A, f(x) = f(x.) but x, #x,. 


Examples: RR f(x)-[x];f(G9Qs|x|:f(x) ax? * bx +c; f(x) = ѕіп х 
Diagramatically a many one mapping can be shown as 


A B 


A B 
T 87 OR CS nem $) 


many-one function many-one function 

Note: 

(i) Any continuous function which has atleast one local maximum or local minimum in its domain, then f(x) 
is many—one. In other words, if a line parallel to x—axis cuts the graph ofthe function atleast at two 
points, then fis many—one. 

(ii) Ifa function is one—one, it cannot be many-one and vice versa. 


One One * Many One = Total number of mappings. 
5.3 Onto function (Surjective mapping) : 


Ifthe function f: A — B is such that cach element in B (co—domain) is the f image of atleast one element 
in A, then we say that fis a function of A 'onto' B. Thus f: A — B is surjective iff V b є B, 3 some 
a € A such that f (a) ^ b. 

Ғ.Е К f(x)=2x+1; f:R9R* (х) =еч; ғ: Кә К (х) = пх 


Diagramatically surjective mapping сап be shown as 


A B A B 


Note that: If range = co—domain, then f (x) is onto. Any polynomial of degree odd , Ё: К — К is onto. 
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5.4 


Note : 
(i) 


(i) 


(iii) 


Into function: 
If f: А-В issuch that there exists atleast one element in co-domain which is not the image of any 
element in domain, then х) 15 into. 


eg  f:RoR #(х) = [х], |х|, ѕепх, f(x) - ax? * bx ёс 


Diagramatically into function can be shown as 


A B A B 
(Œ=) ЧЄ) 


На function is onto, it cannot be into and vice versa . A polynomial of degree even define from К — К 
will always be into & a polynomial of degree odd defined from К — К will always be onto. 


A function can be one of these four types : 


(a) one-one onto (injective & surjective) (1 S) G=) 
(b) one-one into (injective but not surjective) (IAS) (ZEE) 
(c) many-one onto (surjective but not injective) (SA ] ) (22-01) 
(4) many-one into (neither surjective nor injective) ( ] A S ) E= 


If fis both injective & surjective, then it is called a Bijective mapping. The bijective functions are also 
named as invertible, non singular or biuniform functions. 


Illustration : 


Sol. 
(i) 


Classify the following functions as many-one, one-one, onto or into functions. 


@  Лю=ече* fi) Дху=х? 

(1) fi) = TE (iv) | f: [-1, 1] > [-1, 1], f(x) = sin 2х 
fi) =e + e* 

Domain є К 


1 1 
у=е +з т s o ymeet--22 
е е 
Range [2, оо) 
also fix) = 1-х) 


hence function is many one into 


Print to 
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fi) fi) 
Domain € R 
Range Е К 
we know that (у = x?) cubic, equation has а solution for all x є К. 


f(x) is one-one onto y = хі. 


(i) = 
Domain x є К 
Range y e [1, æ) 
Дх) = fx) 


fx) is many one-into 


(iv) f: [-1. 1]  [-1, 1], f(x) = sin 2x 
From graph we can say that 
fx) is many one onto. 


Illustration : 


The function f : (2, æ) — y defined by f(x) = x? — 4x + 5 is both one-one and onto if 
(A)y = К (B) у = [1, æ) (С) у = (4, 20) (D) y = (5, =] 


Sol. р) = х? – 4х + 5 
Minima at x = 2 
atx=2,y=4-8+5=1 
For function to be one-one it should be monotonic. 


Hence, for x є [2, ос), f(x) is increasing. 
atx=2,y=1. Hence y є (1, æ) 


Illustration : 


If fix) = x^ + bx + 3 is not injective for values of x in the interval, 0 € x < 1. Find the interval in 


which Б lies. 


(А) (-ос, ос) (В) (-2, оо) (С) (2, 0) (D) (-, 2) 


Sol. If f(x) is not one-one then atleast one horizontal line should intersect it at two points 


-b 
0 < 5 <] 
> 0<-Ь<2 
28 b є (-2, 0) 
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5.6 Permutation and Combinations Problems : 


Tilustration : 


A function f : A — B, such that set "A" and "B" contain four elements each then find 

(i) Total number of functions (ii) |^ Number of one-one functions 
fiii) ^ Number of many one functions (iv) | Number of onto functions 

(v) | Number of into functions 


Sol. 


(i) P! element of A can have its image in 4 ways. 
Similarly H, Ш and IV can have 4 options for their image each. 
hence number of functions — 4* 


(ii) 4 different elements can be matched in 4! ways 
(iii) ^ Number of many one functions 
= Total number of functions — number of one-one function 


= 44-4! 


(iv) | Since 4 elements in B are given hence each should be image of atleast one. 
So number of onto function — 4! 


(v) | Number of into functions = 4* — 4!. 


Illustration : 


A function f : A — B, such that set "A" contains five element and "B" contains four elements then 


find 
(i) Total number of functions (ii) | Number of one-one functions 
fiii) ^ Number of onto function (iv) | Number of many one function 


(v) | Number of into functions 


Sol. 


(i) Total number of functions 
Hence number of functions = 4х 4х4 х4 х4 = Ф 


(ii) Number of one-one functions 

Since A contains five elements hence one-one function is not possible. 
(iii) | Number of onto function 

Divide 5 elements into 4 groups of size = 1, 1, 1, 2 


! 
4 ie = 240 


Number of ways mapping 4 groups with four images — [xm х 3 


(iv) | Number of many one function 


All the possible functions are many-one. 
= 45 = 1024 
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(v) Number of into functions 
Number of into function = Total number of functions — number of onto functions 
= 1024 - 240 =784 


Illustration : 


A function f: А Э В such that set A contains 4 elements and set B contains 5 elements, then find the 
(i) Total number of functions (ii) ^ Number of injective (one-one) mapping. 
(iii) | Number of many-one functions (iv) | Number of onto function. 

(v) Number of into functions 


(i) Total number of functions 

Every element in A has 5 options for image, hence 

Total number of functions = 5* = 625. 
(ii) Number of injective (one-one) mapping. 

4 elements in A needs four images hence number of one one functions = С, x 4! = 120. 
(iii) | Number of many-one functions 

Number of many-one mapping 


= Total number of mapping — number of one-one mapping 
= 5*-5С, x 4! = 505 


(iv) | Number of onto function = 0 


(v) | Number of into functions = 5* = 625 


Practice Problem 


О.І Show that there are exactly two distinct linear function which map[-2, 0] onto [ 1, 3]. 


Q.2  Letfbeaone-one function with domain = (x, у, z} and range = { 1, 2, 3}. It is given that exactly one of 
the following statements is true & the remaining two are false. f(x) = 1, Ку) # 1, f(z) * 2. Find 


f(x), Ку) & 62). 


223 
Q3 iff:R- B) -» R- (1); where f@)=— 


к 


x-3 


. Find out if f(x) is bijective or not. 


х2 +2тх-1 for x <0 


0.4 f:R—-Risdefinedas Г(х)= | . If f(x) 18 one-one then m must lie in the 


mx -1 forx >0 
interval 
(А) (о, 0) (В) (-5°, 0] (С) (0, 2) (D) [0, ©) 
Answer key 
Q.2 = f(x)=2, fly)=1, f(z) =3 0.3  Bijective 0.4 А 
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Some important points to remember : 


If x, y are independent variables, then : 

0) — f(xy) = f(x) + fly) > f(x) - k/nx or f(x)-0. 

(i) Қ ху) = х): Қу) > х)-х", neR 

(i) — f(x-y)-fix): Қу) = Дх) =ак = (х) =Ах,А>0. 
(v) f(x+y)=f{x)+ fly) > f(x) = kx, where К is a constant. 


1 | 
(у) If P(x) is a polynomial function of degree n and Р(х) · 8 =Р(х)+ iH for x 0. Then 


P(x)=1+x" or 1-х”. 
6. FUNCTIONAL EQUATIONS : 


Illustration : 


If f(0) = 1, f) = 2 & fix) = 5 [f + 1) * f (x + 2)], find the value of f (5). 


Sol fix + 2) = 2f) — fix +1) 
thus ДО + 2) = f(2) = 2f(0) — f(1) 
-2(1)-2-0 
ЛЗ) = 201) – 52) = 2(2)-0=4 
Д4) = 242) – (3) = 0-4 =-4 
Д5) = 2f(3) — f(4) = 2(4) - (-4) = 12 


Illustration : 
If fix) + 2/(0 x) =x +2 V x ER, find fix). 


Sol fi) 2f(l—x) = х? -.. (i) 
Replacing x by 1 —x 
fü-x*2fü)-(-x? i) 
Solving (i) & (ii), we get 
ЗАХ) = 2x? - (10- x)? 


x +2х-1 
уе — 


fix 


Illustration : 


If 2/5?) + ЛЬ = х? — I (x #0) then find f(x’). 
1 
Sol. 202) + 3f (=) =x] .40) 
1 
Replace х Бу e 
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1 

2(5| +з) = L- NT 
AE ME" 

Solving (i) & (ii) we get 


I 
HF — 4f) = 4 E x — 267 - 1) 
Sf?) = j- 28 -1 


Е 2x! +x’ -3 
Де) = { 587 | 


Illustration : 


Sol. 


Q.1 


0.2 


0.3 


0.4 


О.1 


Let fix) & g(x) be functions which take integers as arguments let f(x + у) = fix) + g) + 8 for all 
integer x & y. Let f(x) = x for all negative integers x let g(8) = 17, find f(0). 


fix) = x for integers less than zero 
л f(-8) =-8 

fix + y) =Лх) + 80) + 8 

J(-8 + 8) =Д-8) + g(8) + 8 

ДО) =-8 + g(8) + 8 

ДО) = 17 


Practice Problem 


Let f(x) = ax? + bx? + сх — 5, where a, b & c are constants. If К-7) = 7, then find f(7). 


The function Г: К — R satisfies the condition тх — 1) + пх) = 2ixl + 1. If f(-2) = 5 and f(1)= 1, 
then find (m + n). 


If f(x + y) = fx) fy) Ух, y №, f(1)22and Y f(atk) = 16(2"— 1). Find a. 
k=l 


Solve the inequality |f(x) ~ g(x)| <|f(x)| + lg(x)| where f(x) =x - 3 and g(x)=4-x. 


Answer key 


-j7 Q.2 i Q3 а=3 Q4 xe(3,4) 
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7. COMPOSITE FUNCTION : 


Let f: A— B & g: В — C be two functions. Then the function gof: А — С defined by 
(gof) (x) 7 g (f(x)) V x € A 
is called the composite ofthe two functions f & g. Diagramatically 


— [г] $2, [E] — ef). 


Thus the image of every x є А under the function gof is 
the g-image of the f-image of x. 


Note that gof is defined only if V x € A, f(x) is an 
element of the domain of g so that we can take its 
g-image. Hence for gof of two functions f & г, the 
range of f must be a subset ofthe domain of g. 


Note that gof in general not equal to fog. glf(x)) = Ы) 


Illustration : 
f: ROR be the function defined by fix) = ах? — 42 for some positive а. If (fof) 42 =-V2, then 
find a. 

Sol. fix) = ax? -42 
(fof )&) = а(ах?- 42 - J2 


bd 


-«{а--1;] =0 


Шиѕітайоп : 


Let fix) = vx; g(x) -42-х find the domain of 


(i) (fog) (x) (ii) (gof) (x) (ii) (0096 (iv (gog) (x) 
Sol. 


@ (fog) 6) = f(g(x))- /(/2-х )- 4N2-x 
Domain 2 —x 20 
xs2 
=> x є (~, 2] 


= 


6) — (of) 6 = g(f(x))- (Vx )= 2-х 
2-х 20 э б< d4x«2 > x e[0,4] 


(1) (fof) еә = f(f(x)) = f(x)- Ax 
Domain — x20 
x € [0, 2) 
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(iv) (вов) 6) = в(в(х)) == (2-х) = 2-х 


^. 0€ 42-х <2 => 0<2-х<4 = -2<х<4 
x € [-2, 2] 


Illustration : 


Let fix) = x* & g(x) =x", then find f(g( x)). 
Sol. f(gtx)) = f(x") = (e y = yee РЕ x" 


7.1 Properties Of Composite Functions : 


(i) The composite of functions is not commutative i.e. gofz fog. 


(ii) The composite of functions is associative 1.е. И f, g, h are three functions such that 
fo(goh) & (fog) oh are defined, then fo(goh)= (fog) oh. 
Associativety: Г: (№ =» 1, f(x) = 2х 


g:1,7Q р(х)= 


> |= 


1 
h:Q9 В Мх)-6 
(hog)of = ho(gof) = e?* 


(ш) ^ Thecomposite of two bijections is a bijection i.e. if Гапа gare two bijections such that gof is defined, 
then gof is also a bijection. 


Proof: Let  f:A—Bandg: В — C be two bijections. Then gof exists such that 
gof: A— C 
We have to prove that gof is one-one and onto. 


Опе-опе : Let a,,a, є A such that (gofY(a,) = (gof)(a,), then 
(гой (а) = (208 (a) => . g[f(a)]- g[f(a,)] 


— f(a,)=f(a,) [^ gis one-one] 
=> a, =a, [^ fis one-one] 
gof is also one-one function. 
Onto:Let c eC, then 
сєС = JbeB st. g(b)=c [^ gis onto] 
ad beB => ЗаєА st f(a)-b [: fis onto] 


Therefore, we see that 

ceC=> {Jac Ast. (ро!) (а) = g[f(a)] = g(b) 7 cj 
i.e. every element of C is the gof image of some element of А. As such gof is onto function. Hence гоё 
befing one-one and onto, is a bijection. 
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illustration : 


Evaluate f(f(x)). where 
fe) =(1-x), Osx] 
=t 1«х52 
= (4-х), 2<xs4 


1-х, 0<х<1 
Sol Ј(х)=4х+2, 1<х<2 
4-х, 2<x<4 


graph of f (x) 
1- f(x), 0< f(x)&1 
fütx))-if()*2, I< f(x)s2 
4-f(x) | 2«f(x)s4 
from the graph we can see that 
0sfi)sl1 when хє [0,1] [3,4] 
1< До <2 when хє(2,3] 
2< (х) <4 when хє[1,2] 


1-(1-х), /((х):1-х, 0<х<1 
1-(4-х), f(x)24-x, 3<х<4 


шин (4-x)*2, f(x)e4-x, 2«x«3 
4-(х+2), f(x)=x+2, 1«х:52 
Ж: О<х<1 
х-3, 3<х<4 
fütx)- 6-x, 2«x«3 
2-х, 1<х<2 
Alternative method : 
We have 
ИГ = 1-f 0/51 fi) 
= 7+2 1<}<2 - (ti) 
-4-/ 2<f<4 (й) 
Putting the values of f(x) in (i) 
1-f7 I-(1-x) Osfsl, 0sxsl 


-1-(542), 0<х+2<1, 1<х52 
=1-(4-х), 0<4-х<1, 2«х54 
On solving 051-х51 & 0<х51 we get 05х51 
Solving 0<х+2<1 & 2<х<4 > null set 
Solving 054-х51 & 2<х54 > J«xs4 
X. О<х <1 | 
х-3, 3<х<4 (nv) 
St2= (1-х) +2, 1< (1-х) $2, 0sxsl 
&+2+2, l<&+2)¥2, 1<х<2 
= (4-х) +2, 1<(4-x) $2, 2<x<4 


this => 1-s= 4 


-----------Бэ жа 00000000 
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Solving I< (1-х) 2, wehave —1<х<0 & its intersection with 0 €x <1 gives null set 


Solving 1 < (х +2) S2, weget | —1sxs0 & intersection with 1 «x <2 gives null set 
Solving 1 < (4-х) 52, weget 2 <х<3 its intersection with 2 <x <4 gives2«x < 3 
thus f*2-6-x, 2<x<3 409) 
Putting the values of Их) т (iii), we have 
4-/ = 4-(1-х), 2<1-х<4, 0<5х<1 
= 4—(х +2), 2<х+254 1«х52 
= 4- (4-х), 2<4-х<4, 2<xs4 


Solving 2<(1-x) <4, weget -3<x<-! & its intersection with 0 «x < 1 gives null set 
Solving 2«(x + 22 S4, weget O<xs2 & intersection with I1<xs2 gives 1 «x S2 
Solving 2«(4—x) S4, жере OSx<3 its intersection with 2 < х <4 gives null set 


thus 4-f=2-x, 1«х52 ... (vi) 
Using (iv), (v) & (vi) 
x 0 
al 2-3, <x 
шин 6-х, 2«х 
х-3, 3<x<4 


Practice Problem 


1-х if O<x<l 
0.1 If f(x)=4x4+2 И 1<x<2 .Find fof(x) 
4-х if 2sx<s4 


0.2 Ifg(x)=2x+1 & h(x)=4x*+4x +7, find a function f such that fog =h. 


2x-7 
03 Ех) = pu. find a function g such that g[f(x)] = x for all x in the domain of f and find its 
domain & range. 


Q.4 Evaluate g{f(x)}, where 
fx) 14x) x«0 
= x2— 1, x20 
g(x) =(х- 1), x<0 
=(x+1)'*, x20 


Answer key 
x. 0<х=<1 
2-х, 1<х<2 — 
01  f(f(x))- i on Q2 {(х)=х?+6 
х-3, 3<х<4 
Х, х<-1 
! 
3-2)", -15х-«0 
Q3 Domain=R-{-3},Range=R-{2} | Q4 &(@))= 708 0155 


! 
(x? -2)5, 0<х<1 
X. х?! 
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8.1 Homogeneous Functions : 


A function is said to be homogeneous with respect to any set of variables when each of its terms is of 
the same degree with respect to those variables. 


For example 5х2 + 3y? — xy is homogeneous in x & y. 
f(x, y) isa homogeneous function iff 
f (tx, ty) 2 ^ f(x, y) 


х 
ог f(x,y)=x"g (3) =y" 8 ‚ where п is the degree of homogenity 


х-усо5х 


Г, у)= ysinx +X 


is nota homogencous function and 


f(x,y) = + rare yxi-y? +x; x+y cos* are homogeneous functions of degree one. 


8.2 Bounded Function : 


A function is said to be bounded if | fix) | <M, where M is a finite quantity. 
eg Ё(х) =sin x is bounded т [-1, 1] 


8.3 Implicit & Explicit Function : 
A function defined by an equation not solved for the dependent variable is called an Impuicrr FUNCTION. 


For eg. the equation х? + y? = 1 defines y as an implicit function. If y has been expressed in terms of 
x alone then it is called an ЕхРрилсїт FUNCTION . 


8.4 Odd & Even Functions : 
A function f (x) defined on the symmetric interval (-a, a) 


If f (-x) = f (x) for all x in the domain of ‘f then f is said to be an even function. 
e.g. Р(х) = cosx ; р(х) = x * 3. 


If f(-x) = -f(x) forall x in the domain of ‘f then fis said to be an odd function. 
e.g. f(x)=sinx; р(х) =х?+х. 


Even functions (Symmetric about y-axis) 


Odd functions (Symmetric about origin) 
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NOTE: 
(a) f(x) - Г(-х) =0=> f(x)iseven & f(x)+f(—x)=0=> f(x) is odd. 
(b) A function may neither be odd nor even. 
(c) Inverse ofan even function is not defined and an even function can not be strictly monotonic 
(d) Every even function is symmetric about the y-axis & every odd function is symmetric about the origin. 
(e) Every function can be expressed as the sum of an even & an odd function. 
f(x)+f(-x)  f(x)-f(-x) 2* 427 2-27 
a d em, Ta M yp ELT 
ndi 2 * 2 2 2 
EVEN ODD EVEN ODD 
(f) The only function which is defined on the entire number line & is even and odd at the same time is f(x) =0. 
Any non zero constant is even. 
(g)  Iffandgboth are even or both are odd then the function Ёр will be even but if any one of them is odd 


then f.g will be odd. 


ой оа о> | обй [о | ееп | odd | odd | 


| odd. even | neither odd nor even| neither odd nor even | odd | odd | even 
even] ойд [nether oda norewn|ncieroddmorewn| odi | ом | even 


Illustration : 


Sol. 
(i) 


Identity the functions, as even, odd or neither nor odd. 


@ fi) = (т xe tex ) (ii) f(x) =x (z) 
2-1 
fiii) Дх) = 21? -x + 1 (iv) fix) = 3 


(9 о = 


Лх) = (n+ Jire ) 
Sy) = Inl- x+ ise} = „х? -=) 

= [ке алы) y " me )- - f(x) 
Hence odd function. 
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” — P7. 
(i) Ух) (=) 


2-1 
JEX) 20 ex 7-1 +) 


1142 i 
«Еэ of ot 


hence even function 


(iii) үх) = 2х -х + 1 
fi) 9-23 +x + 1 = үх) or -fix) 


Hence neither even nor odd function 


(iv) fax) =3 
Д-х) = 3 = ух) 


Hence even function 


(к) Лх) = х? – |х 
f(x) = x! – |x| = Дх) 


even function 
Practice Problem 


0.1 Let f(x)=[x],x20 
=e(x),x<0 
Find g(x) if f(x) is even 


2 
x na 


1 
0.2 Let f:[-2,2] O В, where fix) - x * sinx 1 | be an odd function. Then find the values of the 


a 
parameter a. 


Q.3 Identify whether the given function is even odd or neither even nor odd 
where 


х|х|, x<-l 
f(x) =$[1+х]+[1-х], -1 «x «1 
-хх| x2l 
where | | & [-] represents modulus and greatest integral function 


Answer key 


0.1 g(x)--[x] Q2 а>5 Q.3 f(x) is even 
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INVERSE OF A FUNCTION : 


Let f: A— B bea one-one & onto function, then their exists a unique function 
g: B>A suchthat f(x) - y <> YES V x€ A & y e B. Then gis said to be inverse of f. 
Thus g- f! : B A- {(f(x), x) | (x, х) e f}. 


Consider a one-one onto function with domain A= (a, b,c} & range B = {1, 2,3} 


Е Е 


Domain of {= (a, b, c] = Range of f! 
Rangeof #= {1,2,3} = Domain off"! 


(a) Only one-one onto functions (i.c., Bijections) are invertible. 
(b) To find the inverse 
Step-1: write у = f(x) 
Step-2: solve this equation for x in terms of y (if possible) 
Step-3: To express f~! asa function of x, interchange x and y. 


Шиѕітайоп : 


Sol. 
(i) 


(ii) 


(iii) 


Find the inverse of the following bijective function 
(0 f:R—R', ftx) = 10°! (1) f(x) = 3x - 5 


(iti) f: [1, ос) > [2, ос), fi) =x + : (iv) /:8-»(0, 1), fo) = ne 


у= jo? 

xtl-log,y 

х=-1 + logy 

=> fl=y=-l+log,x, f':R'—R 


fx) = 3х-5 
у=3х-3 
„75 
шиг” 
х+5 
fü 


f: (Е оо) — (2, ә) 


1 
у=ў) =х+ = 


> х?-ху+1=0 
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yt y y? —4 


= х = ? 
2 


№х2-4 


> уб) = *® : 


Since range is [1, 2), hence 


| ИЕ... , 
f! (x) = х+үх у 
2 
0 Ук == 
у Ф В f = —— 
! УЮ) = Tar 
2 
ИЕ > у+ху= х 
z= E = J 
= 2 ти => x | 21 


х 
> fl-y- о 77] 


9.1 Properties of inverse of a function : 


(i) The inverse of Bijection is unique. 

(ii) The inverse of Bijection is also bijection. 

(ш) If f: A B is Bijection & g : В — Ais inverse off, then fog=1, & gof=1, , where I}, 1, are the 
identical function on the set Aand B respectively 


(i) If f:A Bandg: В — Care two bijections, then gof : A C is bijections and (gof) ! =f 'og!. 

(v) In general fog + gof but if ѓор = роѓ theneither f! =р or g'=f also (fog) (х) = (gof) (х) эх. 

(vi) — Thegraphs of f & gare the mirror images of cach other in the line y = x. As shown in the figure given 
below a point (x', y') corresponding to у= x'(x > 0) changes to (у, x’) corresponding to y= "NE 
the changed form of х= у. 


y X^ Y 


fi2 У 


Illustration : 
If f: В > В is defined by Дх) = x? + 1, then find value of f ! (28). 
Sol. ү! (28) =х => fix) = 28 => хі +] = 28 5 3 
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Illustration : 


If the function f & g be defined as f(x) = e* and g(x) = 3x — 2 where f: В — R and g : К >В then 
find the function fog and gof. Also find the domain of (fog)! and (gof)! . 


Sol. (fog) (x) = ДЕ} 
figa) = f (3x - 2) 
= € 
(gof) (х) = giftx)) = ge) = Зе -2 
To find (fog)! & (gof)! 
(fog) &) =y = e? 
=> 3х-2=1огу 
Е log у+2 3 (fog! x = log x * 2 
3 3 
Domain of (fog)! is x > 0 іе. x є (0, ©) 
Again gof (х) = у = Зе – 2 


у+2 у+2 х+2 
> æ= E =>  x-log UB > (gof)! x = log БЕ 


: ‚ х+2 
Domain of (gof)! is >0 
х»-2 
=> x e (-2, о) 
Illustration : 
e+e" _ 
If f. [0, ©) > [1, =), f(9 = — . Find f'(x). 
Sol. рб) = —— 
2 
1 › 
= ae Ts => ех – 2е* у + 1 = 0) 
> ен-2еу+у = у?- 1 => (e-y-y-1 


> е=у+ J -1 
а урнаа) 


Since range is (0, oc) hence 


> /!б)=у = log (e+ i -1i) 


х= log|y+ y? -1) 


y 
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Illustration : 
Find the inverse of the function f: М э №, f (x) ^ x + (Г. 


So. f()ex-*(I)'.xeN 
Then we have f (1) = 1+1=2, f(2)21 
/(3) = 4, S(4) =3 
/ (5) = 6, /@) = 5 
The points on graph are (1, 2), (2, 1), (3, 4) (4, 3), (5, б), (6, 5)....... etc. Thus if (a, b) is a point on 
the graph then (b, a) is also a point on the graph. Hence f is the inverse of itself. 
ie fi @=xt+Cly', xeN 


Practice Problem 
О01 Ify-ax-*bandthe equation Их) = Ё! (x) is satisfied by every real value of x then 
(А)а-2,5--1 (В)а=-1, БЕК 
(С)а= 1, БЕК (D)a-1,b--1 


Q.2  Findtheinversc of following functions 


x , x«l 
( 4х)-59ёХ x>0 G) #()= х2, 15х54 
84x, x>4 
(ii) f(x) = log, (x? + 3x + 1), x e [1,3] 
Answer key 
E —o«x«l EET 23 
01 B  Q2()ft-'(x-e** (8) f^Q)-14x, 1<х<16 (ii) 3 алин шин 


log, х, 16<х «o 


10. PERIODIC FUNCTION: 


A function f(x) is called periodic if there exists a positive number T(T > 0) called the period of the 
function such that f(x + T) = f(x), forall values of x within the domain of x. 
e.g. The function sinx &cosx both are periodic over 2л & tanx is periodic over л. 


Graphically : 
If the graph repeats at fixed interval then function is said 
to be periodic and its period is the width of that interval. 
For example graph of sin x repeats itself'at an interval 
of 2x 


f(x) = sinx 
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10.1 Properties of periodic function : 


(1) ЕСТ) = (0) = f(-T), where “Т” is the period. 
(ii) Inverse of a periodic function does not exist. 
(ш) ^ Every constant function is always periodic, with no fundamental period . 


(iv) If f(x) hasa period p, then Эн апа Jf) also has a period p. 
x 


T 
(у) if f(x) has a period T then ах + b) has a period laf’ 


(vi)  Iff(x)hasaperiod T & g(x) also has a period T then it does not mean that f (x) + g (x) 
must have a period T. e.g. f(x)-|sinx|-- | cos x |; sin*x + cos?x has fundamental period equal 


x 
to "E 
(vi) — If f(x) and g (x) are periodic then f (x) + g (x) need not be periodic. 
e.g. f(x) = cosx and g(x)={x} 


Illustration : 


Find the period of the following functions. 
! cos? cus 

() f (х) = cos 3 — sin 5: 

(ii) Р(х) = соз (sin x) 

(iii) Р) = зїп (cos x); 


доре. 


(iv) f(x) = [х] + [2x] + [3x] + ...... + [nx] — 2 


where n € N & [ ] denotes greatest integer function 
2x .(4x 
бе.) f(x) cos{ 2*] ~ s (m 


Period o co 25) = шоо -3л 


Te Е. 
Period of sin **)- 4 х 5 = 27 


5 
L.C.M. of 3n & 5л = 15л 
fii) | f(x) = cos (sin x) 


Since cos is even functions f (x + x) = cos (sin (л + x)) = cos (-sin х) = cos (sin x) = f(x) 
Hence xis period. 


(iii) f(t) = эт (cos x) 


Period is 2x 
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(i) f(x) = [x] + [2х] + [3x] + ...... + [nx] - нээн Р 
= —{х}- {2х} – ...... — {nx} 
Period of {x} = 1 
period of [2x] — 5 
1 
period of {3x} = 3 


L.C.M. ZU 2943) -1 
23 


Illustration : 


If fe) = 


sin nx 


.X 
sun 
n 


has its period as 4x, then find the integral values of n. 


2л 
Sol. Periodof sin пх = p 


x 
Period of sin =. 2пл 


L.C.M. Е 23 = 2nz 


2пл = 4л 
n=2,-2 
Illustration : 
Find the period of f (x) = | sin x | + | cos х 


Sol. | sin x | has period л 
| cos x | has period x 
1 (X) is an even function & sin x, cos x are complementary then period of 


І 
Гб) = 5 {LCM of a & л} = = 
Illustration : 


Prove that if f (x) = sin x * cos ax is a periodic function then a must be rational. 


Sol  f(x)-sinx + cos ax 
Period of sin x = 2л 


f 2л 
Period of cos ах = — 
a 


2x 
LCM of 2n & T is possible only when a is rational, hence a must be rational. 
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(i) 


(ii) 


41 
Practice Problem 
| | | I[i|sinx| sinx 
Find the period of the function f(x) = 5 со$х " | cosx | 


Find the period of following functions 
(i) f(x) = cos2z x (ii) f(x) = 2sin (3x - л) 


Let a function satisfying f(x + 4) + f(x — 4) = f(x) for all real x is periodic, then period p for them is 
(A) 8 (B) 12 (C) 16 (D)24 


If f(x) - (а+3)х + Sa, x e Ris periodic then find the value of a. 


Answer key 


2n Q2 (i) 1, ci) = Q3 D Q4 а=-3 


SOME GRAPHICAL TRANSFORMATION : 


Consider the graph y = f(x) shown alongside. 


Graph of y - B = f (x — а) is drawn by shifting the 
origin to (a, В) & then translating the graph of 
y 7 f(x) w.r.t. new axes 


The graph of y = — f(x) is the mirror image of 
f(x) in X-axis. 
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(ш) у = (х) is mirror image of negative portion of 
y 7 f(x) in X-axis. 


(iv) — y=f(\x|) is drawn by taking the mirror image of y-füxp 


positive x-axis graph in y-axis. 


(vy) Тһе graph of |у| = f(x) is drawn by deleting 
those portions of the graph у = f(x) which lie 
below the X-axis and then taking the mirror 
image ofthe remaining portion in the X-axis, as 
shown alongside. 


(vi)  x-fy)isdrawnby taking mirror image of 
у= f(x) in the line y = x. 


(vii) y-f(-x)is drawn by taking the mirror image 
of y ^ f(x) in Y-axis. 
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Solved Examples 


: 
х +1, x z0,3 


cosx, ХУЛ and р(х) = 3, zi 


0.1 Evaluate g{f(x)}, where f(x) = 5 otherwise 


sf x=3 
241, fs063 © шшш (1) 
Sol. Wehave g{f{x)} = 43, PU з (2) 
5: Ee ха (3) 
Putting values of f(x) in (1) 
i а cos? х +1, соѕх = 0,3; x + пл 
елат 340,343, х =пл 
ie, f^ 17 cosy +1,х en 1) 5, хаал — (4) 
Putting the values of f(x) in (2), 


gífx))7-3, соѕх= 0, х # пл 
=3, 3=(), х= пл 
On solving above equation g {f(x)} = 3, х = (2п + 1) 2 E (5) 


Putting the values of f(x) in (3) 
{Их} = 5, cos x-i,xznnx 


=3, 3=3,x=nr 
Onsolvingaboveequationg(f(x)) "nt — 223 (6) 
Using (4), (5) and (6), we get 
14 cos? x, хе (2041) 2, x e nz 
g{f{x)} = 43, х =(2п+1)у— 
5 х=пл 


; ; х|х| 0<х<! .. s А 
09.2  Considerthe function f(x) = } 5, x>]  .Findtheextensionofthe function V x € R if 


(1) f(x) is even (ii) f(x) is odd. 
Sol. 


" 
че О <х <1 
(1) We have f(x) = м X E 


If fiseven V x Е R, then f(-x) = f(x) 


2 А -2x, xSl 
Hence f(-x)= E “<®®9 ш )= x5. Sexe] 
=, ЖЕ 2х 1<х 
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(ii) For f(x) to be odd function 
—В-х) =-х?,-1<х<0 
=2х, х<-1 


2х, х<-1 
-Х7, -1<х<0 
5 


х", 0«хс«1 
2х, 1х 


Кх)= 


ог 


x|x|, [x]<1 


(x)= pi |х|21: 


0.3 Let f{x)= MT f 4x) = f(f(x)), f (x) = f (f 2(x)} ....... Ех) = fif x)), fork = 1,2, 3, ..... 
Find f '9%(х). 


x-l 


Sol f(x) сөрү; 


— 


Р f-1 
f(x) = fif(x); = E Ч 


(3 = х+1 
(х) 1-3 
Г(х)-х 


£°(x) = (Р(х) = fb) 


= 
1998.) — ¢2/y) = — 
f (x) -f*(x) = 


04  Findthe domain of the function 


(i) f(x) = log; logi yc +10х +25) + нЕ 1 (where |: | denotes greatest integer function.) 


[x] 5 


1 
(ii) fx) 7 —————— 
vix] -[х]-6 
Sol. 


1 
[х] +5 
х? + 10х+25>0 => (х+5)2>0 > х#-5 ... (1) 
Alo log,,,3(x?+ 10х+25)>0 
x?+10x+25<1 
(x +6) (х+4)<0 
—xe(-6-4) ... (2) 
From (1) and (2) x€(-6,—5)u(-5,-4) 
Also [x] +5=0;[х] = -5 > x [-5, -4) 
Hence, domain of f(x) є (-6, —5). 


(1) f(x)- log; logy, yo +10х + 25) + 
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0 t- 
х] -[x]-6 
[х]?-[х]-6>0 2 ([x]- 3 x] +2)>0 2 [x] € (3, ©) u (7, - 2) 
x € [4, x) also x € (—, - 2) 


x € (—», - 2) є [4, х). 


Q.5  Findtherange of following functions 


(i) f(x) = log, (log, (x? + 4x + 4)} (ii) ^ f(x)-sin'x-Ssinx- 6. 
Sol. 
© х) = log, flog, (x^ 4x +4)} 

firstly finding the domain 


log, (x? * 4x +4) 50 
х2+4х+4<1 => х2+4х+3<0 = (x+ 1) (+3) <0 = -3«x«-1 
Also х2+4х+4>0 
(x*2)»0 > х= -2 
Hence, x є (-3, -1) - {2} 
Since 0 < log, (x? + 4х +4) «оо V x e Domain thus 
Range є К 
25 


- : = 3). 25 
(1) f(x) = ѕіп°х – 55іпх — 6 = sin x-2(5) sinx + 4 -6- 4 


J 

9 : 5) _ 49 
; air. экер IM 
where 2 (sinx з) *2 


Hence, f(x) € [-10, 0]. Ans. 


0.6  Findthe period of f(x) satisfying the condition 
(i) f(x-1) + f(x + 3) 7 f(x +1) + Дх +5) 
(ii) f(x) = {x} + cos mx 
where {-} denotes fraction part. 
Sol. 
(1) Кх- 1) + f(x +3) = f(x + 1) + f(x + 5) — с 
Replacing x by x + 2 
Кх +1) +Йх+5)=Кх+3)+Кх+7) . — |  ). (2) 
Adding (1) and (2), we get 
f(x- 1) = х +7) ie. х) = f(x 8) 
Hence, period is 8. 


(1) f(x) = {x} + cos mx 
Period of іх! = I 


2 2n 
Period of cos лх = p: = 


Hence period of f(x) =2. 
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Q.7 


Sol. 


Q.8 
Sol. 


Q.9 


Sol. 


ах? « 6x-8 | 
Let f: В К, f(x) = ————— . Find the value of a for f(x) to be onto. 
a+6x-8x 


_ ax?+6x-8 
у а+бх-8х? 
=> (а + у) х? +6 (1-у)х- (ау+8)=0 
According to condition, y takes all real values for all real x, 
ie.D20VyeR. 
=> 36(1-у)?+4 (ау + 8) (а + 8у) >0УуЕВ 
=> (9+ 8а)у? + (а> + 46)у + (9 + 83а) >ОУуЕК 
i.e. D <0 апа coefficient of y^ > 0 
= (а? +46)? <4(9+8а)? and 9+8a>0 


-9 
=> а? – 16а + 28 <0 апа а> = 

-9 
=> 2<а< 14 апа a> 


Hence, с є [2, 14]. Ans. 


If f(x) = ax? + bx? + ex — 5, where a, b and c are constants, If f(—7) = 7, then find f(7). 
f(-7) = a (-7)! + b(-7 + c(-7)- 5 
=-(а-77?+Ь-79+с.7)-5 
а: 77+Ь: 73+с-7=- 12 
К7) =а- 7 *b- 78+с:7-5=-12-5=- 17. Ans. 


Let fbe a real valued function of real and positive argument such that f(x) + 3x (+) =2(x+1)¥x>0, 
X 
find the value of f( 10099). 


f(x) + 3x 8 =2(х+1) | |  . (1) 
x 


1 
replacing x by эм 


(1-3 22 (+=) 
# $ x 


x (1) +3) =2 4+ ae (2) 
X 
On solving(1)and (2) 


х+1 
8Кх) =4(1+х) => х) = EN 


10100 
f(10099) — шон = 5050. Ans. 
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0.10 Find the inverse of the function f(x) = log, [x «x +1 ),a>0, asl. 


Sol Since yx? +1 > Vx? VxeR 


Непсех + \/х? +1 »0 VxeR 


f(x) is one-one onto hence invertible 


y log (xe +1) 


а? =х+ух? +1 @) 


-y 1 | 2 
а? =— m = -Xt+ Vx" +1 ...(й) 


{2 
х+үх +1 


()— Gi) 


4-437-2Х5 => ym e-a?) 


Hence r'e)- ze -a*) 
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INVERSE TRIGONOMETRIC FUNCTIONS 


(4) GENERAL INTRODUCTION : 


sin! x , cos"! x , tan"! x etc. denote angles or real numbers whose sine is x, whose cosine is x and 
whose tangent is x, provided that the answers given аге numerically smallest available. These are 
also written as arc sinx, arc cosx etc. 


If there are two angles one positive & the other negative having same numerical value, then 
positive angle should be taken. 


(B) PRINCIPAL VALUES AND DOMAINS OF INVERSE CIRCULAR 
FUNCTIONS : 


Function 


y = ѕіп-! x 


—cos!x 
y 7 tan^!x xeR 


y -cot!x xeR 


у = соѕес-! x 


Note Tuar: (а) Ist quadrant is common to all the inverse functions. 
(b) 3rd quadrant is not used in inverse functions. 


(c) 4th quadrant is used in the CLOCKWISE DIRECTION i.e. -7 <у<0. 
Graphs of all 6 inverse circular functions : 


4 


(1) y=sin'x,|x|<1, TES 


ә |? 


Note : Graph of y = зїп х and 
y 7 sin x are mirror image of 
each other about the line y = x. 
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Highlights : - 


TT | E d 
() sin!x is bounded in 272| 


(ii) sin 'x is an odd function. (symmetric about origin) 
(ш) ^ sin'xisanincreasing function in its domain. 


: : л но : д 
(iv) Maximum value of зї !х= 27 occurs at x = | and minimum value of sin! x = — > occurs at x =-1. 


(v) sin "x is an aperiodic function. 


(2) y-rcos'x,|x| Sl, ус (0,л) 


Note : Graph of y = cos х and 
y 7 cos x are mirror image of 
each other about the line y 7 x. 


Highlights : - 


(1) cos^!x is bounded in [0, x]. 

(ii) cos 'x is a neither odd nor even function. 

(ui) cos х is a decreasing function in its domain. 

(iv) | Maximum value of cosx =z, occurs at x =—1 and minimum value of соз! x = 0, occurs at x = 1. 
(v) со8 х is an aperiodic function. 


zx 
3 =tan'x, К, y€| -—,— 
(3) y-tan'x,xe y | 2 z) 


Note : Graph of y = tan "x and 
y 7 tan x are mirror image of 
each other about the line y = x. 
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Highlights : - 


л л 
(1) tan'!x is bounded in (-3. z 
22 
(ii) гал х is an odd function. (symmetric about origin) 
(ш) tan 'х is an increasing function in its domain. 
(iv)  tan'x is an aperiodic function. 


(4) y=cot'x,xeR, ye (0, х) 


у=сох 
Note : Graph of y = cot х and 
у= cot x are mirror image of 
each other about the line y = x. 


Highlights : - 


(1) cot 'x is bounded in (0, л). 

(ii) cot х is a neither odd nor even function. 
(ш) cot 'x is a decreasing function in its domain. 
(iv) сог'х isan aperiodic function. 


(5) _ y=coseex, x] 21, нө) d 


Highlights : - 


2'2 
(ii) cosec 'х is an odd function. (symmetric about origin) 


хт 
(1) cosec 1х is bounded in I- | 


п л 
(iii) Maximum value of соѕес х=, occurs atx = 1 and minimum value of cose 'x=— 7 ,Occurs at x 2-1. 


(ivy) ^ cosec'x isa decreasing function. 
(v) cosec 'x is an aperiodic function. 
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(6) y=sec"x,|x]21, у“) 


л 


€————— Mr 
H 


z2 | 


Highlights : - 


(1) sec^!x is bounded in [0, л). 

(ii) sec !x is a neither odd nor even function. 

Gii) ^ Maximum value of sec^!x = x, occurs at x = -1 and minimum value of sec! x = 0, occursat x = 1. 
(iv) _ sec'x isan increasing function. 

(v) secx is an aperiodic function. 


Note : 
(a) ‘ап (х) and cot (х) are continuous and monotonic оп R => that their range is R 
(b) If f (x) is continuous and has a range R = it is monotonic. e.g. y = х? ~ 3x. 


Illustration : 


Find domain and range of the following 

(a) sin [x] (b) со {x} 

(c) sin! (e) (d) fix) = tan” (log, (5x — 8x + 4 )) 

(where [x] denotes the greatest integer function and {x} denotes the fractional part function.) 


Sol. 


(a) — sim'[x] defined when 
—1<[х] $1 > -1$х<2 
domain : x € [-1, 2) 
In this domain [x] takes the values —1, 0, 1 
=> range of sin" [x] = (sin! —1, sin ' 0, sin! 1} 


(b) cos ' {x} defined when 
-HS(x) <1 
= domain:x eR {v {x} є [0, 1)) 
Range = cos" [0, 1) 
= (cos! 1, cos! 0] 


x 
Range = (о z] 
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(с) sin’ е" defined when 
-Ise sl > e 2-1 holds always true 
Soesl1-xs0 
domain x є (—oc, 0] 
In this domain e' Е (0, 1] 
=> Range of sin’ e = sin'(0, 1] 
= sin” (0, 1] 
= (sin! 0, sin! 1] 


л 
-10,- 
Range | 2 | 


(d) Хх) іѕ defined when 5х? - 8х + 4> 0 
та> 0,0 < 0 => 5х?— 8х + 4 > 0 is true forallx є R 
=>domain:x ER 


4Y 
Now, 5х – 8х + 4 = 5 (5) $ 
? 4 
>I -8х+4е РЭ ЕК 
4 
=> Range of fix) = tan! ПАН 9) 
Range = "tsp (-5 а 
ange = tan! (—2, 1] = 4 


Illustration : 


Find the value of 
е (2 sin J (b) cos (2 tan 2) + sin (2 tan* 3) 
© cos{ are sin cael $) (d) шт 2cor7 5- z) 

Sol. 

(a) "m => sin 0= =, cos 0= 5 


sin (20) = 2 зїпӨ. cos0 


(b) Let tan'2=0 => tan0-2 
tan! 3=ġ > їапф=3 
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Now 


1-tan^ 0 2tang 
I+tan?Q 1+1" 9 
_1-(2F , 33). 

IHRE BY 
ЭГ 


= — = () 


>] 5 


cos (20) + sin (29) = 


“| > 


4 4 
(с) Let sin’ 5 = Ө => sinĝ= 5, cos 0- 


4 3 
cos’? = = ф > cosó- 3.511 ф= 5 


(4) let cot'5 = Ө => cot Ө = 5, tanO= 


л | 


Now 


4 1-- tan 20 


2 | 2 
(et) 2 5 E" 
1—tan* Ө 5 12 -7 


is 2 анд 1 А 5 17 
I-tan* 0 D. 5 12 
1 


Illustration : 
Find the domain of definition of following functions. 
2 
(a) fix) = arc cos% 
1+х 


y- 


(b) f(x) = si (553 | аах ) 


3-2х 


(c) /(х) = 43-х tcos ! | 


[Ans. 0 ] 


etos (2 x| ~3)+sin™ (log; x) 


Print to PDF without this message by purchasing novaPDF (http:/Awww.novapdf.com/) 


Sol. 


2x 
= -i 
(a) fix) = соѕ =. 
2x 
then -1 < —— < 
Лх) defined when -1 < Fix 51 
2х 2х 3х+1 
Now —— 24] S&S Iz = 20 
1+х 1+х 1+х 


>x e (-1, 1] ... fii) 
from (i) and (ii) 


1 I 
= 1 а 1 
sel 3 | Ans, «e| 3 | 


-3 
b) fi) = з 75 | —log,, (4 — х) 


x-3 


Лх) defined when -15 7 


51 and4-x>0 


5-3 
wis Fa < 1 


=-2$х-3$2 
Spare 5 


=>x e[l, 5] ... (1) 

and 4-х>0 

>х<4>х Е 4) „ (ii) 

=> from (1) and (ii) 

x e[l, 4) Ans. x є [1, 4) 


(< ХӘ) = {3-х кооз [228 ров) (log, x) 


Now 3-х20=>х<$3 эх є (-~, 3] ... (1) 


3-2x 
1:5-553-2х < 5 


-1 < 


—-2< 2х <8 >-lsr<s4 
=x e [-1[, 4] we (ii) 
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3 3 3 m 
21х1-3>021х1> 5 —xe€ NU U gm „ (10) 


1 
2 
from (i), (ii), (iii) and (iv) 


к «84 


Illustration : 


1, 
$$ хе 15° * ... (iv) 


-1 5 logx < 1 > 2 


If сох х + соў! у + соў'!т = 3л, then the value of. xz"? + у + 22012 tI юрю = т — т is 
equal to 
(A) 0 (B) 1 (O -1 (D) 2 


Sol  cos'x-cos'y-cos'z = Зл is possible only when cos! x = cos! у =cos'z=x 
(all take their maximum value) 
= x =-1,у=-1,2=-—-1 
Now 
6 


ety po анг, Жы. ND 


+y RT 


6 


= (41”92 + (_1)*? + (Cy? + СР +(-1)7! +(-1)°! 


Illustration : 


Equation of the image of the line x + y = sin! (a^ + 1) + cos! (a* + 1) - tan! (a? + I),a ER 
about x axis is given by 
x 


л 
? (С)х-у= л (D)x-y= 7 


(A)x-y=0 (B)x-y= 


Sol. ~ — sim is defined for [- 1, 1] 
: a=0 


i ! ТРЕ... 
x+y=sin' 1+ cos l-al = 7 


л 
Clearly image about x axis will be x — y = 4 Ans. 


Print to PDF without this message by purchasing novaPDF (http//www.novapdf.com/) 


Illustration : 


x xf g j a at = 
Juntas уне ae ае = 5, where 0 < |х| < 43, then 


number of values of х! is equal to 
(4) 1 (B) 2 (C) 3 (D)4 


? 
p R^ ж PR s л 
Зай, aac 3178 77 + cos! ЭЭГ 
ср ыс ll, 


x x 
Now Х-Ү 
2 3 Зх? ў : 
gu = 2. 942-9034 — х2 = 1 
2 4 Sex 3+х 
X x 
1+ 1+ 
3 3 


=> х=0, Гог -1 
Number of values is equal to 3. Ans. 


Illustration : 


If 0 < cos!x < 1 and 1 + соў х + (cos х)? + ...... o — 2 then x is equal to 
4) — B : С) cos Ч р) = 
(А) 4 (В) соз F (C) J (D) 6 
Sol. We have 
1 + cosx + (cos*xp + ....... ao = 2, (which is an infinite geometric progression) 
læsi, "279 covix= > => x= 005, Ans. 


Illustration : 


| cos! (sgnx) 


cos ' (sgnx) 


Let fi) = then which of the following is (are) not correct? 
[Note: sgn x denotes signum function of х.) 

(A) Range of f(x) contains no integer. 

(B) Graph of f(x) is symmetric about y-axis. 

(C) The equation f(x) = 0 has two distinct real solutions. 

(D) Inverse of f(x) is not defined. 


Sol. Clearly, D,= (- ә, 0] 
Now, Их) = 1 Vx є (~ ©, 0] Ans. 
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0.3 


04 


0.5 


0.6 


Q2 
QA 


Practice Problem 


Find domain and range ofthe following 


(a)cos"[x]  (b)sin"{x}  (c)cot'(senx) (d) cot! log , (5х? —8х +4) 
5 


(where [x] denotes the greatest integer function and {x} denotes the fractional part function.) 


Find the value of 
l Р 45 
(a)tan| 5 cos 4 (b) sin(tan!2) + cos(tan?2) 


State which ofthe statements are True or False ? 
(i) y-sgn(cot'x) and y=1 identical. (ii) elm") and tan"! х identical. 


” лаа”! А - 
(ii) = el") and cot'x identical. 


Find domain of definition the functions #(х) = ,/cos(sinx) + sin”! a= 
-i 2 
-1 
The range of the function у= [ern * ] is 
(A) [1.4] (B) [0,5] (C) [1,7] (D) [0,2] 


3x 
If sin! x + sin!y *sin'z = — ,then possible value(s) of a satisfying the equation 


2 
а? 10а 
dii асаа: ху”. E = 
(А) 1 (В)4 (С) 9 (D) 16 
Answer key 
(a) D:xeL-12)aaR e 9.5. x} (b D:xeR; В: [0, 2/2) 
G x A — |. 3 
(с) О:хЕБ; В: 2'4'4 (d О:хЕБК; В: 4’ 
3- Js | . . 

. (b) Л Q.3 (i) True ; (ii) False ; (iii) True 

{1,1} 05 А 06 АС 
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PROPERTIES OF INVERSE TRIGONOMETRIC FUNCTION : 


Property-1 : 
(1) sin (ѕіп х) = х, -l<x<1 (ii) cos (соѕ! х) =х , -l<x<l 
(м) tan(tan™'x)=x , xeR (№)  cot(cot'x)=x,xeER 
(у) _ созес(созес!х)=х , |x|2 1 (vi)  sec(sec!x)-x, |x|21 


(1) y=sin(sin“ x)}=x, xe[-1,1], ye[71,1], y is aperiodic. 


(2) 


(3) y=tan(tan'x)=x,x eR, y є К, y is aperiodic. 


(4 y=cot(cot'x)=x,x € К,у К, y is aperiodic. 
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12 


(5 y=cosec(cosec'x}=x,|x|21,|y|21, y is aperiodic. 


(6) у = ѕес(ѕес'х) = х, |х121,|у|21, yis aperiodic. 


Note that: (1, 2); (3, 4) and (5, 6) are identical function. 


(vii) sin! (sinx)=x , -5 <x 53 (vii) cos! (соѕ х) =х ; 0 <х<л 
(ix) tan“! (tanx)=x ; -Z<x<2 (x) cot! (сох) "x ,0<х< л 
2 2 


(xi) cosec^! (cosec x) - x ; -25xs$7,X*0 


л 
(xii) sec! (sec x) =x ;0<х<х,х= 2 


(7)  y-sin"(sinx),x € R.ye|- 2.2 |. Periodic with period 2 x 
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Illustration : 


Sol. 


(8) 


Find the value of following 


(a) sin (811) (b) sin” (sin2) (c) sin” (sin3) 
(d) sin? (sin4) (e) sin (sin5) (f) sin” (sin10) 
(а) sin'(sinl) 1 (vile ERI 
(b)sin'(sin2 22 ("2 е ЕЭ; 
— : " RR 
=> sin" (sin2) = sin’ (sin(z—2)) = 2-2 (2л-2є ES 
(c) sin! (sin3) = sin" (sin (x-3)) = я-3 (2л-3є |-5. =) 
y Я : > ля 
(d) sin! (sind) = sin! (sin (п-4)) = x—4 (wa-de E =) 


(e) sim (5015) = sin" (sin (5 – 2л)) -5-2л (25-2лє ES z] ) 


(f) sin" ($Їп10) = sin” (sin (Зл 10) -3л-10 (v3x-l0€ -5.5) 


т 


y = cos-'(cosx) =x, x € К, ye [0, л], periodic with period 2x 


у 


Illustration : 


Sol. 


Find the value of following 
(a) cos (со51) (b) cos! (cos2) (c) cos '(с053) 
(d) cos” (cos4) (e) cos! (cos5) (f) cos! (cos10) 


(a) cos" (cosl) = 1 (1 € [0, n]) 
(b) cos" (cos2) = 2 (`2 є [0, n]) 

(c) cos'(cos3) = 3 ("3 є [0, n]) 

(d) сох !(соз4) = со; ‘(cos (2x — 4)) = 2л- 4; (> 2x-4 є [0, x) 
(e) соѕ'(соѕ5) = соѕ (сох (2x — 5)) = 2л- 5; (22л-5є(0,л)) 
(f) cos (сок10) = cos'(cos (10-3л)) = 10- 3л (~ 10—3z € [0, z]) 
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14 


(9) 


Illustration : 


Sol. 


(10) 


Find the value of following 
(a) tam Пап!) (5) tan! (tan2) 
(d) tan! (tan4) (e) tan! (1ап5) 


хх 
(a) ап! (ап = 1 (vile EZI 
(b) tan’ (tan2) 2 2 (72 1-2-2) 
=> tam (tan2) = чат! (tan (x—2)) -л-2 


(c) tam (tan3) = tan" (tan (x-3)) = x-3 


(4) tan" (tan4) = tam (tan (x—4)) = я-4 


(e) tan! (1ап5) = tan" (tan (5 - 2л)) = 5 – 2л 


(f) tam (ап10) = tan" (tan (31— 10)) -3л-10 


у= cot '(cotx) = x, xeR-{nz}, ує(0, x), periodic with x 


(c) tan” (tan3) 
(f) гат"! (ап10) 
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(M) y=cosee"'(cosecx), xeR- (nz, ne I}, 


ZEDICi 


y is periodic with period 2x 


(12) у-зес '(secx)-x, y is periodic ; 


xeR- [eo - 02 sel y «№. 2) U (2. 


with period 2x 


Illustration : 
Find the integral solution of inequality бх — 5x < cos” (cos 5) — 2 sin” (sin3). 


Sol. бх – 5х € сох! (cos (2x — 5)) – 2 sin! (sin (л 3)) 
бх — 5х < 2n-5- 2л * 6 
6c — 5х < 1 
бх?— 5х—1<0 
(бх + 1)(х—-1)<0 


1 
=x 4-1 


Integral solution is х=0 Ans. [0] 


Illustration : 


If sin (sin 9) — cos! (cos 15) can be written in the form az — b, then find the value of 
a + b. (a, b є №). 


лл 
Sol. sin” (sin 9) = sin! sin (32-9) = 31-9 (23л-9є Ї 3" а! 
cos’ (cos15) = cos ^! (cos(15 – 4л)) = 15 – 4л (“15 4л є [0, л]) 
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=> sin” (sin 9) — со! (cos 15) = Ba- 9) - (15 — 4л) 
= 7л-24 > a=7,b=24 
а+Ь=7+ 24 = 31. Апх. 31 


Illustration : 


Find the value of following 


(a) sin” sin (32) (b) cos 26 4 (©) өг cos E 
11 4 10 
Sol. (а) sin” sin [== z) = sin” sin (z 213 = sin! -si EJ = sin" sin (- 2 - LE д 
HJ 11 : 11 11 : 
л л 3л 3л 
(b) cos” sin (- =) - = со 'eos (5 ер cos"! "t3 = 4 Ans. 


(с) Ч 3 сох 33a = сір! 137 = emn! И. = en! -sa( 32-22) 
cJ sin 1 Sin ` cos 10 sin 10 sin 10 10 


Illustration : 
| { , га 4 46л 3 ( гэ 1 ( ra) 
If sin | sin —— |+ cos | cos — | + tan | ап —— |+ cot | cof, -—— 
7 7 8 8 
can be written in the from of т (where а, b є №) then find the minimum value of a + b. 
2 2 2 
Sol эт! sin x = sin! TUR = sin sil 2 ene 
7 7 7 7 
cos! zi zi СЕ = сох! cof £2) = ae 
7 7 E 
—tan a- ат! | tan (2-25) = tan! 253 nit 
ган”! 8 8 = ап 8 = 8 
= cor? co (30-22 = сог! he = эл 
8 8 8 
= -tant { {-% 1 =| | 
+ tan | ап — E cot ‘| co 


cor! СЕ 


=> sin sn Pd + cos” (cas 


27 4л 3л 3л бл 13х 

= — + — + — + — = — +g = — 

7 7 8 8 7 7 

>a=13,b=7 —»а+Ь=13+7= 20 Ans. 20 
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Шивїгайїоп : 


Sol. 


The smallest positive integral value of n for which 
(n 2) х? + 8x +n * 4 > sim (sin 12) + cos! (cos 12) Vx ER, is 
(А) 4 (B) 5 (C) 6 (D) 7 


e have 
si (sin 12) + cos! (cos 12) = - (4л- 12) + (42-12) = 
(n—2)x?+8x+n+4>0 Vx eR 
5 (n—2)>0=>n23 and (8 —4(n—2) (n * 4) «0 огп?+21-24>0 
=> n>4 -n25 
50. = 3. Ans. 


N smallest 


Illustration : 


Sol. 


The product of all real values of x satisfying the equation 


pL [2x +10|x|+4 | Pu x. 
SIM "cos | = cof cot + — is 
x +5|x|+3 9| x | 2 


(A) 9 (B) - 9 (C) - 3 (D)- 1 


л 2 - 2 л 
2 — cos"! cos | 23 +51хН 3-2 | = eot cor? ES = 2 KS 


х?+5|х|+3 9|х| 
0<} <2 
И. шит A 
Та 9x] ^ 2 


= 
2 
=> |xP-4|x|+3=0 

ixte is > х=+1,+3 
= Product = (1) (-1) (3) (-3) =9 Ans. 


Illustration : 


Which of the following is/are correct? 
(A) cos(cos(cos~! 1 )) < sin(sin "(sint m- 1)) < зіл[соз "(cost 2л-2 ) 
(B) cos|cos(cos 1 ) « sin{cos (cos( 2x - 2 )) « sin(sin "(sint л-1 7) « гат(сог” (cot 1 ) 


5000 2500 
(C) X со "(cos 2tx -1)) = Е ин )) wheret el 
-1 


ї= 
(D) сог! cot созес-!созес sec К sec tan tan ! cos cos sim! sin4—4— л 


Sol. јог (A) and (B) 


cos (cos 11) = 1 => cos(cos(cos~! 1 ) = cos 1 
sin"(sin(z-1) -л-(т-1)-1 => sin(sin (sin(x - 1)) = sin 1 
cos! (cos( 2x — 2)) = cos! (cos 2) = 2 = sin[cos (cos( 21 – 2 )) = sin 2 


tan|cot! (cot 1 )- tan 1 


Print to PDF without this message by purchasing novaPDF (http:/Awww.novapdf.com/) 


17 


18 


It is easy to compare cos 1, sin 1, sin 2, tan 1 

cos 1 € sin 1 € sin 2 < tan] = (A) is correct 
for (С) 

cos™ cos x is periodic and even 

cos costr- 1) = cos! (cos 1) = 1 (t e I) 


1 


5000 
cos” cos( 2tx — 1) = 5000 
i=l 

now cot! сол + 2) = 2 (сог! cot x is periodic with period x] 


2500 
е cot(tz +2) = 5000 — | (C) iscorrect 
| 
(D) зіп! sind =x-4 

cos cos ! (x — 4) = x-4 

tan tan !(4 — л) = a- 4 

sec! 5ёс(л-4)-4-л 

cosec !cosec(4 — л) = 4— x 

cot'!cot(4 – л) = 4— л = (D) is correct 


Practice Problem 


0.1 


0.2 


0.3 


04 


Find the value of following 


(1) sin '[cos2cot (A2 -1)] (ii) sin '(sin7) + cos 'cos(13) 
= ча [о = гүү COS” 28) 
(її) - (iv) 9 


If 3<a<4 then the value of sin“ (sin [a]) + tan”! (tan [a]) + sec"! (sec [a]), where [x] denotes greatest 
integer function less than or equal to x, is equal to 
(A)3 (B) 2x — 9 (C) 21-3 (D) 9 —2x 


The value of sin"! (cos2) — cos! (sin2) + tan! (cot4) — cot! (tan4) + sec"! (cosec6) — созес`(5есб) is 
(A)0 (B) Зл (C) 8 – Зл (D) 5x- 16 


Paragraph for question nos. 4 to 6 
л 
Forx є (o5), 


Let S, = Уа in^ x32), С„= S cos coe" хи) and T,= S un (an? xi) 
rsi r=] r=l 


where п Е N andn > 3. 


The correct order of S,,C, and T, is given by 


(A)S,>T,>C,  (B)S,<C,<T,  (OS,«T,«C, (D)S,>C,>T, 


n 
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0.5 


0.6 


0.1 
0.2 


The value of Lim (S, * C, * T,) is equal to 
n-» 


"S ч "T3 ие а 
(А) 1 (B) > (О) 1x 
The value of'x' for which S, =C, +T,» is 


(A) sin 2 (B) 25іп 2 (С) 2sin = 
5 5 10 


Answer key 


a X. iy 20-6x: — ОЖ. 
0-4 : (и) 20-6л, (1-2 : 
A Q3 D Q4 D 


Property-2 : 


(1) 


(2) 


(3) 


(4) 


(5) 


wes 
cosec"x = sin" ~ ;]х|> 1 
. 1 
sin 'х = cosec ‚ Х| < 1, x«0 
-1 К. 
sec'x=cos!—;|x|>1 
х 
l е. 
0$ ' X = sec” x ixis 1, x 0 
1 
cot'x -tan'!— ;x>0 
X 
" 
= л + (ап s 


| НЭГ cw . 
Note : (1) cosec^!x and sin"! Р are identical function. 


j x 
( irg 
(D) sin 
10 
(v) 18 
Q5 B 


Q.6 


19 


— 1 Min : E. 
(ii) sin x and cosec! = are not identical because domain of sin! x and созес ! = is not equal. 


= ЛЭГ” А 
(iii) sec 'x and cos" Ж are identical function. 


: | — , 1... 
(iv) cos x and sec” х ** not identical because domain of cos ' x and sec"! x3 not equal. 
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Illustration : 


Sol. 


Are tan(cot'x) and сої(ап х) are identical ? 


[True], as both functions have same graph. 


Illustration : 


Sol. 


Find the value(s) of x satisfying the equation 


= xX -il ER 2k 
cot ——— + tan" —— = — 
2x gf d 


"-1 
Case-(i) Ё >0 
2х 
4X -1 al 2x _ 27 zs grapes ade. 
cot * tan "m 3 ( cot! x = tan у, x > 0) 
1 27 2х +f 4.24. 22 1 z} * m 
TM aru e Map gO 9 Pal d 
2x 2+4 -1 
= 7 = 43 > 4347-25-43 =05х= 57 > х= в. V3 
Case-(ii) 
feb 8 
2x 
: j 2 2x 
T юь 3 —— 
cor tan ! 5 1 3 
т аан! E 25 (cor! + д 4d « 0) 
= 5 5 ое zi - — 23 
m + tan 2.7 ап a р 3 cot! x = л + tan > х 
"n: -л _2х_ =f 2+ > fa 1 0 
=> tan E IN IS б = xj Ма = х +243х- 1 = 


= x=- 3 421 = x =-(2+ 3), 2-43 
From case (i) and (ii) 


П 
=> х= V3 .- (2 +V3), (2-V3) Ans 
N 
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Property-3 : 


(i) simn'(-x)--sim!x , -1<х<1 
(й) —tan'(-x)--tar'x , хєЁК 

(ii) ^ cos'(-x)9 x-cos'!x , —1<х<] 
(iv) cot!(-x)2z-cot!x , xeR 

(v) cosecl(-x)--cosec!x , |х|>1 
(vi)  sec!(-xX)"zn-sec!x , |x|21 


Property-4 : 


(i) sin! х + со5 х 52, -1<х<] (ii) tan! x + cot! x= =, xeR 


(iii) cosec"! x + sec! x = 2, |x| 21 
2 


Illustration : 


Find the value of x if 


7л 
(a) 4sinx + cosx = FE (b) Мат!х + 3сог!х = d 
Sol. 
л Зл 
| + — 2 сў Ch = — 
(а) 4sin ^x 2 sin 'Х 4 
=> J3sin'x = 5 => эт = = => x =sin = => х= Уз ва 
4 12 12 242 
л = 7x 
1 ——ап x| = — 
(b) Stan ^x + 3 (5 | 4 
2 "TEL Зл 21 hee pre 
tan x 4-2 > arx 4 => tan'x Р 


л 
>x = lan => х= 2-1 Ans. 


Illustration : 
Find the maximum and minimum values of (sin x} + (cos !x) 


Sol —(sin^x)! + (cosx) = (утих + cos'x) ((sin!x) + (соз Их} — утих - cos^!x) 


л 
2 ((sin!x) + (cos x) 3 sin'x - сох х) 


л (z) -3sin ta Z -sin | m KE E 
2|\2 2 214 2 
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, 2 2 
= Эх (sin! xy! -Z sin! x47 газ Зл 58 425. 
2 2 12 2 4 48 


л 
Maximum value occurs when тих = “1 


| 3л|(-л_хлх\ л? 3л 7л? 7x3 
= Maximum value = ^7 175 7 3 = С, M LLL 


x 
Minimum value occurs when sin x = 4 


3л m л) 
=> Minimum value = FE —] — Z 
Illustration : 


Find the range of f (x) = sin x + cosx + tan х. 


Sol f(x) =sin'x + cos'x + tam'x 
domain : x € [-1, 1] 


TR m -f 1 4] -2,|-44 -|32 
Sf) = > + Пат! -1, tan! 1] = 5 аа 


Property-5 : 


ш (+5). if xy «1 


(1) ttan'x + tan'y = хна 


} if x 0, y » 0 and xy»1 


-z+ an X | их <0, y<0anday>1 
1-ху 
Proof: 
x x 
Let tan'x =A and tan! y = B, where A, B є (5 z), 


tanA+tanB x+y 
Now, tan(A + В) = | anAtanB l-xy 


14273 Е 
=> tan” = tan! tan(A + В) 


1-ху 
= tan” tana, where а є(-л, л) 
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B LL ci 
tan -ху —tan (па) 


л 3 E Е Е л 
Q 3 Tt, “SaaS tan! x + tan Туул, —n<tan™'x+tan => 
л л -l -I x -1 4.25 
= a ——<@<— = tan х+іап y, —— Stan x-tan <— 
2 2 d 2 y» 
л 4 4 л 4 4 
a-r, хоосон tan x-tan y-n, gm x-tan у<л 
Саѕе-1 : 


л 
л <{ап!х t tan^y «—, => х<0,у<0 


Also, tan'x« E -tany 


1 Ё tan ( у | 3 l 1 
tan'x <-|-- = кел== =: — > 
= n'x ^ =X y => X y? Xy 
Саѕе-11 : 


x 
9 < tam x tan ys = xy» 


1 1 
Also, tan'x» Ж ап! => tan'x»tam!— >х> T => ху? | 
2 у у yo = 


Са$е-Ш : 


<tan'x+tan'y<w2 => xy«l 


Nila 


№ — 
(2) х>0 and у> 0, tan'x-tan'y=tan' (with no other restriction) 


1+ху 
(Remember) 


(i) tan"! | +tan'2+tan'3=x 
1 


1 
(ii) tan! + tan! 2 *tan'! g^ 


_ tn'l-tan'2-tan'3 _ 
(Ш) cot 1 + cot! 2 + cot ^3 


Nia 


а 2+3 
Sol.(i) tan! 1 + tan'2 + tan '3 = ап | + [x+ta | | 


1-2.3 
= ќап!1 + (x t tan '(-1)) 
x л 
- 4 к= 4 - 
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24 


1 1 ий 
(ii) tan?1 + tan! = ат! – = tanl tan?| 23 
23 =e 
2 3 
- anl заа (3) = tan!| + tan!] = 2 + A. 
5 4 4 2 
m tan']* tan '2-* tan 3 зал 1141ал212-41ал 13 Á— 
iii SS Ln ы 
со( 1+cot'2+cot'3 ,L- tants tant л 
2 3 2 
Illustration : 
If tam'2 + tan'4 = cot (3) then find А. 
Sol. tan'2 + tan'4 = ы (255) = t+ tan” 2 
7 an'2 + tan'4 = x+tan' {т = т 77 
d Я 7 
-—mJ— tan" = =g- cor — cot 1-2 ЗҮЙЛ Ans. 
Illustration : 
7 2 24 1 
If а = tan'5 —1ап!3 + то апа В = tan’ 7} + сог! -y + tan*5, then 
(А) а = В (B) а> B (C) a « B (D) a+ B= х2 
7 
Sol.  a-tam'5 —tan'3 + tan, 
| $73 | + = Бэх + и. 
ат" 1153 tan a = tan tan 9 
РЕ: 
_ 9 419523 = _= 
= tan! " 7 -w (s = lam'] = 4 
89 
2 24 1 
= Jd MITT a. Ёсыг 
B = tan T * cot 7 + tan 3 
7 1 
2 Ж 1 2 
= $— + = — + -f — = 4-- + -4 24 3 
tan H tan 24 tan 3 tan 11 fan "EU 
24 3 
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= -F + (5) + m 
— tan H tan 65 tan T tan 13 
2 9 
* 125 
— 37 Жы БЕ | ey | -— i = 
tan) — 9 tan Us) tan => а = В 
11:13 
Illustration : 
Find th i rt (2 44641 
ind the value of cos \3 — cos 2,3. 


46-1 _ ИРЕ. 4 43-42 _ - I Р иг ВИ. 
243 = fan 42 — tan 1 A6 = tan 42 — tan 14-43-/2 


2 
Sol с05' р — cos! 
1 
= ап! 7 — (ап! 43 -аат!72) —cot'42 – гап"! 43 + аан! 42 


л 
-tam'43 = cor! 43 = в Ans 


ы 


Illustration : 


1 л 
Find the value of tan” 24) + гап! (cot А) + tam (cot'A), for 0< A < 4 
л 
Sol. For0<A< 4, cot А > 1 => (cot А) (cob A) > 1 


1 
Then tan" (Zian 24) + tan! (cotA) + tan'(cot'A) 


_ ( tan A E à cot A * cot? A 
NL 1—tan? А ки 1- cot! A 


( tan A E ( cot А | 
Coe a ЕЕ DD + tan!| ——3— 
= 1—tan* А a 1—cot^ A 


tan А tan А 
= ап! ШУ D + z+ dam FE WAT = m Ап. 
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Property-6 


sin (x-y ? куу1-х 1-х? )ігх 2 бууг Oandx? Ey <] 


(D — 
x—sin (хуй - у? «yvl- x? Их 2 буг Oandx? + у? >! 


NIA 


note that х?+у?<] => O<sin'x+sin'y< 


Let  sim'x-a andsim'y-p; а, В efo, d 


nw x+y cl 
sina + sinp < 1 =>  simaczcos 


л 
ER) > а < 5-6 => «+855 
л 
0 < sin'x+sin'y < 21 


к 
and х? + у? > 1 > а < sin'x + ѕіп у <2 
This formula should normally be used in establishing the identities. 


3 12 
e.g. find whether sin 5 Жи! B is acute / obtuse will be unduly difficult using the above. 


3 12 
However if we convert it into tan” 4 Заал”! = it becomes simple. 
(I  ||lwehave = sin'x—sin'y= sinx I-y! -yv1-x’ | ‚х>0;у>0 
and cosx + cos у = cos"! [xy 9 41- i x fl-y*},x>0,y>0,x<y 


Illustration : 


NS 


Solve the equation — sin'x + sin” 2x = 


x 
Sol  sin'x + sin! 2x = 3 


3 43 [—3 1-3 
sin '2x gpl EA — sin"x = sin" | Х1-х° -x jl- 
2 2 Y 4 
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/ 
sa e - х 
2 2 
5 3 
-(& = -(1-х) 228873 
- 4 
2208 I 13 | 
= "ылуу А) ын эж -—— J— k :1.Н 5. 1 valin 
dd rm 7 Ans. | * air es of ( унан 


Illustration : 


If cos'x + costy + cos'z = z then value of x? + у? + 2? + 2xyz is equal to 
(A) 1 (В)—1 (С) 0 (D) 3 


Sol. cos'x +cos'y + costz = п => cos'x + cos'y = л — cos 'z 


= соз (зу У) = cos !(-z) 
>x- 41-х? Ji-y? =z 
—axy*z- 1-х 41-7 y? 


squaring both sides 
xy tz +2хусг=1— О-у? + у! 
х +у tz + 2хуг =]. 


Property-7 : 


X+Y+Z—xyz 
tanx + tan'!y +tan"z = tan” 1- (xy * yz zx) 
wherex > 0, y 20,220 and ху + yz* zx < 1 апіху < l, yz 1, zx «I 
Solution 
Xy 
tan !x + tan'y + tan 2 —tan'! | *tan'z 
x+y | 
4| _1-ху 4| Х+у+2-ху? 4| Х+у+27-ху2 
"ин NEST) 79b xy-(x y)z iiis | -(Xy + yz+2x) 
- 7 
1-ху 
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28 
Practice Problem 
Q.1  Findthe minimum value of (sec! xy + (соѕес! xy. 


Q.2  Iftwoangles ofa triangle are tan (2) and tan (3), then find the third angle. 


1 
0.3 Find x satisfying ви! Ё +соѕ (х) = 


£ 
45 4 . 


3 11 = 
n-d] —— -I| —— 411./ i 
0.4 Value of sin (25) + cos (=) + cot (3) is equal to 
(A) x (B) л/2 (С) 55/12 (D) x/3 


TRE amm 
0.5 cos'x*cos' (вв) is equal to 


Е li * o. i 
(A) 3 forx Е 27 (В) 3 forx Е 5 
> -1 -l 1 1 1 ? 4 2-1 1 0 1 
(C) 2 cos! x - cos 2 for x є 3 (D) 2 cos” x - cos 2 forx Е 7 
Answer key 
л? x 3 
Q.1 * Q.2 4 0.3 х= Ло 0.4 С 0.5 AD 


SIMPLIFICATION & TRANSFORMATION OF INVERSE FUNCTIONS ВУ ELEMENTRY 
SUBSTITUTION AND THEIR GRAPHS : 


2tan! x —1<х<1 

(1 8" ae =|я-21ап!х if x21 
1+х- F 

-л-2{ап x х<-] 


Proof: 


л л 
Let x =1ап0, 0 є EH => 0 =іап!х 
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2х 
1+x 


tan 0 
Now, sin” | 2 | =sin'! [| = sin '(sin20) = sin "(sin a), where a є (-д, x) 


А 2х T 
sin” 162 =sin '(sin a) 


= >, л 
—(Q-— T, “R<a<-F —2tan Ix-m, —x<2tan асе 
» p: E к 
= <q, E UT UM = {2tan™' x, .—22ün0"xz«— 
2 2 2 2 
к 23 T x 
—Q- T, тоож -2tan x+n, “ассан хал 


Е x " л 
—2ün 'x-z, --«ta !x«-— | 
2 4 -2tan х-л, х<-1 


= л Ey x т 
= 2tan ! x, ~Z gun хє - 2tan х, -]sxsl 
3 х 3 л -21їаа x 4 a, x»l 
—2tan х+л, 2 <'80 х<7 


1-х? |241 х x20 
"l-3un'x х<0 


Proof: 


лл 
Let x = tan0, 0 є (-=.=) = 0 =1ап 'х 


1-x? 1- tan^0 
Now, cos"! lant =cos' 1 "e 0 = cos '(cos 20) = cos (соз a), where a є (-х, л) 


1-x? 
cos! 1443 = cos (cos a) 


E^ -п<а<0 —2tan^!x, —z«2tan^!x «0 
а, О<а<л  |2tan"x, 0 < 21 1х <д 


-21аа!х, x«0 


—2tan™ x. E «tan! x «0 
Е c x20 


2 m л 
2tan x, O<tan'x <> 
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3 л-21аа х x«-1 
(3) tan” = = | 2tan'x -1<х <1 
1-Х7 | 21а х-л х»! 
Proof: 
хх 
Let x = tan9, 0 є з => 6=tan'x 


2x 2tanO 
Now, tan” E ES гат! I-os Bl" tan '(tan20) = tan "(tan a), where & e (-л, л) 


2x 
tan! 122517 tan ' (tan о) 


л E а х 
a+r, TEC ап x+n,  -mz«2tan BSS 
л л E к E л 
E a, ——<0<— E 2tan ^! x, зээ o 
2 2 2 
л 3, к 3 
а-л. a ССК ап х-л, 5 «2un"x«m 
2tan' x+n БЭР?” x<- 
= 4 л+21ап!х x<-l 
Р x > x x. 25 
-1 2tanx, ша e _ 421ап x 15х51 
4 4 2tan!x- a х»! 
1 4 ui 
2tan х-л, — « tan х<> 


Highlights :- 


(а) f(x)=sin' = +2ап!х=л if х?! 
1+х- 


2 
(b) f(x)=sin' Tes *2tan'x = —xif x<-l 
х 


Illustration : 


2 
If f(x) sin “иж. + 2tan'x then find 


(a) f(100) (b) cos (f(-10)) 


Sol We know that 


2 
f (х) = sin 5.2 + 2ian'x =a if х21 
x 


x 
Гб) = sin! > +2tan'x = -лух<- 
x 


= (а) f(100) = п 
(b) cos (f(-10)) = cos (-л) = –1 
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-(n43sin'!x) И -15х<-1/2 
3sin!x if —1/2<х<1/2 . 


л-358 x if 1/2<x<l 


(4) sin-'(3x - 4x) = 


3cos'x-2n if -1<х<-1/2 


-] А 
(5) со (4x! — 3x) = 2л-3соѕ х И -V2sxs12. 


3cos х Ш 1/2<х<1 
à "T" ms 
3tan'x if - 5 X ЯГ 
3x-x? І 
(6) tan EE =| -—x+3tan'x И хот" 
1-3х7 v3 


л +3 щих if х<-— 
v 


» (4, 5, 6 to be proved similarly as 1, 2, 3) 


(C) IDENTITIES INVOLVING INVRSE TRIGONOMETRIC FUNCTIONS: 


(D ап! СЕ - a) tan B — агсанд 


1+ sin2a cosp 


n p 
Proof: Let x-tan| 770 tan» 


4 
А шаг 
I-tana В cosa-sina|" 2 
X^ тепа "2 = i В 
cosa+sina / «o. 
2 
: sin? В 
| Е 2 
у ==] а - 
1+sin2a cos? В 


(l-sin2a)(l-cosB)  l-sin2a -cosf * sin2a-cosp 


ET (l+sin 2a)(1+cosB) = 1+5іп20 + соѕВ + ѕіп 2a-cosB 
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х?-1 _ -(sin2a * cosp) 
х2+1 (1+5іп20.соѕр) 
(By applying componendo and dividendo) 


1-x? sin2a + cos 
1+х2  l+sin2a.cosß 
We know that 


4 
1-х7 
2 tanx = cos! ! 201 | 


» 


1+х- 


2ta 4 в(5-а| anf) = EA 
Е ын 4 ^ 5 1 + sin2a cosB 


(П) = tan 'x = 2tan [cosec (tanx) - tan (cot'x) | (x #0) 
Sol  R.H.S. 2tan'! [cosec (tan-'x) - tan (сог'х) | 


= ат! x)- сЕ -tan x)| 


= Мап! [cosec (tan”x)— cot tan'x ] 
let ап 'х=0 
=> ап! [cosec 0 — cot0] 


2sin? 
m 4 | — 0 8 
= 2tan sin 2tan > in Scos” = 2tan tan, =2 ^ 
—-0-t1an'x LHS. 
(0) EQUATIONS INVOLVING INVERSE TRIGONOMETRIC 
FUNCTIONS : 
Illustration : 
! 2. аг F Е. _ л 
Solve the equation tan EFE + tan ре r а 


x-1 
Sol. tan’ 
x+2 


4 
„Эш х»! 
adus УИ Е > | ах 
1423025) 4 х+4+4х-х +1 4 
х+2 Дд x42 


2x(x+2) 
4х+5 


л 


=] > 20 + 4х = 4х + 5 2х=* > 


ээ 


5 LHS ts negati g 
But for x = ^Y = L.H.S. is negative. Hence x = \ 27 
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Illustration : 


4 
Find the x satisfying the equation 2сог!2 — cos" $^ cosec “х. 


4 1 
Sol. 2cor!2 — cos "$ = ап! -cosy 


2 4 3 
= ап! > -tan'— аа! 8 -4ат! | 
48) | 
2 
E 3 
d 7 
= fan 2-5 = tan! (2) = cosec{ | 
1+— 
34 


= соѕес!х = созес"! (2) 


Illustration : 

Find the x satisfying the equation sin[2 cos'{cot(2tan'x)}] = 0 
Sol.  sin[2 cos" cot(2tan 'x)]] = 0 

=> 2 cos'{cot(2tan'x)} = пл, nel 


пл пл 
=> cos! fcot(2tan'x)} = E => cot(2tan'x) = C057, 


na 
cos ,- can take the values +1, 0 for n € I. 


пя 
Case-I : When cos = +] 


7 
д 


=> cot(2tan'x) = +1 -52tam?'x =nz+ 4 


=> tan! ERE 1 (===) — +1 E En 
it =: — әх = ian - х= A НЭР 
2 8 2 58 8 8 


x-5(42 ~ 1), (42 * I) 
х= +(4/2 +1) 
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пл 
Case-II : When со; — = 0 


4 
л 
=> cot(2tan'x) = 0 => 2tan'x = пл + 3 
XE m 2228 (72 +2) — 9— 
an х 2 4 х =tan\ +7 1 ап, cot, 
х=+] 
Case-I and Case-Il 


х= +], (42 + 1) Ans. 


(E) SIMULTANEOUS EQUATIONS AND INEQUATIONS INVOLVING 
L.T.F. : 


Illustration : 
Find the x satisfying the inequality cos x > соѕ'х). 


Sol. cos'x > cos'x 
—x-x»- х(х- 1) > 0 =x є (-o, 0) u (I, оо) 
«~ cos'x defined for x є [-1, 1] 
=> х є [-1, 0) Ans. 


Illustration : 


Solve the inequality satisfying 
arc tamx — 3 arc tanx + 2 > 0 
where [ ] denotes the greatest integer function. 


Sol  (tanm'xy – Зіап!х+2> 0 
=> (tan'x — 1) (ап! x - 22 > 0 
, (2 3 
“tan! x €|7575 
=> (tan'x—2) is always negative 


=> (tan'x — 1) (tan'x — 2) > 0 holds true only when tan'x- 1 < 0 
=>tan'x<1l >х< п] 


=> хЕ(-ю нап 1) Ans. 
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(F) SUMMATION OF SERIES : 


Illustration : 
Prove that 


i 


2 
tan! —————; нан 


ЕР 


2r 
Sol. T = tan’ БЕНЗ 


Зугаа”, НЫЙ 
2+2? +2* 2+ 37 4 3f 


tan ! > 


2r 
и 
мн i] 


+++ 1? +1) 


| л] 
= ап 


= ап !(r +r + 1) - tam! (?—т + I) 


п 
5 = 3r = (tan! 3 — tan 1) + (tan! 7 — tan! 3) + (tan! 13 — гат! 7) 


r=} 


Le + бат! (m + n + 1) — tar (п-п + I)) 


x 
S, = tan! (m +n + 1) – tan 1 = tan (n (n + 1) + 1)— 4 


Illustration : 


Prove that 


гат! 


Sol. T =tan' 


Р 1+г(т+1)х? 


I + tan 
1+(1х2)х? 


і = fan ! (n + I)x — tan” x. 


ТЕ 


x J 
йа к. ШЕЕ А 

1-(2х3)х7 1+ {п +1)х? 
_ “| (r+I)x—rx 


= їнийн | tan ! (r* I)x — tan” rx 
+7(г+1)х* 


п 
5. = 2d = (tan! 2x — tan! x) + (tan! 3x — tam! 2х) +....... + (tan (n + I)x — tan” nx) 
г=1 


S, = гат! (п + I)x — tan! x 
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Illustration : 


The value of соес”! V5 + cosec? 465 + cosec! 4325 +.............. o is equal to 
л л 
(4) 0 (В) 4 (C) > (D) x 
Sol.  cosec!45 + cosec! 465 + cosect 4325 +.............. со. 


1 1 1 
= tan! 2 + tan'!— +1tan'— +... оо 


8 18 


ИРИГ 1 FE À (2r *1)—(2r -1) 
„= ап 2,2 = tan р. = мп"! 1*(2r -1)(2r*1) 


T, — tan "(2r + 1) ~ tan! (2r — 1) 


S = > Te = (tan! 3 — tam 1) + (ап! 5 — tan! 3) +....... + (tan! (2n + 1)х — tan! (2n — 1)) 


г=1 
= tan’ (2n + I)x — tam? 1 
when n — оо 


шог 
. 2 


=A 
4 п. 


Illustration : 


NN 4n 
The value of S = Уап es) is equal to 


n=l 


(A) 3tan 1 (В) cot'sgn(c +1) (C) Р] (D) гап!2 + tan 3 


Sol. s= Leer [= 3 xp ej Yu 2) 


= Şar CHO (n1) —tan(n-1 
X tan [e ЫЎ e Z| Уе п+1) -tan(n- y] 


= (tan! 2? — tan” 0) + (tan! 3 — tan! P) +......+ (tam! m — tam (n-2y)) + (tan! (n 1) — tan" (n-1y) 


=> S= tam! (n*1y + tan! п ~ ( tam! FP + tar 0) 


л л л 3 
= (242-2) (~ n>) = T Ans. 
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0.3 


0.4 


0.5 


0.6 


0.1 
0.5 
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Practice Problem 


l EX E 
If (x - 1) (2 4 1) 7 0, then find the valueofsin tm Ки — (ап x) 


6x 
If cos" TOT ЫШ -2 + 2tan'! Зх, then find the value of x. 


Solve the equation [sinx] > [cos x] 
where [ ] denotes the greatest integer function. 


Value of x satisfying the equation 2 cot '2 + cos '(3/5)=cosec'x is 


(А) Ф (В) 1 (С) 25/7 (D) 25/24 

Sum of the series сої (2а! + a) + cot !(2a'! + За) + cot (2a! + ба) + cot (2a! * 10а) * ....... to oc 
is equal to (a > 0) 

meli mali ah тюш 

(^)tan?| 5 (B) cot! 5 (С) а+- (D) 2a 


If cos x—sin"x-— cos" x3 then value(s) of x satisfyin 
g 


1 
(А)0 (В) 5 (С)! (0)-5 


Answer key 


| 
-1 0.2 TI Q.3 xe (sinl,1) 0.4 А 


В 0.6 ABD 
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Solved Examples 


Q.1 Domain of definition of the function f(x) = N 3cos (4x)-x isequalto 


-1 1 | 11 1 
өд 4) өр © [| 


Sol Fordomain of f(x) = J 3cos ! (4x) - n, we must have 


л 1 
cos! 4х2 = =>4х< 5 < (1) 
-1 1 
Also -1<4x<1 Su me] тэн (2) 


-] I 
^. From (1) and (2), we getx Е E 1 


0.2  Ifasim'!x-bcos' x=c, then the value of asin“! x + bcos! х (whenever exists) is equal to 


mab+c(b—a) Л mab +с(а – 6) 


(9 В) a+b (9) ab 


: bx 
Sol.  Wehave bsin'x-*bcos!x- Ayo (1) 


and  asin!x-bcos!x-c ... (2) (given) 


b 
г, On adding (1) and (2), we get (a+b) ѕіт! х = - *c 


рл ал 
+c =C 
БРИ: хангай 
= sin х= =. Similarly cos! x= үр 
, mab + c(a ~ Б) 
Hence (asin! x + 6 cos! x)= ———. — 
a+b 
0.3 If0<cos!x<] and 1 + sin (cos! х) + ѕіп2(соѕ! x) + sin? (cos x)  ........ oo — 2, then x equals 
| | А 1 
(А) 5 (В) 5 (0-2 (D) 5 5 
Sol Ме һауе 1+ ѕіп (со$ х) + sin? (cos x) * ........ o9 —2 


| 1 1 

= — —]1—si -l ? -1 aA 

= 1-48(сог x) "4 5 7 (cos х) = sin (cos x)= 7 
=> cos! x= 
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3 
04 If tan! Ё + 3) — tan! (x - 2) = ат! B , then the value of 5х* — 4x* + 7 equals 
x х 
(А)397 (B) 393 (С) 376 (0) 379 


3 3 
Sol Ме һауе tan”! Ё +3) -їаш! [s -2) —-tan'! — 


Hence (5х* — 4x* + 7) = 5(81) – 4(9) + 7 = 405 – 36 + 7 = 412 – 36 = 376. 


4 E 4 E 
LEA E and -1-- -12- 
0.5  Thevalueof tan 7 + tan 19 + tan 39 + tan 67 M mad o» equals 
1 1 
(A) ап?! 1 ttan^!7 ап" (B) tan*!1 + cot! 3 
1 1 
(С) сог! 1 + сог! + сог! (D) cot! 1 + tan`! 3 
Sol Let а с ЗЕРРЕ Са ЗД 
5=0+ 74194393... ы БЕ се зд 
(Subtracting) — — = = = = Р = 
Те 7-7) 
— 1 
sp% ) [ 24+8(n-2)] =4n?+3 
T’ = (ап! = (ап! = tan^! | 
4n? +3 а? +7 1+ (1? - 1) 


ЕВ а c 


л 


39 


1 1 1 1 
Hence S, = i T'z 2 —tan^! —-tan-! 1 + tan"! – +{ап-!— — (ап! 2 = tan !] + сої! 3 


ша.” 2 2 3 
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0.6 Number of values of x satisfying the equation 


tan"! "o t сос! LAT m a for 0 « <2,1 
an 4 16 = co 2 x 5e 2 or |x] ‚ 1$ 


16 
(A) 0 (В) 1 (С) 2 (D)3 
3 5 2 3 
x. x x 
L W t hav ———+— ee =х+ — + — +... 
So emusthave x 4 * 16 X 2 1 
2 
= = = eS 522щ+2)=0 
ЖЭ 1 х 4+х 2- 


x=0,-2 (As 0<|x|<2) 
Clearly, no value of x satisfies given equation. 


1 1 1 
07 Number of integral ordered pairs (x, y) satisfying the equation arc tan x +arc tan — —arctan —, 15 


y 10 
(A) 1 (B)2 (C)3 (D)4 


Sol. Since tan(arctana)-aVae К =aVaeR, 
Take tan both side 


tan| arc tan ы +arc tan x = tan{ are tan 5) 
X y 10 


| 
Е. 00 — 
> F (х-10)(у-10)-101 


ху 
The following four ordered pair of integer numbers are solutions of this equation : 
(11, 111); (111, 11),(9,-91) = ordered pairs Ans. 
08 ForneN, if tan! + tan! + tan! l4 tan! d == then п is equal to 
j j 3 4 5 п 4 3 
(A) 43 (B) 47 (C) 49 (D) 51 
E. | 
Sol Wehave, tan++tan = tan“) 3-4 | = tanh 7 
3 E 19 І 11 
12 
3 4 | 
Ават, tn + tant! = tan | 1$. | = a (2 = м 
11 5 1- 7 48 24 
55 
T 23 
2 init —-tanr!1- ЫЗ = (ап —24 | = av (7) => n=47 Ans. 
n 24 T 23 47 
24 
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09 Ҥ0<соз!х<1 and 1 + соѕ-!х + (со$ 1х)? + ....... oo = 2 then x is equal to 
(A) 5 (B) соз (C) соз—— (D) 5 
4 2 42 6 
Sol. Wehave 
1 + cos^!x + (cosx)? +....... 0 = 2, (whichisan infinite geometric progression) 


1 1 1 
—_—_—_——— ээ -ly=— = С05— : 
um 2 => со8 х 2 = = 5 Ans 


0.10  Thedomain of definition of function х) = 4cos! x – 25іп х іѕ equal to 


243 | 5 
өз o] di Е 
Sol. Меһауе х) = cos! x-2sin х 


Clearly, for domain of f(x), соѕ їх – 2 sin'x > 0 
1 
=> > 23sin!x > sin'xs- > xs 2 


oia 


Paragraph for question nos. 11 to 13 


25 9 
In AABC, if /В= see (5 | ховс" 45, “С =cosec™! (2) +cot! (2) andc=3. 


(All symbols used have their usual meaning in a triangle.) 
Q.11 tan A, tan В, tan C are in 
(A)A.P. (B) GP. (C) H.P. (D) neither A.P, GP. nor Н.Р. 
4 
Q.12 The distance between orthocentre and centroid of triangle with sides а>, p3 and c is equal to 


2 5 10 7 
(А) 5 (В) < (© = (D) 
Q.13 Which of the following is rational with respect to ДАВС? 
(A)r, (B)r, (C) r, (D)A 
3 5 1 
Sol  ZB- see (овес - av (2). an2) ofa Ж. Э A suat» 
4 4 2 1- 2! 
42 
4С--созес! (2 кес B = tan! (Zra (2) = tan! 2479. = (ап! 3 
7 13 24 9 1- [A 2, 
24 9 


—-ZA-2n-ZB-ZCz2nz-tan!2- tan! 3 = tan'!l 


1 2 3 
~ ЗА = р ‚зтВ = yz and sinC = 12 
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| „быв. _‚ ра WO 
' sinA sinB sinC 2 3 
Hence а-./5ал45-242,с-3 


(1) tan A = 1, tan B= 2, tan C=3 are in A.P. 
4 
(ii) The triangle with sides а>, b3 and c will have side-length 5, 4 and 3 respectively 
у 2 2... ; hypotenuse 5 
г, Distance between orthocentre and centroid = 3 (circumradius) = шин ын - 3 Ans. 
ý: Амана А= ные - =O DE 
(iii) rea о A= = absin = )(242) йо)“ 
1 1 
Also s= ам = 5524243) 
1 1 1 
* S-a- 5 C55 24243) s-- 55-242 +3) ands—c= 5+2 -3) 
ч Aisrational 
А А А 
"` Eachof values ~ Е and = с і. е. r,, г, and г, (respectively) will be irrational. 
0.14 И sin x} + (яа? уу» sin :| => = —  , then the value of (x — y +z) can be 
(А) 1 (В)-1 (C)3 (D)-3 
Sol As = ssn x <> W-1<x<l 


: (яа? x} + бл у + sin? г) = V нэн is possible if x, y, z e 1-1, 1} 


2, Possible values of x — y + z from the Mie triplet (x, y, z) are as follows : 
(х, у, 2) (х-у+ 2) 


E. 3 0 ый 
LLI xd 
GLi 3 
(1:1:-11 " 
(1,1,1) l 
i= ДРЕ. = 
Ll- 23 
stp 1 


Hence set of values of (x — y +z) is {+1,+ 3) 
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0.15 


Sol. 


Q.16 


Sol. 


(ii) 


(ш) 
(iv) 


43 


Let f(x) = sin'! [sin х|+ cos! (cos x). Which of the following statement(s) is/are TRUE ? 


(A) f(f(3)) ^ x (B) f (x) is periodic with fundamental period 27. 
(C) f (x) is neither even nor odd. (D) Range of f (x) is [0, 2x] 
2x ;0<х< 5 
2 
f(x) = л ` 3 <х< 2 


An-2x ; И «хєл 


Clearly f(x) is periodic function with period 2x. The graph of f(x) is shown below. 
Y 


х=0 Зл 5л 77 


If f(x) = sin! x - cos! x - tan! х cot! x- sec! x - cosec™! x, then which of the following statement(s) 
hold(s) good ? 
(A) The graph of y= f(x) does not lie above x axis. 

3 6 
(B) The non-negative difference between maximum and minimum value of the function y = f(x) is P : 
(C) The function y = f(x) is not injective. 
(D) Number of non-negative integers in the domain of f(x) is two. 


Domain ойзш Их and cos~'x,each is [-1, 1] and that of sec x and cosec™ x, each is (20, -1] v [1, 55) 
2. Domain of f(x) must be {1,1} ~. Range of f(x) will be (f(-1), КГ} 
where f(-1) = sin! (-1)- cos! (-1) - tan! (-1)* cot! (-1) - sec! (-1) - созес-\(-Г) 


Thus, the graph of f(x) is a two point graph which doesn't lie above x - axis. 


Y 


_ —3л° 
min 64 


(х) 7 0 and f(x) 


зи 


Н f NES! „| = 
епсе | DL (X) nia 64 


f(x) is one-one hence injective. |- 1, 


Domain is (-1, 1j 
Number of non-negative integers in the domain of f(x) is one. 
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Л2-2)х? 
Q.17 Consider х) = = 


Sol. 


(A) 


(B) 


(C) 


= 82 m and М are respectively minimum and maximum values 


of f(x) and x 2 a (а> 0) is the point in the domain of f(x) where f(x) attains its maximum value. 


ColumnI Column И 
(A) If sin”! 24x =3 tan ' (tan(m + M)) then 8x equals (P 0 
(B) If соѕ'х+соѕ y= Span (m | + өп m +tan = (Q) 2 
then (x+y) equals 
(C) . Thevalue of (see (5) + м) equals (R) 255 
(D) Ifa and В are roots of the equation (S) 1 


2. (tan(3 sin ' (sin му) «a^ 20, then af —(a + В) equals 


1 
We have Г(х)= tan! | 288-1) 


x 2,342 
х? 


Аз х2+ 3 2243 (Using A.M. - GM. inequality) 
X 


— x33 42224245 
X 


j 3 Р 
Ї(Х) | max = tan [29 „м. which occurs at x?= — => х= 34 =a 
х 


ГОХ) min = 07 m, which occurs at x =0 


E л 
зп) = 3tan (tan z) ш> 


1 
24x = -= => 8x-1 
VX р 
7т 3л 7x 3R (=) 
D -iy= 3] t tan— |+ {ап | 0+tan— || -3-1-221-31--1- 
COS X + с05 y [an (528) i 23 128 3 24 2x 
x=y=-l] > x+y=-2 


a[ 2 |, я (5 z) 
tan| sec | —= |+— | = tan] —+— | = 1 
| EJ z) 6 12 
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(D) x?- 2 sin sin z) +3 =0 


a 
ю-х+з-0< 
| В 


«+В=1 
2. ap=3 
Hence af – (о + В) = 2 


5 af 43 . 742 “| 
0.18 Let a= 3cos КЭ ап 2 and р-4яп | = ый в 


then which of the following does not hold(s) good? 


(A)a «m but В>л. (В) а> x but f « n. 
(C) Both « and f are equal. (D) cos(a + В) = 0. 
BB 
Sol. a= Зап | Уз + Заал? Уз = 3| tan! -5—2 | = 3 tan” 7.3 = mJ. 
5 2 TES 7 
10 
а 4 431. AC A хар 
р afian 7 — tan | 4| tan 21 = 4t E =л 
1+ 


Q.19  Ifrange of the function f(x) ^sin"!x + 2 tan-'x +x*+4x+1 is [p,q] then find the value of (p + q). 
Sol. Wehave (х) = ѕіпгіх + ап Их +х2+4х+1 

Clearly domain of f(x) is [-1, 1]. 

Also f(x) is increasing function іп its domain. 


p= faa (к)= #61) = мы =-п—2. 


q= f, (х) = #0) = EIE - 146. 


Range of f (x) is [- 1 - 2, + 6] 
Hence (p +4) = 4 
Note : Vertex of y х? + 4х + 1 іѕаіх = —2 and hence in the domain (x? + 4x + 1) is increasing. 


0.20 Let a, В, y and 6 be the roots of equation x* — 3х3 + 5x? — 7x +9 = 0. If the value of 
q 
| tan (tan-la + tan"! + tan'y + tan“! ) |= Б where a and b are coprime to each other, then find 


the value of (a^ + b? + а? + b^ + ab). 
Sol From given equation, we have 
S,=Za=3, 5,= Уор = 5 
S, = Eapy = 7 and S, = аВуб = 9 
Lettan!a =A, tan”! В = B. tan! у= С & tan! 5 = D 
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0.21 


$01. 


0.22 


Sol. 


Now | tan (tan^!a + tan"! D + tan'y + (апт! ) | 


51-5; 
1-5, +S, 


1-549 


| 3-7 


= п (А+В+С+0)|= 


Hence а = 4 and = 5 
So (a? +b? -- a* + b^ - ab) = 45 + 53 - 444+ 55 +4.5 = 1024 + 625 + 256 + 3125 + 20 = 5050 Ans. 


How many terms of the sequence cot! 3, сої! 7, cot! 13, cot! 21, ............................ 


1 24 
must Бе taken to have their sum equal to 2 cos"! ЁЗ А 


1 1 1 
T = (ап! = tan!2 — tan!1 ; Т, = tant = =1ап 13 — ап-!2; Т, =1ап' ту = (ап-!4 — tan!3 


Clearly T, =1ап (п + 1) ап (п) 


1 n+l-l 4: di 1 af 24 
Hence S, = tan! (n + 1) – tan! 1 = tan ен = (tan )- 7% (4) 


2 
aa ota L = 263 2 2tan'!x- cor (ES Vx2 | 
n x 


ее) аон) = ( F022.) (2) 

> n^42n42) > 145) ? (n?+2n+2) ~ (145 

=> 12(п + 1)2 – 144 (n + 1) - (n + 1) + 12=0 = ((n41)-12Y12(n41)-1) =0 
-11 -11 


l 
pt = — n= — (22 к E 
п+ 1 = 12, 12 п = 11, 12 ПЕМ n= 12 


Hence, п = 11 Ans. 


If the area enclosed by the curves f(x) cos !(cos x) and g(x) = sin"!(cos x) in x e EX is 


2 
^ (where a and b are coprime), then find (a + b). 


А л -l 
We have g(x) -sin^!(cosx) = о cm (cos x) 


L XX 
27 


Both the curves bound the regions of same area 


E Ы Е zd 
in| —, — |, | —; — | and so on 
4 4 


2 2 
г, Required area = area of shaded square = = = P 


. a=9andb=8 
Hence а+ Б = 17 Ans. 
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DETERMINANT 


HISTORICAL DEVELOPMENT : 


Development of determinants took place while mathematicians were trying to solve a system of 
simultancous linear equations. 


ax +by =c; b,c, — b,c, аус, — 45€, 
e.g. = Жэн лэн айх, Mad эрэх, e 
a,b, -ab a,b, —ayb, 

a,X+b,y=c, м л. 


a, b, 


> 2 


Mathematicians defined the symbol as determinant of order 2 and the four numbers arranged 


in row and column were called its elements. Its value was taken as a,b, — a,b, which is the same as 


denominator. 
This kind of definition helped then to state the solution of the simultaneous equation as 
D, р, а, b, €i b, а c 
= — = — г = ' = . = l 1 
х= ту апа у р where Р а, b, : D, c; b, ; D, а c 
Note : A determinant of order | is the number itself. 
a b с, 
The symbol |a, b; c;|iscalledthe determinant of order 3. Its value can be found as 
a, b, с; 
D - a, b; 2|-* 5, € +o? b; or 
b; с; a; с; a; b; 
- a, b, Ca — b, €i e: а, b, Ci 
b; C3 2 | b, C4 x b; Ca 


In the way we can expand a determinant in 6 ways using elements of R,, RJ, R}, C,, C., C3. 
COFACTOR AND MINORS OF AN ELEMENT : 


Minors : 


Minors of an element is defined as the minor determinant obtained by deleting a particular row or column 
in which that element lies. e.g. in the determinant 
а: an аз | 
D-|a a» an| minorofa,, denoted as M,, = 
аз аз аз; 


ам 923! and soon 


з аз 
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Prin 
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Cofactor : 


It has no separate identity and is related to the cofactor as 
Ci; = (-1)' 2 Mi where ' i' denotes the row and ' j ' denotes the column. 
Hence the value of a determinant of order three in terms of 'Minor and 'Cofactor can be written as 


D=a,, М, — a> Mi; жа, M,, or 
=a), C, +а С, +a); C; 


Note : Determinant of order 3 will have 9 minors and each minor will be a determinant of order 2 and 
a determinant of order 4 will have 16 minors and each minor will be determinant of order 3. 


Illustration : 


а+1 a-2|. 
The value of aa? а 
(4) 242 (8) 0 (С)-3 (D) 3 
a+] a-2| 
Sol. а+2 а-1 
= (а + 1) (a— 1) - (a + 2) (a— 2) 
= (а?-1)- (а2– 4) = 3 Ans. [D] 
Illustration : 
1-со50 sin |. 
The value оў | sing 1-сох0| 5 
(А) 2 (B) ~ 1 (C) 0 (D) cos 20 
1+со50 80 
501. sin@ — 1—cosO| 
= (1 + cos) (I — cos) — (sin0) (sin0) 
= 1 —cos!8- ѕіп?0 = 0 Ans. [C] 
Illustration : 
г 21 
The уашео(|-4 3 615 
2 -7 9 
(А) 213 (В)— 231 (C) 231 (D) 39 
1 211 
Sol. |-4 3 6|- i d er ra : T Fi 7 
2 -7 9| ! 4 i 
=1(3 x9- 6 (-7)-2(-4x9-2x6) +3 [(-4) (-7)-3 х 3] 
= (27 + 42) — 2(-36— 12) + 3 (28-6) = 231 Ans. [C] 
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PROPERTIES OF DETERMINANTS : 


Р-1: 


P-3: 


Р-4: 


Р-5: 


Р-6: 


Prin 


PDF with 


The value ofa determinant remains unaltered, if the rows & columns are inter changed. e.g. if 


a b, с а а, à 
р = a> b, с |= b, р, b, = |) 
а; b; C3 с с 6: 
D & D' are transpose of each other. If О’ = ~ D then it is Skew symmetric determinant but 


D'=D>2D=0=>D=0=> Skew symmetric determinant of third order has the value zero. 


Remember: Without expanding prove that the value of the determinant 


0 b -с 
= -b 0 a =f) 
c -a 0| 


Note : The value of a skew symmetric determinant of odd order is zero. 


Ifany two rows (orcolumns) of a determinant be interchanged, the value of determinant is changed in 
signonly. e.g. 


а; b, € а; b, с; 


Ifa determinant has any two rows (or columns) identical , then its value is zero. 


а b € 
ег. LetD-|a, b, c| thenitcanbe verified that D = 0. 
a, b, с; 


If all the elements of any row (or column) be multiplied by the same number, then the determinant is 
multiplied by that number. 


а b, с, Ka, Kb, Ke, 
eg. ИО= јаз b; c;|and D'=|a, b с, Then D'- KD 
а; b; € a; b; с; 


If each element of any row (ог column) can be expressed as а sum of two terms then the determinant can 
be expressed as the sum of two determinants. e.g. 


atx b+y ce*z а b с/| |X y z 
ay b; с a; b ¢3| јар b с; 


The value of a determinant is not altered by adding to the elements of any row (or column) the same 
multiples of the corresponding elements of any other row (or column). 


a b с а, +таз b,+mb, сү+пк, 
eg. LetD=/a, b, c,|and D'=| а, b, с, |. Then D'=D. 
a, b с; аз+па b,+nb, с +пс 


Note : that while applying this property atleast опе row (ог column) must remain unchanged. 


his m rchasing novaPDF (hito://www.novapdf.com 


Prin 


P-7: Ifby putting x =a the value of a determinant vanishes then (x —a) is a factor of the determinant. 
P-8: Ina determinant the sum of the product's of the element's of any row (column) with their corresponding 
cofactor's is equal to the value of determinant. 
a b c 
Let D = a» b; сә 
а; b; с; 
Let A, B, С, be the cofactor's of the element's a, b, с, (i= 1,2,3) 
Then a,A,+b,B,+¢,C,= D 
a,A,+b,B,+¢,C,= D 
Similarly, 
In a determinant the sum of the product's of the element's of any row(column) with the cofactor's of 
corresponding element's of any other row (column) is zero. 
ie аА, +В, tc C, 7-0 or а, А, t b,B, + c,C, = 0. 
Remember: 


Factorisation in respect the following determinants are very useful and should be remembered. 


SOME IMPORTANT DETERMINANTS TO REMEMBER : 


LX х? 
(1) | у y'|*(x-y(-2z)z-x) 
| z z? 
Proof: 
1х к 
it D-|! УУ 
1 х 2 


0 х-у x-y 
EA p=|9 У-2 ү се 
1 7 2: 
0 1 x*y 
р=(х-у)(у-2) |0 | 7У*%”|=(х-у)(у-Ж(®-х) 
[= < 
"” = (х-у) (у- 2) (2-х). 
Hence proved. 
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Ix x 
0)  ! y y|-x-yXy-z)z-xY(x-y-*z) 
12 2 
Proof: 
1 x х! 
Let р=| Y Y 
1 2 2 


0 1 
y 4 2 2 
р= 0 y-z у Ew -(x-y)(y-2) : : у +yz+z 


р = (ху) (у– 2) [у2+у2+ z - X - xy - y!] 
”р = (х- у) (у– 2) [у(2- х) +22 – х2] 
= (х-У) (у- 2) (2-х) (x * y * z). 


x х? yz 
(3) y y zx =(х—-у)(у—2)(2—х)(ху + у2 + zx) 
z z ху 
Proof: 
х х? yz L c ox 
2 ‚ 2 
ї р=|У Y, “ГУ У 
5 z- uy L = & 


$ 23 ах 3 8-4 
Е. X хуй Xx. DOE 
pa |У? Hay r iair y 
xyz |: e xyz xyz |2 g | D oz 
Applying К, > R, - R, and R, > R,- R,- 
0 x? — у: xX -=y 
0 war м-р 
= di dil з |=(-у)(у-27)(ху + yz* zy) 
1 = 2 
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а be 
(4) b са =- (а +b +o -3abc)«0 if a,b, саге different and positive 
ca b 
Proof: 
a be 
b са <4 [be а?] — (b?-ac] + c(ab—c2) 
са Ь 


= 3abe - (à? + b? + с). 


illustration : 


b+c с b 

Prove that | с c*a а |=4abe 
b а a+b 
0 с b 


Sol. L.H.$.2|-2a с+а а 


-2а а a+b 


[C, 2 C, - (C, + CJ] 


| 
Ü c b 0 c b 
Ё 


1 с+а а -240 c -b [R, —R,-Rj 
1 а at ^ е а 


=-2а 


c b 
= -2а, и J [expanding along С,/ 
| 


= —(-2а) (-2bc) = 4abe = R.H.S. 


Illustration : 


b+c a+b а 

| 
c+a b+c b 
a+b c+a с 


Show that =a) + b? + сі — 3аЬс. 


Sol. We have 


b+c a+b a 
LHS.=\c+a b+c b IC, +c,+CJ 
a+b с+а c 


i a+b а 1 a+b а 
-(a-bec)| b+c Б =(а+Ь+с)0 с-а b-a Face 
1 ca c 0 c-b c-a R; > Ку-К, 
=(а+Ь+с © 5-4 ; 
c-b с-а [expending along C,] 


= (a + b + c) f[(c -aF — (c - b) (b—a)] 

= (a + b c) [(c? + à? – 2ac - (cb - ca - b? + ab)] 
= (a + b + c) fa’ + b? + с? - ab - bc са] 

= аў b) -d-3abc- В.Н.5. 
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Hlustration : 


a-b-c 2а 2а 
Show that | 25 b-c-a 2b | =(а+6Ь+ с). 
2с 2с с-а-5 
а-58-с 2а 2а 
Sok LHS =| 2b b-c-a 2b 
2c 2c c—a-b 
1 1 1 
=(а+Ь+с)2Ь Ь-с-а 2b 
I2c 2c c-a-b 


1 0 0 
-(а4-5-с)25 -5-с-а 0 


12с 0 


=(а+Ь+су 0674 Pw 


= (а + Ь+с) (а + Ь + с)? = (а ++ с)? -RHS. 


Шизїгайоп : 


а-1 ab ас 
Show that | ab 5-1 Бе |=] +а +6) + сі, 
ас bc с +1 
аба? +1 ) ab? ас? 
Sol. LHS. = = ab bb +1) 2 
а а?с bc cf с? +1 J 
b a^ +1 b? с? 
2E a b +] g: 
abc > 3 * 
a^ b* с* + 
1+а? b +с? b? c? 
= /+а? +b +с2 6+1 с? 
1+а? +b? c b) 2+ 
Prin PDE with his m rchasing novaPDF (http://www.nov. 


[R, >R, +R, + R,] 


C; >) С; -C, 


[expanding along С] 


C, ә aC, 
C; > БС, 
C, cC 


taking a,b,c common from 
С,,С,,С, respectively 


[C, 2 C, * C, * CJ 


fcom 


ЕЈ 3 3 1 b c 
z(l-a b 4c JI Б +1 c 
1 uw с" +1 
ET ia 
=(1+а?+Ь?+с?)0 1 0 paea] 
0 0 1] R,—R,-R, 
3 ? > |? > 
= {1 + а? + Ь° + с) 0 1 [expanding along С] 


= 1+а?+6?+с? = К.Н.5. 


Illustration : 
-bce Ь?+Ьс сс 


? 17 
If none of a, b, c is zero, show that А = a^ +ас -ac с +ас) = (ab + bc + cap. 
3 > 
а +аБ b tab -ab 


Sol We have 


1 -абс аЬ? +ађс ас? +аЬ К, > aR, 
A= 2 a^ b abc — abc ре“ + abc К,-»К, 
OC [cabe b'cabc — abc К; ақ; 
-bc аһ+Ьс ас+ађ 
= abc bbc —ас betab taking a, b, c, common from 
ас с-Бс Ьс+ас -ab C,. Cz, C; respectively 
1 1 1 
= (ab + be + са) 98+ -ac be+al В >В +В +8 
í actbc be+ac -ab | [R, I 2 y 
1 0 0 
= (аЬ + be + са) ab+be —(аЬ+Ьс+са) 0 
ac+be 0 —(ab+be+ca 


[C, ->C, -C, and C,  C,- CJ 


-(ab- bc ca ) 0 | 


= (ab + be + ca) 0 ~(ab+be+ca [expanding along К] 


= (ab + be + cay 
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Illustration : 


Sol. 


PDF with 


l*a 1 1 1 1 1 
Provethat | 1 145 1 | = a! vers 3! 
a b c 
1 1 Ite 
Since, the answer contains abe, therefore, taking a, b, с common from R „ К» R, respectively, we 
have 
РР, 1 1 
га а а 
4 = абс 1 E 1 1 
b b b 
1 E a 
- =- =+ 
c e od 
states 1 LE TEL NT. 
a c a b c a b c 
1 1 1 
= abe b “Чан Б [R, -R,* R, * К] 
1 1 Ei 
с c c 
FP 4d 1 
rg: oS НЧ Ч 1 
= abe 1444442) st! = 
a с 
b X LY 
=- = —+ 
p 2 24 
ru 4 
ЦЭНЭ 1 ! 1 
= абс 205 2 b С, э C,-Cgy 
! 0 Zi 
c Ё 
E b IX СА 
=abc| 1+—+-+-| |] | [expanding along C.] 
а b с) | —+1 2 
= c 
| P. 3 
= abc| 1+-+-+- 
a b c 
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Illustration : 


1 ? , ? 
—(a tb + с?) |у 
а 


1 : 
,G +Ь +0) 


ay + bx 
by —cz— ax 
bz + су 


x( a) +b? ec) 
A= — уба? «b! +c?) Бу-ст-ах 
(а? +b? +c?) 


x 


= (х? + у? + т?) (а? + Ь? + с?) (ах + by + cz). 


с2-ах-Бу 


CX cz 
bz cy [C, — aC, + bC, + cC,] 


cz—ax—by 


Cx cz 
bz+cy 


cz - ax - by 


? 3 3 ? 2 3 > 3 3 
х^ + у’ +27 bfx +y +2) elx +y +2" 


1 ? > 3 3 
mm СЕТЕЕЛ(-ЕЭ 
ax 


1 ? ? 3 3 
eoi O tb teet 
ax 


1 > > 3 3 
— fA tE tety 


1 +? , 3 3 
—(a + 0 + с?) (с + у 
ах 


1 > > 3 + 
— (а + b + с) (х + у 
ах 


ша novaPDE (h 


by-cz-ax bz + су 


bz cy cz —ax — by 
[R, —xR, + УК, * zR] 


b c 


*z)y by-cz-ax brt+ey 


bz + су cz —ax—by 


b с 
-с:-ах bz 
cy -ax -by 


[R,—R,-yR, В, >R,-=2R,] 


b c 
-С21-ах bz 
cy -ах-ФБу 


+ 2) /(С2 + ax) (ах + by) - beyz] 


+ Г)[асх + а?х? + beyz + аху – beyz] 


(а? + b! + с?) (x? + у? + гах + Бу + cz). 
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Illustration : 


Sol. 


1 


1 


If A, В, C are the angle of a triangle and | 1+5тА 1 зїп В 
sin А+5т? А зтВ+зт?В зтС+5т? С 


prove that AABC must be isosceles 


Let 
! ! ! 
A=| 1+5іп А l+ sin В 1 sinC 
sin A+ sin? А sinB+sin? В sinC sin" 


1 0 
=| J+sinA sin B — sin A 


0 
sin C — sin A 


11 


1 


1+5їп С Р 0 


+ 
- 


sin А+ зїп? A (sin B — їп A)(sin В+ 5іпА+1) (sinC —sin A)(sinC sin A1) 
[C, C,-C, C, C,- CJ 


= (sin B — sin А) (sin C — sin A) (sin C — sin B) 
Now; since А is given to be zero, therefore we have 
(sin B — sin A) (sin C — sin A) (sin C ^ sin B) = 0 


sin C — sin B = 0 


x-2 


3х-3|= Ax + B. 
2x-1 


і.е. sin B- sin А = 0 ог sin C—sin A = 0) or 
i.e. sin B = sin A or sin C 7 sin A or sin C = sin B 
i.e. В = А оғ С= А ог C-B 
In all the three cases, the triangle will be isosceles. 
Шимгайоп : 
х?+х х+1 
Without expanding the determinant at any stage show that 2x" *Jx-1 3x 
х +2х+3 2х-1 
X" -X х41 x-2 
Sol. Г.Н. = 25 +3х-1 3x 3х-3 [R, >R, +К,-К,] 
x +2х+3 2х-1 2х-1 
4 0 0 
22x42 3 3x4 | Ese d 
x *4 0 2х-1 C; 2C;-C, 
и 0 0 R, >R,- TR, 
z2 3 3x-3 42 
4 0 0| 40 0 
=2 3 3х-2 3 -3 
4 0 2х 4 0 -1 
40040 0 
=х2 3 3+2 3 -3-х44-8-8.Н.5. 
4 02 40 -1 
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Illustration : 


xtc, х+а 
If fé) = х+Ь х+с, 
x+b x+b 


Hence, deduce that f (0) = 


Sol We have 


х+с, х+а х+а 
/(х)=|х+Ь х+с, х+а 
x*b x+b х+с; 
х+с, а-с, 0 
=|x+b c-b a-c, Ёс. 
x+b 0 c-b C: >C2-C; 


1 а-с, 0 
=x} c-b a-c, 
1 


0 


х+а | 
х+а | then show that f(x) is linear in х. 
ХФ с; 


bg( a)- ag(b) 
(b-a) 


C; 4-0) 0 | 
b c-b а-су 
Ь 0 c; -b| 


+ 


су-5 


which proves that f(x) is linear. 


Let f@)=Px+O 
Then f (^a) =-aP + О 
f(-b) = -bP + Q 


and f(00-2Q0Q- (i-a) 


bf (-a)—af(-b) 


From equation (i), we have 


lc; к 0 0 
Леа) = Б-а с-а 0 \=(сү-а)(с,-а)(с;-а) 
b-a b-a су-а 
Similarly, Sb) = (c,— b) (c, – b) (c, — b) 
Since, g(x) = (c, - xc; - x)(c, – x), therefore, we can see that 


g(a) = f(-a) and g(b) = fi-b) 


Hence, from result (iv), 


f(0)- 


Prin PDE with 
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we have 


bg(a)—ag(b) 


(b—a) 


ing novaPDF (http//www.novapdf.com 


- where g(x) = (с 17 (c, - x)(c, – x). 


А aa (iv) 


Шиягапоп : 


a,—-b,+x a, -b; a, —b, 3 

a5 —b, ü5—b,4x a-b; =x ex (a;-b;)+x X (а-а; )(,-Ь,), 
а;-Ь, a; — b, a,b * x 1-1 151« )53 

a;—b,*x a-b, а,-8, 

501. A= а›-5, a>—b,+x а›-Ь; = 

a;—b, a,—b, a,—b;+x 
ay a, =, a, —b, b, a, —- b, à, - b, be a, —- b, a, -b, 
а, a,—b,+x а›-Ь; - b; a,—b,+x а»-5, Үр a,—b,+x a-b; 
аа  à4-b, a;-b;+x| b, a,-b, а,-Ь,+х 0  a,-b, а-Б+х 
= 4—4, + 4 (say | | |— | | | | 0 oaae (i) 


Now, we have 


а, -b, -b, 
A, = a; -b, +x -b, 
а -b, —b;+ 
а, —b, -5, 
=|a,-a,; X 0 
a,—a, 0 х 
7 xb,(a, — ay) + xa, + xb, (a,— aj) 
1 а, a, —b, 
A - 5,1 a,—b,+x a-b; 
1 а;-Ь, a,b, x 
1 а, a, 
=b] аужх а, 
И а; aut 
J d, а; 
-5,0 а; -а+х a> 
0 а-ар а,-а,+: 
zb ü5—,*X 4,-4, 
d а-а, az-a; +. 
| 
Ор, @2-а;+х -х 
| а;-а х 


-byx(a,-a,txta,-aj 


= x*b, + xb, (a, + a, * x — 2ay 
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[expanding along СУ] 


C; — C,+b,C, 
C; >С; *b,C, 


R; > К; – К, 


[expanding along C,] 


[C,  C,-CJ 
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14 


and A, = x[(a,- b, * x) (a, b, + x) - (a, - b) (a,— by] [expanding along С] 
= хх? + x(a, — b, + a,— bj + (a, —by(a, — by – (a, — b(a,- by] 
7 + x!(a,- b, + a, - by + х(а,— ay(b, — bj) 


Putting the values of А, A, A, in equation (i), we have 


A = [xb, (a, —aj) + xa, + xb, (a, ay] — [x b, + xb, (a, + a, — 2ay] 
te) +? (a,- b, + a,— by + x(a,- ay (b,— by] 
= x[(a, — ay (b, — b) + (a, — ay (b, — b) + (a,—ay (b,— by] 
* x! (a, - bj) + (a, - b) + (a, - by] +x? 


3 
=x tx Y (a,—b; )+x Y (a;-aj)(b; - b;) 
i=l 


Isis js3 


Illustration : 


> 


P-a? x!-b x-c 
If a, b, c are distinct, solve the equation (x-a Я (x-b) (х-с/|-0. 
x*ajf (x*b) (xc) 


x-a! х-Ы хс? 

Sol. A= (х-ал (x-by ( x -c f [R, >R, -RJ 
(xta) (x4byf ( x c f 
х?-а? х?-Ь? хс? 


? » 3 
22x +3ха? хоФ3х57 3x 


э ; > taking 2 common from R, and applying К, ЭК, + R 
Зхѓа+а? ЗхЬ+Ь Зх?е+сў [ " fi d PP Ing "z 2+8) 


2x x^ + ја? +362 хі 43? 
= 25| х а х х C : 
А А А taking х common from R 
3х?а+аЎ 3х75-5 3х?с+с°* І s Л a 
Р. 4 2 2 , > 
x —-a a -b a -c 
> ? > ? ? ? 
=2х x +3а* 3(h- —a ) 3(c^ —a ) 


> э > C,C,-C,C ~C,-C 
Зх?а+а* 3x'(a-b)«b! -a? 3x (c-a)* c) -a К: E Энэ P 


L-a? -(а-5) -(а+с) 
= 2х(Ь-а)(с-а) х? +3а? 3(b+a) 3(а+с) 
Зх?а+а? Зх? b +а? ba Зх? +с? +a? зас 


ха? -(a-b) -(a-c) 
-2x(b-a)íc-a) 4х 0 0 
2 2 › ? > > > 5 9 БЭ 
Зха+а? Зх? b +а? tba 3х7-с"-а!-ас [R; PEN; ЗК] 
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сайн... = a+b ate | 
Зако уе с еа 3х7 +c +a” жас 


[expanding along RJ 


a+b c-b 
= 8х3 (b- -а)(с- а) з +h? xa ba c! - b! *ca- ab 


fc, C,- CJ 


pP. Ж E a+b 1 
-8x'(b—a)(c—b)(c DS A зан мэ 


= 8х# (b — a) (c — a)(c — b) [(a + b) (а + b + c) – Зх – b? – а? — ba] 
= 8° (b — a) (с-а) (c — b) [(ab + bc + ca) - 3x] 

Now, since, A is given to be zero, therefore, we have 

&x? (b — a) (с-а) (c — b) [(ab + bc + ca) - 3] = 0 


(5 (аЬ+Ьс+са) [- a, b, c are distinct, ~. (b-—ajfe—aj(c—b) 20] 


gives х= 0, + 


Illustration : 


(14 xf (14x) (Тах) 
Find the coefficient of x in the determinant ( 1- x y^ (pex)  (1+х = 0 
(La xy (lex (pa x) 


A (97 


Sol. If fix) bea polynomial in x, then coefficient of x" in fix) = 


( from differential dts ) 
Let the given determinant be denoted by f (x), then 
а (1+ x Prt (рах) (puyyrh| epa xh ajby( 1 xj (qux oh 


ab(I* x7 (Le xf? хр e( 19x)?" ajb,(1exy (хр 
ab(19x) 7 (12x)? (pax) ^| (Тех) ах) (14 x ih 


f'(x)-7 


(Ie xf (pex — ap, 1e xm 
(ex (Hgx-x)" ab 1x) 
(Ix (ex? aj, Ie x) 


Thus, we have 


а, 1 1 ajb, Н 1 1 ab; 
/'(0)=аЬ, 1 144 ab, 1+1 1 аж, =0 
a,b, 1 1 аЬ, l| ll 1 а}; 
Hence, we have 
f'(0) 


coeff. of x in f(x) = T = 0 
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Practice Problem 


Q.1 ИХ, у, zare postive and none of them is 1, then the value of the following determinant is 


1 log. у log, | 
log, x 1 log, : is 


log, x log,y 1 


(A)1 (B)0 (C)2 (D)-2 
1 : n „А n 
Q2 JIfA4-|2k nm *n*l пп | and УА, 56, then n is equal to 
2-1 n^ n^-n-«l к=] 
(А)4 (В)6 (С)8 (D)7 
а? be ас+с- 
Q3 If *ab Б? ас | = та"Ь"с" then 
ab b^ bc e 
(A)m+n=6 (B)m+n=4 (C)m—n=0 (D)m-n=2 
x+y ж cx 


5x+4y 4x 2х =х" 


4 If 
Q 10x+8y 8х 3x 


(where n є №), find the value of n. 


> 
x^ № 1+x° 


05 Ifx#y#zand |y y lty -0 then, find the value of xyz. 
7 z 1+2) 


Answer key 


Q1 B G2. р Q.3 A.D Q4 3 0.5 -1 
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MULTIPLICATION OF TWO DETERMINANTS : 


1, 


Row Бу Row multiplication : 


(17 row of A,) x (j^ row A,) 
aa, *bf,-*cy, aya, + 0,8 +суз 


АА; = а; tb), coy, аа, + bB +072 
aza + Б.В, +суи аза, t bio сүү 


Row by column Multiplication : 


(i^ row of A,) x (j^ column A,) 
ас +Ба>+са; а +В; eei, 


АА, =|а›®,+Ь,@,›+с›а; af, +bB, cops 
a,a,+b,a,+c,a, ai, bi; cif, 


Column by Row Multiplication : 


(i^ column of A,) х (j^? row of A.) 
ау +а,В, +азу аса; +а,В, +4372 


АА = Ба. +b: +6;у Ба, +6,8, +6;у; 
cQ, copi +C) са +08, + cy, 


Column by column Multiplication : 


(i^ column of A,) x (j^ column of A,) 
ао аху +аз“; AB a»; +а;р; 


Að, = Ба + 60, + уаз 06, +08, +66; 
со +659, +C CPi t cops cip; 


But we prefer row by column multiplication. 


To express a determinants as a product of two determinants : 


aa; + bip, + су; 
аза; + Б.В; +c73 
azt; + bis + сү; 


ayy) + у +сүүз 
азу + үз +6273 
азу +657> + Сүүл 


aQ, +а-В; +а;у; 
Ба; * bp; + biy; 
саз + CoP; +сзүз 


агу T4272 + 4373 
Бу + boy; +657; 


сіу + 6272 + 6373 


17 


To express а determinant as product of two determinants one requires a lot of practice and this can be 
done only by inspection and trial. It can be understood by the following examples. 
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Illustration : 


2bc- a? c? b? 
LetA=| €, 2ca-b а |, then А сап be expressed as 
b а 2ab-c* 
a b cf c b af a b cf 
(A) b c a (B) a b c (C) c ba (D) None 
c a b 
с-а? с? : b? сас в Б 
Sol. A= с" 2ca—b* a’ -C a b са 
b? a? 2ab- c? a b c -а -b -c 
b сад c a c a bl | ca 
са са b е | Ь 
= ( ~ byproperties|b c a|- (€ а 90) 
аЬ са Ье -a -b -d 4 b c 
a b cf 
-Ib са 
c a b 


SYSTEM OF LINEAR EQUATIONS : 
Definition-1 : 


А system of linear equations in n unknowns Х|, ху, X, , 


БЕА х is of the form: 
а, 1х, d45X2 + ...... tay Xn =b, 
4э1Х| +а››х› + ...... 54:577,77 =b, 
————L ‘метет (A) 
ах, +а,2х› +...... +a,,X, =b, 
Itb. ee , b, are all zero, the system is called homogeneous and non-homogencous Га! least one 


b, is non-zero. 
Definition-2 : 


The solution set ofthe system (A) is an n tupe (a, cc, ...... .&,) of real numbers (or complex numbers 
if the coefficients are complex) which satisfy each of the equations of the system. 


Definition-3 : 


A system of equations is called consistent if it has at least one solution; inconsistent if it does not have 
any solution; determinate if it has a unique solution; indeterminate if it has more than one solution. 
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(А) Non-homogeneous Equations т two unknowns : 


Consider the system of equations 


ax t by zc, : 
ax +b y =c} -49 
We consider the following cases. 


(1) ap b, с, (i= I, 2) are all zero : 
Then any pair of numbers (x, y) is a solution of the system (i) since in this case equation reduces to an 
identity. 


So, in this case equations are always consistent and indeterminate. 


(2) a; b, (i= 1, 2) are all zero, but at least one c, and c, is non-zero. Then the system has solution i.e. the 
equation are inconsistent. 


(3) Alleast one of a,b, (i — 1, 2) is non-zero 
Suppose b, + 0. Then system (1), is equivalent to the system. 


ax by =c 
LET с) - 
—=x+y=—> .. (il) 
hs by 


i.e., if the pair (x, Yọ) is a solution of system (i) then it is also a solution of system (ii), and vice-versa. 
Multiplying the second equation of system (ii) by b, and subtracting from first, we get 


а, €; 
[21-220 к-а .. (iii) 


C> oe (iv). 


(а) Ifa - b, #0 ie, if a,b,—a,b, =0. 


then we find from the first equation of system (iv) that 


_ &b2 - €sb, 
a,b, —a,b, -449) 
Substituting this value of x into the second equation of system (iv), we obtain 
_ ас, — aC, 
a,b, —a,b, 
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For convenience, we write 
m b [f bi 2 © ; 
А= а, b. ‚ = C; b; А д, = › Р ..44У) 
[Мое that А, and А, аге obtained by replacing the first and second columns in A by the column of c, 
and c, respectively]. 


Then (v) and (vi) can be written as 
x= — y= -5 .. (vii) 


This is known as Cramer’s rule. If a,b, —a,b, = 0 then the system (iv) or system (i) has the unique 
solution given by (vii). Hence in this case, the equations are consistent and determinate. 


(b) Now let A=a,b, —a,b, = 0. 
Then the system (iv) has the form 


0.x = cb, - cb, 


45 C- З 
-2х+у=-2 „(ix 
b и b, = 


Obviously this system has no solution if 

thus in this case, the equations are inconsistent. 

But if A, = 0, then any pair of numbers (x, y), 
C2 


а, 
where y= b. m NK x, X € К, isa solution of system (9). 


So in this case, the equations are consistent and indeterminate. 
We summarize the whole discussion given in (A) as follows : 


(i) If A #0, then the system is consistent and determinant and its solution is given by 
A, Ay : ; : 
х= PE y- "3 (i.c., unique solution) 


(ii) If A=0, but at least one of the numbers A,, А, is non-zero, then the system is inconsistent 
i.e., ithas no solution. 

(iii) If A —0, and A, = A, = 0 but at least one of the numbers a,, b}, a,, b, is non-zero, then the 
system has infinite number of solutions and hence it is consistent and indeterminante. 

(iv) Іа; 7 b; 7c, 7 0 (i= 1, 2), then then system has infinite number of solutions and so it is 
consistent and indeterminate. 
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(В) Homogenous linear equations т two unknowns : 


(С) 


(1) 


(2) 


(3) 


Consider the system of equations 


ах +Бу=0 
a,x+b,y=0 


Thesystem alwayshasthe solution x = 0, y = 0. If follows from the discussion in part (A) that if A+0, 
then the system (10) has the unique solution x = 0, у= 0. 


And if А = 0, and at least one of a,, a, b}, b, is non-zero then system (1) reduced to the single 
equation so that any pair of numbers (x, y) is a solution. 
Thys system (10) is always consistent. 


Non-homogeneous linear equations in three unknowns : 


Consider the system of equations 
ах + ъу+ Ciz = d, 
ах + Буу» Cz = d; 
a;X+b,y+e,z=d, 


Let us introduce the following notations 


a b с d b, c 
A-|8: 6 ©›| д =|4> b; с, 
а, b, с; ~ |4, b, с; 
a 4, © а b, d, 
D,- аз 4, c; ,D,- а, b, d, 
a; 9; с; аз b, d, 


Without going into detials, we give the following rule for testing the consistency of the system (1). 


Let a, =, = c, 7d, - 0,1= 1,2,3 
In this case any triplet (x, у, z) is a solution of the system. 
Hence equations are consistent and indeterminate. 


If a, — b; 7 c, 7 0,i— 1,2, 3andat least one 4, (i = 1, 2, 3) is non-zero, then the system has no solution, 
1.е., the equations in this case are inconsistent. 


Let А #0. In this case the system (1) has the unique solution 


А, OA, _ А, 
х = А ›у= Ac? д (2) 


This is known as Crammer's rule. So equations in this case are consistent and determinate. 
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(4) 
(5) 


(b) 


(1) 


Q) 


(i) 

(i) 
(ш) 
(iv) 
(v) 


IfA=0, А, #0(or А+ 0 or A, +0), then the system has no solution so the equations are inconsistent. 


If A24, =А,=А, -Oandat least one of the cofactors of A is non-zero, then the system will have an 
infinite number of solutions. In this case, any one of the variables can be given arbitrary value and other 
variables can be expressed in terms of that variable. 


In such cases, the three equations reduce to two equations 


If all the cofactors A, А, А, A, are zero but elements of A are not all zero, then in this case the system 
will reduced to single equation and any two variables can be given arbitrary values. So equations are 
consistent and indeterminate. 


Homogeneous linear equations : 


If in (1), we take d; — 0 (i= 1, 2, 3) then the system is called the homogenous system of equations. 
For such à system if A # 0, then it has the unique solutionx ^0, y -0,z-— 0. (Trivial) 
So such system of equations is always consistent. 


Three equations in two unknowns : 


Consider the equations 


ax + ус, 
ах+Ьуу=с,, 000022 (3) 
а;х + biy =C> 


The system (3) will be consistent if the solutions set of any satisfies the third equations, i.e., if 


= 0. 


Note : The factors of the following two determinants be remembered. 


|I o» j la а? 

5 2215 0 а-в) (с-а) 
гял Га а? 

к e 3 = : e = (a - b) (b- c) (с-а) (a +b *c). 


Gist of discussion in simple language : 


Consistent : Solution exists whether unique infinite number of solutions. 
Inconsistent : Solution does not exist. 

Homogeneous Equations : constant terms zero. 

Trivial solution : All variables zero i.e., x = 0, y= 0, 2 — 0. 

Non-trivial solution : Infinite number of solutions. 
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Illustration : 


(3) 


(4) 


(i) 
(ii) 
(iii) 


ax+by=c, 
a,x +b,y=c, 
A ар О, X SER. in с b 
= аз b, |, ; OF x |c b; ы 
1 © 
A, or А, = яс с» 


Case-I : Intersecting lines 
2х + Зу = 10 andx+y=4 


Case 11: 2x + Зу = 10 
4x + бу = 20 


2: 3 
Here A= 4 6 = 0, 


10 2 
but Дон 20 4 -0,А,-0 


As a matter of fact on division by 2 the second equation reduces to first. Thus we have got only one line 
2x + 3y = 10 оп which lie infinite number of points. Thus there are infinite number of solutions and the 


system is consistent. (к шэн are infinite number of solutions by giving different values to К. 


2x+3y=10 2x+3y=10 
Casell  4x+16y=15 % 2x+3y=15/2 


1.е. parallel lines which we know do not intersect and hence no solution. 
i.e. inconsistent. Here А = 0 but A, #0, A, #0 


*Summary : 
A #0 Unique (Intersecting lines) Consistent 
A=0,A, 70, A, =0 (Identical lines) Consistent, Infinite solution. 
A =0, A, # 0 (Parallel lines) 
Inconsistent. No solution. 
Homogencous : a,x + Буу = 0 
a,x +b,y=0 
A * 0, Unique x = 0, y = 0, Trivial. 
A=0, Identical line through origin, Non-trivial solution. 
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(5) Concurrent lines : Two variable, three equations : 


axtby-c,axtby-c,ax-tby-c 
The point of intersection of any two lines should satisfy the third. 


a b, c 
A=|42 b 62|-0 
аз b, с; 
is the required condition. 


Illustration : 


For what value of 2 the equations 
2х + 3y = 8, 7x - 5y + 3 = Oand 4x бу - 42-0 
are consistent ? Also find the solution of the system of equations for the values of À. 


Sol Here the equations are linear. We have 3 equations in 2 unknowns. 


2 3 -8 
they are consistent if 7 -5 31-0 
4 -6 À 


or 2(-5A + 18) - 3(7у — 12) - 8(-42 + 20) = 0 
or -10А + 36-214 + 36 + 176-0 
ог —310+248=0; .. A28 
«$ for А = 8 the system has a solution which can be obtained by solving any two of the three 
equations. 
Solving 2x + 3у-&= 0 

7х — Sy + 3 = 0 by Cramer's rule, 


y Бр 1 


3 -8 2 - 

-5 | 3 
д... и 

9-40 6-56 -10-21 


zy 4 
or x —— х-1,у-2 


м 


or 


Illustration : 


For what values of p and q the system of equations 
2x + py + 62-8 


х+2у+ д: = 
х+у+ 32 = 
has — (i) unique solution (ii) no solution (iii) infinite number of solutions? 


Sol.  Herethe system of linear equations in x, y, z are 
2x + py + 62-8 = 0 
x*2ytqz-5-0 
x*tyt3z-4-0 
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2 p-2 0| 
1 4-3, € -—40C—-C.C.-C,-1xC 
1 0 0 | 2 2 12-73 3 1 


- 0 
1 = = (р-2) 4-3) 


[fp #2,q #3 then D#0 
and so the system will have unique solution, i.e., the system will be independent/solvable/consistent. 
р =2 оға =3 then A= 0. 


and so the system cannot have unique solution. 


When р=2, 
рб -8 |2 6 -8 1 3 -4 

4,-1 4 -3-22 4 -5=22 1 -5 =0(~ К, =R} 
13 — | 3 -4 1 3 -4 
2 6 -8 1 3 -4 

4,= |1 а -3-21 а –5|=0(- В, =R} 

рз -4 1 3 -4 
2p-8 22- 1 1 -4 

4-1 2-532 2 -5-22J 2 -5|-0(-—R, wR, 
1 1-4 1 I -4 Mg 1| -4 


.. whenp-72,A70A4,7A,- A. 
-~ the system of equaitons will have infinite number of solutions (the system of equations will be 


dependent) for p — 2 and any real value of q. 


|р 6 -8 |р 6 -8 |р-2 0 0 
When q = 3, Д = |2 4 -5-|2 3 -3-2|)2 3 -5,R, —R,-2R, 
13-4 1 3-4 1 3 -4 

= (p—2)3 


лр #2, Ax #0 and so the system of equaitons will have no solutions, i.e., the system is solvable/ 
inconsistent when 4 = 3 but p #2. 

Thus we find that the system of equations will have 

(i) unique solution if p * 2 and д #3 

(ii) no solution if p # 2 апад =3 

(iii) ^ infinite number of solutions if p = 2. 
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Practice Problem 


Q.1 If Ecos? a, = Ecos? B, = Ecos? у, = 1; 
Ecos a, cos В, = Ecos В, cos y, = Ecos y, cos a, = 0 
cOSQ, COSA, созо; 
Then the value of |cosB, cosB, cosp, 
COSY, COSY, COSY; 
(A) 1 (B)-1 (C) 0 (D) None 
& о cel [x y 2 
Q.2 Ifu=ax+by+cz,v=ay+bz+cx, w=az+bx+cy,thenthevalueof |b c аху z х 
са bi iz x y 
(A) и? +v? + w?-2uvw (В) и? + у? + уу? —3uvw 
(С)0 (D) None of these 
0.3 Шах? + 2hxy + Бу? + 2gx + 2fy +c =(k + my + n) (Px + m'y +n’) 
1 r 0 r 0 
and =” m 0) знал. = m O| then the product A, A, is 
n n 0 В 7 0 " 
ah g па 
75) на ux. Ге - | (D) None 
g f c b ch 
(а-х) (b-x) (c-xy 
0.4  Thedeterminant А = (a-y) (8-3) S97. can be expressed as 
x-z} (6-7) (c-z) 
1 ж удаа! 1 | х У| Та a? 
A X ? | > 
(ay2|! 5 ын ae (B4|! z y [jl b b 
Lx yle 1 1x? х||1 с е 
Ix ха а? 
(С) 2 гуу l b U (D) None ofthese 
lzz | uox 
Q.5 Find the values ofc for which the following system of equations in x, y is consistent 
2x + 3y =3 
(с + 2)х + (с+4у=с+6 
(с + 2Yx + (с + Ay = (с + б)? 
(A)0 (В)-4 (С) 10 (D)-10 
Answer key 
0.1 A Q2 B Q3 A Q4 С 0.5 AD 
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MATRICES 


Introduction : 


Elementary matrix already has now becomes as integral part of the mathematical background necessary 
in field of electrical / computer engineering / chemistry. 


A matrix is any rectangular array of numbers written within braekets. A matrix is usually represented by 
a capital letter and classified by its dimensions. The dimension of the matrices are the number of rows 
and columns. 

А mxn matrix is usually written as 


ayy а. ...... ajn 
А аз аз ...... aay 
ам аш ere amn 


(where a, represents any number which lies 17 row (from top) & j^ column form left) 


(i) The matrix is not a number. It has got no numerical value. 
diii Aim 

(ii) The determinant of matrix A „„ 7 lA mem = | элээ 
 — Ü й 


Abbreviated as : 

А =[а,,] 1<і< т; 1 < j < n, i denotes the row andj denotes the column is called a matrix of order 
т n. The elements ofa matrix may be real or complex numbers. Ifall the elements ofa matrix are real, the 
matrix is called real matrix. 


SPECIAL TYPE OF MATRICES : 
(А) Row Matrix : 

А = [a,,2,,, ..... а|„] having one row . (1 х n) matrix. (or row vectors) 
(B) Column Matrix 


ay 
ay, Я : 
А = |. having one column. (m х 1) matrix (or column vectors) 


ami 
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(С) Zero ог Null Matrix : 


(A= Ossa) 

An m x n matrix all whose entries are zero. 
0 0 00 0 

A=10 0| isa3 x2 nullmatrix & В = |0 0 Olis 3 x 3 null matrix 
оо 000 


(2) Horizontal Matrix : 


A matrix of order m х n is a horizontal matrix if n > m. 
Е 2 3.4 
251 1 


(E)  Verical Matrix : 


А тайх of order m x п is a vertical matrix if m > n. 


Nw — м 
ь ne tA 


Note: Every row matrix is also a Horizontal but not the converse. 
Пу every column matrix is also a vertical matrix but not the converse. 


(F) Square Matrix : (Order n) 


Ifnumber of rows = number of columns => a square matrix. A real square matrix all whose elements 
are positive is called a positive matrices. Such matrices have application in mechanics and economics, 


Note : 
(i) па square matrix the pair of elements а, & a, are called Conjugate Elements. 
А . | аи 8n . 
eg. inthe matrix ‚а, and a,, are conjugate elements. 
21 22 
(ii) The elements ajj, 455, а, ;, ...... а„ are called Diagonal Elements . The line along which the 


diagonal elements lie is called " Principal or Leading" diagonal. 
The quantity E a; = trace ofthe matrix written as, (t. )A=t (A) 
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Square Matrix 


Triangular Matrix Diagonal Matrix 
| atleast one, a; ; 20 and a (70115) 
Upper triangular Lower triangular d 99 
matrix matrix 0 d, 0 
ifa; ; 70 Vi>j ifaj; 70 Vi<j 0 : d, 
X X х x 0 0 abbreviated as dia (4,, d., d, .....,) 
= |0 : = 0 | | 
" " 5 ш кф» Scalar matrix Unit matrix 
0 0 x ххх if dj=d,=d,.....=a + 0 if d;-d;-d,.....-1 
a 0 0 10 0 
0a 0 0 1 0/=, 
0 0 a 0 0 1 
Note: 
(1) Minimum number of zeros in an upper or lower triangular matrix of order n 
n(n-1) 


=] E +(n-1)= 2 


(ii) Minimum number of cyphers in a diagonal/scalar/unit matrix of order n= п(п— 1) 
and maximum number of cyphers = п? – 1. 


"It is to be noted that with every square matrix there is a corresponding determinant formed by the 
elements of A in the same order." If |A| = 0 then A is called a singular matrix and if |A] +0 then a is 
called a non singular matrix. 


Note: IfA= [o о] then det. А = 0 but not conversely. 


ALGEBRA OF MATRICES : 


ADDITION : 


А+В= [а,;+ bi; ] where A & B are of the same type . (same order) 
If A and B are square matrices of the same type then, t, (A+ B) 2 t, (A) +1, (B) 


(a) Addition of matrices is commutative : 


ie. А +В = В + А where Aand B must have the same order 


(b) Addition of matrices is associative : 


(A+B)+C = A+(B+C) Provided A, В & C have the same order. 


Print to PDF without this message by purchasing novaPDF (http:/Awww.novapdf.com/) 


30 


(с) Additive inverse : 


If А+В=О=В+А [A=mxn] 
and both A and B have the same order then A and B are said to be the to be the additive inverse of each 
other where О is the null matrix of the same order as that of A and В. 'O' is the additive identity element. 


If A+B=A+C >B=C 


ad 1В-А-СаА-эВ- a cancellation laws hold good. 


MULTIPLICATION OF A MATRIX BY A SCALAR : 
abc ka kb kc 
-15 =- | КЬ kc kal. а 
If Ч : 1 КА = | "s kp | 16. KA +В) = КА +КВ 


Note: 
(i) If A isa square matrix then t, (КА) = k[t, (A)] 


@ A= E *| eee ce E | + Ї *| + Ё *| = E 2 =3A 


Illustration : 
Solve the equation, [x 2y 3z] - 2[y z ~x] + 3[- x y] = [-12, 1, 17] 
on adding 3 matrices of LHS 
Їх-2у-32 2у-2:43х 32+2х+3у] = [- 12 1 17] 


Sol.  Solvingwegetx = 1, у= 2,2 = 3 


MULTIPLICATION OF MATRICES : 


(ROW BY COLUMN) 
AB exists if, A=mxn & B=nxp 
2x3 3x3 
А Bis matrix of 2 x3 


Note that, AB exists, but BA does not = AB # BA 
(number of columns in the pre multiplier = number of rows in post multiplier) 
A = pre factor 


Note: Inthe product АВ, f = post factor 


b, 
b; 
"заар 77. РИНЕ a.) & m ЁС 
b, 
I1 хп nxl 
AB = [a b, + a,b, +...... a b.] 


If A = [a |] bean m x n matrix & B -[b;;] beann x p matrix, 


ir Dj is a matrix of order m х p. 


then (АВ), = У, а 
1 


f= 
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PROPERTIES OF MATRIX MULTIPLICATION : 


Matrix multiplication is not commutative 
i.e. АВ # BA (in general) 


| I] 1 0 1 0 1 1 
c.g. A=lo of} В=|о (|; АВ= |0 0 апі ВА-10 0 


In fact if AB is defined it is possible that АВ is not defined or may have different order 


A B 
(1) 3x2 2x3 then AB is of order 3 х 3 and BA is of order 2 х 2 
(2) 2x2 2x3 


Note : 
(1) If AB = 0 => that one of the matrices is zero however if any one of either А or B is null matrix then 
АВ = 0 provided the product exist. 


в ai ei 8 


А and B are two square matrix of the same order such that AB =0 


E ] Ё a] - lo 1 and det. A + 0 then В must be a null matrix. 
> 
Verification: еї. Ё Я : det. [2 Ч -0 
at least one of | А | ог | B | must be if det. (A) = 0 => det. Ё ЯЁ 


a+2b=0 
b=0/ b+2d=0 
d=0 За+4с= 0 
3b+4d =0 


-54:10-56:40 


(її) КАВ=АС > B=C butif В = С > АВ=АС 


(iii) ^ Incase АВ = BA is restrict of matrices A and В the two matrices are said to commute each other one if 
АВ=- BA then they are said to anticommute each other. 


eg. (i) A= E 4 and В = Ї (| [АВ=ВА] 


Note that multiplication of diagonal matrices of the same order will be commutative. 


(iv) For every square matrix A, there exist an identity matrix of the same order such that 
IA=AI=A where 115 the unit matrix of the same order. 


(v) КА = 0 then det. А = 0, however if det. A=0 > A=0 
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MATRIX MULTIPLICATION IS ASSOCIATIVE : 
If A, B & С are conformable for the product AB & BC, then 
(A.B).C = A. (B.C) 
А = [a;;] is mxn ; В =[b;;] is nxp ;С = [c;;] is pxq 
Note :(A: B): C 8 А · (В: С) have the same order => comparable. 


[ (4 B).C], - у (АВ),, C; 


r-1 


1! 
Me 
— 
ГУ?» 

ы 
; 
T 
scam 
9 
~ 
11 


рУ x (a;, b, ) T 


‚с, j (associativity in R) 


i 

M- 
! Ms 

25 

и 

— 

„= 

-~ 


|! 
E 
и 
су 
и 
= 
© 
Мағ 
E 
л 
— 
2 
Ф 
= 


[А.В Ol; 
[(A.B).C]; =[A.B.Q], = (AB)C - A.(BC) 


DISTRIBUTIVITY : 


А (В+С) =АВ+АС 
(А+В)С = АС + ВС 


А=тхп ; В=пхр; с =пхр 


| Provided A, В & С are conformable for respective products 


[А.(В+С)], = 2, а, (B+C),;= 2 a, (b; * c) 


n n 
= 2. air b,j + 2; aj; T 


г=] г =.) 


= (АВ), + (AC); = (АВ + АС), 
POSITIVE INTEGRAL POWERS OF A SQUARE MATRIX : 
Fora square matrix A, А? А = (АА)А =A(AA) = A}. 
Note that fora unit matrix I of any order, I? = I for all m Е М. 


It can be easily seen that АЛ, A^ — Ат" and (Ат)? = Am, 
In particular we define, A? = 1, n being the order of A. 


Print to PDF without this message by purchasing novaPDF (http:/Awww.novapdf.com/) 


33 
MATRIX POLYNOMIAL : 


If fix)m aaa ti ea etti... * ax? then we define a matrix polynomial 
f(A) - aA" + aA"! +а,А”? +... tall, 


where A is the given square matrix. If f (A) is the null matrix then A is called the zero or root of the matrix 
polynomial f (x). 


Note that (А)? is not defined if A is a null matrix. 
DEFINITIONS : 
(A) Idempotent Matrix : 


A square matrix is idempotent provide A? — A. For an idempotent matrix 
A, А"=А у п>2,пє М => A"-A, n22. 


2 -2 — 
For example if A = E 3 4 | then A? = A i.e. A is idempotent. 
1 -121-3 


(B) Nilpotent Matrix: 


A square matrix is said to be nilpotent matrix of index p, (p є №), КАР=О,АР1 + От.е. ifp isthe 
least positive integer for which A? = O, then A is said to be nilpotent of index p. 

: 41 3 
eg. (i) A= 5 Е 5 Note that A? = 0 but A? + 0 — index of nilpotency = 3 


> 


(ii) A= | sb. я is a nilpotent matrix of index 2. 


(ii) А= | = F Ed nil potent 
(C) Periodic Matrix : 
A square matrix which satisfies the relation AF*! = А, for some positive integer К then A is periodic with 


period К i.e. if К is the least positive integer for which AK'! =A then A is said to be periodic with period 
K.If = | thenA iscalled idempotent. 


2 -3 -5 
e.g. the matrix Ё 3 i| has the period 1. 


Note: (1) Period ofa square null matrix is not defined. 
(2) Period ofan idempotent matrix is 1. 
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(D) Involutary Matrix : 


If A? =1, the matrix is said to be an involutary matrix. An involutary matrix is its own inverse. 


опр 1] [10 
es 0 ^7|1 о] [1 ој о 1|; 


Illustration : 
Prove that a square matrix A is involutary if and only if (1 — A) (I + A) = О. 
Sol L.H.S. = (1-А) (1+ A) =F + IA-Al-A? =Р- A? 


above is null matrix if A = I. 


Practice Problem 


0 1 -1 
0.1 Ifmatrix А=|4 -3 4 | =B+C, where В is symmetric matrix and С is skew-symmetric matrix. 
3 -3 4 
Then find matrix B and С. 
2 -2 -4 
0.2 Showthatthe matrix А=|-1 3 4 | isidempotent. 
1 -2 -3 


Q.3 If ke Rp then det {adj (КІ), } is equal to 
(A) Кт (В) Re (С) к" (D)k 


n 
are n skew symmetric matrices of same order, then B= УЗ (2r - D(A,, - np 
r-l 


Ud HAGA. 


2n-1 


will be 
(A) symmetric (B) skew-symmetric 
(C) neither symmetric nor skew-symmetric (D) data not adequate 


Answer key 


fo -3 -4 
43 0 7 

1 3 B 4 B 

01 24-7 0 ч i 
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The matrix А = [ 1 | be a zero divisor of the polynomial f(x) = x^ — 4x — 5. Find the trace 


z 2 Я 
of matrix АЗ. 


Sol. A? =A- А? = A(4A + 5I) = 44? + 5A 
= 4(4A + 51) + 5A. 
= 21A + 201 
21 42 42 
-142 21 21 
42 42 21 


Trace АЗ = 123. Ans. 


Illustration : 


0 0 
Define a = | 3 d find a vertical vector V such that (А+ A5 + A* + А? +1) V= | 1 Al 


10| |9 
Sol. =з: @ї+27+9+з+1)|[( d И 


Illustration : 


- [5]. 


Ё 4 
IfA = | | and det (A" — 1) = 1-2" n є N then the value of А is 


. [2 21 ., Не № 
Sol. als 9 T dt у > 3 =z 


det (А" — 1) = (2"-!- 1)2-(2"-1]? 
=1-2 >) = 2. Ans. 


Illustration : 


E HIE 2114 
The product of n matrices 0 illo rile 


п(п+1) 
501. ! 2 = [ ү: 
0 1 


+1 
MAL == 374 


n-—27 Anc 
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2? <A m 287! н = 


п Г 378 
"| is equal to matrix Ї 1 | Findn 
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Illustration : 


If А? = B? and А? В = А?В then prove that at least one of let (А? + B?) or det (A — B) must be zero. 


Sol. А? – А?В = В? — BA 
А?(А – B) = В? (В- А) 
(A? + В?) (А– В) = 0 


Let (А? + B?)-(A-B)) =0 


(der (А? + B? ) (det А-В )). Ans. 


Illustration : 


| 2 4 3 4 3 -4 
Let the matrices А- |: 1|1:-8512 31-С“1 2 3 


АВС А(ВС)? A( BC ? 
then find tr + tr | 5 | +tr 2 ttr g je 20, 


(3) =") 
Sol tr(A)+tr 2 + tr 22 4 


1 1 
=frA Genes “3444 ОО )- trA = 2tr(A) = 2(2 + 1) = 6. 


Illustration : 


4-5 
а+с-Ь` 


b 
If the matrices A = Ї A and B = Ё н) comments find 


Sol. АВ = ВА 


a+3b 2a+4b а+2с b+2d 
с-34 2c+4d| |3a+4c 3b+4d 


За+4с=с+3а 
З(а + c) = 3d 
а+2с=а+3Ь 


2c 
b= E* Ans. 
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Illustration : 


1 
If A is involutary prove that 2 1+А) апа А is idempotent. 


A? =1,A=—— ; A = ТИ = 


I-A Р +А2+ЛА 1 4-1 
oN PAOD, as 2 
2 4 z ) 2" Ans. 


Illustration : 


Sol. 


If а and В are roots of the equation 


IT 11 
0 — 010 — 2 
| -1 “—5x +20 
1 25 4 2| |x х -140 
d | 11 ol BI pen 
2 2 
then find the value of (1 — a) (1 — В). 
IT iT 
2| [1 - | * 21| [2-5х+20] — 40 
2 : : = 
if 23] T. E d T. +2 Fer 
2 2 
1 
0 = 
Г = 
Let A = | and B - |; yt 
2 
Here, AB = ВА =1 
АЗВША =] 
1 0|l|x'-5x«2 x!-5x420 
[І 25] E Ї ке ЕСЕТ 2 | aie | - ro 


a 
x? — 5х + 20 + 25x + 50 = 40 > 2+2 + 30-0 
В 


(1-0) (1-В) = 1—(a* В) + ав = 1—(— 20) + 30 + 51. Ans. 
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Q.1 


Q.2 


0.3 


0.4 


0.5 


0.6 


0.1 
0.5 


0.6 


Practice Problem 


Given the matrices A of order тх n, B of order n х p and C of order r 4. Under what conditions on p, 
qand r would matrices be conformable for finding the product and what is the order of each 

(a) ABC, (b) ACB, (c) A(B+C) 

The restriction on n, К and p so that PY + WY will be defined are 

(A)k=3,p=n (B) k is arbitrary, р = 2 

(C) p is arbitrary, k = 3 (D)k=2,p=3 


If n = p, then the order of the matrix 7X - 5Z is 
(А)рх 2 (В)2 хп (C)n x3 (D)pxn 


If A, B, C are the given matries such that AB = O and BC =I then prove that 
(А+ By (A + CP-I where is an identity matrix. 


Find all matrices which commute with the matrix A= t 1 


LerA- () 7) and B= (8 1). (А +B) =A? +B, find a and. 


Answer key 
(a) p=r, тх ад, (b)r=n=q, mx p, (с) г= п,р= 9, тх ҷ Q2 А 0.3 В 


X X 
He Ї 4 ‚ where x, y are scalars; Let B 4 а ч ) ; now equate AB= BA to geta=0 


and b =x. 


a=1,b=4 


Illustration : 


(ii) 


Paragraph for questions no. І & 2 
Consider a square matrix A of order 2 which has it’s element х as 0, 1, 2, 4. Let N denotes number 
of such matrices, all element s of which are distinct 
Find 


All possible matrices (distinct entries) 


Possible non negative values of det (A) and total number of such matrices. 


Р Д -5 ws 


10 
- 2-2 => 4 matrices 
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10 
p 4-4 => 4 matrices 


20 
14 =8 => 4 matrices. 


Also 12 more matrices are possible whose determinant value сап be {— 2, — 4, — 8}. Ans. 12 
Illustration : 


1 -1 1 1 
Let M be a 2 х 2 matric such that М Ё | - | H and M^ — р Al = И! If x, and 


X, (x, > xy are the two values of x for which det (M — х) = 0, where I is an identity matrix of 
order 2 then find the value of (5x, * 2x y. 


a b 
Sol. LetM=|. д 


wm = 3-12 14 


So, a-b-2--l1 1. (1) 
c 


» 3 2 НИ (24 - 4 dE 


a=-I1,b=0,c=4,d=2 


-1 0 
Hence, M = | 4 “| 
Now, det (M— x I) = 0 (Given) 


« 


-1-х 0 
4 2-5] "4 
= —(1+х)(2—-х) = 0 
(х + 1) х-– 2) = 0 
х= 2, 1 


qd, 52,Х,.5-4 
5х, + 2х, = 10—2 = 8. Ans. 
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Illustration : 


207 -a 14а 7a 
LetA=|9 1 0 andB=| 0 1 0 |. If AB = I, where I is an identity matrix of 
1 -2 1 а -4а -2а 


order 3 then trace В has value equal to 


Sol. We have AB =1 so 


2 0 7||-«a 14a 7a 100 
0 1 0110 1 D 1... 16 P9 
1-2 1\1 а -4a -2a E x | 
5a 0 0 100 
= 0 1 01.1010 (Given) 
0 10а-2 Sa 0 0 1 
5а = 1 = 
= а = 1 > а= 5. 
1 3: 2 
Now, trace (В) = (Ca) +1+(-2а) = 1 – За = 1 – 3 5 = -3 = 5: Ans. 


Illustration : 


Let A and B be 3 x 3 matrices of real numbers, where A is symmetric, B is skew-symmetric, 
and (А + B) (A — B) = (A — B) (A + B). If (АВ) = (— 1)‘ AB, where (АВ)! is the transpose of the 


matrix AB, then the possible value of k are 


Sol (А + В) (А – В) = (А-В) (А + B) > AB = BA 
as А is symmetric and B is skew symmetric 
=> (AB)! = ~ АВ => К = 1 апак = 3. 
(AB)! = (– АВ 
BTA = (- 1)* AB 
(~ B) (А) = (- 1} AB 
(~ 1*! AB = ВА 
(Ist =1 
к > odd. 
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Illustration : 


0.1 


03 


04 


501. 


() 


Prin 


Paragraph for questions no. I to 4 


Let A be the 2 х 2 matrices given by A = [a] where a, € (0, 1, 2,, 4j 
such that ар + aj, + a), +а,, = 4. 


The number of matrices A such that the trace of A is equal to 4 are 
(A) 3 (B)4 (C) 5 (D) 6 


[Note : The trace of a matrix is the sum of its diagonal entries.] 


The number of matrices A such that A is invertible are 
(A) 20 (B) 18 (C) 15 (D) 12 


The absolute value of the difference between maximum value and minimum value of det(A) is 
equal to 


(A) 0 (B) 4 (C) 6 (D) 8 
The number of matrices A such that A is either symmetric or skew- symmetric or both and det (A) 
is divisible by 2 are 


(A) 5 (B) 3 (С) 7 (р) 9 


Ь 
We have A = ——— 4 


Type- I 4,0,0,0 —=—= 
Type —II 3,1,0,0 RA 


[3 pee Ш 2,1,1,0 2-22-12 
Type- V LLLI 


Total number of matrices А = 4 + 12 + 12 +6 + 1 = 35. 


4 01 (0 0| 13 0| |1 0| |2 0 
0 oblo 4110 11:10 310 2195 matrices A where trace of A is equal to 4. 
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(ii) ^ For matrix A to be invertible, det (А) # 0 
Type-I has no determinant whose value is non-zero. 
Туре-П have 4 determinants whose value is non-zero. 
Type-III have all its 12 determinants whose value is non-zero. 
Type-IV have 2 determiants whose value is non-zero. 
Type-V has no determinants whose value is non-zero. 


.. Total number of matrices A such that А is invertible are = 0 + 4 + 12 +2+0= 18. Ans. 
2: Dn 0 2 
(iii) Maximum value of det(A) = 0 215 4 and minimum value of det(A) — = ape 4 


Absolute value of difference = | 4-1-4 Ji = 8. 


(iv) | There will not be any skew- symmetric matrix because no element is negative and sum of elements 
is 4. For symmetric matrix, pair of conjugate elements must be same. 


4 0] 00 з o][1 0 
Does 0 0|1|0 4 п е o iplo 3 
2 Пр 1 2 0] [0 2 
Туре-Ш: 1 0111 2 ; Type-1V 0 2112 0 


Clearly, there are 5 symmetric matrices A such that det(A) is divisible by 2. 


ORTHOGONAL MATRICES (NOT IN NCERT): 


A square matrix is said to be orthogonal matrix, if AAT =I = АТА 


Note that : 


а, а, а, а, b, с, 
A=|b, b, В, | ћепАТ= ја b, c, 
с, €, G а, b, с; 
a? +a? +a? a.b, +a,b, +а,Ь, ас, +а.с. +а.с 
Mei а pu "479499. е ЭЭ бе | 100 
=. 
AAT=|b,a,+b,a,+b,a, | 52452402 Ыс +Ы,с, +Ы,с, |=|0 1 0 
MENS, es 001 
са, +с,а, +с,а, cb, +c,b, +c,b, с; +С +С; 
comparing, 


3 3 
Уаз -XW-Yd =1 and Yajb-Yb;c-Yca, =0 
i=l i=l 


Note : All the 3 rows or 3 columns of an orthogonal matrix are pair wise orthogonal triad of 3 unit 
vectors. 
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Illustration : 


а 2/3 2/3 
Find a, b, c, x and y if the matrix A given by А=|2/3 1/3 b | is orthogonal. 
c x y 
1 2 2 2 1 
Sol (I) а= 3.0=-3,.6= p xc- з аус у 
1 2 2 2 
(1I) „ы 0e энийг Зани Дин 
Illustration : 
3 1 
2 2 11 | 
If P-| | 314510 1| and О = PAP" and x = РТО?О®Р, then x is equal to 
E № 
| 2005 4+2005/3 6015 
Aig | (B | 2005 4-200543 
243 1 1| 2005 2-43 
(© 4 Цэн MI mi m4 
Sol.  P'P-I 


О = PAPT so that 
х = P™Q7005 P= PT (PA PT)2005 P 


= РТРАРТ(РАРТ)??!Р 
oe [1 2005 
шан | 21 | 


ADJOINT OF А SQUARE MATRIX : 


8n 955 95 
Let A- [ai] 44, 345, а,; | be asquare matrix and let the matrix formed by the 
"4 "5 ау 
C; С С; 
cofactors of [a; ; | in determinant А is=|C C4, C4 
м Сә Сз 
C, Ca Су 
Then (adj A) = С С» Cx 
з Сз Сз 


Hence the transpose of the matrix of cofactors of elements of A in det. A is called the adj А. 


. Print to PDF without this m rchasing novaPDF (http://www.nov. 


44 
Note: 


(i) 


(ii) 


IfA= Ё H then Adj A = Е Я, e.g. A= 1 A the adj. A= E 2| 

Hence adjoint of a square matrix of order 2 can be easily obtained by interchanging the diagonal elements 
and changing the signs ofthe off diagonal elements. 

Adjoint ofa scalar matrix is a also a scalar matrix, adjoint ofa diagonal matrix and adjoint of a triangular 
matrix is a triangular matrix. 


123 -24 4 8 
Бе. бы 09:1 ajA-|-2 1 UY. 
261 30: — 96 


Illustration : 


501. 
(4) 


(В) 


(C) 


(D) 


Which of the following statement(s) is(are) correct ? 
(A) If A is square matrix of order 3, then the value of det t > - yr | is equal to 0. 
(B) If A is a skew-symmetric matrix of order 3, then maxtrix A* is symmetric. 
12 2 
(C) ІЗА = f : 5 and ААТ = I, then (х + у) is equal to — 3. 


(D) If a, В, yare the roots of the cubic х? + рх? + д = 0, then the value of the determinant 


a В у 
Pya is equal to — p? 
у а p 


If A is square matrix of order 3, then A – АТ is skew symmetric of order 3. 


2011 
|(4-4)| = 0 = |а) | =| 4-47 |" = 0. Ans. 
Given АТ =— А 
Let С= А! 
СТ = (АТ) = (— A = Аї = С. 
Hence С is symmetric matrix => В is true. 
9 0 x+4+2) EP p 
We have AAT = 0 0 2х + 2 = 2 = 0 1 0 (Given) 
х+4+2у 2х+2-2у х’+4+у 001 


bam x=-2,y=- 
Hence (x + y) = (-2) + (- 1) =— 3. Ans. 


We have а + B+ y=-p, aß + Ву+ уа = 0 
Now, 2afy - о? - ff у =- (a+ В+ у) (a+ B+ у? - 3(аВ + Ву + yo) 
=р(р?) = p°. Ans. 
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PROPERTIES ОР ADJOINT : 
Theorem-1 : 


A(adj A) = (adj A) - A = |A|I, 
whose A is any square matrix 


11 812 ......... Ain 
A дэн a> a> DIDI An 
CON EC жы 

Ay Аш — hes 
Ар А» DTI Ay? 


Ain Ал» Ам 


аг Зо р int ‘in | 
Ё і = јапа [А | wheni- j. 
Thus in product A (adj A) only diagonal element's exist all of them equal їо | А | while all other element’s 


are zero. 
ГАР 0 07. 
0 JAL 0... 
' 0 0 ЈА... 
А (adj A) = : 
|A| 


also for (adj A)- А=|А11,. 
Theorem-2 : 


Let A be a non singular matrix of order n x n. Then 


| (adj A) |-| A|' 
Take det 
| O0 — шш 0 
КМК х pet мар 
ГА  4фА|-1А|5 |афА|=|А|". 
Also we can say that 


А (adj 4) -|A]- I 


(adjA) (adjA)-A 
А” =>]. 
JA] JA] 
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Theorem-3 : 


If A and B are two n х n matrices, then adj (AB) = (adj B) - (adj А) 
(A and B must be non-singular of same order) 


Proof: We know that 
A*(adj A) = |А] Г mutliplying both sides by AB 
L.H.S. (AB) - (adj AB) = JABI |. . | ия (1) 
Now, AB adj (АВ) = AB (adj B) - (adj A) 
К.Н.5 (АВ) · (adj В) (ай A) 
= A (B ; adj B) - (adj A) 


=A- (ВП). (adj A) 2В-адВ-1811 
=А-|В |1: (adj A) 
=А-|В| (adj A) «~ Г. (adj A) = adj A 
= |B| A * (adj А) 
= |B| |4| 1 -* A(adj A) = |A| I 
= МВ 7 
= [АВ|1 > МВ] = |48] ......... (2) 


In view of equation (1) and (2), we have 
(АВ) · (adj АВ) = (AB) (adj B) - (adj A) = adj (AB) = (adj B) - (adj A) 
Generalisation : The result can be generalised for square matrices А, B, C, D, .... each of order n 
as follows: 
adj (ABCD) = ...(adj D) + (adj C) (аа) B) - (adj A) 


Illustration : 
If A is any square matrix of order n х n, then adj (adj A) = | A |"? A. 


Sol We know that 

А: (adj 4) - | A|1 

adj (A · (adj A) = adj (| A 11) 

(adj (adj A)) - (adj A) = | A |" | v adj {k = 1, 

(adj (adj A)] - (adj A) A =| A? I- A | Post-multiplying both sides by A 
(adj (adj A] |А|1-1А ТА 

(adj (adj 4) | A| = | A] A 

adj (adj А) = | A |"? A 


ууууу: 


Illustration : 

If A is a square matrix of order n and |А | #0, then | adj (adj A) | = | A (7-2 
Sol. We know that 

adj 4| = | 4|" A 

= па 


= fa- 1/2 
| A | 
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Illustration : 


ху -Z 
Let matrix А= |1 2 3 | wherex y, z e N. И |adj(adj(adj(adj A)))| = 232.316 then 
I I 4 


number of such matrix A is 
501. |Al=xt+ytz 
adj (adj А) = | A7 A - |4|4 
| adj (adj (adj (adj A)))| = | АГ 4| =| 4 | 
| А [16 = 232. 316 a 1216 
|А|=12 
zcxtytz-12 
Number of matrix = 55. 


INVERSE OF A MATRIX (RECIPROCAL MATRIX) : 


Definition: 


А square matrix A said to be invertible (non singular) if there exists a matrix B such that, 
АВ =1= ВА 

B is called the inverse (reciprocal) of A and is denoted by A^. Thus 
А! = В > АВ = | = BA. 


Note that for an involutary matrix A? - ] => А=А 1. 


PROPERTIES OF INVERSE: 


For anon singular matrix 
Property : 
A -l = (adj A) 
|A| 


Wehave, А. (ай А) = |A] 1 


A^! А (adj А) = A7! I, |A| 
1 (adj A) = A"! [AI І, 
Е (adj A) 
At = 42922 
l| 


Remark: (1) Note that A^! exists if A is non singular. 


(ij)  IfA= Е Ч апа | А |= 1 then A“! = H “| 


Note : 
(i) The necessary and sufficient condition for a square matrix A to be invertible is that |A| +0. 
(ii) Inverse of a non singular diagonal matrix dia (К, К, К, ...... К) is the diagonal matrix diag 
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Theorem-1 : 


Every invertible matrix possesses a unique inverse. 
Proof: Let A be an invertible matrix of order n. Let В and С be two inverse of A. 


Then, АВ =ВА =1, 40) 

апа АС=СА =]. Хі) 

Now, АВ -1, 

=> C (AB) - CI, [pre-multiplying by C] 
5 (СА) В = СІ [by associativity] 

=> 18-01, [^ СА=1 from (ii)] 
= B=C [^IB-B,CL-C] 


Hence an invertible matrix possesses a unique inverse. 


Theorem-2 : 


IfA is an invertible square matrix, then АТ is also invertible and (АТ)! ^ (A7!)T 
Proof : Since A is invertible matrix. Therefore, 
|А [+0 

=> |А! [+0 [> 1АЛ-1А1) 

> AT is also invertible. 

Now, AA! =1 = АА 

> (АА!) = (1) = (АТА 

> (АИТ (АТ) = 1, = АТ(А!)Т (as 2004 аз АВ =1= ВА => А! = B) 

=> (АТУ! = (АИТ 


Theorem-3 : 


1 
If Ais a non-singular тайх, then prove that |А! |-]A[! іе |А! |= m7 


|A| 
Proof: Since |A|+0, therefore A^! exists such that АА! =I = A7! A 
=>  (|АА |-11| 


> 1ГА11А:11-1 [^ [АВ |= [А [В [апа (11:1| 
1 
-1 - тэрс LE 
> ПАЧ] [> |A] #0] 
Theorem-4 : 


IfA & Bare invertible matrices of the same order , then (АВ)! - B^! A~! 
Proof : A & B are invertible. (reversal law of inverse) 
> |А| +0 & [В| «o = lal lBl 0 = laABl «o 
—  ABisinvertible. 
Now (ABYABy!-I 
A"(ABYAB)!-A' 
(IB(ABy! =A" 
B(AB)! - A7! 
B'B(AB)!-B'!A' 
(AB)! = В-! A7! 
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Note : 

() ТА isinvertible, (a) (A) -A (Ы) (Аю)! = (A-)F-A* КЕМ 
(ii) A square matrix is said to be orthogonal if, A^! = AT. 

(ii) (AB)! may be equal to A"! B-'. 


EXPLANATION : 


(i) As Ais invertible hence АА! =1=А-!А 
Hence (A^!) and A are inverse of each other 


(Ay! =A 
again АК=АА A.......A 
k times 
(Абу! =(АА..... Ay! - A7! AAT ....... k times = (А7!) 


— (АК)-1 = (A-*k e М 


(ii) again if A is а square matrix and is orthogonal 
thn AAT=ATA=I 
hence AandAT arc inverse of cach other 
2, А-! = АТ 
alternatively if А! = AT 
Л АА =1= ААТ 
ог АЛА =1= АТА 


с089 -sinO 0 cos0 ѕіпӨ 01||со50 -sinO 0 
LetA=|sin® cos® 0| and g= |—sin® с0$0 0 E с050 ] 


| => А is orthogonal 


(i) 0 o о 110 о 1 


АВ =1= ВА => A=B! апі В = Аг! 
also (AB)! = I! =I 


SYSTEM OF EQUATION & CRITERIAN FOR CONSISTENCY : 
GAUSS - JORDAN METHOD : 


QI. х+у+2 = 6 Q2. х+2у+32 =2 
x-y+z=2 2x+4y+5z=3 
2xty-z-1 3х+5у+62 =4 


АХ = В => АТАХ = А-! В 
(AdjA)B 
ІА І 
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X =A! B= 


(i) If [А | #0, system is consistent having unique solution 


(ii) If |A| #0 & (adj A). В = Null matrix, 
system is consistent having unique поп trivial solution . 


(i) — I£|A| 20 & (adjA). 8-0 (Null matrix), 
system is consistent having trivial solution . 


(iv) If |A|=0, matrix method fails 


АА 


If (adj A). B = null matrix If (adj A).B = 0 
i i 
Infinite solutions Inconsistent (no solution) 


EQUAIVALENT MATRICES : 


Ifa matrix B is obtained from a matrix A by one or more elementary transformations, then A and B are 
equivalent matrices and we write A ~ B. Let. 


1234 
А=|2 1 4 3 
3124 
1 2 3 4 
Теп А~{1 -1 1 -1 [Applying R, > R, + (-1)R,] 
3 4 X 4 
12131 
-11-11 -2 [Applying С,-»С,-(-1)С,| 
зя 2 8 


An elementary transformation is called a row transformation ога column transformation accordingly as 
itis appled to rows or columns. 


Theorem-1 : 


Every elementary row (column) transformation ofan m x n matrix (not identity matrix) can be obtained 
by pre-multiplication (post-multiplication) with the corresponding elementary matrix obtained from the 
identity matrix I, (1,) by subjecting it to the same elementary row (column) transformation. 


Theorem-2 : 
Let C- AB be a product of two matrices. Any elementary row (column) transformation of AB can be 


obtained by subjecting the pre-factor A (post factor B) to the same elementary row (column) 
transformation. 
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Method of finding the inverse of а matrix by Elementary transformation : 


Let A be a поп sigular matrix of order n. Then A can be reduced to the identity matrix I, by a finite 
sequence of elementary transformation only. As we have discussed every elementary row transformation 
ofa matrix is equivalent to pre-multiplication by the corresponding elementary matrix. Therefore there 
exist elementary matricesE,, E., ...... , E, such that 


=> Бо. EE)AA'-LA'!  (postmultiplyingbyA"!) 
> (ББ ,...... EE)I,- A" (^ ТАМ = A- and AAT - I) 
> А“=(ЕЕ, |......Е,Е,)1,„ 


Algorithm for finding the inverse of a поп singular matrix by elementary row 


transformations : 


Let A be non-singular matrix of order п 


Step-I: 
Step-II : 


Step-III : 


WriteA=I A 


Perform a sequence of elementary row operations successively on A on the LHS and 
the pre factor I on the RHS till we obtain the result I, = BA 


Write A! = В 


The following steps will be helpful to find the inverse of a square matrix of order 3 by using elementary 
row transformations. 


Step-l : 


Мер-П : 


Зер-Ш : 


Step-IV : 
Step-V : 


Step-VI : 
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Introduce unity at the intersection of first row and first column either by interchanging 
two rows or by adding a constant multiple of elements of some other row to first row. 


After introducting unity at (1, 1) place introduce zeros at all other places in first column. 


Introduce unity at the intersection 2™ row and 2" column with the help of 2™ and 3 
TOW, 


Introduce zeros at all other places in the second column except at the intersection of 277 
and 274 column 


Introduce unity at the intersection of 3™ row and third column 


Finally introduce zeros at all other places in the third column except at the intersection of 
third row and third column. 
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Illustration : 


a b 
Using elementary transformation, find the inverse of the matrix A = | Ё +be | 


501. 


4 b 1 0 і 5 і 0 ! 
We write , (228 40 Ar = е = А 223 
а | | 0 1 
а 
!21|2 0 „тт, 
ог 2 = 5 А (R,—>R,-cR,) ог а|=| а А (К, — aRy 
йй = EZ Ч 0 1 -c a 
a a 
1 0 14 bc E 1 bc E 
or Р j|- a b A (r-r -Żr) => А! = а b 
-C a тэ а 


Illustration : 


0 1 
Obtain the inverse of the following matrix using elementary operations А = [ 2 
КЖ. 


Sol We, have A ^ IA 
0 1 2 100 
-— 1 2 3|=|0 ТО - 
3 1 1 0 0 1 
1 2 3 0 1 2 
5% 0 1 21-/ 0 OIA 
0-5 -8 0-3 1 
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5x P d 
4 : Ý "s (Applying К, >R, + SR} 


10 -I| |-2 1 0 1 
> 01 214: 0 O14 (Applying К, > = R 
001115 1 жы 
2 2 2 
Doug 
100 2 2 2 
=> 0 1 0|-|-4 3 -IJA (К, >R, + R and К, > R, э -2К,) 
001 5 -3 1 
э 21 
I тї 1 
2 2 2 
Hence, A! = 1-4 3 -1 
5 3 1 
2 2 2 
Practice Problem 
| -2 -3 23 
01 If E 2 ; | anag- 4 5 | then find the product AB and ВА. 
2 


— cost sint 


Q.2 The matrix R(t) is defined by R(t) = |- sint cost 


| . Show that В ($) R(t)=R(s +t). 


and АВ =I,, then x + y equals 


(A)0 (B)-1 (C)2 (D) none of these 
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0.4 


0.5 


0.6 


| 2: (0 2 -1 5 
-28-|16 -3 3 34 n-|2 -l 6 
Let A+2B -s 3 ] and 2A- B 0 12 


then Tr (A) - Tr(B) has the value equal to 
(A)0 (B)1 (C) 2 (D) none 


3 1 
Consider a matrix А = k Bonn 1 , then (I +A)” equals (where I is a unit matrix of order 2) 


(A) L- 295A (В)1+ 29A (С) 1+ (299+ 1)А (р) 1+ (299 – A 


3 1 


Let the matrix A and В be defined as А = Ёс апа В = 
2 а 7 3 


then the number of distinct possible real values of a equals 
(A)0 (B)1 (С) 2 (р) 3 


Answer key 


-10 2 21 
-16 2 37 0.3 A 04 С 05 D 0.6 В 
-2 -2 11 

PDE with his m rchasing novaPDF (http://www.novapdf.com 


Prin 


| If det(2A? B7?) = — 2, 


АСС-МТ- MATRICES 55 


SOLVED EXAMPLES 


Q.1 Ifthe system of equations 


Sol. 


Q.2 


Sol. 


2x +3у-2=0 

3x+2y+kz=0 

4x+y+z=0 
have a set of non-zero integral solutions then, find the smallest positive value ofz. 
The system has a non-zero solution if | A | - 0 2 k — 0. 
Clearly, the solutions are (2a, — 3a, — 5a). 


So, the smallest positive integral value ofz — 5. Ans. 


Given a,b є (0, 1,2, 3,4, ............ ,9, 10}. Consider the system of equations 
Xtytz-4 
ax + y+ 32= 6 
x+2y+az=b 
Let L : denotes number of ordered pairs (а, b) so that the system of equations has unique solution, 
M : denotes number of ordered pairs (a, b) so that the system of equations has no solution and 
N : denotes number of ordered pairs (a, b) so that the system of equations has infinite solutions. 
Find (L * M – М). 


1 1 
Clearly, А = |2 3| =1(а-6)- 1(2a— 3) + 1 (4 – 1) (Expanding along R,) 
1 а 


Case-I: If a#0, then system of equations has unique solution. 
Сазе-П: На= 0, putz=k, we get х+у=4-К and 2x ^ y 2 6 - 3k 
On solving, we get 


x =2-2k, y=2+k 
Now, substituting these values of x, y and z in equation x +2y+a-z=b, we get 
(2-—2k)+2(2+k)+a-k=bn > 6+0k=bie,b=6 
Thus for b # 6, there is no solution and for b = 6, there are infinite solution. 
Hence, for unique solution a#0, БЕК => L-10x 11-7110 
for no solution we must have a70,b«6— М=1х 10 = 10 
for infinite solution a - 0 and b=6 = М№ъ№=1х1=] 
=> 1-М-М-110-10-1-119 Ans. 
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Alternatively: 


xtytzz4 |... (1) 
2х+у+32=6 | .... (2) 
xt2ytaz-b ..... (3) 
Solving (1) апа (2) = x=2-2z and y=2+z 
Put in equation (3), we get 
az-b-6 
Hence, for unique solution a#0, БЕК = 1-10х11-110 


Гог no solution we must have a=0,b+6— М-1х10-10 
for infinite solution a=0 and b=6 => N=1x1=1 
= L+M—N=110+10-—1=119 Ans. 


1 х х +1 
0.3 Iff(x)=| 2x x(x -1) (х+1)х |, then f(100) is equal to 
3х(х-1) х(х-1)(х-2) (х+0х(х-1) 
(А)0 (В) 1 (С) 100 (D)-100 
Sol.  Wehave 
1 1 1 
f(x)=x(x+1)(x-1)}2% Х-1 x 
3x x-2 x 


1 1 1 
2х x-l x 


=x(x+1)(x-1) ЕТ" 


[C, э C, - С, and C, 5 C,- C4] =0 


Hence, f(100) = 0. 
« p y 
0.4 If o, B, y are the roots of x} —3x +2 = 0, then the value of the determinant в у а isequalto 
уа В 
(A)-3 (B)2 (C) 1 (D) None of these 
Sol We have 
a В y| |а+В+у В y 
В y aj- а+В+у y a [C, > C, * C,* Cj] 
y «a В а+В+у a p 1 


-0 [-a-*f-y-0 from the equation x? —3x +2 = 0] 
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2х х-1 x+l 
0.5 If axt+bx3 +cx?+dx+e= |х+1 х’-х х-1| then the value ofe, is 
x-] x+l 3x 
(A) 0 (В)-2 (C)3 (0)-2 
Sol Putting x =0, we have 
0 -1 1! 0 0 1 
1 0 -i 1 -1 -i 
- С, >С. +С 
- 4 el lr ж| OS 
=1-1=0 
x+l а В 
0.6 Ifthe valucofthe determinant | a х+В 1 | isequalto -8, then the value of x, is 
В 1 хаа 
(A)+2 (B)-2 (С) 0 (р) 1 
Sol. Wehave 
a = and В = о? 
Thus, we have 
x а В 
д=|х x+B 1 [C, >С, + С, + С, and using 1 + о + @ = 0] 
x 1 х+а 2 
1 а В 
-10 x+B- 1- 
dk Pn Eau [R, >В, - К, and В, — К, К) 
-x[X - (0 – B - (1—o) (1 – B)] 
-x[X-o-p^-2afp-1-*a-*p-af] 
= х [х2 02 0+2-1 +0 + o – 1] [using o» = 1] 
= х3 
According to the given condition, we have 
х3-- 
gives х=-2. 
sin 2x cos” x cos 4x 
0.7 Е сох соѕ2х sin“ x =а,х +а, (cos x) + a (cos? x) + — +a, (cos" x), then the value of ap, 
cosdx sinx $т2х 
Б 
(A)-1 (B)1 (C)0 (D)2 
Sol. We can see that 
a. = AN ГЭ) 
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Now, we have 


2cos2x -2cosxsinx —4sin4x sin 2x cos? x cos4x 
A(x) = cos? x cos ЭХ sin? x РЕ ы 2cosxsinx — 2sin 2x 2 sin XCOSX 
с0$4х sin* x sin 2x cos4x sin” x sin 2x 
sin 2x cos? х cos4x 
+ cos? x с0$2х sin? x 


—4sindx 2sinxcosx 2cos2x 


Hence, we have 


200 (011| (011 
а,-А()-11:1:0|-19 0 0.110 

0 10 0| (001 
=0+0+(-1) 7-1. 


1-5, 145, 1-5, 
1-5, 1+5, 1+5; 
1-5, 145, 1-5, 


08 Let a, В be the roots of ax? + bx +c =0. Let S = а" + В", п> 1 and А = 


If a, В are distinct and real, then 
(А) А<0 (В) А>0 (C)A<0 (D) A=0 
Sol. We have 


1+1+1  1+а+В l+a’+p? 
А-| 1+а+В 1+а+В? 1447-8 
1+4? +В? 1+а +В Hatip 


| I 1 a | | | 1 
zii a В xil a В -1 а В 
га? pra B| ji a p? 
l 0 0 
-|l a-i 8-1 [C, 2 C,- C, and С,-»С,-С,| 
1 а2-1 8-1 AM _ 


= (а- 1) (82 – 1) – (92 – 1) (В – DP 
= [aß (B - a) + (B - a) + (а? – В?)]? 
= [aß + 1 - (о + B)? [(a + B) – 40] 


+ъ+с)2 (b? -4 
= Е. > 0 if roots are real and distinct. 
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1+ sin” x cos? x 4sin 2x 4 
Q.9 Let А(х) = | sinx 1+с05х  4sin2x |. The value of [о «хє z) for which A(x) is 
sin? x соѕ2х 1+45іп2х 2 
maximum, is equal to 
A)= в) 2 с) 2 р) 2 
(А) 5 (B) ©з (D) 2 
Sol.  Wehave 
| cos? х 4sin 2x 
Ж ЭГ 2 : | 1+соѕ$- х 4sin2x 
А (x) = (1 + ѕіп2х + cos? х + 4 sin 2x) | х їнэн [С ^ C, +С, * C] 
1 cos*x 4sin2x 
=(2+4sin 2x) | 0 0 [R, > R, -R and R}, >R,-R,] 


0 
= (2+4 sin 2х) 


which attains maxima at x = 


" | 


(К +1)(k +2) 


3° -i п 


оло If D,-|—— TET 


a b 


(A) independent of n 
(С)а+6+с 
Sol.  Wehave 


п-1 1 


т 
! 
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e 5) 
к-ок+1 К+2 


1 3 E 
==— [+] —-——]+ 
1 2 2 3 


n (k +1) (k+2) 7 


1 


cos(k + 1)d0 


sin nó cos (n- De 


n- 
— then Ур, 15 
k=0 


sin 
2 
c 


(B) independent of a, b, c 
(D) none of these 


31) - 41-21 )-i-— нэ. 
3 4 n n+l п+1 n+l 
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n=] 


and 2, cost +1) = 1 + cos Ө + cos 20 + cos 30+ ЗЭЭ + cos (n- 1) Ө 
-0 


= Re [1 +е + еі29 + + eXn- 06] 


gd 8) pf 0-8 0-65) 
Е ю | К 10 -ið 
1-е (1- e") (1- e") 
l-e- e"? + ui(n-D9 | 1 cosQ—cosn0--cos(n —1)0 
= Re — == ——  ——— —— 
2-(e" +e) 2(1—cos0) 


. 29 : 1 = © 
2sin? 2 +2sin{ = 2р sin- sin З +sin( n- 3, sin 29 cos =e 
E 0-Е . а. 


. ; ®„ Р 2 
4sin? Заа” sin 
2 2 
i = 1 1j 1: 3 1 
—+x°+— —+ах+— —+х+— 
x Ex. X a x 
0.11 The roots ofthe equation laxat Lug Le =Oare 
a x a а а b 
Lol aap Lets + 
b x b a b b 
(A) a,b (B) -a, -b (C)a+b,a—b (D) None of these 
Sol. Wehave 
ы x I| [i Ж ш J х J 
1 1 1 
=|— a 1|х|1 а — = (= — а 1 
А 5 = [row Бу row] (— 1) : 
1 | | 
— b 1| jl b — - b 1 
b b b 
Thus, we have 
3 х: l 
х 
x a 1|=0 
a 
i. ded 
b 
| 1 x? x 1 х? х 
2 2 2 
1е. —Та aj=0 іе. |1 а-х а-х|=0 [R,R,-R,andR, R,;-R,] 
abx 2 2 + 5 
l b b 1 b-x^ b-x 


ie — (aàà-x)(b-x)- (b) – х?) (х-а) = 0 [expanding along С] 
ie. (a - x) (b - x) [(a * x) - (b- x)] = 0 


отм х=а h 
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0.12 If a, Bare the roots of the equation ax? + bx + с — 0, then the value of the determinant 


1 cos(a-p) cosa 
cos(a — p) 1 cos | is equal to 
cosa cosh ] 
(A)a-*b (В)0 (C)a- b (D)a*b-c 
Sol. Wehave 
| cos(a-B) cosa 
cos(a-B) 1 cosB}  TexpandingalongR ] 
cosa cos | ; 


= (1 — cos?p) + cos (a — В) [cos a cos В — cos (a — В)] + cos a [cos (a — B) cos В — cos a] 
= sin? В + cos (a — В) [2 cos a cos В — cos (a – B)] 

= sin? + cos (a — В) cos (a + B) — соѕ2а 

= sin? В + (соѕ20 — sin? В) – cos?a = 0. 


a bc 
=рагс a 
b са 
Sol.  Wehave 


L.H.S.= pa (ага? — p*be) — qb(q*ca — prb?) + rc(pqc? - rab) 
= рага? – abcp? — абса? + раф? + рагс? — aber? 
= pqr (а? + b? + c?) — abc (р? + а? + г?) 
= раг (a? + b? + c? — 3abc) — abc(p? + q? + г? — Зраг) 
= pqr (a? + b? + c? – 3abc) - 0 
[p + а? + г? – Зраг= (р +q + г) (р> + 42 + г – ра – qr- rp) 


ра qb rc 
qc та pb 
rh pc qa 


Q.13 Ир+а+г=0, provethat 


-0 г. p+q+r=0(given)] 

= pqr (а? + b? + с? – 3abc) 

| be 
and R.H.S.=pqr(a+b+c)|l a b [C, 2 C, * C; * C4] 

1 са 
0 b-c с-а В, >В, -К, 

= р9г(а+6+с)0 a-c b-a Rs R-i% 
L ж a 


= pqr (a + b + c) [(b — c) (b - a) + (c — а)?] 
= par (a+b + с) [a+ b? hab. be — ca] 
= pqr (a? + b? + с? – 3abc) = 1..Н.$. 
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0.14 If Ais non-singular, prove that the eigen values of A^! are the reciprocals of the eigen value of A. 
Sol Let Abe aneigen value of A and X be а corresponding eigenvector. Then 
АХ-ЭХ 
== X- A (AX)=A(A TX) 


1 
=> 5 X=A'X [^ Aisnon-singular => 2=0] 


1 
-ly = — 
эь А-Х 53 


1 
Therefore, 3, is an eigenvalue of A“ and X is a corresponding eigenvector. 


0.15 If «isa characteristic root of a non-singular matrix, then prove that Н is a characteristic 
а 
root of adj A. 


Sol Ѕіпсеа is acharacteristic root of a non-singular matrix, therefore a#0. Also a is a characteristic root of 
A implies that there exists a non-zero vector X such that 
АХ-аХ 
= (adj A) (AX) = (ај А) («Х) => [(adj A) A] X = a(adj A) X 
= |A] IX7o(adj A)JX [ (44) А]А=|АП 
А 
>» |A| X = a(adj A)X = Al X = (adj А)Х 
T bal 
= (adj А)Х = ея X 


Since X is anon-zero vector, therefore Н is а characteristic root of the matrix adj A. 
а 


0.16 Solve the following system of equations, using matrix method :x+2y+z=7, x *3z- 11, 2х-Зу=1. 
Sol Тһе given system of equation is 
x+2y+z=7, х+0у+32= 11, 2х-3у+02=1 


t е 1111 12 1 x 7 
ог |! 9 Зју[=11 or AX=B,where А= |1 0 3|Х=|у| andB=/I11 
2 -3 Oz 1 9. -30 Z 1 
Г Ж l 
Now, |А]=!1 0 3/=18 
2-3 0 
So, the given system of equation has a unique solution given by Х=А В 
9 6 -3| [9 -3 6 | [9 -3 6 
adj А=|-3 -2 7|=6 -2 -2 => A!--——adj--|6 -2 -2 
д-21| bé me ГА! 9-1 9 = 
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0.17 


Sol. 


0.18 
Sol. 


Now X=A™'B 


[9 -3 6171 , [ 63-33+6 x] , [36] [2 
э X=75/6 -2 -2|n|=3| 42-22-2 | => |v[zg|I8|-]1 
-3 7 -2]|! -21«77-2 z 54] [3 


=> x=2,y=1, z=3 


> 


а00 
If A= [ ] , then find the value of |А| ladj AJ. 
ооа 


А| 0 0 


0 [АЈ 0| =|AP=(a) =a? 
0 0 |A 


IA] ladj A] = |Aadj А|= | JA] I| = 


1 
For the matrix A= Ё | , then x and y so that A? +х] = yA. Hence, find A7!. 


We have 


ET 


Qo UB ЗИ [9+7 3+5] [16 8 
АГ-ААЗ 17 517 5|=|21+35 7+25|=|56 32 


Now, А?+хї=уА 


16 8] [1 0] [31 16+х 8+0] [3y y 
- 56 32 U d 175 = 56+0 32+х| |7у 5у 
=> 16+x=3y, y=8, 7у = 56, 5у=32+х 


Putting y=8 in 16+x=3y, we get x -24— 16 = 8. Clearly, x = 8 and y=8 also satisfy 7y =56 and 
Sy = 32 + x. Hence, x = 8 and y = 8. We have 


t ING 
ai=} 5 


So, A is invertible. 
Putting x=8,y=8 in A?=xl = yA, we get 


=8 #0 


А? + 81= 8А 
> А! (А? +8) = ЗАА [re-multiplying througout by А!) 
= А! А? + 8А”! [| = 8А! A 
=>  A-8A'!-SI [ АТА? = (A! AJA- IA- A, А1 = Аг! and АТА = 1] 
— ЗА! =81-А 


РЕ: 108 o] [3 1 
> лал HE 


1_1[8-3 0-1] 1f5 -1] [5/8 -1/8 
> АС 0-7 8-5|7|-7 3|=|-7/8 3/8 
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0.19 


0.20 


Sol. 


0.21 


Sol. 
(i) 


ACC-MT- MATRICES 


By the method of matrix inversion, solve the system. 


1 1 [х у] [9 2 
2 5 7 X3 Уз =|52 15 
21-1 Хз Уз 0 1 
1 1 fle у] [9 2 
2 3 7 № = 52 15 
21-1 x; У 0 1 


=> АХ=В ..40) 
Clearly |А|=-4 = 0. Therefore 
EE шр quis Я 3 тэгээ 
adj A= 2 -3 11-16 -3 -5 Е кеш... шон Wes wok uc 
2. 1 3 -8 1 3 IA] 4| 5 | 3 


a2 2 29 2] 4[-4 4] [tr -1 
Now dede ie <3 41 [EX 151--21-12 pls. 3 
log 1 4314-1752 = 15: 1 


From equation (i), 


If A, B and Care пхп matrix and det(A) = 2, det(B)=3 and det(C) = 5, then find the value of the 
det(A?BC-!). 


Given that |А|=2, |В|=3, |С|]=5. Now 
|AP|B| 4x3 12 

Зэ nea 02 ШИ 0 LS 

det (ABC!) = |A-BC""| Td 55 


Matrices A and B satisfy АВ = B^!, where B = b $i . Find 


(1) without finding B~! , the value of K for which KA -2B-! +1=0 
(1) without finding A, the matrix X satsifying АХА = В. 


АВ = В! = AB*=I 
Now, 

КА-287-1-0 => KAB-2B'B+IB=O => КАВ-21-8-0 
=>  KAB?-2B+B?=O => KI-2B-*«B'-O 


= fo о elle ороо, 
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АСС-МТ- MATRICES 65 
K 0| |4 -2))2 -2)_/0 0 К-2 0 |_|0 0 
EZ ок |4 0114-2110 0| > 0 К-2| |0 0 
= К=2 
(п) А! ХА =В 
= AA'XA=AB = IXA=AB нээ XAB-AB? 
= ХАВ =1 => ХАВ?=В => XI=B 
— X-B 
Paragraph for question nos. 22 to 24 


5x 


0 0 
х+ 1 оо х? +1 
- 3 
For х> 0, let A= 0 x 0 | and B= 0 — 0 | betwo matrices. 
0 016 E d 
0 0 — 
4 
Three other matrices X, Y and Z are defined as 
X - (ABy'! + (AB)? + (AB)? + ................ (AB)*, Y= Lim X and Z- Y"! -21, 
п ә 20 
where I is identity matrix of order 3. 
[Note: tr (P) denotes the trace of matrix Р.] 
0.22 Thevaueof det [adj (s v-5)) is equal to 
(А) (5!) (В) 5° (5! (C) 5 ($1? (D) 5? ($1? 
Q.23 Least positive integral value of tr (AY) is equal to 
(A)8 (B)7 (C)6 (D)5 


024 If tr(Z* Z^ * 2«...... + 210) = 2*++Ь where a, b є №, then least value of (a + b) is equal to 
(A) 1 (B)12 (C) 18 (D)19 


x? +1 - оо 
; 9 "px" 500 
So. AB-| 0 х 0 о 2 ol=lo 3 0 
0 0 16 x | 00 4 
8 oO — 
4 
FE 3 оо 
5 E 
: 1 
(ABy!-| 0 : 0 |,(АВу?-| 0 3 0 |andsoon 
oot и № 
4 4? 
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66 АСС-МТ- MATRICES 


—+—+...... —- 0 0 
5 > 5^ 
E y 1 
= 0 —+—+......— 0 
4 $3 3^ 
А u ааба ad 
4 4 4 4" 
l 
Š- 9 0 
id | 
5 = 00 
1 4 
1 
Y=Limx=| 0 — + of = ү=|0 = 0 
>< + 2 
3 оо 1 
1 3 
0 0 -4 
l- 
4 
400 
ү!-10 2 0 
00 3 
@ | (үг) = (5 5) 4 Ул) - |!) -5-| v* =з-(@-2-з2 25: 6 
xat 684311 ад 441) o 0 
X | 4 E 
ji) | AY-| 0 - 0 o 5 ole 0 x 
8461, 2 a 
ool 0 q 29 
3 3 
dud a hy d. f 
tu ) 4 4x 2x 3 
E TX ptm lu Р... > УЗ , 16 3 20.866 + 5.333 > 6.199 
^4 4х 3 а 4X 320 
Least integral value of 1 (AY) — 7. 
400 100 200 
(0) Z=Y-"'-21=/0 2 0-20 1 0/-10 00 
0 0 3 001 001 
EEFE НИТ. 710) =2+22+23+........... +2 + 10 


2^ -| 
- 2E +10 =2!!+8=2%+Ь 


а + Ъ = 11+ =10 Ane 
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Paragraph for question nos. 25 to 27 


— 


Further consider a matrix U with its column as U,, U,, U, such that 


| 0 0 
А500 = >. А500, = ^ ; А50 U, = у 


Then answer the following 


0 0 
: ] satisfy A^ = A^-2 + A?-] Vn23 


0.25 Trace of A?? equals 
(A)0 (B)1 (C)2 (D)3 


0.26 |Adj Adj Adj Adj Adj А9 = 
(A) 2" (B) 2° (С) 25 (D) 250 


0.27 Ета зит ofall entries of UASU? 


(А) 50 (В) 51 (С) 52 (0) 53 
So  A"-A"-?-A?-] 
А50 AS = А2— I 


A38 — A126 = A? -I 


А%- А?=А? 1 


А50 — А? = 24A? — 241 


1 0 0 
AS = 2542-241 => A%=|25 1 0 
25 0 1 


|[A?|-1  ; trA9?-3 


1 0 0 1 0 0 
= щ=|%|нтшу 0, |10, |005, Y =|0 1 9), ans. 
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1 п 1 п 
0.28 Consider Lim = | 5 ж апа La] X dx Vn»m and n, m e М. 
Ил mod 
. ‘ 16.37 Базз 1=) 
(а) Consider a matrix А = [a], , з, where а; = 0, : ; ај" Then find trace (АГ!) 


[Note: Trace of a square matrix is sum of the diagonal elements. ] 


5, 5 72 Jus 16,5 72 lias 
(b) Let A= 33.5 63 15 and В = I; 5 63 [> 5 э 
Ј 5 56 Лз, 5 Ig. 5 56 Iis. 5 


then find the value of det (A) – det (B). 
[Ans. (a) 18; (b) 0] 


Sol. 
1 п 1: үн, i=j 
- х 6-1,3 1+3,3° 
(а) Сіхеп,1, „= [к= dx апі А=[а,]; „у, where а, = ^ і#ј` 
Р о ol 
Hence, n| 0 455 0 | 
0 0 as, 
3 
- С bea), 1 
мокар. dx 5-1 dx =5 
3 
If 2,7 15-57 J x!-] dk 6 


о al o 


N| = 
(ie 


500 
0 6 01-» trace (A')=5+6+7=18. Ans. 
007 
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1 

— 72 Jus 
ЦЭР 72 11,5 f 

(b) Clearly, det.(A) = J, 5 63 Л, 5 - $ 63 Л» ; 
Js 5 56 Jus | 

9 56 335 


Applying C, >С, + С, and using equation (2), we get 


72 72 Jais 
= 63 63 1,:|- -denti 
7x8x9 12,5| = 0. (As С, and С, are identical.) 
56 56 Л,; 
E CE- 
І, 72 d = Ч 
Similarly, det(B)- l; 5 63 1,, -1,, 63 s 
I 56 I 1 
8,5 13,5 
| | 1 56 — 
8,5 9 
Applying C, — C,—C, and using equation (1), we get 
i 165 72 72 
= 1x8x9 L, 63 63| =0 (As, С, and C, are identical.) 
55 56 56 
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LIMIT 


1. CONCEPT OF LIMITS : 


Suppose f(x) is a real-valued function с is a real number. The expression lim f(x) = L means that f(x) can 
х-»с 


Бе as close to L as desired by making х sufficiently close to с. In such a case, we say that limit of f, as x 
approaches c, is L. Note that this statement is true even if Кс) = L. Indeed, the function f(x) need not 
even be defined at c. Two examples help illustrate this. 

Consider f(x) =x – 1 as x approaches 2. In this case, f(x) is defined at 2, and it equals its limiting value 1. 


пор [ra» 


| 02 | 0% | 0999 |16| юм | 101 | ы | 


As x approaches 2, f(x) approaches 1 and hence we have limf(x)=1 . 
x2 


D 


1 2 in this case x approaches 2 the limiting value of f(x) is equal to 4 even if f(x) is not 


f(x) = 


Х- 


defined at x =2. 


[35 | 399 | 399 [Sundeined=] 4001 | аш [410 | 


Thus, f(x) can be made arbitrarily close to the limit of 4 just by making x sufficiently close to 2. 
Formal Definition of Limit : 
Karl Weierstrass formally defined limit as follows : 


Let f be a function defined on an open interval containing c (except possibly at c) and let L be a 
real number. 


lim f (x) = L means that for each real є > 0 there exists a real 6 > 0 such that for all x with 
Xc 


0<|х—с|< 5, we have |f(x) — Ц < сог, symbolically. 
V£»20,36»20,Vx(0«|x-c| «62 |f(x) - Ц < =) 
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Neighbourhood (NBD) of а point : 


Let 'a' be a real number and let be a positive real number. Then the set of all real numbers lying between 
а-балда- 6 15 called the neighbourhood of'a' of radius '5' and is denoted by М, (a). 

Thus, N; (а) = (a-6,a* 6) = {x e Ка-б<х<а+85} 

The set (a — д, a) is called the left NBD of'a’ and the set (a, а + 5) is known as the right NBD of'a’. 


Left-and Right-Hand Limits : 


Let f(x) be a function with domain D and let'a' be a point such that every NBD оГ’а' contains infinitely 
many points of D. A real number / is called left limit of f(x) at x = a iff for every = > 0 then exists a 
ó70suchthata-ó «x «a => | (х) -/|«& 


In sucha case, we write lim f(x)=/. 
xa 


Thus, lim. f(x) = I, if f(x) tends to / as x tends to 'a' from the left-hand side. 
xa 


Similarly, a real number / is a right limit of f(x) at x = a iff for every = > 0, there exists б > 0 such that 


а<х<а+6 => [f(x) -/| « and we write lim f(x) =F. 
x 


эа 
In order words, /' isa right limit of f (x) at x ^ a iff f(x) tends (о /' as x tends 10 'а' from the right-hand 
side. 


Existence of Limit : 


If follows from the discussions made in the previous two sections that lim f(x) existsif lim f(x) and 
xa r 


х-»а 


lim f(x) exists and both are equal. 
xa 


Thus, lim f(x)exists <> lim f(x)= lim f(x). 
xa xa^ xa" 
f(a) = limf(a-h) 
һә 
f(a*) = lim f(a+h) 
h0 


lim f(x) exists <> Г(а) = Г(а*) 


One sided limit : 
Let the function f (x) is defined in x є [a, b]. Sometime we need to calculate lim f(x) or lim f(x). In 
x! xa 
such lim f(x)= lim f(x)- RHL ха, as their is no left neighbourhood of x =a. 
xa х-»а” 


Similarly lim f(x)= lim f(x)=LHLatx=b. As their is no right neighbourhood of x = Б. 
х xb 


Forexample, f(x)-cos'x 
limf(x)- lim cos! x - 0 
x1 х-э 


lim f(x)= lim соѕ іх =л 
x-1 х——1 
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Difference between limit of function at x = а and f (а): 


lim f(x) exists but MEC. The value of function at x — a is of 
х-эа 0 
f(a) does not exist Х-а the form 0 which is indeterminate, 


i.c., f (a) does not exist, 
But lim. f(x)» lim f(x)22a. 
xu х а 
Hence, lim f(x) exists. 
Xa 
lim f (x) does not f (x) = [x] The value of function at x = n (n є I) 
exist but f (a) exists where (1 denotes pend des 
greatest integer But lim [x] =п- 1 and Em [х]=п 
function. xn 
Hence lim [x] = ОМЕ 
xn 


lim f(x) and f(a) both sinx, x «0 The value of function at x = 0 15 0, i.e., 
xa f(x) = 


: х, 220 0. Also lim f(x) = limsinx = 0 
exist and are equal x07 x0 


and lim f(x)= lim x 20 
x0* х—0* 


=> lim f(x) exists 
x0 


lim f (x) and Ка) both The value of function at x = 3 is 3. 
х—»а 


à Also i.e. f(3) = 3. Also 
exist but are unequal 


Ша f(x)= a, f(x) = lim? 


x3 xXx- 


=]im(x +3) = 6, i.e., lim f(x) exists. 
x3 x3 


But lim f(x) # f(3) 
X3 


Thus, for limit to exist at x = a, it is not necessary that function is defined at that point. 


Illustration : 


Evaluate the following limits ({-] , £} denotes greatest integer function and fractional part 


respectively) 
(i) | Lim[x], Lim[x],n eI @ Lim ixl (iii) Lim tan” A 
xm х-эн x0 X x x 
s Lim j L . "m 2 2 + { TS a: » Е. 
(iv) ce insi (v) Lim со x (vi) Lim [x] Vix} (vii) Lim x яви(х-1) 
(viii) Lim — (ix) Lim [x] (x) Lim sin! [secx] 
x4 [x F әк Ж xl) 
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Sol. 
(9 lim [x] =n, lim [x] =п-1 => lim[x]- DNE (Does not exists) 
xn xn xn 
Similarly lim { х/-0, lim {х}=1 => lim(xj- DNE (Does not exists) 
xn xn xn 
=> (х) = [x] and {x} has no limit at all integers 
0 1 
(1) f (x)= — B > has no limit at x = 0 < 3 - 


f(0 )- 

(tii) Lim tan ! 1 does not exist их =0 < even if f(0) is not defined. 
x x л 
Ї(0))-- 


(iv) Lim 


= [x] OX 07007) = f(0*) = 0 even if f(0) is not defined. 


: - л 
(v) Limcot ! х? =—. 
х-»0 2 


(vi) ft) [x] + {x} limit exists atx =Oas Lim f(x)=0+0=0, Lim /(х)=-1+[1 =0. 
х0 x” 


КГ) >1 
(vii) Мтх sgn( x — 1) does not exist < at x = ]. 
х] 
КГ) >-1 
(viii) Lim —L. 2 Ыт 2 = Шт ==] Lim —— is undefined 


хэ1 [x] wr [x] Lim = rr | = 


(ix) IP Lus Lim D, Lim [x] o 
x] x x x X 


(x) Lim sin ! [sec x] where | ] denotes greatest integer function, exists and is equal to z/2. 
x-UÜ 
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Illustration : 
if x«-1 


if -1€x«l 
Consider the function: Р(х) = 3, х=1 
+ Ъ if 1<х<2 


10-22 


(x-2y 


(i) Sketch the graph of f. 
(ii) Determine the following limits. 


(a) Lim f(x) (b) Lim f(x) (0) Lim f(x) (d) | Lim f(x) 
х---Г x>- x—I 


x—-1* 


x>? 


() Lim Их) 0 Lim f(x) 6) Шт f(x) Qh) Lim f(x) 
х-Г х-» re 


@  Limf(x) @ т f(x) (9 i qp Ба 


xh 
Sol. 
@) 
: Я 1 
о quo м БУ: ее Бш j^ I nra d 
(c) Lim f(x)- DNE (d) Dind tap im (х-1)-2 
(e) Lim f(x)= Lim 2-2 (f) Lim f(x)» DNE 
x1 х-эГ х-» 
(=) юм S(xJ= M T > = DNE. (h) Lim г (х) = Ни {х+1)=3 
(i) Lim f (x)= DNE (j) Lim ‚/(х)= Lim 2 =< 
(k) Lim (x)= Lim ыы и. 1, Lim (х) = Lim х+1= 2.5 
x>5 (x-2)? 9 0 Pae T Эс ня 
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6 
Illustration : 
Refer the figure, 
the value of A for which 2 (Lim f(x -x ) = [ин f(2x! -x° ) is 


a) 5 (В)? ("E 05 
sot, Шт f(x? —x7)= Lim fẹ -x)= Lim plc’ -x*)= sco" )=3 
x х-207 xU 


Lim n -X ‘=. ge fe -X )-. ын Ti -X *]- r(0*)22 


x 


2 Lim nue )= x Lim Дх – х) = 2(3) = А (2) А = 3. Ans. 


x0 x0 


Illustration : 


12-41, 
24 
Evaluate the left and right-hand limits of the function f (x) = 4 *— di : 
0, x=4 
Sol. LHL of f(x) at x =4 
|4-h-4| ,, 1-0] 


= lim f(x) = lim f(4—h) = lim к. E = fin 1-7 
x4 h0 hod 4-h-4 h>0—h | »60—h bo 
R.H.L. of f(x) at x =4 


I4 - h—4| | 4| h 
x х) 1 4+h lim hea = ы 
aig = eon a 


Illustration : 


1+х?,0< x«l 


Evaluate the left and the right-hand limits of the function defined Бу f (x) = | 2-х,4х»/ 


at x = I. Also, show that lim f(x) does not exist. 
x1 
Sol LHL. off(xjatx=1 

= lim f(x)=lim f(1-h) = lim 1+(1-h/ = lim 2-2h+h? = 2 

x x) х-»0 п-э0 
R.H.L. of f (х) at x = I. 
= li = fi 1 h = fi 2-- = [i — = 

M БМ lim f( +h) lim [2 (1-h)] lim(1 һ)=1 
Clearly, lim f(x)# lim f(x) 

rot хі 


So, lim f ( x) does not exist. 
x1 
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Illustration : 
_ jeosx,if x20 _ : A = А 
Let f (x) = { x+k if x «0 Find the value of constant k, given that lim f (x) exists. 


Sol йт (х) exists 
x 


= lim f(x) lim f(x) = limx+k=limcosx 2 0+ К = соз 0 > К = I. 
PT x0" х-»0 x) 


Practice Problem 


х-|х| 
01 Iff(x)- 2 жие show that lim f(x) does not exist. 
2, x=0 xU 
el’* = 
Q.2  Showthat lim —— does not exist. 
x0e'^ +1 
О.З Evaluate lim Эк, i 
x0 7x — 5 | x | 
x хк«0 
0.4  Iff(x)- 4l, x-0,then find lim f(x) ifexists. 
х?,х>0 ? 


0.5  Forthe function g whose graph is given, state the value of each quantity, if it exists. 


(a) Lim g(t) (b) Lim g(t) 
1—07 1—0* 

(с) Lim g(t) (d) Lim g(t) 

(е) хэв g(t) (f) Lim g(t) 

(g) 2(2) (h) Lim g(t) 


0.6 Forthe function R whose graph is shown, state the following 
(a) Lim R(x) 
x2 


(b) Lim R(x) 


(c) Lim R(x) 
x3 


(d) Lim R(x) 
x3 


(e) The equations ofthe vertical asymptotes. 
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Q.7 Refer to the graph of y=f(x) 
and g(x) = (х - 2), x <2 
-7-х,х22 
then which of the following limits are non existent. 


(a) Lim f(e(x)) (b) Lim g(f(x) ^ (©) Lim g(f(x)) 


Answer key 
0.3 Doesnot exists Q4 0 
0.5  (a)—1;(b)—2;(c) does not exist ; (d) 2 ; (с) 0; (f) does not exist ; (g) 1; (h) 3 
0.6  (3-7;(b)»;(c)0;(d)0;(e)x75;x-72;x*3-0 Q.7 be 


THE ALGEBRA OF LIMITS : 


Let lim f(x) = апа lim g (x) = m. If / and m exist, then 
х жа 


xu 
1. lim (f+ е) (x) = lim f(x)+ lim g(x)=/+m 
х-эа х-эа Xi 
2. lim (fg) (x) = lim f(x) lim g (x) = / m 
х-»а х-эа X23 
lim f(x) 
3 lim} (х) ===" =—, provided m #0 
à xal g limg(x) m 
xa 
4. lim k f(x) = К. lim f(x), where К is a constant 
х-эа X-a 
5. lim f(x) |= kim г(х)-11| 
xa Xa 
А lim gíx) 
6. вт (С)? = lim f(x)" “єт 
xa xü 


pA lim fog(x) = Ч lim 20) = f(m), only if f is continous at р(х) = m 


X-a 
In particular, 
lim f(x) 
(a) lim log f(x) = log tim f(x) | = log! (b) lime’ — ex» ” =e! 
xa xa х-эа 
E "WE И 
8. If lim f(x) = + » or — o, then lim fco ^ 9 


9, If f(x) < g(x) for every x inthe NBD ofa, then lim f(x) < lim р(х). 
x xu 
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Points to Remember : 


1. If lim f(x) g(x) exists, then we can have the following cases : 
xc 
(a) Both lim f(x) and lim g(x) exist. Obviously, then lim f(x) g(x) exists. 
х-»с xc xc 
(b) lim f(x) exists and lim g(x) does not exist. 
xc xc 
1 
Consider f(x) = x; g(x) = —, now lim f(x) · g(x) exists = 1. Also lim f(x) = 0 exists but 
X х-20 x—0 
lim g(x) does not exist. 
xü 
(c) Both lim f(x) and lim g(x) do not exist. 
xc xc 


i 2 if x<0 
Let f bedefinedas fb) = 3 Ж bat р(х) = f " ade 


Then f(x) g(x) 22, and so lim f(x) х g(x) exists, while lim f(x) and lim р(х) do not exist. 
x0 x0 х-э0 


2. If lim [f(x) + g(x)] exists then we сап have the following cases : 
XC 
(a) If lim f(x) exists, then lim g(x) must exist. 
х-»ж Х-»с 


Proof: This is true as g = (f+ р) – Ё 


Therefore, by the limit theorem, lim (х) = lim (f(x) + g(x))— lim f(x) which exists. 
хс xc x0 
(b) Both lim f(x) and lim g(x) do not exist. 
х-эс x—c 
Consider lim [x] and lim р[х], where [-] and {-} represent greatest integer and fractional part 
x x 
function, respectively. Here both the limits do not exist but Lim [x] +{х}= lim x= | exists. 
х x 


For Example : 


l | p— _ 
(а) #(х) = —— andg(x)= ах-0 Lm f(x) = DNE. Lim g(x) = DNE 


sinx tan x 
Я 1 . 1-созх 
But Lim | —— ~ =0= Lim ——— 
x0 {smx tanx x0 sinx 
(2х 
2 5ш7: " 
= Lim ————*— = Lim tan—=0 (exist). 
x0 X x30 2 


251п 5 cos 
2 2 


Print to PDF without this message by purchasing novaPDF (http:/Awww.novapdf.com/) 


10 


(b) — fG)-senxandg()- [x] then Lim (sgn x +[x]) does not exist 
as Lim sinx +[x]=1, Lim sinx «[x] - -2 
while Lim f(x) = DNE, Lim g(x) = DNE. 

() (х) = [х] and g (x)= {x}; FG)7[x] {x} 


Lim[x]-{x} does not exist but Lim [x]{x} existand is equal to zero. 
Х-» X=? 


(4) If f(x)=e™ ; р(х) = е!) then Lim е-е! = Lim е^ which exist. 
x0 x0 


Illustration : 


x*l,x»0 " e cain 
Let fix) ae < 0 and g (х)=4 х? —2х-2,1< х< 2. Ета LHL. and R.H.L. of е@х)) at 
ees x-5, x22 


x = 0 and hence find lim g(f(x)) 
Sol. Аѕх Э 07 үх) Э 30) = 2° = lim g(f (x)) = g(2*) =-3 
x 
Also as x — 0! > ү) э 00) = 1 => lim g(f(x))9 (1°) =-3 
x)" 


Hence, lim g (х)) exists and is equal (0-3 > lim g(f (x)) = — 


Indeterminate forms : 


T 0 œ 
Indeterminant forms аге 0.5 ®-®, Охоо, 17, 0" and x" 


EVALUATION OF ALGEBRAIC LIMITS : 


(i) Direct Substitution Method : 


Consider the following limits : (i) lim fix) (ii) lim a 
xa х-»а x. 


O(a) : 
If Қа) and Wa) exist and are fixed real numbers and (а) » 0 then we say that lim f(x) = Ка) and 


im LOY _ Ф@) 
xoa P(x) W(a) 
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Illustration : 


Evaluate 

2 
] Lim Зх? * 4x 4 5 ii Li T 
р арген * жиы 


Sol. (i) lim Зх + 4х + 5 = 3(1)7 + 4(1) + 5 = 12 


x!-4 4-4 _0 
+ + {р ER =0 
69 хн х-3 2+3 E 


(ii) Fractorization Method : 


Consider lig £22 

xa g(x) 
f(x) 
' р(х) 


we first factorize f(x) and g(x) and then cancel out the common factor to evaluate the limit. 


0 
If by substituting x =a, reduces to the form — 0° , then (x — a) is a factor of both f(x) and g(x). So, 


Illustration : 


Evaluate lim x $6 А 
x2 х 2-4 
2546 (== = E- 3 1 
m-—————- =] == 
t ан х -4 lEI NE=) FRF? 4 2:2 d 


Illustration : 


Evaluis Tine x *xlog, x-log,x- 1 


x1 (х? -1) 


_ x 4+xlog.x-log.x-1 Е | . (x-I)(log,.x - x41) (5 | 
ГЭРТ regs ш мые Д) |= wj ПТР 
Sol. eer (x? -1) id ныг (х+1)(х-1) m 


= fim 98ех+х+1 їов,14141 0+2 
x4 — (xl) 1-1 2 
Illustration : 


. 1-sin2x 
Evaluate lim ————— 
хэд +cos4x 


1—5їп 2х = lim бэс [д form) 
Sol. rt fo rm) хэ? 2соѕ 2x 0 


i Ч 1 1 

E (sin x — cos x) (љт) = lim ширээ. 

хэл л cos’ x- sin xy \0 хэл 2(cosx-sinx) 4 
4 


Print to PDF without this message by purchasing novaPDF (http:/Awww.novapdf.com/) 


12 

(iii) Rationalization Method : 
This is particularly used when either the numerator or the denominator or both involve expression consists 
of squares roots and on substituting the value of x the rational expression takes the form LI 
Following examples illustrate the procedure. 

IHlustration : 


2+; 


Evaluate lim 


x 1 к 
а 42-х- 42 0 А ЭГ 
Sol. When x = 0, the expression ————— takes the form D Rationalizing the numerator, we 
x 
have 
_ /2+х—Ч2 
lim 
x X 


on 2*7 J2)429x 42) _ Hm —25x-2 = lin 
= Х(42-х-42) “хэд J2«x«42)x mL -2р 


Шиѕітайоп : 
it ih +2х—УЗх 
ха Затх—2х 
[24 2: — 
Sol. ат sara УЗх (т 2) 
xa J3a*x -24х 0 


«ил (Ма+2х- “Зх )( Na 2x € 3x ) CELERE) „ыр 2) 
r(Jiatx-24x (djavx4242) (Чата Вх) 0 


m (2523-33) —3x) (3a x * 24x ) i УЗа+х - 2x 
2) m 4x) (Ja+2x+J3x) х-эа (Маз 2x 4 43x) 


__УЗаза+2/а 1 44a __2_ 
зема 3(da*2a*43a) _ F 23a 343 


(iv) Evalutation of Algebraic Limit Using Some Standard Limits : 
Recall the binomial expansion for any rational power 
огч п(п-1) > п(п-1)(п-2) 3 
(1+х)"=1 +mx+— Х келү * d 
where|x|« 1 
When x is infinitely small (approaching to zero) such that we can ignore higher powers of x, then we have 
(1+ х) = 1 + пх (approximately). 
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Following theorem will be used to evaluate some algebraic limits : 


n ,n 
Theorem:  IfneQ,then іт 2 - ga! 
x» Х-а 
х2: п 
Proof: We һауе lim 
xa Х-4 
n 
, а" 1+8 4 
: - : +h)*-a" , a 
= lim aja tic = lim [when x > 0, (1 +x)? 1 + nx] 
хәа* X-a h20 a-ch-a h0 
(на п ! 
=a" lim = за 
h-0 h а 
Illustration : 
на "m x” — 1024 
valuate —; 
хэ? x” — 32 
xl? — 210 x? 310 
1 lim =й 10-1 
Sol. M Va ct wi ээ? „кы pog QU ы 
x2 х?-32 r32)3-2 зэ42-2 lim r=? 5х 25-1 
x-2 x2 x—2 


Illustration : 


Evaluate lim% Е 
x2 4Ї(х-6) -23(3х-5) 


4(х- 7)-3,(2х-3) E form) 


Sol. We have = lim 3 —-——— NC. ^. 
о х+б)-2(3х-5) 


Let x – 2 = t such that when x —2,1-0 


Then L=lim 


i 1 

1+9) —3(2t1) (0 

(t+ а (2t "(б form 
190 (t. 8)! —2(3t+1)3 


0 


1 
ty ! 1 
1--1-(2-1) ff 2d Мн. 
| 3 0 ) -329 (205 3118 23 


: 34 
=—lim — form _=— mé 
210г үү 1 0 ^ re TN SN 23- 23 
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(у) Evaluation of Algebraic Limits at Infinity : 


= Ф NM 
We know that lim —=0апд lim —-7 0 
X—>+0 X x—>+00 Xx" 


lim f(x) = lim 8 
хх yoo y 


Illustration : 


. ах?+Ьх+с 
Evaluate lim ————. 
x» dx^ ex f 


, © R : , 
Sol Herethe expression assumes the form —. We notice that the highest power of x т both the 
oo 


numberator and the denominator is 2. So we divide each term in both the numerator and 
denominator by x. 


m ыг 

" a 
ах +bxte _ у; x x a+0+0 a 
x>» dx? +ex+ f re OS d+0+0 4 

> 

X x 


Illustration : 


4зх2-1-42х2-1 


Eavalue lim 


x0 4x+3 
[52 —] [2х2 1 |x] 3-4 -|x| 2-5 
501. Nate я” МЕК ТЕ = Lim зщ 
x0 4x+3 х-э® 4х+3 
т 3-1/52-42-1/х2 05-42 
xn 4+3/x 4 


Illustration : 


Evaluate lim Ух +1 
M LI 152 


Sol. We have lim Ух" +1 
хэ EVEN 


mE 1-1 
-——P E pre 
X>% — 

prd 
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Evaluate lim (у 25x! -3x + 5) 


Sol. Wehave lim (V 25x! -3x + 5x) (oo — оо form) 


х-90-0 


= lim (425 + Зу -9) К where у = -y 


yx 


= dim 223 *3»-25» 25y*-Jy-25y* 


| Зу 
= lim 
a 425) +3у+5у 25у? +3у+5у 7” 45597 +3y +5у 


3 3 3 
UA D... 343 10 
жез Ме 45 
Б 
Illustration : 
If Lim sn iai „ 1 find a and b. 
х-эд x 
ш Увх+%-2 -2 


Sol. = 


m 


For limit to exist, 0+b - 2-20 >Ь=4 


Jax44-2 Hed 
Ip T prp. 4 ur 
x70 x х-»0 х 
it 
slp i ef => 2-8 =1 Sa =4. Ans 
x70 £ $ 


Illustration : 


(i) Lim, 5- 3 =| (20-00) /огт (їйї) и a? dee ac) form 


Sol. 
i Lim 5-5) = Lim xX -2x+4-12 
0) х--2(х42 х +8 ШР = х3+8 
. ax -2x-8 (х+2)(х-4) 
Lim a = Lim ———M 
х--2 х+8 х>-2(х+2)(х?-2х+4) 
= 9», ыг "S е 
= Lim х-4 шэнэ 6 ! 
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(ii) Lim ух? н: 052 = Lim I 
roo y" y 


y =! : 
1+2 -(I+2y)2 1+5 (1-5) ix o 
= 2 Lim 2———— ———— — = 2 Lim —$9————— = 2] — | = —. Ans. 
yes y yoo y 8 4 
Illustration : 
Lim 2+2?+37+...+пт? 
n» Е MEME 
2+2? +3? 2 н (n+ 1) (21 +1) 
Sol Lim 2 +2 ке -— uu ~~ 
n> 20 n paren F 
I 1 
- Li 2233 77770 4 
i — 8 Е 6 йн 47 ns. 
Illustration : 
- 12 
Lim бах ia C2 Sl 
x00 зіп x 
(A) 1/12 (B) 1/6 (C) 1/3 (D) 1/2 
Sol. Lety = соѕх 
1 1 E 2 
Lim (625% —(созх)› = Lim yt 
x0 1—cos^ x yor 1- у? 
1 
у3-1| | у2-1 
21101 орет 1-21, 
а "Um 
pm" = 2 -2 -г 12 
1-у 
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Illustration : 


Sol. 


Lim ((х+а)(х+Ь)(х+с))'?*-х 


- 


: 1 
Lim ЕЕ, J ын ит Ure ertet 
xD yo 


каев) -1| 


Lim 
yoo ¥ 


147 (a b c) у + Higher terms- 1 (а+Ь+с) 
p UR 
y 12 


. Ans. 


Illustration : 


Sol. 


In(sin 2x ) 
x20 In(sinx) 


(A) 0 (B) 1 (C) 2 (D) non existent 


is equal to 


Lim In (sin 2x) MT In 2 + Іп sinx + In cosx 


x20 In(sinx) хо In sin x 


In 2 In cosx 
—— - —— 


= іт | 14 —— - 
in sinx In sinx 


| =1+о+о=. Ans. 


Illustration : 


Sol. 


3 > > sin? x 
Lim pe j 20e x ТЭГ эмийн хэлэ тор") [2] 


x 


22 
2 2 2 =з с 
Lim (pee + 280366 X 4 омех... + 100" ) 
x 


3 + > sin? x 
соѕес“ x cossec x cossec x 
100 Lim (15) (4) TNCS (2) +1 
x0]| \ 100 100 100 


= 100 (0 0 + ......... + 0 + 1)" = 100. Ans. 
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0.1 


0.2 


0.3 


QA 


Q.5 


Q.1 
Q3 


Q.5 


Practice Problem 


Evaluate the following limits 
1+ cot? x 2° +2°*-6 3-4х 
оинњои ® ВАБ ги Бо 
@ 1 mt —-2cotx 4 cot? x (и) ха 274-27 (ш) rar 4:-425--2 
Э2 
Evaluate the following limits 


[X El ds - 
о м ( xt 2-1 - 2-1х-3) 
a 416461 +2 - Уп? «30? +1 ет 


(iii) Lim tan“ * x( v2sin? X+3sinx+ - sin? x+6sinx+2 ) 
x2 


Evaluate the following limits 


i 
(i) Lim PS +3х2 - Vx? - 2x (ii) Lim ((x + D(x +2)(х +3) -X 
l xit 
(iii) Lim 10 e Dex « 2 +3).......(х +100) 100 -x| (iv) Lim = (mneN) 
If Lim{ x""'-2""' | = 80 andn €N, find n. 
— x-2 
Evaluate the following limits » 
k |-100 
х1 2х?+х-3 x x-1 
(iii) aie +ах +1 -— Ма2х? +1] (iv) lim УЗх-а-ух+а 
Xx х-»а х=а 
. (D-22433 -47 +52 +......n terms) afi | -x| 
(v) lim “—— x (v) in| e 2h 
Answer key 
3 2 
(1) 4 , (ii) 8, (11) 3 0.2 (i) 1, (ii) = +2 > i) S 
(i) 2, (ii) 2, (iii) 5050, (iv) 5: Q4 n-4 


e 2 ” а. ЧОЕ. И. 
(1) 10’ (1) 5050, (8): , (i) =, (v) when п is even, limit = 5 , when п is odd limit = 3: (У) 48 
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SANDWICH THEOREM OR SQUEEZE PLAY THEOREM FOR 


EVALUTATING LIMITS : 


General: The squeeze principle is used on limit problems where the usual algebraic methods (factorisation 
or algebraic manipulation etc.) are not effective. However it requires to "squeeze" our problem 
in between two other simpler function whose limits can be easily computed and equal. Use of 
Squeeze principle requires accurate analysis, indepth algebra skills and careful use of inequalities. 


Statement: — ИТГ, сапд Ваге 3 functions such that f(x) < g(x)<h(x) forall x in some interval containing the 


point x =c, and if 


Lim f(x)= Lim h(x)=L => Lim g(x)=L 
xc xc xc x 
h(x) = 1+ 5 
From the fi hat Li Qi 7 (0.1) x 
rom the figure note that Lim g(x)=1. х)=1- > 
Note: (i) the quantity c may bea finite number, + © ог oo. 
Similarly L may be finite number, +% ог— о, 
Illustration : 
x+7 sin 
Evaluate Lim using Sandwich theorem. 
x» – 2х+ 13 
Sol. We know that –1 S sin x $ 1 for all x. 
= -7 S7sinx S7 
> х-75х+ 75тх$х+7 
Dividing throughout by —2х + 13, we get 
x-7 ,X*7sinx x7 IL x th | 
Пек ЗЕ охе ре. 
[Why did we switch the inequality signs?] 
x 
Now, lim Bod = lim —_*~ = 1-0 = af 
х-х-2Х413 x0 2 13 -2-0 2 
„2„— 
х 
14— 
and lim ^^ = lim Х-- дай, = 22. 
х-х-12Х-13 x, 13 -240 2 
х 
. x*7sinx -l 
Lim ————— = — 
x>» —2x+J]3 2 


Print to PDF without this message by purchasing novaPDF (http:/Awww.novapdf.com/) 


Illustration : 


If [-] denotes the greatest integer function, then find the value of lim 


[x] * [2x] +...... + [пх] 


х-э® п 


Sol nx- 1 < [nx] € nx. Putting n = 1,2,3,......, n and adding them, xEn — n < X[nx] «хУп 
PME I Pd NT 
n^ n n* n* 
: En 1 — Au 
Now, lim4x.—-—,(-x.lim —5 – lim —-— 
nv» n n noH по П 
: En со Ж 
lim 4х. =x lim —5-— 
n» n n» n^ 2 
As the two limits are equal by equation (i) lim гел = г : 
n-»x п 
Illustration : 
Evaluate lim == E yos FEL. ; 
п>=®]+п° 2+п nn 
1 2 п 
501. = z+ ешо - = 
і+п? 2+т nn 
n(n-1) 
Now F< stp tics. = „чи ~~ 
1+1 dm 1+п (l+n-) 2(1 mn ) 
"PITE ээн, PEE гэнэ S Ж... 
o Та? nem mem nem оо nin — (nm) 2n n) 
Thus п(п+1) п(п+1) 
" 2(пжи2) C 2(1442) 
=> y MED ae Pe ee BT, 
nn 2(п+п°) n» nn 2( I n^ ) 
=> то $< lim P, < lim >" 
MEUS ши ны 3) 
n п 
‚ сы 1 . 1 
> py Быш 
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Practice Problem 


Evaluate following limits based on Sandwich theorem : 


0.1 If 4х-9<#(х)<х2-4х+7 V x20 find Lim f(x) 
X4 


Q2 O2xsg(x)sx'-x + 2 forall x then Lim g(x) 
x 


Answer key 


Q1 7 Q2 2 


EVALUATION OF TRIGONOMETRIC LIMITS : 


(i) Lim теп = 1 (where 0 is in radians) 


Proof : Consider a circle of radius г. Let О be the centre of the circle 
such that ZAOB = 0 where 0 is measured in radians and it is very small. 
Suppose the tangent at A meets OB produced at P. From figure, we 
have 

Area of AOAB < Area of sector OAB < Area of AOAP 


1 1 1 
=> 5 OA* OB зїп 0< 7 (ОА)? < 7 ОА x AP 


2 
Ee т. 1... 
=> 5T 51п0< 2r 0c r'tanü [In AOAP, AP — OA tan 0] 
. sinO 
> sin 0 « 0 « tan 0 = 1> 6 со50 
= лал e нене ог, БтсозӨ < lim 509 <1 
0-0 Ө 9—0 0—0 9-0 
. $10 ‚ sin® | 
=» 1<lim—-<1l = lim—=!1 (By Sandwich Theorem) 
0-0 Ө 0-0 Ө 
. sing 
@ lim = 
. 1200 ,. 810 1 . sind... 1 
We have lim —— = lim —— = lim — lim =| 


8-0 0 0-0 Ө со50 8-0 O0 -ocos 
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@) lim sin(0 — a) =| 


0—a 0-а 
— EU 
We have jio 109—9) " = |і sin(a+h-a) үүд", 
02a 9-а һ—›0 (a+h- a) lim h 


. tan(0—a) . sinx 
i 1 =] — n 
(iv) aT E (v) lim й 1 
23 
tan x . l-cosx 1 
lim ——— -1 i Lim 
м) ue X (val) 2-79 X 


Note : Let [* | denotes greatest integer function 


o me o ja] 
. [sin x . sin” x 
() То | 2 [us ^s |-0 


Iilustration : 


Evaluate the following limits 


” lim sin3x (ii) lim sinax (iii) lim sin(log x ) 
x x0 sin bx хэ! logx 
Su 0 Же = * т ss 3 хэлэх шинэ 
x X х-к 3x x 3x 
Nds ae 
; ax 
(i) ^ Wehave lim E a= 
хәб sinbx | = “sib sinbx je 
bx 
sin(log x) 


(iii) Given L= lim 
хэ! logx 
Let logx =t then 
sint 


— L= іт — =] 
12-0 { 


Illustration : 


Evaluate lim Lu | 2 ;. 
xXx I4 x* 


2x 
1+ х? 


Sol. We know that sin | JE 2 ат! x, for-1 x €1 


- |= lim ———— = 2 


x90 X 1-x^ x10 x 


li 1 "| 2х | . 2tan! х 
= im —sin 
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Illustration : 


. 1-со52х 
Evaluate lim — —, — 
x 


2 2 
Sol. We know lim кере form) _ ы т а) =} 
xt) xc 0 x2 x x» X 


Illustration : 


. tanx—sinx 
Evaluate lim ——— — 
x) x 


3 


Sol. We have lim ксн form) 
х-»0 x 0 


. | sinx—sinxcosx 
= lim EET. ран 


х-ы х? cosx 
. | sinx(l-—cosx) . |sinxl-cosx 1 
= lim SET ны: = lim4—— ——;,— —— 
х—0 x cosx х-0| x x СОХ 


sinx zm : 1 sinx| 1 sin” 
= {tim | lim —— $ lim = [im : lim| —2 | } lim 


x0 X x0 f x x0) COS X x0 x |2 x x0 COS X 
= 2 
1 » 1 1 
= 1х— 1 “х—=— 
20) 1 2 
Illustration : 
1+соѕ 2х 


Evaluate lim 5 
хэ (л -2х} 


Sol. Wehave, lim Les form) 
x5 (л-2Х/ 0 


сөн = +h] Г 2h Г 2h 
- lim Е adit -cos(z-- 2h) = li —cos 


h0 Ф 2 ho 4}? kað 4h? 


. 24828 2(, sinh 1 
= lim —=-=| lim => 
hoo 4h 4\ho0 h 2 
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Illustration : 


Io 


Evaluate lim 2%! 253) 
ЭХ 


р 20 А 
r : б х-/ a = ас 2 Lt 
Sol. Wehave lim 2 213 lim > E form) 


дю 


a,. tan) — з а 
E 1 where у = B 
Illustration : 
2. - 
Evaluate lim EN ou M 
x32 x^ — 2x - sin( x - 2) 
Sol [т i form] 
x32 x* —2x—sinf(x—2)\0 
M (x-2)( x I) afi (x+1) 2+1 2” 
x2x(x-2)-sin(x-2) хэ? Sin(x-2) 2-1 
x-2 
Illustration : 
Evaluate lim {ат zta) 
xx х+4 4 
Sol We have lim {шн zta) 
х-›® х+4 4 
х+1 
= lim {ш xl — tan ! 1) = lim xtan "| +4 
Xx—»» x44 Xxx 1+ х+1 
х+4 
И -3 
Ег tan Р ;) -3 
= lim xta 3 E -- 2721-2525. 
гээ 2х+5) хэх 2-3. 2х+5 
2х+5 
tan“ 3.) 
. 2х+5 : -3х . -3 -3 3 
= lim| —— —————- |lim| ——_ | = I x lim St 
xn -3 xx 2x - 5 х-»х mel 2 2 
2x45 7 ох 
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Practice Problem 


0.1 — Еуамае the following limits 


—" . Lim} €95* ТА 1—со$5х 
(ї) Lim sin 8x cot 3x (ii) ae a (ш) а ш" эш 
: 2 ¥i+tanx —V1+sinx . x?+x -2 
у) eo (у) Lim ————— 
x30 x x1 sin(x—1) 
0.2 — Evaluate the following limits 
z TX xtan2x — 2x tanx cos 7x – соѕ 9х 
i) Lim (I- x)tan— ра Lim — 
E ат (1-х) 2 Gi) (1 — cos2xy? кос cos X — cos 5x 
- 2 —cos(l —cosx 
Gv) Lim 1 совху cos 2x - ris! | . ) 
x tan^ x x0 sin X 
О.З  Evaluatethe following limits 
. l-cosmx . cot2x —cosec2x 
(i) lim ———— (ii) lim У?созх-1 (iiij lim ————— 
x0 ]—cosnx хәл cotx-  cotx-l х0 х 
(iv) ip 2.3 (у) lim ДӨӨ 
x0 3x -sinx п-›® 4n 4n 
Answer key 
e abs л u-— m р О. 
Ол (Q5.G) 5.) — (v) 4.) Q2 =.) 5,00) 3.6) 5.) 5 


m? 


Q.3 di я (6) —5. (iii) -1, (695. юл 


EVALUATION OF EXPONENTIAL AND LOGARITHMIC LIMITS : 


In order to evaluate these type of limit, we use the following standard results. 


1 lim =log.a 
x0 X 
Proof: lim —— 
x30 Xx 
2 2 
(200, х Toga) de unns }- : 
ых, u | ока 
x0 X хэй 1! 2! 1 
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X 

2. lim $=" = 1 (replace a by e in the above proof) 

x30 X 
3, Бал. 

x0 X 

МЕ E. 
Proof: lim og(1* x) lim ^" = tinf 1-3-2 
гр х x0 х х-» 


Illustration : 


2*- 
З ГЭЖ, ш ШЕ 
Evaluate эн Т тр" - 


Sol. Weh ipe -— (2 form 
01. е пауе im 1\0 


25-1 (П+х+1) _ 2- 
ИВ - “tim(J7+x +1) 


= (log 2) (/7+0 +1) = 2 log 2. 


Illustration : 
х-1 n 1 


Evaluate lim — : 
х-! SIn 


ах! -JfÜü 
Sol. We have lin“ (2 form 
х»! sinzx \O 


a 


h  jsinzh л 


ї+Ё-1 h _ в _ 
„ж е — SNNT а =] Е ) л uc pa 
л 


hve sinz( 1h) Е юэ — sin zh 


Illustration : 


10° -27-5* +1 
Evaluate lim ee 
x0 


xtan x 
0 x 
зи: Were ta 2 35 +h E fi orm 
x0 xtanx 
5$ ,27-2*-5 4+] > S -I2-I Я 
= lim —————————— = lim a£ o 
x30 xtanx x0 x x tanx 
Е эх... 
= lim 1 т ул 5 


xx» X x0 X хэй анх 


= (log 5) (log 2) (1) = (log 5) (log 2) 
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Illustration : 
log x -loga 


Evaluate lim 
xa x-a 


. logx-loga(0 
Sol. Let x - a = h, then if x >a, h -»0 — lim jf 


x-a 
h 
21 + | 
= fim OECC tlga ра) 1 
h0 h x0 h а а 
а 
Illustration : 
alae- ON log( 5* x)-log(5-x) 
хм с 
Sol. We have lim E form) 
х—0 с 0 
log 4! + z) -log 1-2] log өд 1+ z) - log5+oe{ 1 
^ 5 5 . 5 5 
= lim = lim 
x) x x0 x 
и + z) ZU - z) 
: 5 5 
m 
x x 


illustration : 
Let P, = а 1— by9m-7423- and let Рүэа-1 where a Е КТ, then evaluate lim ^e : 
х0 X 


Sol Clearly, if P, 0 -»Р,,- 0 
Now, asx —0 => Р, 0 => Р.Р,Р, ...... Р 0 


e WINE NL UT NE: = Lin] D. |- Lin = А ИЙ Lim (2) 
x30 x хэ0Р, Ps х хэ0{Р,_; | x20( B, х-0 х 


| 


а 


LONE NC ЭВСЭЖ 


=In a 
x20 Р, _| х—э0 P. 


= Required limit = (In a)" 
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Practice Problem 


Q.1 Evaluate the following limits 


| ее tanx _ ,sinx хо 
(i) Lim 5 ——— (1) LimS ——*— ау з= е 
x0 {апх-х x0 tanx —sinx x) х“ 
ИИ сыы эш cos(x e*)—cos(xe *) ; Ух _| 
iv) Lim ————— /) Lim —————;, ————— ji) Lim ——————— 
v) эй х м - Е x x» 2arctanx^ – л 
е -tan x Ї 
Q2 жит их) _ хп exists and has the value equal to gen find п. 
0.3 Evaluate the following limits: 
. XXX . sin(e*? -1) 
. . Их _ > .. 1 +++ lim 
0) 2m БӨ агч 0) ar 1-с05х (ш) x32 log(x-1) 
` e* —cosx . е+е*-2 li log(x —a) 
= eS = alus i) lim —————— 
(iv) lim 3 (v) lim = (уулс log(e* —a*) 
aen _д%пх lim 0—3°—4°+12°) 
zc шара 
(v) иш tanx —sinx a (vii) 0 (2cosx +7) -3 
. (729) - (243) – (81) + 9* +3* -1 
(ix) lim 29) — (243) ( ) 
x = 


Answer key 


Q.1 G) 1, Ina, Gi) >.) 1 6)2, (4) — 5 Q2 5 


0.3 (1) лпа, (1) №4, (iii) 1, (iv) 2 (v) L (vi) 1, (vii) та, (viii) -12 №2 x /n 3, (ix) 6 (In 3? 
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LIMITS OF THE FORM Lim (f 999 : 


Form: 0°, ос? 


Let L= lim (f(x) => log, L= ов. їшї | 
x-a х-эа 


= lim g(x)log.[f(x)] 
xa 
Form: 1” 
; 1 | гү 
1. lim(l+x)* =e or (1+1) =е 
х0 xn x 


Ж 
Proof: lim (1 +х)* 
х-»х 


| 
= lim} 1+—х+ x" + с ЛСТ 
х 2! 3 
-ии(:41059),0:0:29, ха | 
x 2! 3! 


2. L= lim f(x)** if lim f(x)= 1 and lim р(х) = 2 
xa xa xà 


Then L= lim f(x)*? 
xa 


= lim(1+ (f(x) - e eo 
Xa 


= ex 


lim (f(x)-Dxg(x) 
=| lim| (1+ (f(x) - 0)? | "7 lim (Сх) (х) 
xa 


Шиягайоп : 


Evaluate lim( 1+ х) , 
x0 


lim 


1 Ж x : 
Sol lim(1+x)P*** = пт (1x | - [ ўы; pr же 7 
х-20 х0 x0 
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Illustration : 


Evaluate lim(cos x ^*^" , 
x 


Sol.  lim(cosx ^^" 
x>) 


сахх-1 


—L | max 
= lin| (1 osx - п | 


lim cosx 
I Їїт cos X 
„ -0 fan: 
= [lim 1 (coss - n= | "= er tanx 
x 
зүс эхин Lim (24 “сох X 22 
2 e^? sin? x = е" 1-сох" x 
(— sin xcosx 
=e хэд Pecosx =e” =] 
Illustration : 
( sinx | 
5 Sin X | x-sinx 
Evaluate lim| —— 
x0 Ж. 
sinx sinx sinx А 1 1 
Sol. Since lim — =] апа Ит = lim ———— = lim == 
x30 Xx x0 х x> x-—sinx “Ч х - 1-1 
sinx 


| sinx А Ec sinx zi sin x } li sinx [ 
sinx x-sinx 210 и z 
=> lim х-зїзх} _ р х0 x "T ЕА 

о е 


Illustration : 


x 3 


" x = 2/x 
Sol. We have дЕ 
x 


fa^ „12 2, | a*+b*+e*-3 
lim) ——————-4 |- = lim| ——— —— — — 
xo 3 x 3 x0 x 


ине Е х.) 6-1 x 
= lim 3 — — 4 lim 


x x x xU x x— X x x 


A 2 Р 2/x 
Evaluate те. ; (a, b, c > 0). 


> 
4 


3 шир 
= ele)" = (abe )3 


N 


(2 \mastnbsinc) (2 ок) 
е 3 =е 3 
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Practice Problem 


0.1 Evaluate the following limits 


0) 


(ui) 


(v) 


X— x 


r ; л, \NX 
| eae NE +n” 
lim | ——————— = ПЕ М 


T sec? zu 
Lim} sin? uum 
x0 2-ах 


0.2 Column-I 


3 ший 
(А) анод [377 1< x <2 then Lim (f(x)! = 


(B) 


(C) 


(D) 


(E) 


(F) 


(G) 


(H) 


-x 2<х<3 


ton 
Lim(2-x) 2 
x-l 


= {2 1 гү 
Lim| sin —+cos — 
X 


Xx X 


І 
БЕ а x)| 
x0 4 


CUS CC X 
: 1+tanx 
Lim | ———— 
x20 \ 1+sinx 


Limit (cos x) * 
x0 

х x 
Lim (5) 
хэ\]+х 


ИК х 
Lini = | 
хи л 


Answer key 
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Сошти-П 

(Р) 1 

(Q) e 

в е 

($) ел 

(Т) ст 

(U) nonexistent 
(V) e12 

(№ e! 

(X) e 12 


Q1 (@п!, ее, Givet? (re © 


I 


a 


9.2 (A)U;(B)S; (C) Q; (D) R; (E) P ; (F) V; (G) W; (H) T 
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L' HOSPITAL'S RULE FOR EVALUATING LIMITS : 


Rule: If lim —— f(x) i or — = 2 foris. then, tim О = tim Po) 
xn g(x) 0 xaa g(x) ха g(x) 
Illustration : 


Evaluate Lim log 2 ч (ап! 2х). 


Sot. L= Шт logos 2х) [© form) 
x0 log(tan~ х) 


Using L' hospital Rule 


2tan 2x sec* E 2 


We have L = „Бик 2: 
xd 


? 
2tanx sec” x 
fan” x 


азна) ае 
„Ж sin 2xcos 2x - Lim sin 2xcos 2x = 


x0 1 x0 | 1 | x0 cos2x 


sinxcos x sin 2x 


Illustration : 


Evaluate Lim x" (log x)", m, n € М. 
х-»0" 


Sol. Lim x" (log x") = Lim EZS d (= љт) 


= Lim лене ИЙН” (using L' hospital Rule) 


re Amt" 


n-1 
Lim "008 E form) 
oo 


x0 -—mx" 


п(п- 1)(log x "^ 1 
= Lim — ЖЕ“ (using L' hospital Rule) 
хм)" -mM x 


n-2) 
= Li т "(п-1)довх/"Э? E form) 


x0" mx" 


! 
= Lin —“——=0 (differentiating N' and D' n times) 
x ( ^m )" x " 
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Illustration : 
sin x-tan' x 


3 


Evaluate Lim 
xU x 


sin! x-tan™! x 


Sol. Lim 3 


x0 x 
-— (1-х2)-41-х2 
Е врс 3x2 | na ( TET (Using L'hospital s Rule) 


— (19x! )-Ai- € 
i m CANET 
хэд 324 E x^ (1+х?) 


NONI SF 1-8) 1 7 
хәб 3х2 Биг) (1+х?)+ ГЕР (Rationalizing) 
РБ x? +32? " 1 
x0 3x4 1- x! (14x?) (1-х7)-41-х2 
x «3 1 


tol 


"— —. — — 
хэд 3,1-х2(14х2) (1x! )« 1-6 


LIMITS OF FUNCTIONS HAVING BUILT IN LIMIT WITH THEM : 


EXAMPLES: 
0, 0«a«l 00, 0<а<1 
Lim a" =41, а =] Lim a" = 41, a=] 
iss © а “97” 0, а>1 


Illustration : 


. tang x. (x41) sinx : 
= Lim. — Lim f(x) 
ге) x +(х+1) find о о). 


n 
sin x, х>0 
Sol fix) -ltanzc 
Л — > х<0 
x 


Lim f(x)- Lim ѕіпх=0 
xo x20 


? 
s . tanm 
Lim f(x)= Lim ——,—2z 
x" 


x0 x 


=> LHL # RHL > Lim Sf (x)= DNE, 
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Illustration : 


cosa x - x^ JONES 1) 
jin 


f= Lim = = ‚ find = f(x) 


cos zx — x^" sin(x - 1) 
2n 


seb qui = 1+х-х" —х 


й > 
when 0«x «1, Lim x^" —0 
n» 


f(x) = cos zx 


2. 2 
when х =] Lim x —1 
anv c 


_ coszx—sin(x—1) — coszx—sin( x — 1) 
fé) = 1*x-1 i x 
when x!» 


TES 
Lim x^" — oo 
n x 


a> ү 


COS ЛХ л 1 
“эж 75й(Х-1) O-sin(x-1) -5й(х-1) 


= лы 
ONE МЕ 1 0-х-1 (х-1) 
хех] 

соѕлх , 0«х «1 

соз zx — sin( x - 1) 2 
fx) = -— 9 х^ =] 

—sin( x —1) iis] 

(x-1) 

Lim f(x)- Lim cos zx 2 -1, Ии /(х)= Lim 59-1). , 
хә Г x xə (x-1) 


Lim /(х)=1. 


Illustration : 
ela (3). eU) 


2n холч Li 
Let f(x)=min (. x |ne М. The value of Lim Br ил GD- sina) is equal to 
(A) 0 (B) 1 (С) 2 (D) does not exist. 


Sol. х) = min. (1, x", х2" *!) пЕМ 


р pem хэ"?! ys] 
ix ^*! 05х51 = L 
1 х> 1 е T 
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etl f(x) _ от (/(х)) 
Жр эй Нишийн... AREE 
x0 tian( f( x))- sin(f( x)) 


e 


i tan( f ( x ))— sin( f ( x )) 
ват". sinc" = г) м 1) ; 


EN OMIM = Lim = ] 
x0 tanc *!)- sinl 2*1) yoo y 


where y = tan (x^" * !) — sin (x^ +!) Ans. 


ets DU tan f ( x )) - sin f(x )) _ ! 


и 
E' 


Illustration : 


sin(a" n (x E 2) телу 
Let ((х)- Lim ——__, +1, then Lim f(x) is equal to 
nx H5 (x2) -X r-I 
(A) п (B) 22/7 (C) 1 (D) non existent 


sin(x *)+ (х+2)' илк 
Sol. Let х) = Lim T рад 


nx 1+(х+2)' - x? 


sin|zx? 
I ы. х<-] 
ЛУ = ] tana 
: х»-1 
(х +1) 
Lim „/(х)= Lim tanx _ Lim (tana(1+x)) _ 


х--Г (х+1) х--Г (1+ х) 


e 4 Ч 1-х* 
Lim f(x)- Lim sink) = Lim вих) 


pear -1 (1-х) хэ-г (1-х?) 
Lim f(x)- 


х>-Г 


ONE SIDED LIMITS: 


Illustration : 


Evaluate Lim n tan Ух Г 
х=) 


Sol. Let (нап) .1= Lim T nre Ns) 
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Lim 1 in (iran? Jx) 
х-»07 


{= е 


So here left hand limit has so significance as vx is not defined for x < 0. 


Illustration : 
Пан x] - 2[tanx] -3 
х-мап"'з гап? x] - 4[tanx] +3 
(A) is 1/3 (B) is 2 (C) is 3 (D) does not exist 


(where [x] is the greatest integer function of x) 


lan? x] - 2 [ran x]-3 = Lim 8-4-3 1 


Sol. Lim - 1 = Ил 
х—ман"! 3 lan? x] —4 [апх] +3 х-ман 13 8-8-4-3 3 


EXPANSION OF FUNCTION: 


Expansion of function like Binomial expansion, exponential 6: logarithmic expansion, expansion of sinx , 
cosx , tanx should be remembered by heart & are given below : 


x _,, Ха х2 па ха Et EUR... Хо x 
(i) а`=1+ Т ст кет ы ee а>0 (її уе mes huc RE NM моем УхЕК 
3 25$ 4 
(i) = m(1+x)=x-~—+—-~+.........for-1<x <I 
31 3 4 


э 
(iv) sin x =x ———+——-— +....... “Sees (9) cost =1-—4+—-—4...... хє|-22 


ал 2 4 6 22 
3 5 3 5 7 
х”. Эк лл X^ X x 
i = oe a Ste 1 ly = x -—+—-— +... 
(vi) бахх +. + ЕРА. Ex) (vii) tan "x^ x "i = 
222 zn le = 5 y c3 s, 17.375" 7+ Н -I ж SE La 
(viii) sin'x-^x 3^ 4 х 7 жеч (ix) sec "x = 2*4 a 
Illustration : 
Evaluate the following limit : 
ё-41-х . Xx—sinx 4-267--24 . x-tanx 
- * = L ... B a 
() т (üi) Lm —5 (iii) -— ЛЭН (iv) Lim J 
Sol. 
1+х+ — +....|-1-х 
ние Li UN) 
0) мн x mee x? 2! 2 
x x 
А » ана *~ 3) 7” — | ! 
x—sinx ! 
T Li. — = Li = —=— 
Oo — I1 x mue " 3 6 
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2 2 
25-23 | нх | (гэн) 
... 14 Биш Эс ee А { : 
Qu) x зе x Lin м 8 B оо 
3 
wee" 4. |. 
" 3! " „ 
“эв х A M pye 
3 2x 
x ктг зона 1 
(iv) Lim 38... s Lim 3 = —. Ans. 
x10 X х- 0 x 3 


Illustration : 


X 
26 - 
Evaluate Lim — 2 
x) sin 2x 


6 
ГРС ЗА НЕ RI 
gh Pend 2! 
Sol. Lim = Lim $ 
x2 sin” 2x x0 sin 25 (рүү 
2х} 
9 
L + ; кез 1 f 
є б - . 2 ла 
c NEC NEM Sa 
Illustration : 
: , 1 
Evaluate Lim x ^ х of 142) 
Xx X 
: 2 1 1 
Sol. Lim x-x' In ЦЭ put хэс 
xx x у 
S y- у? + Уу - 
Li 1 т (1+у) _ y-In(t* y) f d 2. 1 . 1 
= = Lin —>— = —. Ans. 
узо у D y yoo y 2 
‚ . In(l9-y 
Don't do it: Lim E - пат. = 1... 1. 0 as Lim Ey) = 1, is not correct. 
roo y y y y y yo y 
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Illustration : 


_ (+х)*- 
Evaluate Шт Ur) -e 
х-э0 T 
{ laltex)-x 
1 1 и (tex) E T -| 
ээн x = - 
ка. ID fag 15 аш pru mms Meis 
x60 3s xü Pn x0 EJ bw 
x 
In( 19 x) 
ан т (1+х)-х 1 е 
" e Р Я -1 М. 
E w- T Lim( x? | E | 2 | E. 3 Янь 
х 
Don't do it 
Lim (1+) —e - 
x0 x 
Let x = y/2 
2/у 2 ify 1 у? . 
(+2) zë 3 2) -e Цэгээн | 
з Fx Lim 2 = 2 Lim 4 -2 Lim © 
yo! y /2 y y yo! y 
[mer Уу у 
2 Lim ёс... = > Шт Ë = 2¢ Lim 5 11_2е_е 
y y yo y "уэ у/4 4 4 2 
Note that mistake occured at *. 
Illustration : 
Evaluate hase. 
x0 sin" x} b ч 
5.2 sin’ 0-0" 
=й Lin bie OE 
Sol. Putx=sin0 > Fim 0! а 999 01:56 
_ Li (sin0 — Ө )(sin0 +0) Сы ят0-0 Е 1 
920 0 EE. a 
Don't do it 
| I хэт. х? БИ 1 
та Lim —.————— -.— = Lim —-— =0 уу 
x0 (sin! Xx] ux х0 x^ (sin! x i x0 х^ хі 0, is wrong. 


Print to PDF without this message by purchasing novaPDF (http:/Awww.novapdf.com/) 


39 


Illustration : 
Acosx* Bxsinx—5 : | == 
— — ——, — —— exists & finite. Find A & B and also the limit. 


Li 
p БУ 
. Acosx* Bx sinx- 5 
Sol. LetL= o ERE ханиах 
x0 ЛЕ 
х? 
4-5 нене ваа E 
2! 4! 
= Lim г 
x0 X 
(1-5)+(B-4} (4-2) x 
L= Lim шэг” = finite value 
x60 х 
ge magi. ao E UE CT ы 
CO AUMEUI 2 H6 MO 


Illustration : 
4+sin2x+Asinx+ Bcosx 
Let f(x) = ии -— . If Lim f(x) exists and finite find A and B and the limit. 
xd 


4+5іп2х+ Азіпх+ Всоѕх 


Sol. LetL= Lim 5 
x0 g- 


(44.8)+(4+2)x-3 x Бод 


L= Lim < 
x0 à i 


=> =-44А=-2 1, = 2. Ans. 


Illustration : 
іап?х-х? 
Evaluate Lim a 
x) таң х 
> , 
“х-х- ‚ (tanx—x)(tanx+x 
tam x-x _ ши! )( ) 


Sol. Li > = 7 7 
хэд ox tan? x x0 x^ tan* х 


MM -x |(tanx 4 x) 255) 
T$ o | 1Х х ‘en 2 
= Lim = = = | — | = =. Ans. 
x0 E (=) 3 (==) 3\ 7 3 
х х 
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Illustration : 


3 
3 Ed 
Refer the figure, the value of Lim Ї f (exer f E) = 4 


3 
where [ - ] denote greatest integer function. : х 
(A) 3 (B) 5 (С) 7 (D) 9 
3 5 
Sol. Let L= Lim Ї f (221) (e | 
x—07 x 
1 "S x! - sin! x _ (x—sinx) х? e sin? x - xsinx 
when x me > и 
мая 1 үүн х зінх 
_ Ом mE х? x 
48 
E 8 j, Sin X sinx 
= 3! 5! ......й. тэн Р -» oO 
Д0) = 3* 


В/0:)-Р нө 


С нө 


L=9-4=5. Ans. 


Illustration : 


Evaluate the following limits 


3 


S 


— cos x e? 2x Lg 
ig m Li 
(e) Lim $ x? (b) д x 
› EN Ca 20 C ы pt 
T е -cosx _ ” 2! 3! 2 70 (3 
SoL @ 293 м ci X zm O 
site ie 22 2х+ en). 2 - (I4 sinx +...) 
(b) Lim © а 
x x x0 x 


. sin2x—sinx 
= Lim — 
х0 х 


=2 1=1. Ans. 
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Illustration : 


An arc РО of a circle subtends a central angle Ө аз shown. Let A(0) be the area between the chord 
PQ and the arc PQ. Let B(0) be the area between the tangent lines PR and QR and the arc PQ. 
А(0 ) 


Find Lim g(8) 


Sol A(@) = Area of sector PCQ — Area of APCR 
= ы ro „Ый зто = 2 r? (0 — sin0) 
2 2 
B(0) = Area of quadrilateral PCQR - Area of sector PCOR 


— 2 (Area of ACPR) — Area of sector PCOP 


2 
= E rotan?) 1 „29 = E TALES 
2 2 4 2 2 


xs 0 -sing 
== В(Ө) хх 25 )-ө 
OE T 
0-745. е | Li 
x E re 5-24 
e ep Los 
3-2 
219,422, 2). -0 
2 3 5! 


Illustration : 


Suppose that circle of equal diameter are packed tightly in n rows inside 
an equilateral triangle. (The figure illustrates the case n4.) If A is the 
area of the triangle and A, is the total area occupied by the circles in 


n rows then Lim = equals 


л т 
(T; (8) ян Ол OF 


Sol. Let radius of each circle = ғ and side of triangle = a 
а= (n—2) 2r + 2( + 30°) =r (2n-4 + 2+ 243) = r (2n- 2+ 243) 


A= УЗ 2233, 48-1443| 
4 4 
A7 J3 2 (ne 3-1) 
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2 п("п+1) , 
Aa Ань T€ = 
3 п(п+1) . 
Lim — = Lim 2 


at аа 37 (ne 43-1] 


Illustration : 


л 
A circular arc of radius 1 subtends an angle of x radians, 0 < x < 3 as shown in the figure. The 


point C is the intersection of the two tangent lines at A & B. Let T(x) be the area of triangle ABC 
& let S(x) be the area of the shaded region. Compute: 


(a) T(x) (b) 5(х) & (c) the limit of 


T(x) as x — 0. 
fs 


S( x) 


x СА x 
t a= мш» = = 1 = 
Sol. an 2 1 so CA = CB = tan 2 


1 2x 2 
(а) so T(x) = з” 9 `зїпх = se --1]sinx 
- ый = sinx pem UTR. (4 - = 
2 3 2^ т 13112 


(b 50)- SxS sins, 


(с) Lim ЕР = Lim m MN - 


Print to PDF without this message by purchasing novaPDF (http:/Awww.novapdf.com/) 


CONTINUITY 


1. GENERAL INTRODUCTION : 


After conceiving the notion of limits the next element which is taken into consideration is the continuity of 
function. Qualitatively the graph ofa function is said to be continuous at x = a if while travelling along the 
graph ofthe function and in crossing over the point at x = a either from Left to Right or from Right to 
Left one does not have to lift his pen. In case one has to lift his pen the graph of the function is said to 
have a break or discontinuous at x = a. Different type of situations which may come up at x =а along the 


graph can be : - ~< 


x™a х”а х”а 
figure (1) figure (2) figure (3) 


х=а 
figure (4) figure (5) figure 4б} 


Figure (2) (6) is discontinuous at x = a and in figure (1) fis continuous at x=a 
2. DEFINITION OF CONTINUITY OF A FUNCTION : 


A function f(x) is said to be continuous at x =a, 
Ё Lim f(x) = f (a). 


х—>а 
= Lim f(a—h)=Lim f(a+h) =f(a)=a finite quantity. 
h—0 h>0 
i.e. LHLatx=a=RHL atx =a= value of f(x) atx = а = finite quantity. 
Note: 
(i) Continuity at x =a => existence of limit at x =a, but not the converse 
(ii) Continuity at x =а => fis well defined at x =a, but not the converse 
(i) Discontinuity at x = a is meaningful to talk if in the immediate neighbourhood of 
x =a, i.e. the function has a graph in the immidiate neighbourhood of x =a, not necessarily at x = a. 


1 1 
(iv) Continuity is always talk in the domain of function and hence f (x)= 3p x tan x are all continuous 


-l 


: . T—  — 1. 
functions but if you want to talk of discontinuity then we сап say Х-15 discontinuous at x = 1, х і 


discontinuous at x = 0. 
Note that all rational functions are continuous. Because continuity is always talk in the domain of f (x). 
(у) Point function are continuous. 


е.в. 1-х+ух-1, 4х-4-х 
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(vi) Inverse of a discontinuous function can be continuous. 


І+х2 ifx#0 
eg. f(x)= 0 if x=0  isdiscontinuousat x = 0 but its inverse function 
—(1+x’) if x #0 
4х-1 ifx>l 
0 if x=0 


4-1-х) if x «-1 


f(x)» 


which is a continuous function and its graph is as shown. 


3. CONTINUITY IN AN INTERVAL : 


(a) A function fis said to be continuous in (a, b) if fis continuous at each & every point e (a, b). 
(b) A function fis said to be continuous ina closed interval [a,b] if : 
(i) fis continuous in the open interval (a,b) & 


(ii) fis right continuous at ‘a’ i.c. Lim f(x)= Ка) =a finite quantity . 
xa 


(iii) ^ fisleftcontinuousat ‘b’ i.e. ай f(x) f(b) a finite quantity . 


4. REASONS OF DISCONTINUITY : 


A function can be discontinuous due to the following reasons. 
(i) Lim f(x) does not exist ( f (a) may or may not be defined) 


xea 
. Li + - 35. 
i.e. AT f(a*h)z Lim f(a—h) 
e.g. Ё(х) = [х] discontinuous at all integer points f(x)=sgnx discontinuous at x = 0 


X : а 
f(x)= =A discontinuous at x = 1. 


(ii) Lim f(x) exist but is not equal to f(a) і.е. Lim f(a+h)= Lim f(a—h) = (а) 
һ—›0 h-0 


х-эа 


(-x)tan^7- ifx #1 


5 Их=1 
2 

Lim f(x) =Lim (1-х) tan (=) = Lim м 
x1 x 1 2 


у= [| 


=® Lim f(x) = Га) = х) is discontinuous at x = 1. 
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(Ш) #(а) isnot defined 
1 
ер. = 
(iv) | Tounderstand explicitly the reasons of discontinuity. Consider the following graph ofa function. 


(a) fis continuous at x - 0 andx=4 
----Пс-- -- 
(5) fis discontinuous at x = | as limit does not 

exist 2 


(c) fis discontinuous at x = 2 as f (2) is not 1 
defined although limit exist. 


6 


| 
| 
A т ee eee али 


Г 


(d) fis discontinuous at x = 3 as 
Lim f(x) = (3) 


(e) fis discontinuous at x = 5 as neither the 
limit exist nor fis definedat x ^ 5 


Note: 
(1) Every polynomial function is continous at every point of the real line. 
(0) затта a +a VxeR 
(1) Every rational function is continuous at every point where its denominator is different from zero. 
(iii) | Logarithmic functions, exponential functions, trigonometric functions, inverse circular functions, and 
modulus functions are continuous in their domain. 


Illustration : 


Find the points of discontinuity of the following functions. 


Е И E EA TT 
(fe = 2sinx-1' ое” x? -3|x|+2’ (1) $0) = x! exl" @) f&) БЭЭ... 


(v) f (x) = [[x]] — [x — 1], where Г] represents the greatest integer function. 


Sol. 
@ Је) = 2sinx—1 
f (x) is discontinuous when 2 sin x - 1 = 0 
шх = — =2 pe =2 л б 
= sinx= > => х= 2пл 6 or х-20194-2,нє2 
(ii) [| Е ВИ 
"^. х1—-3|х|+2 


f (x) is discontinuous when х? — 3| x | + 2 = 0 
=> 1хЇ-3х|-2-0-» (\x|-Dqx|-2=0>|x|=1,2 >x = ы, +2 
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(1) | f(x)2———-7 
x* +) 


IY 3 
Now xt ta? (23) +721 VxeR 


=> f(x)is continuous Vx є К 


1 
(v) Л) = xd 


I—e* 


J (x) is discontinuous when x — 2 = 0 also 
atl 
when 1-е“? = 0) 


хы 
=> х= 2 and е"? =] 
x-1 = 
= 
2-7 х=2апах = 1 


= х= 2 and 0 


б) Л) = П] - 1-10 =] - Хх] — 1) =1 


=> f (x) is continuous Ух Е К. 


Illustration : 


(cos x fo" * х #0 | 
(a) f (x) = p if x-0 find whether the f (x) is continuous at x = 0 or not. 
x pg 
(e -1) seen Li -— 
(b) If f (x) = т(1+х ) is continuous, find b. 
b х=0 
Sol. 
(4) Lim f(x) = Lim (cos ху s 
x1 xt 
Lim (cos x — 1) cot^ x Lim ома E - m 
=e? 2g75 ¥ тх Se? = (0) = үүх) is continuous at x = 0. 


e'-1 à 
. (e 1) cosec (ax) | | x | 
—— = Lim —— 


(b) Lim 5 ( = | 
х-›0 їп(1+х°) x20 т(1+х°) \sinax 


х 


1 
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Illustration : 


. л 
х+а^ 2 sinx USERS 


Find the values of 'a' and 'b' so that the function f (х)= | 2xcotx * b 


acos 2x -bsinx 


is continuous in [0, д] 


Sol. 
. . . | л л mom 
JG) is continuous in the interval OS X<—, —«x«—, —<х<5л. 
4' 4 A 4 
z А : л л 
We need to make the function continuous at x = 4'2 


For continuity at x — =. Lim f(x)= Lim f(x)= ie 
4 T rz 4 


zZ- J-> — 


4 4 


Lim (xa 2 sin x)= Lim | (2x corx+b)= s (Z) 


RU ч) 


mo 2:1) 2-Я-ем[Я +6 = 2 eo( =] + 
4 4 4 4 4 4 


For continuity at x = 2) Lim f(x)- Lim f(x)- f (=) 
T x < 


хэ хэ — 


2 2 


Lim (2x cotx+b)= Lim ) (acos 2x -bsinx)- a cosz — b sinz 


14 л 
= х-9— хэ [5 


— 0+b=-a-b>at2b=O0  .  .... (2) 
From equation (1) and (2) 


ву. 
цан ний аа 
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Шимгайоп : 


А if x«0 
r£ 
f 6)- a if x -0 
x 
—————— if x>0 
16+Vx -4 


Determine 'a' if possible so that the function is continuous at x = 0. 
: .. 1—cos4x 
Sol. f(0-) = Lim f(x)2 Lim ——,— = 8 
x0 x x 
Jx Vx (N16 +4) 
0*) = Lim f(x)= Lim -=== = Lim — + 
A0) шал x0 JI644x -4 хәб 16+Vx -16 
= Lim (416+ +4)=8 


xo 0 


ЛО) — f(0*) = 8 =f) >a = 8. 


Illustration : 
a 
(1+|sinx|)""" for "e <х<0 


Let f (x) = b for x=0 Find 'a' and 'b' if f is continuous at x =0. 


tan2x 


m 
ааа for 0<х<= 


а 
Sol. Lim f(x)- Lim (1 +|зїпх |) зтх| =e" 
х-»07 х-»0 


fan2x 3х 3 


= Як + 2x аал3х 2 - 
Lim f(x)= Lim ех = e> ^ “=e? 
х» 0* x0* 
3 
Puppe ce b= n( | 
2 2 
Illustration : 
2x x —х 
(e^ +1) CH te^) if x20 
Let f (x) = де —1) if f (x) is continuous at x — 0 then k 
k if x=0 
is equal to 
(A) 1/2 (B) 1 (C) 3/2 (D) 2 
2 2 ein 
og E *+1]-(х+1)(е* e?) _ e^ +1]—-(х+1)(е* +e") 
Sol k 4 "s v/e* — 11 x? 
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2e** —(x+1)(e* - &* )-(e* +e") 


= Lim 
x 2x 
By L Hospital Rule 
xm - (х + (е 


хәй 2 2 


Illustration : 


Ix! exl 


Let f (x) = = The interval(s) of all possible values of k for which f is continuous for 
x“ -k 
every x ER, is 
(А) (- «o, – 2] (B) [-2, 0) (C) R — (- 2, 2) (D) (- 2, 2) 
Sol. x'-kse0VxeR 

ын ас ЭГ” (1) 
x!'*x*120VxecR 

> k-4s0-2-2sks2 | .2,.2 (2) 

: From (1) and (2) 

ke[-2,0) 


Practice Problem 


Q.1 = What value must be assigned to К so that the function f(x) is continuousat x — 4? 


x! -256 ай 
1051 x-4 " 
К, х=4 


x#0 
0.2 Let f(x)= хэ . For what values ofa, f(x) is continuous at x = 0). 


a+3cosx 
M x#0 


- 


Q3 Letf(x)=} У | 
btan ы 0 
Е 


If f(x) is continuous at x = 0, then find а and b, where [-] denotes the greatest integer function. 


Answer key 


Ол k=256 02 а=-—,1 Q3 a--3b--— 
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5. TYPES OF DISCONTINUITY : 


Types of discontinuity 
Removable discontinuity Non-Removable discontinuity 
(А) (В) (А) (В) (С) 
Missing point Isolated point Finite type Infinite type Oscillatory 
discontinuity discontinuity 


5.1 REMOVABLE DISCONTINUITY : 


Here lim f(x) necessarily exists, but is either not equal to f (a) or f (a) is not defined. In this case, 
xa 


therefore it is possible to redefine the function in such a manner that Lim f(x) = f(a) and thus making 
х-эа 


the function continuous. These discontinuities can be further classified as 


(A) Missing point discontinuity : 


Here Lim f(x) exists. But f(a) is not defined. 
Xa 


“(к-19-х) |. 
х-1 


(а) f(x) 


atx = 1, КГ) is not defined. Hence f(x) has missing point of discontinuity at x = 1. 


4 
б) rož x 22 Je 
х-2 2 


f(2) is not defined. Hence, f(x) has missing point of discontinuity at x = 2. 


M 
© (x)=, x40 AT EIN 
R -320| x2 * 


КО) is not defined. f(x) has missing point of discontinuity at x = 0. 
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(B) Isolated point discontinuity : 


Here Lim f(x) exists, also Ка) is defined but Lim f(x) = f(a) 
х а 


х-»а 


0 if xel 
@ ге) а] 


-lif хє! 


has isolated point of discontinuity at all integeral points. 


0 if x-2nx ж 
(b) f(x)=sgn(cos2x—2sinx+3) = sgn (2(2 + sin х)(1 —sinx)) -| 
+lif x# 2+, 


л 
has an isolated point at x = 0 discontinuity as x=2nn+ 2 


5.2 NON-REMOVABLE DISCONTINUITY : 


(а) 


Here Lim f(x) does not exists and therefore it is not possible to redefine the function in any manner to 
х-эа 


make it continuous. Such discontinuities can be further classified into 3 fold. 


Finite type (both limits finite and unequal) 
1 f(0*)- E 
(i) Lim an) к 2: jump = л 
x0 K (07) 4 - s 


| . |sinx| f0)-1 
(ii) a ; jump =2 


х0 


f(0-)=-1 
f(2*)=1 

(ii) Lim Ed | ; jump = 7 
f2)=5 


In this case non negative difference between the two limits is called the Jump of discontinuity. A function 
having a finite number of jumps та given interval I is called a Piece Wise Continuous or Sectionally 
Continuous function in this interval. 
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(b) Infinite type (at least one of the two limit are infinity) 


* f(l)2-2 
(i) fix) = at x= 1 < 
1-х (17) = + 


Ш) х) = 2" TEM 5 
d 


1 Ё(07) =% 
(i) ()- <p atx = 0 
е (07) = 


(с) Oscillatory (limits oscillate between two finite quantities) 


f(x)=sin 2 

(i) or s | atx=0 oscillates between — | & 1 
(х) = ва 
х 


Ds 
(ii) f(x)" | + ml x 1 at x = 0 oscillates between 0 4: 1. 


Illustration : 
State the number of point of discontinuities and discuss the nature of discontinuity for the function 


1 
Р(х) = | and also sketch its graph. 


In| x | 
1 ; 
pum if x» 0, x1 
501. (х) = | "1 function is obviously discontinuous at x = 0, 1, —I. as it is not 
if x «0,x £-1 
In(—x) 


defined. 
Lim ((х)-0 
x40 


Limit exists at x = 0. Hence removable discontinuity at x = 0. (Missing point 
Lim ((х)-0 
x40 


discontinuity) 


Lim f( x ) = 
хэ 

Limit DNE. Hence non removable discontinuity (infinite type) at x ^ 1 
Lim f(x) = — 


x 
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Lim f(x)-2—» 
х-»-Г 
Limit ОМЕ. Hence non removable discontinuity (infinite type) at x = 0 
Lim f(x)2« 


xT 


Note that f (x) is even > symmetric about y axis. 
The graph of f (x) is as follows. 


Practice Problem 


| Ж 
The function f: К - {0} > К given by f(x)= a eor is continuous at x = 0, then find the value of 
f(0). 
(1-3x)"*, хад _ Е | 1 
Let f(x)= 2 жор Discuss the continuity of f(x)at (1) x =0, (ii) x = 1. 


Which ofthe following functions is not continuous V x є К? 


» 5:7 
х +] 2^7 +1 
(А) J2sinx +3 (В) : ы (С) fed (D) Jsgnx +1 


* +3 
4_ «2 
S NL E. 
(x - D(x +2) 
Discuss the continuity of f(x) : х=] 
12, х-2 
Column-I Column-II 
1 
(A) f(x)= жэл (Р) Removable discontinuity 
х?-х 
(В) f(x)= Ж (О) | Non-removable discontinuity 
Ix-1| — 
(С)  f(x)- p (К) . Jumpofdiscontinuity 
"4.3 са | 
(D) Ї(х)-5ш ex (S) Discontinuity due to vertical asymptote 


(T) Missing point discontinuity 
(U)  Oscillating discontinuity 
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01 
Q3 
Q.5 


6. 


Answer key 


1 0.2  Continuousatx — 0 
D Q.4  f(x)isdiscontinuousat x = 1,2 
(A) > (S), (Q); (B) > (T), (P); (С) > (К), (О); (D) > (U), (Q) 


CONTINUITY OF FUNCTIONS DEFINED BY SOME FUNCTIONAL 
RULE : 


Illustration : 


Sol. 


If fix*y) = үх). fly) for all x & y & fix) = 1 + g(x). Gæ) where Lim 2(х)= 0& Lim G(x) exist. 


Prove that f(x) is continuous for all x. 


Lim f(x)- Lim f(a—h)- Lim f(a) f(-h)- Lim f(—h) 
xa hot hoo h0 


- fai Lim 80-0) e(-h)) = fla) 


Similarly Lim (х) = f(a)- Lim f(x) so continuous at x = a. 
х-»а" xa 


THEOREMS ON CONTINUITY : 


: Sum, difference, product and quotient of two continuous functions is always a continuous function. 


f(x) 
However h(x)= ——~ is continuous at x = a only if g (a) = 0. 


g(x) 


FOLLOWING IMPORTANT NOTES SHOULD BE REMEMBERED : 


If f(x) is continuous and g (x) is discontinuous then prove that f (x) + g (x) is a discontinuous function. 


Let Кх) + g(x) isa continuous function. 
so, Lim(f(x) + 2(х)) = Ка) + (а) . . | | |  .—— (1) 
х-+а 
Also, f{(x)isacontinuous function Lim f(x)+ g(a) ^ --- (2) 
Xd 
From (1) and (2) 


Lim g(x) = 2(а)  g(x) is continuous at x = a. 


But given g(x) is discontinuous at x — a. 


e 
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If f(x) is continuous & g(x) is discontinuous at x =a then the product function ф(х) = f(x) . g(x) is not 


necessarily be discontinuous at x =a. e.g. 


sni xz0 


(i) i)-x & g(9-| 0 x20 


x sin( +}, x #0 
Then f(x): 2(x)= x is continuous at x = 0. 
0, x=0 


2x-1 
(ii) f(x)» cos{ - р is continuous at x = 1 and g(x) =[x] and [ - | denotes the greatest integer 


functions is discontinuous at x = 1 but f(x) - g(x) is continuous at x = 1. 


Lim (221 л-|х)-сов::()-0 


х ә] 


Lim cos | => 3 л-|х|- «| -(0)=0, f(1) 2 0 = continuous at x = 1. 


x21 


If f(x) and g(x) both are discontinuous at x =a then the product function ф(х) = f (x). g(x) is not 


necessarily be discontinuousat x —a. e.g. 


x20 


f(x) =—a(x)= їр E 


fix) g(x) =1 Vx є К whichis continuous function. 


Illustration : 


Sol. 


Ix* 1|; x s0 |x*7|;  xs0 
YSG) -| х x>0 and g (x) = —|x+2|; x>0 


Draw its graph and discuss continuity of f (x) + g(x). 


Since f (x) is discontinuous at x = 0 and g(x) is continuous at x = 0, then f (x) + g(x) is discontinuous 
at x = 0. 
Since f (x) is continuous at x = 1 and g(x) is discontinuous at x = I, then f (x) + g(x) discontinuous at 


x = 1. 
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T-2 : Intermediate value theorem : 


If f is continuous on [a, b] and f(a) = f (b) then for any value c є (f (a). f (b)), there is at least one 
number x, in (a, b) for which f (x,) = c 


Noa) Figure-3 


Figure-2 


СЕ NOTE: 


(1) Continuity through the interval [a, b] is essential for the validity of this theorem. 
(2) in figure-3, f (a) and f (b) are of opposite sign but f(x) has no root in (a, Б) as fis continuous. 


Illustration : 


a+ 
Show that the function f (x) = (x — a) (x — b + х takes the value for some value 


of x є fa, b] 
Sol х) = (к-а) (x-b) +x; as f(x) is continuous оп fa, b] and Ка) = a and f(b) = b, then for any 
+b 
value c € (a, b), there is at least one number x, in (a, b) for which fix.) c = Ez 
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Illustration : 


Suppose that f (x) is continuous т [0, 1] and f (0) = 0, f (I) = 0. Prove that {{с)=1 — 2c? for 
some c € (0, 1). 


Sol Let f(x) = f(x) + 2х? — I is a continuous function in (0, 1). 
SO) = f(0) — 1 =- Il and КТ) = F(1) + 1 = I then there exists same c є (0, 1) such that F(x) = 0 
ft) = 1- 2c. 


T-3: Extreme Value Theorem : 


If f is continuous on [a, b] then f takes on, a least value of m and a greatest value M on this interval. 


! 
H 
{ 
! 
H 
H 


b 


а c d b a 


Minimum value 'm' occurs Minimum value 'm' occurs at the 
at X = c and maximum value end point x ^ a and the maximum 
M occurs at x ^ d. c, d є (a, b) value M occurs inside the interval 


CE^ Note: To see that continuity is necessary for the extreme value theorem to be true refer the graph 


| 
H 


shown. 


There is a discontinuity at x = c interval. The function 
has a minimum value at the left end point x =a and Г 
has no maximum value. 


1 
1 
| 
1 
Н 
| 


9. PROPERTIES OF FUNCTION CONTINUOUS IN [a, 51: 


(1) Ifa function fis continuous on a closed interval [a, b] then it is bounded. 

(ii) A continuous function whose domain is some closed interval must have its range also in closed interval. 
(ш) If f is continuous and onto оп [а, b] and is onto then Ғ- (from the range of f) is also continuous. 

(ivy) If Ка) and f(b) possess opposite signs then 3 at least one solution ofthe equation f(x) 0 in the open 


interval (a, b) provided fis continous in [а,Ь]. 
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Illustration : 


Let f be a continuous function defined onto on [0, 1] with range [0, 1]. Show that there is some 
c in [0,1] such that f (c) = 1 — c. 


Sol Consider g (х) = f(x) - 1 +x 
g(0) =f(0)-1 <0 [as f (0) <1] 
е (1) -f(1) 20 [as f (1) 2 0] 
Hence, g(0) and g(1) have valuse of opposite signs. 
Hence, there exists at least опе c є (0, 1) such that g(c) = 0. 


gíc) = (с) - 1 +с= 0; f(c)-1-c. 
Illustration : 


Let f be continuous on the inteval [0, 1] to R such that f (0) =f (1). Prove that there exists a point 


cin С d such that f (c) (e JI 


: : ! 
Sol. Consider a continuous function g (x) = fx + z) fo) (s is continous V x € р di 


1 1 
> 800) -15) -/@) -43| -f() [as f (0) = f (1)] 


- 4? | =f) -45)-1 4 но) 


1 
Since g is continuous and g(0) and (4 have opposite signs, hence the equation g(x) = 0 must 


1 
have at one root in [о d : 


Hence, for some с e |0, z], 8(с) -0-» (3) = f (c). 


Illustration : 
Let f: [0, 1] > [0, 1] bea continuous function. Then prove f (x) = x for at least one 0 €x «1. 


Sol Clearly, 0 f(0) <1 and 0 sf (1) < 1. Asf (x) is 
continuous, f (x) attains all the values between f 
(0) and f (1) and the graph will have no breaks. So, 
the graph 
will cut the line y — x at one point x at least where 
0 €x < 1. So, f (x) = x at that point. 
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10. CONTINUITY OF SPECIAL TYPES OF FUNCTIONS : 
10.1 Continuity of functions in which greatest integer function is involved: 


f (x)= [x] is discontinuous when х is an integer. 
Similarly, f(x)=[g (x)] is discontinuous when g(x) is an integer, but this is true only when g(x) is monotonic 
(g(x) is strictly increasing or strictly decreasing). 


For example, f (x) = [ vx ] is discountinuous when vx isan integer, as vx is strictly increasing 
(monotonic function). 


Now consider, f (x) = [sin x], x e [0, 27]. g(x) = sin x is not monotonic in [0, 27]. 
For this type of function, points of discontinuity can determined easily by graphical methods. We can 


W. | 3л . | . 
note that at x = 7’ sin x takes integral value —1, but at x = PE f(x) = [sin x] is countinuous. 
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Шиягапоп : 


Discuss the continuity of following functions ([-] represents the greatest integer function.) 


2 
(a) f 6) = Пов, x] — (b) f (x) = [sir x] (fi) [25]. x20 


Sol. 

(a) log, x function is a montonically increasing function. 
Hence f (x) = [log, x] is discontinuous, where log x = k or x = &, К eZ. 
Thus f (x) is discontinuous at x = ...... rum uU JP m аы 

(b) sin x, is a monotonically increasing function. 


Hence, f (x) = [sin~ x] is discontinuous where sin“ x is discontinuous where sin 
1 


~ x is an integer. 


нэ sin x =—1, 0, 1 or x =—5їп 1, 0, sin 1 
2 | , А : 
(с) me x 2 0, is a monotonically decreasing function. 
E: 

_ а NETT ‘ Г А > | 

Hence, f (x) TOE i 0 is discontinuous, when 142 an integer. 
2 
=> аа 1 2 
1+х° 


Illustration : 


Draw the graph and find the points of discontinuity for f (x) = [2 cos x], x e [0, 2л], 
(1) represents the gratest integer function). 


Sol f(x) = [cos x] 
Clearly from the graph given in figure 
f (х) is discontinuous at x = 0 
and when 2 сок х = + 1 
or x = 0 and when 2 cos x = +] 


or х = бапа cos x = +5 


LE A 
15314 


л 
ог x=Oandx= =, 
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Illustration : 


Draw the graph and discuss the continuity of f (x) = [sin x + cos x], x є [0, 2n], where [Г] 
represents the greatest integer function. 


Sol f(x) = [sin x + cos x] = [g(x)] where g(x) = sin x + cos x 


0(0) = 1.9 = = 2. (4) =] 


y 


or 2 
35 Эх 554 352020 
(sane) TY" 
xn bee i-o — 
3л 7л ее “Нь ON 8: ТЭРЭЛЖ", 
815 --128|73 -0,8(2я)-1 | 


л 3л 3л 7л 


Clearly from the graph given in figure f (x) is discontinuous at x = 0, 2 4:732 


Illustration : 


fam 


| sin (x — 2) +а cos (x — 2). [-] denotes the greatest integer 


If the function f (x) | 


function which is continuous in [4, 6], then find the value of a. 


Sol sin (x — 2) and cos (x — 2) are continuous for all x. 


Since [x] is not continuous at integral point. 


T | = 
So, f (x) is continuous т [4, 6] if ЯГ эм 0 V x e [4, 6]. 
Now (x — 2) Е [8, 64] for x є [4, 6]. 


ET 
= а> 64 for ЕЗ8 


10.2 Continuity of functions is which signum function is involved : 


We know that f(x) = sgn (x) is discontinuous at x = 0. 
In general, f(x) = sgn (g (x)) is discontinuous at x =a if g(a) =0. 
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Illustration : 

Discuss the continuity of 

(a) f (x) = sgn (х — х), (b) f (x) = зеп (2 cos x 1), (Of (X) = зеп (х — 2x + 3). 
Sol. 
(a) f (x) = sgn (х —х) 

Herexi x20 > x-0,-11 

Here f (x) is discontinuous at x = 0, 1, 1 


(b (х) = sgn (2 cosx- I) 


Here, 2cosx- 1 = 0 => cos xX = 


n € Z, where f (x) is discontinuous. 


© ХО) = ѕеп Gc – 2x + 3) 
Here, x? — 2x + 3 > 0 for all x. 
Thus, f (x) = 1 for all x, hence continuous for all x. 


Illustration : 

If f (X) = sgn (2 sin x + a) is continuous for all x, then find the possible values of a. 
Sol. f(x) = зеп (2 sin x + a) is continuous for all x. 

Then 2 sin x + a #0 for any real x. 


: а 
=> 5тх=-= 
2 


а 
=> 921 => а<-2 оғна> 2 


Illustration : 


sen( x-2)x[log.x], 1<х<3 
If f (x) = | en f: : ? : Sex] ee where [-] denotes the greatest integer function and 


£} represents the fractional part function. Find the point where the continuity of f(x) should be 
checked. Hence, find the points of discontinity. 


Sol. 
(a) Continuity should be checked at the endpoints of intervals of each definition, i.e., x = 1, 3, 3.5. 
For {x°}, continuity should be checked when х? = 10. 
(b) И, 12 orx = J 10,4 11, 12 , [x] discontinuous for those value of x where x? is an integer (note, 
here х? is monotonic for given domain). 
(c) For sgn (x — 2), continuity should be checked when x — 2 = 0 or x = 2. 
(d) ^ For [log, x], continuity should be checked when log x = 1 or x =e (Е {1, 3]). 
Hence, the overall continuity must be checked at x = 1, 2, e, 3, 410,411, 412,3.5. 
Checking continuity at x = 1 
f (1) = 0 апа Lim f (x) = Lim sgn (x — 2) х [log, x] = 0. 
x1 х-Г 
Hence f (x) is continuous at x = 1. 
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Checking continuity at х = 2 
Lim f (x) = Lim sgn (x 2) х Пов, x] -(4) x 0=0 


Lim f (x) = Lim sgn (x — 2) х [log x] = (1) x 0 =0 
x32" x2" 


Hence, f (x) is continuous at x = 2. 
Checking continuity at x = 3 

Lim f (x) = Lim £c? = 0 

х-›3* х->3* 

Hence, f (x) is discontinuous at x = 3. 

Also (x^) and hence f (x) is discontinuous at x = ИТШ I2. 
Checking continuity at x = 3.5 

Lim f(x) = Lim 5c] = 0.25 = f (3.5) 
х-э3.57 х-э3.57 


Hence, f (x) is discontinuous at х = 3, 410 : 411 12 : 


10.3 Continuity of functions involving limit Lim a" : 
n> 

0, 0< 

Weknowthat іта" = 41, a 

n» o, a 


Illustration : 


Discuss the continuity of f (x) = Lim, — 
a x*^ +] 


: 1, х<- 
эт LUI 0. x--1 
Sol. f(s) = Lim j; >» => =. ЖЕ Sta рай 
(х у + кке 73 1, x»l 0, х=1 
х) 1, x>l 


Thus, f (x) is discontinuous at x = +1. 
Illustration : 


Discuss the continuity of f (x) = Lim cos" x. 
nv 


Sol. (х) = Lim(cos? x )" 
0, 0< соз? x<] _]0, х=пл, nel 
1, соз? x=] 1, х=пл, nel 


Hence, f (x) is discontinuous when x = пл, n є I. 
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10.4 Continuity of functions in which f (x) is defined differently for rational and irrational 
values of x : 


Illustration : 


1, if xis rational 


Discuss the continuity of the following function: f (x) = | 0, if xis irrational" 


Sol. For any x = 
L.H.L. = Lim эр (х)- хи :/(а-Л)-0 or 1 [а5 Lim (a—h) can be rational or irrational] 
-» 


xa 
Similarly, R.H.L. = Lim (х) = Limf(a * h) = 0 or 1. 
x—a* h-0 
Hence, f (x) oscillates between 0 and 1 as for all values of a. 


^ L.H.L. and R.H.L. do not exist. 
— f (x) is discontinuous at a point x —a for all values of a. 


Illustration : 


x, if xis rational 


Find the value of x where f (x) = | 1— x, if xis irrational ` 


A 
Sol. f(x) is continuous at some x = a, where x = 1—x orx = = 


ә 


to | 


Hence, f (x) is continuous at x = 


1 
If x >> — then x may be rational or irrational 
| „4 1.1 
= ууу тесе 


If x >> — then x may be rational or irrational 


41-44 
=. 21-05 53 


Hence f (x) is continuous at х = ; 
For some other point, say, x — 1 

>  f()-1 

If x — Г then x may be rational or irrational. 

> f(l-lor 1-170 

Hence, f (1*) oscillates between 1 and 0, which causes discontinuity at x = 1. 


1 
Similarly, f (x) osciallates between 0 and 1 for all x e ~ (4) 
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11. CONTINUITY OF COMPOSITE FUNCTIONS : 


If f is continuous atx =a & gis continuous atx =f(a) then the composite g[f(x)] is continuous at 


xsinx 
X = а. e.g. ғо) = 7 


1 
2+2 
(год (x) ee 


Illustration : 


& р (х) = | х | are continuous at x = 0, hence the composite 


will also be continuous at x = 0. 


If f(x) = ге Х-1 and g(x) = XM ET then discuss the continuity of f (x), g(x) and fog (x). 
Sol. 
(а) ЈО) = zzi 
х-1 
.. f is not defined at x = 1. ~. f is discontinuous at x = 1. 
(b 9) = 52 


g(x) is not defined at х = 2. ~. g is discontinuous at x = 2. 
(с) Now, fog will be discontinuous at 

x = 2 [point of discontinuity of g(x)] 

g(x) = 1 [when g(x) = point of discontinuity of f (0)] 


1 
if g(x) = 1 Эш iy wu 


. fog (х) is discontinuous at x = 2 and x = 3. 


+1 
Also, fog (х) = 1-2 | 
== 
Here fog (2) is not defined. 
і +1 


Lim fog( x) = Ит 22 peg ee 
x32 x2 _1__| x32 J—x+2 

х-2 
.. fog (x) is discontinuous at х = 2 and it has a removable discontinuity at x = 2. 
For continuity at x = 3. 


1 
— +] 
Lim fog(x)= Lim*=2— =% 
x—3* x3 1 - 
х-2 
L+ 
Хэн А Lim- х2 =% 
A aa 
х—2 


scontinuity at x = 3. 
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Practice Problem 


Q.1  Findthenumber of points in [1, 3] where the function is [x? + 1] is discontinuous. 
(| represents the greatest integer function). 


0.2  Findthe number of points of discontinuity for f(x) = [6 sin x], 0 < x € л, ([-] represents the greatest 
integer function). 


О.з  Discussthe continuity of f(x) = Кат! x] ([-] represents the greatest integer function). 


Q.4 Discuss the continuity of f(x)= {cot x} ({-} represent the fraction part function). 


2n 
Q.5 Discuss the continuity of f (x) in [0,2], where f(x)= lim (sin =x) 


>. е А 
е um Ж, х is rational 
Q.6 Discuss the continuity of f(x) = 2 points : 
—x^, xisirrational 


1 1 
Q7 у= 8.15 where t= ты? then find the number of points where f(x) 15 discontinuous. 


Q.8 = Prove that: 


xif xeQ. . 
(1) f(x)» | 0ifxeQ 5 continuous only at x = 0. 


(ii) f(x)= [> = >” хє ua is continuous only at x = 0. 
Р EQ. 
(ш) f(x)= В 1% E хє "€ is continuous only at x = 1/2. 


2 af 
(iv) г) = [т ЭЭР is continuous only at x = 1 or- 1. 


Answer key 
Q1 9 Q2 1 
О.З  Notcontinuous at x —-tan 1, 0, tan 1 0.4  Notcontinuous at x = cot 1, cot 2, cot 3 
Q.5 Discontinuous atx = 1 Q.6 Continuous atx=0 


| 
Q.7 — Discontinuous at x = 1, 27 2 
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DIFFERENTIABILITY 


DIFFERENTIABILITY / DERIVABILITY: 


(Two fold meaning of derivability) 


шинийн 


Geometrical meaning of derivative Physical meaning of derivative 
Slope of the tangent drawn to the curve (functions which are differentiable) 
at x =a ifit exists Instantaneous rate of change of function 


Note : "Tangent at a point'A' is the the limiting case of secant through A." 


RIGHT AND LEFT HAND DERIVATIVES : 


y=f(x) 


бањ), fia*h) 
Right secant through A 


f(a*h) ~ Ќа) 


а) - fia - h) 


EXISTENCE OF DERIVATIVE : 


Right hand & Left hand Derivatives ; By definition: f'(a)=Lim I if it exist 
һә0 h 
The right hand derivative of fat x = a denoted Бу f'(a") is defined by :f' (a°) = Lim шилэн $ 
h-0* 


provided the limit exists & is finite. 
when h — 0, the point B moving along the curve tends to A, i.e., B — A then the chord AB approaches 
the tangent line AT at the point A. 


f(a- h)-f(a) 
h 


=> ' (а?) = lim = lim tang = tany 
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(b) The left hand derivative of fat x =a denoted by f' (a`) is defined by : ['(а`)= Lim чачин) : 
h-0* = 

Provided the limit exists & is finite. 

When h — 0, the point C moving along the curve tends to A, i.e., С — Athen the chord CA approaches 


the tangent line AT at the point A then 
f(a - h) - f(a) 
-h 
fis said to be derivable atx =a if {'(а*) = f' (a )-a finite quantity. 
This geomtrically means that a unique tangent with finite slope can be drawnat x =а as shown in the 
figure. 


= f'(a)= lim 


(II) Theorem : 


If a function f is derivable at x — a then f is continuous at x —a. 
Proof: 
Let fis derivable at x = a. Hence 


f(a- h) - f(a) 
h 


For : f'(a)= Lim exists . 
h-0 


Also (а «h) - Га) = 63 2-10. 


h (һ=0) 


h=f"(a).0=0 


Therefore : Lim ((f(a+h)—f(a)] = Lim f(a+ ын f(a) 


Therefore Lim [((а+һ)—(а)]=0= Lim f(a+h)=f(a) = f is continuous at x. 


Note: If f(x) 15 derivable for every point ofits domain of definition, then it is continuous in that domain . 
The Converse of the above result is not true : 
For a function f : 


Differentiability => Continuity ; Continuity => derivability ; 

Non derivibality => discontinuous But discontinuity — Non derivability 
Note 
(a) Let f'(a^) =р & f' (а) 2 q where p & q are finite then: 

(i) p=q => f isderivable atx=a = fis continuous atx=a. 


(i) p#q = f isnotderivableat x =a. 
It is very important to note that f may be still continuous at x =a. 
(b) Ifa function f is not differentiable but is continuous at x =а it geometrically implies a sharp comer 
at x —a. 
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(III) How can а function fail to be differntiable : 


(a) 


(b) 


(c) 


(IV) 


(i) 
(ii) 


Note : 


The function f (x) is said to non-differentiable at x =a if 
Both left and right and hand derivative exists but are not equal 


The function у = |х| is not differentiable at 0 as its graph change 
direction abrupty when x = 0. In general, if the graph of a function 
has a'corner' or 'kink' in it, then the graph of f has no tangent at this 
point and fis not differentiable there. (To compute f" (a), we find that 
the left and right limits are different.) 


Function is discontinuous at x =а 


If f is not continuous at a then f is not differentiable at a. So at any 
discontinuity (for instance, a jump of discontinuity) f fails to be 
differentiable. 


Either or both left and right hand derivative are not finite. 


A third possibility is that the curve has a vertical tangent line when 


x = а, that is f is continuous at a and lim | f'(x) |= о. 
xoa 


This means that the tangent lines becomes steeper and sleeper 
аѕх а. 


Derivability Over An Interval : 


69 


A vertical tangent 


f(x) is said to be derivable over an open interval (a, b) if it is derivable at each & every point of the 


interval f(x) is said to be derivable over the closed interval (а, b] if: 
for the points a and b, f'(a*) & f'(b—) exist & 


for any point c such that a < c <b, f'(c*) & f'(c—) exist & are equal. 


Consider the graph ofa differentiable function 

(1) If f (x) isderivable at x = x, then | f(x) | must be 
derivable at x = x, provided f (x,) = 0. However 
if f (x) =0 then | f(x) | may or may not be 
derivable at x = 0 


eg. 


f (x) = x? is derivable at x = 0 and | f (x) | is also derivable at x = 0. 


f(x) =х – 115 derivable at x = 1 but | f(x) | is not derivable at x = 1 
Le. if f' (x,) =O and f (x,) = О then | f(x) | will also derivable at x = x, and if f' (x,) is non 
zero finite then | f (x) | is non derivable at x = Xp. 


In figure f(x) =0 at A, B, C and f(x) is derivable at A, B and C but | f(x) | is non derivable at x =B 
and C but derivable at x =A. 

Consider f(x) = x? at x = 0 when f'(0) = 0 and f(0) = 0 but from | f(x) |= |x?| is derivable but if 
f(x) = x, where f' (x) #0, 


hansa | fiv\ | ic nat darivahla atv = й 
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Illustration : 


Find the left and right hand derivative of the following function at given point 


(4) Г (&)*|Inx|atx^1  (b)f(x) = Imxatx-1 (f(x) = el ах = 0 
501. 
_ jinx, x21 
(а) fe- Le 0<х<] 
m f (х) is continuous at x = 1 
ГЭ -Limf 027 4/0) = Lig PC * 5)- inl = Lim t+) -| 
л-э0 Л hoo hoo h 
в-э0 -h в-эд - hoo h 
(b У (х) =? x is continuous and differentiable function. 
1 (x) = 21п (4) 
x 
1 
f' (1) = 2In i(4)- 0 
аф a =. 30 
() Јб) =е fe vli 
=> (х) is continuous at x = 0. 


' +) = Li 
POI 


/'@) = Lim 


f (X) is not differential at x = 0. 


=> 


Illustration : 


Tij- |-4x'| 0<х<1 
^ [х? -2x], 1<x<2’ 
function. 
41)1-4х7|, 05х«1 
Sens IE пан 1<х<2 
1-4х2, сє. 
2 
f(x) 44x! -1, 55041 
Р, 1<х<2 
0, х= 2 


f(0+h)- f(0) е-е? 
Л 


(0-й) 
-h 


= Lim =- 
ho0 h 
-h 0 
f(0) ра 1 
hoo -—h 


check differentiability in (0, 2), where [ ] denotes greatest integer 


1 
firl ie nat difiorontinhlo nt v = — 1їнү 2110 71 
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Illustration : 


ax +b, х<-1 
If f x) = is differentiable for all x є К find 'a' & 'b'. 
ax +х+26,  x»-l 
_ Јах+Ь, х<-/ 
dic m |; +x+2b, х>-1 
For continuity at x = —1, -a + b =а(-1} + (-1) + 2b 
2-2 5-1 
For differentiability at x = –1 
Тахь) ELE ав 
dx х=—1 ах x--1 
, -1 
гэ а = За (-1- +1 >a=>. 


Illustration : 

Find derivative of 

(i) ГО) = cosx + | cos x | atx = 7 
(ii) f(x) = max. {(1—х), (1 + x), 2} number of points where f is not differentiable. 
тах. хх?) if —=<х<1. 


(йй) Find the number of points at which the function f (x) = = (2x- 1x? )if x21 is 


not derivable. 


(iv) | Letf be differentiable at x = a and let f (a) + 0. Evaluate Lim (26:48 сүн | 


n-»x f(a) 
Sol. 


(i) f (X) =cosx + |с05х| = 


ЦЭ 
9 
S 
P ATTESA. S 
I 
= > 
Vf 
I 
3 
kzz] 
ha 
D 
3 
bo 
Uu 
> 
= 
И 


л 
= ff is по? differentiahle at x = — 
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(ii) ЈО) = тах (1 — x), (1 + x), 27 
=> f(x) is not differentiable at x = + 1. 


ж 
" e. 
Pd N 
eo — — — — — 


max || х|,х?} x«l 


min 2x — 1, x xl 


(1) f= | 


=> х) is not differentiable at x = + 1. 


(iv) Lim 


Illustration : 


киа if х=0 
X 


rro | 0 жао 


is continuous but not differentiable at x = 0 then find т. 


m..{ 1 
х sin — |, x#0 
501. fix) = B 
0, х=0 


For continuity at x = 0. 

Lim f(0+h) = ДО) > Lim ЖОНЕ. =>m>0 
h 0 h0 n 

For function to be not differentiable at x = 0 

Lim f(0* h)- f(0) = DNE 


h 0 h 

h” 1-0 ^ 
Lim ——— = Lim Am! sinl —| ^ DNE 
ho h д0 h 


S m-I1s0-msl. 
m € (0, 1] for function f(x) to be continuous and not differentiable at x = 0. 
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Illustration : 


44x? - 12x +9.{х}; x21 


Р(х) = check the differentiability in x є [-1, 2] 


ECCE x«l 
44х7-12х-9-(х), x21. 1|2х-3| (х), x21 


Зө AOT (яды х<1 | хє 31-50. хо 


—(2x-3)(x-J), 15х53 —sin zx, —1<х<0 
(26-3 3-1) Чашы | байс 
= 2 = -(2х-3Хх-1) 1<х<— 
cos (-x-(x«1). -1<х<0 3 2 
- (2x-3Xx- 1), 2<х<2 

cos (x (x)). 0<х<1 2 


3 
=> ЇХ) is not differentiate at x = 0, 1, y 


Illustration : 


Let f (х) = sgn x and g (x) = x (1 — x’). Investigate the composite functions f (g(x )) and 
g(f (x)) for continuity and differentiability. 
Sol f(x) = sgn (х) 
g(x) = x(1 — x?) 
fe) = sgn |х(1-х2)) 
=> | fog(x) is not differentiable at x = 0, + 1. 
of (x) = g(fix)) = (sen x) (I — (еп x’) 


1, х»0 
ах sgn (x) = к) : n 


E: gof (x) - 0 Vx eR 
ээж gof (х) is always differentiable. 
f (g (x) ) is discontinuous & non derivable at — 1, 0, 1 


E] ^ 
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Illustration : 


{х}+{-х} 
х N 
(mid x] 17x) y )| 22—25 forx«0 
i= 34 el 
: 0 Јогх= 0 
ша (Х/ 
gen forx»0 


x 
|x|+fx} 
Where | ], ( } represents integral and fractional part functions respectively. Compute the Right 
hand derivative and Left hand derivative at x = 0 and comment on the continuity and derivability 


atx = 0. 


Sol As {x} + {-х} =х- [x] -х- [- x] =- ( [x] +[-x] ) *- C 1+ 0) where x < 0. 
[x] + [-х] =-1+0=-1 when x < 0. 
4. 
267!-5 


f(x) = In А7, | ~—¥4 for х<0 
34e" 


l-e'** 
HET] ец ГУА =x VWx> дапа fx} =x VO<x< 1] 
16) =Oatx=0. 


-f 
= -s) 
Лх) = x ---шүү forx «0 


и а 78 > 0 
2х 


1 -I 
> -s) 2-2) 
- f(Ü-h)-f(0) ,. (-h)V J) = 
LED ШЕ” ШШШ] = | ) 1 “| 2 | T 
3-e^ Зе" +1 


22 E 
RHD = Lim /0+%)—/[0) ЭР ил = 
й>0 h h-0 2h 


f (X) is continuous at x = 0 but not differentiable at x = 0. 
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Шиѕтайоп : 


xa if x«0 xl if x «0 


ге) =} апа TIR 


|х- ИИ x20 (x-1) +b if x20 


Where a and b are non negative real numbers. Determine the composite function gof. If (gof) (x) 
is continuous for all real x, determine the values of a and b. Further, for these values of a and 
b, is gof differentiable at x = 0? Justify your answer. 


х+а if x<0 xta if — x«0 
501. їх) = -ili 0 => (х) = 3(х-1) if 0<х<1 
|х-1| xè (х-1) if I<x<a 


х+1 if х«0 
869 = \(x-1}+b if x20 


g(f(x)) 7 ft) + 1 if fix) < 0 
= (f(x)-1y +b if Дх) 20. 


So gUf(x) =х+а+1/  x*a«0and x<0>x<-a 


—-—xt*tlt*lif-x*1«0and0sx« 1 > Null set 
=x іўх- 1 «0 and 1 Sx < о > Null set 
—-(x*a-IPF +b Их+а>дапах<0=>-а<х<0 
—-(-x)y-*bif-x*120and0Xx«1 —0xx«l 
—-(x—-2)-bifx-120andlsx«ov-1sxxXco 


g(f(x)) =х+а+1 if —o«x-«-a t 
-&*a-Iy*b if | -asx«0 № 
=x +b iff 0<х<1 3) 
=(@-2P +b if Isxso (4) 


elf (x )) is continuous every where so it must be continuous at x — — a, 0, I. 
from (1) and (2), checking continuity at x = — a 
l=1+b>b=0 
Similarly checking continuity at x = 0. 
(О +а- 1) *b-0*b-2a-1 
gl(f(x)) =х+2: v -o«x«-1 
= 217-1 <х<0 
x'ifüsx«1 
(x—2) ifl <x < æ 
50 (gof)' (х) =2х at x = 0 (gof)' (0) = 0 


1 


Print to PDF without this message by purchasing novaPDF (http://www.novapdf.com/) 


76 


(V) Theorem : 


If f(x) and g (x) both are derivable at x = a, then 
(i) f(x)=g(x) will be differentiable at x =a. 
(ii) f(x):g(x) will be differentiable at x =a. 


f(x) 
(iii) B(x) will be differentiable at x =a if g (a) #0. 
Note that: 
f(x) 
(1) If f (x) and о (x) are both derivable at x = a, f (x) + g (x); g (х) - f (x) and 2(x) will also be derivable at 


x — a. (only if g (a) = 0) 


(2) If f(x) is derivable at x =a and g (x) is not derivable at x =a then the f (x) + © (x) or f (x) — g (x) will not 
be derivable at x =a. 
e.g. £(x)=cos|x| is derivable at x = 0 and g (x) =| x | is not derivable at x = 0, 
then cos |x |+ |х | or cos|x|—|x| will not be derivable at x = 0. 
However nothing can be said about the product function in this case. 
f(x)=x derivable at x = 0 
g (х) = |х | not derivable at x =0 


x? if x>0 


х|х|- -x if x<0 


(3) If both f (x) and g (x) are non derivable then nothing definite can be said about the 
sum / difference / product function. 
eg.  f(x)=sin|x| notderivableatx=0 
g(x)=|x| not derivable at x =0 
then the function 
Е (x)=sin|x |-| x is derivable at x =0 
С (x) = sin|x | * | x |15 not derivable at x = 0. 
(4) If f (x) is derivable at x =a and f (a) = 0 and g (x) is continuous at x = а then the product function 
F (х) = f(x): g(x) will be derivable at x ^ a 
F'(a*)- Lim Heres ад = f' (a)- g(a) 


руа) = Lim АВА ВО L f G). g (a) 
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(5) Derivative ofa continuous function need not be a continuous function 


r ш> ifx+0 f'(0*)20 
w-d ifx=0 ° #07) =0 


sin 2x cx 21) x#0 
re х X\ x" 
0 ifx=0 


f' (х) is not continuous at x = 0. 


Illustration : 


Let f be defined as follows : 


sinx if x<z 


TE 
mx+n хэл 


where m and n are constants. Determine m and n such that f is derivable on set of real 
numbers. 


= sin а if x < л 
Sol. fix) = mx +n, if хал" 


Since f(x) is continuous at x ^ л 
0 = тл+п | .. (1) 
Now f(x) is differentiable at x = x 


cosx „=т > т=-1 > п= л 
Illustration : 


Check the differentiability of function at x = e. 


(x-e)2 e). x ae 


гв) = | 
0, x=e 
он Ё. 
“(е-х) 
501. Б (х-е)2 i хде 
oL f(x) б, ны 
is TE 
R.H.D. = Lim LEIEN Sce) = Lim ыш ai =% 
h—0 h h 0 h 


MT 22 ca 
ERD- Lm Jf(e-h)- fle) _ Lim (-h)2^-0 , 
h 0 -h hod  (—h) 
= f (x) is not differentiable at x = 0. 
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Illustration : 


E as 
+|x| 
Find the domain of f' (x) if f (x) = € . 
i 
I-|x| 
22. -eo«x«-1 
1-х 
28. -1<х<0 
Sol. fix) = 41+ 
——; 0«x«I 
1-х 
T 8? 1«x«o 
1+х 


so domain of f (х) will be R ~ {— 1, I} 


Illustration : 


f(a* 2h! )- f(a-2h’) 
д? 


1 
If f (x) is differentiable at x = a and f'(a) = 4 Find I 


f(a* 2h! )- f(a—- 2h" ) 


Sol. Limit = Lim шини шинжин рша= 10 
и a * 2t )— f(a— 2t 
= Lim Amm me differentiating numerator and denominator 
. 2f'(a*2t)—-2/"(a— 2t 
= Lim 10 Tet) = 2f '(a) 4- 2f '(a) = 4f (а) = 1. 


Illustration : 


Consider the function f (x) = Min (tan х, cot x) in (0, 2л). Number of points where f is either 
fails to be derivable is 'm' and number of points where it is discontinuous in 'n'. Find (m, n) 


Sol. Number of points where f is non derivable = 7. 


Number of points where f(x) is discontinuous = 3 
(m, n) = (7, 3). 
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(VI) Determination of function which are differentiable and satisfying 
the given functional rule : 


BASIC STEPS: 


f(x * h) - f(x) 
h 
(ii) Manipulate f (x + h) — f (x) in such a way that the given functional rule is applicable. Now apply the 
functional rule and simplify the RHS to get f' (x) as a function of x along with constants if any. 
(ш) Integrate f' (x) get f (x) as a function of x and a constant of integration. In some cases a Differential 
Equation in formed which can be solved to get f (x). 
(iv) Apply the boundary value conditions to determine the value of this constant. 


(i) Write down the expression for f' (x) as Ё (x)= 


Illustration : 


x 

Let f be a differentiable function satisfying f (=) =f (x) — f (v) for all x, у > 0. Iff ' (1) = I then 

find f б). | 

һ 
К т мейтш FED 
, = 1 f(x*h)- f(x) = 1 1 x+h = 1 1 h = 7 rs elec 

= гы= шин кю J коюу х) ко h 

as f(1) = 0 

xx Ju F 

So, f (х) = CEN 

integrating w.r.t. to x 

Дх) 7 In x +k as 1) -0sok-0 

Дх) = In x 
Illustration : 

Suppose f is a derivable function that satisfies the equation 

f(x + у) =S) + f) + xy + ху? 
QU A(X) _ 
for all real numbers x and y. Suppose that Lim "би 1, find 
(a) f (0) (b) f ' (0) (с) f' (Хх) (d) f (3) 
РИТ f(x*h)- f(x) 2 f( h)* х?һ + xh? 
Ээ Sass h юэ h 
' і 
ге = Шт Ч el +у 


3 
Лх) =х + Е + с asf(0) = 0 ѕос = 0 


3 
дф жу 
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Illustration : 


A differentiable function satisfies the relation 
И + у) =f) 410) + 2ху-1 VxyeR 


Iff ' (0) = \3+a—a? find f (x) and prove that f(x) > 0 Vx ER 
пун LOD _ qu, [002x571 


501. у(х) = Lim Lim n 


КО) = 20) – 1 кы =] 


Г) = 2х + \(3+a-a’) 
f) = х? + (3+а-а?)х * c asf(0) = 1 ѕос = 1 
Дх) = х? + 4(3-а-а )х 41 


0-3-4а-а-4-а-а-1--(2-а41)-0 
аха -ач1»0Үа 
So, fx) > 0 Vx eR 


+ 2х = f/'(0) +2x 


Illustration : 


(i) П х +у) = Р) fO). V x, у © Rand f (x) is a differentiable function everywhere. 
Find f (x). 
и) ур + у) = (х) + (У), V x, y e К then prove that (Кх) =k f(x) for Vk х eR. 


Sol. 
@ fixt+y =f) fo) > ЛО) =fO0r >f0) = 0 or f(0) = 1 


(х) = Lim d E Lim Дин = fix) f (0) assume f '(0) = k, 
09-а — f= 


TALL fX) Z Lim Ка f(x) 


hu 


(i) — f'6)- Lim -f'(0) =k 


(у(х) =k => fi) = Ах +e as f(0) = 0 


Дх) = kx > /(Дх)) = k fi). 
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Illustration : 


sinx? 0 

Discuss the differentiability of Г(х)= ХЭ! atx=0 
0 x=0 

— : __ sinh? 
Sol. For continuity, Lim f (x)= Lim 
x hod Л 
" Lit nh Us -0 
Hence, f (x) is continuous at х = 0. 
f(h)-f(0) _,. sink? 
* Lim Be =/ 
Also, ]'{(0)= Lim } =Lim— y- 12 
МҮН ЛТ) fus SIT 
and  f'(0)— Lim = -Ын p 


Thus, f (x) is m тара at x =й. 
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DIFFERENTIABILITY USING THEOREMS ON DIFFERENTIABILITY : 


Illustration : 
Discuss the differentiability of f (x) = |х| + |x — Ц. 


Sol. Г) = |х| + Ix - 1| 
f (х) is continuous everywhere at |х| and |x — 7| are continuous for all x. 
Also |x| and |x — 1| are non-differentiable at x = 0 and x = 1, respectively. 
Hence, f (x) is non-differentiable at x = 0 and x = I. 


Illustration : 


Discuss the differentiability of f (x) = maximum {2 sin x, 1 — cos x} Ух e (0, л). 


Sol  f(x)- тах. {2 sin x, 1 — cos x} can be plotted as 


Thus, f (x) = maximum {2 sin x, 1 — cos x} is not differentiable, when 2 sin x = 1 — cos x 


=> 4 sin? x = (1 — cos х?) 
= 4 (1 + cos x) = (1 — cos x) 
— 4 + 4 cos x = | — cos x 


=> COs x =m 


л-соз (3/5) 


3 
=> =f (x) is not differentiable at x = zx — соў (3 1 Vx e (0, л). 
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Illustration : 


Discuss the differentiability of f (x) = €^". 


e*.x20 
x 


Sol. We have f(x) = $ iu 


Clearly from the graph, 
I (х) is non-differentiable at x = 0. 


DIFFERENTIABILITY BY DIFFERENTIATION 


Illustration : 
x, xsi 
If (х) = | Palir qc then find the values of b and c if f (x) differentiable at x = I. 
Е д 252 ~~ 1, x«i 
So Ј() = ] х? +6х+с, х>1 7 Л") = ]2х+Ь, х>1 


f (х) is differentiable at x = 1 
Then, it must be continuous at x = 1 


for which Lim f(x)- Lim f(x) 
х хә 


=» 1+Ь+с=1 


нэ b+c=0 fi) 

Also f ' (0) =f' (07) 

нэ Lim (х) = Lim f'(x) > 2+5=1 > Ь=-1 
x1 хэ 

> c=] [from equation (1)] 


Illustration : 


| 
Find the values of a and b if f (x) = à *sin (xb), a 2 : is differentiable at = 1. 


x; 
а+ѕіп (х-5), x21 Е. ПИ 7 xl 
Sol. Г) = i "rer ОЎ Or Ji-(x+b} 
k | $ x«l 
For f (x) to be continuous at x 71. 
Р) = Р) 2 ажзи!(1-4-5/-1 ... (8) 


1 


-m ] > b--I. 
ү1—(1+ьЬ)? 


Also f'(*)-f'(1) = 
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0.3 


0.4 


0.5 


0.6 


Q.1 
0.2 
0.4 
0.6 
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Practice Problem 


Discuss the continuity and differentiability of f(x) = к + 1| * x| * x ^ 1], V x e К; also draw the graph 
of f (x). 


Find x where f (x) = maximum | x(2-x),2- х) is non-differentiable. 


Discuss the differentiability of function f(x) = [х] x| in -1 <x € 2, where [-] represents gratest integer 
function. 


Discuss the differentiability of f (x) = max Пап! x, cot! x}. 


? 
ах” +1, xsl 


> is differentiable at x = 1. 
xX" +ax+b, х>1 


Find the value ofa and b if f(x)= | 


1-х: 
Discuss the differentiability of f(x) cos"! I| А 


Answer key 


x=] Q3 x-0,12 
x-0 05 a=2,b=0 
a=2,b=0 
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Solved Examples 


42-41--совх is 


0.1 — Thevalucof lim 


x0 sin^x 
ES X ES | 
027 (B) р (0 42 05-11 
42 —V1+cosx 


Sol.  Wehave lim -> 
x20 sin” X 


= lim 2201+005х), 


1 
х—0 sin? x 42 -41--совх 


= Ti 1-с05х ш 1 

x20 (1+ соз х)(1—созх) x20 42 +-/] +со$х 
eg и. 

хэ0(1+соѕх) 242 442 


(4 
Q2 Іа -landa,,- 3 = ‚п> 1] аа lim a, = п then the value ofa is 
n» 
(A) 42 (В)-42 (C)2 (D) None of these 
4 
Sol Wehave а „с, 
v 3+2а, 
lim a,,, = lim ade 
d n» ds no» 3 + 2a, 


443a а : Ш 
312a > 2а2=4 -—a-2 (where lim a, = 0) 


=> a= 


(а = 4/2 because each а, > 0. therefore lim a, = а> 0) 


[2 кина 
03 Evaluate lim {л п +n} when nis an integer. 
in 


(A) 1 (B)-1 (C) 0 (D) None 
Sol. = lim cos хүл! +n) = йїп cos пл түп? +n | = ) = limżco{ a(n- Vn? +n ) 
n-» X x 


= + lim со ОХ 


x» iL. —" = lim cos = + lim cos ————— = +00520 
Бы "mm нэ TAR 
n n 
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where I] represents product of function. 


0.4 Evaluate lim II r-8 
à n» = г? + x 


T =) га 21441 21 EJ (1 +2r+4 
| lim |= lim EE E ON CUN: 
Sol Let P= n^ +8 S mI E intl r+2 П г^—2г+4 


12345 (п-5) (n—4) (п-3) (n 2) 


ae: vum m | 
п-» | 56789 (1-1) (n) (п+1) (п+2) 


19. 28, 39 (n° -2n*4). (n* +3) „(п +2п +4) 
хр Юю B ORE 08 —4n47) (ni—2n44) 


e" | 2-3-4 sd 3 freie 
= lim 4 ——— ———— —— — р im aA 
n | (n - D)n(n + 1)(п + 2) 7x12 7 n2» | (n - )п(п + D)(n -2) 


3) _2 (1+0)1+0+0) 2 


2 
“Fon Т XY. BY 
seed Хн 305 7(1-0)(1-0Х1-0) 7 
п 


Н Р= 2 
ence P= 7 
Q.5  If[x] denotes the greatest integer < x, then evaluate Ња; L ([I2x] + [22 х] + [2? x] * ...... + [? x]! 
A) в) ~ c) Ž D 
( E ( )3 (C) 7 (D)x 
Sol. lim (E x] + [22x] + [32x] + TM + [п2х]} 
п ” - > > 
Ух] Угх- их} " n(n+ 1)(2n +1) — 
= lim4£L— = lim| £L |= lim "ЗИ. yp 
nx п? nx n? nn n rj П 


_ DMR) үх 
6 3 
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(х?+3х—1)їапх : 
-------0480хХ50 
0.6 Let f(x)= х°+2х , then find the value of k. 
k if x 20 
” : слу it xe0 "V zo 
ol  f(x)- X^ +2x d "A (ЗЭН. 
" 
50 =>. 
sinx +sin5x л 
cos xX +cos5x л 
0.7 (9-1 x Findkiffis continuous at x=- ~ 
k Нх--- 4 
4 
(А) 1 (В)-1 (C)0 (D) - 1/42 
sin x +sin5x 
Sol. -| cosx +cos5x 
k if x=—* 
4 
гал sin x +sin5x 


k= хо cos x +cos5x 


2sin3x cos2x _ 
k=. КЕ. 2cos3x со$2х 


х +1 #61 
08 ЕҒ(х) = НЕ зол is continuous at x = 1, then find the value ofa. 


х +1, х <1 
Sol. а xdi Lm f(x)= ми (х) = Lim f(x) 
2=3-a>a= 


COS X 
Q.9  Whatkindofdiscontinuity the function has at x = 0. 
Sol х)- s Lim f(x)= Lim OE s 
x0 x20! X 
Lim f(x)» Lim “S*=- 
x0 x30 X 


Non removahle infinite tyne 
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g*-4*-2*+1° 
шинэ = —Ó х>0 
0.10 If f(x)= | x^ is continuous at x = 0, then find the value of k. 
e*sinx+4x+kin4, х<0 
PASE, GU 
Sol  f(x)- x" 
ех ѕіпх +4х+К/п4, x<0 
8х 4х 2% 41 ех 8 _ ех №4 _сх№е? +] 
Lim = Lim 5 
х-›0* X^ x07 X 
| +х м. 8 + кыюу - - | +хм.4+ кашу + = 
2! 2! 
2 
= ха) - Е 
= Lim S - 
х-»07 x= 
2 2 2 
x (in.8 -in,4- In,2)+ (е8 - Са? E (n,2) | 
= т. 2 2 2 
Lim 5 
х» 0* X 
ai 2 2x2 2 1 | 2] 
= Lim 5 (ю,8У-( 64)" - (т.2) 47 (1.32) (In, 2) - (In, 2) 


Р 5 (?n,2)(In,16) - (in,2)(in.4) 


Lim f(x)=0+0+k In 4 =(in,2) (m 4) > k=Mn,2. 


x0 
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METHOD OF DIFFERENTIATION 


1.0 INTRODUCTION : 


The essence of calculus is the derivative. The derivative is the instantaneous rate of change ofa function 
with respect to onc ofits variables. This is equivalent to finding the slope of the tangent line to the function 
at a point. Let us use the view of derivatives as tangents to motivate a geometric definition of the derivative. 


1.1 GEOMETRICAL MEANING OF A DERIVATIVE : 


Let P (xp, Ёх)) and Q(x, +В, f{x,* h)) be two points very close to each other on the curve y= f(x). Draw 
PM and QN perpendiculars from P and Q on x-axis, and draw PL as perpendicular from P on QN. Let 
the chord PQ produced meet the x-axis at R and ОКМ = ZQPL = ф. 

Now іп right-angled triangle QPL 


QL NQ-NL NQ-MP _ F(X) +h)~F(%9) 


шпф= PL мм ON-OM ^ (X,*h)-x, 


f(x, +h)—f(x,) 
И мы 
when h — 0, the point Q moving along the curve tends to Р, i.e., О — P. The chord PQ approaches the 


tangent line PT at the point P and then ф—> w . Now applying Lim in equation (1), we get 
f h) -f 
Lim tan$ = чы ышы, 
h -+0 h 
. f(x, +h)-f(x,) 
tan = Lim ——0——0- 
h0 h 
f(x, +В) - f(x.) 
> = Lim 2 
This definition of derivative is also called the first 
principle of derivative. Clearly, the domain of 
definition of f'(x) is wherever the above limit exits. 


Note that if y = f (x) then the symbols 


d 
аг” -у-Г(х)-у,огу have the same meaning. 
However a dot, denotes the time derivative. 
$5.40 | 
эе dt ' A US 
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Illustration : 

Find the derivative of et wrt. x using first principle. 
Sol. Let До) = ех”, then fis +h) = e'** 
f(x-h)- f(x) 

h 


d . 
ac 00 E 
С. [Ee 
= e"* Lim —————— 
ho h 


x p $ |, (xa —Vx)(Vx+h + x) 
h Мх e ix) 


=e т Л... x*h-x 
v" Lim Lim ———————-. 
hoo y h-0 h ав x) 
where y = Jx+h—Vx (~ when h > 0, y — 0) 
= et x 1 x 1 ie e" 
Jx +x 24x 


Illustration : 
Find the derivative of the following functions with respect to x using first principle. 


ў 
f) у = pov (ii) у ^cosx ; (ЇЙ) у =sin3x; (і) у 7x3!—3'; (у) у  Imx. 
Sol. 
: ENIM 
хал | x 
ЙГ ээд f(x*h)- f(x) = pis (x+h) +1 x +1 
dx ^20 h #0 h 


| (х+һ)(х? +1)-х|х? +1)+2һх a] _ 
im z 


Lim (x! +1)—x(2x+h) 
h->0 пех +10 +в +] 0 (х руу)? +] 


(x +1)-2х? 1 1-х? 
hoo (x? +IP h0(x ly 
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(i) у =соз?х = fix) 


T Lin ИИ f(x) | i cos ( x « h) - cos? x 
X foo pr h 


: h\ .{-h 
2sin{ x + 2) 2 ij 
- Lim pe (cos (x + А) + cos х)) 


-1 
IUE | сея = — 2 sin x cos x = — sin 2x. 


(и) у = sin 3х = fix) 
dv bim f(x*h)- f(x) тү?” sin( 3x - 3h)—sin3x 


dx ^20 h h0 h 


= Lim 
hoo h 


(Уу) y-x-3-fi&) 
dy | gg С) f) |. (2th) 39 - (8-3) 


dx #0 h h^ h 
$i x+h _ 2x 3 
Lim tP =X pig (FFD _ fy Ohh 
һ—э0 h А-0 h в-э0 Л 


= 3x (х + 0) — 3* In 3 3х? – 3* In 3. 
(v) у=) = Ix 
dy _ ‚.„/(х+һ)-/(х) 


2 2 
иж _ Lim!” (x*h)-lnx 
dx 4-0 h h-0 h 


= Lim dl (In( x * h)* Inx) 
hao h 
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. (3h 3h 
2sin| — |cos| 3x+— 3 
А x) a 243  во(эхь-0)-3сох3, 


б... 
Елы 
hoo h 


4 


1.2 STANDARD DERIVATIVES : 


) Šem"! хеБ, пе, х>0 ет) = 
в: = „XER, ПЕК, х G) =| - 
(iii) La =a та (iv) nx )- 1 (у) (ор, х) = - loge 
1 J la x)- ii 2 ea --5 iii 5 өд X) =sec? 
(vi) 4: = COS X (vii) a =—sin xX (viii) dx = $ес-х 


i 4 саз = 2 к = t i :@. асг) = t 
(ix) dx =— cosec^x (x) rE X) = secx tanx (xi) г =—cosec x cot x 


Illustration : 


1 ! ! PU 
If y= Ши then find de 
1 1 1 1 1 1 1 1 
501. у= [=== [== = ж О ts] 


йу 
=J-x=>— =- 1]. 


ах 


Illustration : 


М fix) = x | x |, then prove that f (х) = 2|х |, 


Е —х?, x«t) З = — 2x, х<0 
Sol. х) = Ls 259 => у(х) = | 2х, х»0 
Г) =2|х|. 


Шиягайоп : 


Sol. We have 
1—cos2x 2sin x = x л 
y= 1 = 2 -4Xumx > y= | апх |, wherex є | 0,— | o| =, 
14+с052х 2cos x 2 2 


л $. T 

tan x, ZO z) РЯ sec" x, if 20 3 
=> = = à 
| | 2 -sec? xf xe (Bn) 
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Illustration : 


Sol. 


() 


(її) 


(їй) 


(iv) 


(v) 


(vi) 


(vii) 


Ds - ): ii) D "99: Dl cos* -sin* 1| = - 
(1) Энэ (ii) D( tan(tan x) ) ; (iii) : 5 
(iv) (сох х + sin!x) =; (у) D(cos х cosec х) = 
1 1 - 1—cos 2x 
(кі) 17, log, е when x = га = ; (vii) D - ma ра 
of | = — cosec x cot x 
sinx 


D tan (tam! x) ) = 1 


x 42 d 2X .. 2X d : 
D cos! = – sin! | = —| cos c-sin = | = —(cos x ) = —sinx 
2 2 dx 


Dicos! x + sin! ху = “(= -0 


ах 


4 › 
Dí(cos х cosec х) = a x)- cosec x 


D =— д =e 
loge} х log,e) ,.! 


1-с05 2; 2 sin? : 
p{ 82) = 22-23 = Рап х) = sec x 


sin 2x 2sinxcosx 


2.0 THEOREM ON DERIVATIVES : 


т-1: (6) 6) под 8 609. 
T-2: M (kf(x))= k= f(x), where К is any constant. 
T-3 PRODUCT RULE : 


M f(x) 2. - fx) f) — 2509. 
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Illustration : 
Find the derivative of the following functions 
(i) x sinx ; (ii) e+ tanx 

Sol. 

() y=xsinx 


— x si dy = si. ИША бб 
у= х їп х so Эс = sin x x zc 
dy 


id = sin X + X cos x 
dx 


(ii) y-e'tanx 


50 A = tan x-(¢" че" T (итх) = е! (tan x + ѕес?х) 


Note : If3 functions are involved then remember 
D(f(x)-g(x)-h(x)) = Го) (х) (x) + g В (x) f(x) + h(x) (хув (х) 


2 
This result can be generalised to the product of n functions 


Illustration : 


Let F (x) = f (xyg (xkh (x). If for some x = х, Е '(x) = 21 F(xy: f (х) = 4f(xy: 
£x) = — 7g(x,) and h'(x} = k h(x,) then find k. 


Sol. F(x) = fix) g6) h(x) 
Given that F хо) = 21/(х, f (ху) = 4fíx) : g'(x) = – 7 g(xy and h'(x,) = Кх) 
Р) 7 f '&) gx) Н) + fi) Bg) Мб) + fly) gi) б) 
2IF(x,) = (4 - 7 + К) fix) g(x) Ay) => 21 =-3 +k > К= 24. 


Illustration : 
Let f, g and h are differentiable functions. If f (0) = 1 ; g (0) =2 ; h (0) = 3 and the derivatives 


of their pair wise products at x = 0 are 
(Kg)'(0) — 6; (gh)(0)-—4 and (hf)'(0) = 5 
then compute the value of (fgh)'(0). 
Sol. Let wx = fix) р(х) h(x) 
(wf х) =/'(х) gtx) h(x) + fix) вх) h(x) + fix) g(x) һ'(х) 
2£ (w x )) = 2f '(x) р(х) h(x) + 2f(x) g'(x) h(x) + 2f60 в(х) h'(x) 
d d d 
= 0х) (Ух) gx) 800) (FRC) + Cx) CC) hx) 
х ах ах 
24 (м0)) -0)(6 50) 6) + YA) = 32 


“(wt )) = 16. 
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Illustration : 


If f@) =1+х + х? +... + x! then f'(1) = 


80. х) =1+х+х?+....... ol 
f'6)-270-1-t-2x + 3x +...... + 100 x” 
Lf) 192935 1007 226517. S050 
T-4 QUOTIENT RULE : 
f(x) 
У g(x) 
(х) | р(х): x)= g(x) F(x) - f(x) g'(x) 
Ds) ^ ё (х) , to be remembered as 
of № |-24 <(N‘)=N RE 
р" UT —_ <a 03 
кси и __ Го) 
Note: If y f(x) then D(y) <) 


Illustration : 


Find the derivative of the following functions 


| 1-1пх 1 X x а xsinx 
{i) y= prem (11) y = (iii) у= [rre 
Sol. 
| 1-тх 
() 7 T+inx 
—1) (1-Inx) 
dy | +2). x — -(Iehxei-hx) _ -2 
de (1+1пх)? i x(1*Inx y. — x(IInxy 
3 x 
+2 
fi) y= sperre 
е 
dy 


— = Зе" — 3е*- Ме + 2e* (In 2) = (3х?—х#— 2° + 2* In 2) е" 
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xsinx 
© (1+tanx) 


(iii) у 


dy | (Itanx)Sinx * xcosx)-(xsinx)sec^x 
de (l+tanxf 


SiINX+xXCOSxX+sinxXlanx+xsinx—Xlanxsecx 
———M————MÀM———— 
(l+tanxy 


(19 x )sinx - xcos x - (sin x — xsec x )tanx 
Е (1-чапх У 


Illustration : 


fi Е». hen - b find aand b 
1) If y xi xr] eng -ах ind a and b. 
1 — sec x t tanx—1 42 
@ у= tanx—secxl' fin dx |. s 
в и хєх 4x find dy 
iii т Jm. 
1 1+х dx 
Sol. 
А pia see с "Р 
1 Ая о Ито ны Ие 
” x +x+l x xl 
y 
Эс = 2х-[1=ах+Ь=—> a=2,b=-] 
(i) а secx+tanx—TI " sec x ^ tan x — (бес? x ^ tan" х) 
J tanx—secx 1 tanx—secx*1 
(sec x  tanx)(1-—secx-* tanx) 
У (tan x — sec x4 1) 
y7secx t tan x 
йу А 
р = sec x tan x + sec^x = sec x (tan x + sec x) 
URB C. ATA А 
(iti) jy lrx ш (х ? м х? +] 
? d dy 2 
, X +1 1)-1:—(x +1 
ых. ^a Жо NC - — Эн 
= (х2 +1)? TEST. (x! 1 
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9 
T-5 DIFFERENTIATION OF COMPOSITE FUNCTION (CHAIN RULE) : 


If f(x) and g(x) are differentiable functions, then fog is also differentiable and (fog)' (х) = f (g(x)).g(x). 


d d d 
о, — qx (9209) 7 д уу (fog) GO} (809) 


ог 

If y isa function of tand t is a function of x, then 

ay 7. 

dx dt ах 
Thus, if у= f(t) and t= ф(х) 

dt А 

da $9 

бу = » x 5 = f'(t) 0 (х). This rule is called Chain Rule 

dx dt dx : : 


This chain nule can be extended as follows 
Let = y=f(t), 1= (2), z= y(x) 
dy: d М Ш — 0 sla 
C ke er ® = f(t) $(2) v'(x) 
Let  y-logsinx?-logt 
Putting t=sin х 7sinz, z ^x? 


oe x Bx ү = сова -(— 3) x 3х2 = 3x? cot x? 
^ dx dt dz dx = (Lit) с0$2 3x° = єз? (cos х?) х Зх- = Зх- cot x 
= " dy _ dy du 
Note : Ну= f(u)andu = р (x) then dte 


It can be extended for any number of chain. In general if y = (E)© where E = function of x and 
C = constant then 


ЧУ _сүрүс-а.Ф 
ах = СЮ) om 


Illustration : 
Find derivative of following functions ? 
(i) y= sin? Ух (üi) y=In(secx) (її) y=cos(inx) 
йу) | ye" sin bx. (v) у= е cos bx 

Sol. 

@ у= зіп? dx 


Let у= Ух ; u= ѕіпух =siny 


Z aiu) = Sa! (A) = 22220 = e 8: 

ах are ) = ж” ) 73 = Зи чету [9 dot cass x) 
= 3 simv cos 1| 1 | - 3sin? Vx -cos Ух 
24х) Nx 
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(0) у= ln (ѕесх) 
Let и = secx 
“~v=lnu 


dod usd qup eL _ _ 
"зэв aq пи) = т (In и) = „а бесх) = (sec х tan x) = tan x 


5есх 


fiii) y= cos (In x) 


Let и=тх 
2 у = COS и 
dy — sin( In х) 


РИ NOR _ РИИ 
dc de 05 = us (cosu) 7-sinu. "(nx = 


(iv) y=e sin bx 


_ LA in bx) + sin Б. 4 oe 
=. СЕ (sin bx) + sin bx FS 


= ей cos b 5 + in b. mE 
cos х 005 sin bx . ax (вх) 
= рейх cos bx + a sin bx. e 
= (b cos bx + a sin bx) её 
(v) у = е cos bx 
ау 


а 4 . d . 
= = (й ges bx) + cos bx RE ) = её (— sin bx) ps (bx) + cos bx ей. a 


= (a cos bx — b sin bx) е^ 


Illustration : 


Find derivative of following functions ? 


эн ЭЭ — — 
() у= fopa) (i) у= (gopix) (ii) у 7777; 
(v) улс (х) б) у= VFX) (м) y-f(A) 
Sol. 
) у= Јов (х) fig) 
dy d : 4 ^ | 
de^ а, LED = ГЕО). REO =f (e). g'tx) 


(i) у = gofo) = g(fix) 
dy = d = , 1 4 — , , 
2 245009) = g'(fix)) ЛЭ = #'({х)). f (х) 
і 


У 7771 


(ii) = (fi)y" 


dy = -n-i d = znr Р(х) 
ах шш... Б = (f(xy 
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(iv) у= ѕес? (Г (х) 


dy 3 d 3 
Z = 2sec(f (x)) "mU (x)) 
= 2 sec (f ?(x)) * sec (f ?(x)) tan (f? (x) Ar x)) 


= 2 sec? (f ?(x)) tan (f?(x)) 3f ?(x) fo). 
= 6 sec? (f(x) tan (769) f (x) - f '&) 
(v) у= 47 (х) 


ду 1 чау Г) 
icti LEE a / (9! MFG) 


41 
2-011)-34( (0 AH 
с dx х} ахх) хде] gg ^ 
Illustration : 
Find derivative of following functions ? 
O yama) ü у= 263 (ii) 


йу) уз sec xx tan x (v) exp (cos? (tan x3 ) 
Sol. 


() у= 1? (taw) 


4у 4 
= = 3 In? (ќап?(х*)) = In (tan? (x*)) 
1 › 
= 3 In? (tan*(x*)) 72224 x tan" ( x? ) 
) ган (x') ах 


3? (ап? (х! ) 


tan? ( х* ) 


"би (анх) 


4 4 
erty see) и) 


a 24x? In? tran? (х) sec ( x? } 


Е ап (x*) 


- 2 tan (x*) - < tan (x*) 
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у=е 


y sin Inc x7 47) ) 


11 


pm ( : ) 
” isin Un (x +7) 
(iti) y= e" 
. y= eism 7+7) 


dy = gon (sin [2+7] . = | Е In (2 +7 ) 


ах 


= еби (но?) . : - . 2 sinks т(х? +7)) 
25 (s In E +7 | dx 


MILI MM ЭР” ee 
2 sins mex? +7) (x +7) dx 
5x cos(5 In (x +7)) EUER 
(з? er {ни тос +7)) 
(iv) y 7 sec x Vtanx 
27 =зесх 4 franx + Vtanx < (secx) 


= sec sec? x + Nlanx -sec х апх 


1 
x 
24 tan x 


3 2 
sec x+ 2 ѕесхіап x 
"Ч 2 (алх 


(v) у = exp (сог (ran x? Ї ) 
dy _ | EE ')- (d ( | A. ) 
d exp (cos (алх Ї Еэ cos lanx Ї 
, ? 4 ? 
= у: 3 cos? (tan х3)?. dx cos (tan хі)? 
= 3y cos? (tan х3)? ( — sin (tan xp) 4 (шах Ї 


= — 3y cos? (tan xP sin (tan хз (2 мын ‚ sec? хз) - 3х 
=- /8ух? cos? (tan хі} - sin (tan x? tan (3) sec? x. 
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Illustration : 


If f (X) = (1 + x)(3 + x3) (9 + x3)? then f ' (-1) is equal to 


(A) 0 (B) 242 (C) 4 (D) 6 


Sol f(x) = (1 + x)3 + x2) ?(9 x3)? 
Го) = BHP (9x)? + (1+ х) 28 + 27-10 e 2x (9 +319 


1 -2/ 2 
+â +x) B +e? БХ Md 


f'CU = G* 1? 9-19 +0 +0 
Г) =2-2=4 


Practice Problem 


Q.1  Differentiate the following functions with respect to x using first principle 


13 


(iv) _ cos(sin x) 


(viii) cos x? sin? (х5) 


e сох X 
log (cos e*) 


log (log x), x > 1 


(iv) logx 


(i) Asin x (ii) cos? x (iii) tan"! x (У) ов, х 
02 ‘Find the derivative of the following functions with respect to х 
(i) sin (x?) (ii) sin (cos (x? )) (ii) ^ sin(x?+5) 
А . . sin (ax + Б) 
() — sin(ax*b) (v) ѕес (tan (/x)) (ii) соз(ск+а) 
(ix) 2, cos(x?) (9 cos (Vx ) 
0.3 Їр Рипа the derivative of the following functions with respect to x 
(i) e (ii) sin (logx), x » 0 (iii) 
e" 
(iv) - (v) _ sin(tan™' ех) (vi) 
sin x 
(vi) eae кыл+ м Je. x29 (ix) 
кы x>0 1 x 
(x) logx , (xi) cos (log x + ех), x »0 
Q.4  Findthe derivative of the following functions with respect to x 
(i) х2+3х+2 (i) x0 (i) ^ x'cosx 
(v) — xilogx (4) ехѕіп 5х (уп) е cos 3x 


1 
(1х) log (log x) (x) in (log х) (xi) У3х+2+-——= 
- m Vax? +4 
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(ий) айх 


(xii) —_ log, (log x) 
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Answer key 
, OSX z d T _ 
Q1 (i) ГУ трт (ii) -3 cos" x sin x (ш) 723 TT (iv) 5 
Q2 р (i) 2xcosx? (ii) - cos (cos х2) sin (х2) 2х (iii) 2x cos(x2 4 5) 
ta tan(t А 
(iv) -sin(sinx)cosx (у) acos (ах + b) (vi) ect пух) = — Ух 
№ 2 
(vii) a cos (ах + b) sec (сх + d) + c sin (ax + b) tan (cx + d) sec (сх + d) 
-2\/2х - 
(viii) —3x* sin x? sin? x^ (ix) eia S 28 шиль 
5їпх^үзїп 2х*^ 
| ... cos(log x) " | . e'(sinx-cosx) 
Q3 (i) -e* n (iii) — e°% * sin x Ca E и 
X sin” x 
-l =x 
— t 
pS (vi) “tne. n+ 1), neN 
1+е 2 
(vii) e* + 2x е^ + +5х°* ех (viii) e x»0 и 
— з ЖЕ?) : xlogx 
(xsinxlogx + cotx) x 
bmi Балаа. 1 à ” 
(х) ховх) (xi) | е } sin logx+e ), х>0 
1 
Q4  ()2x*3 (ii) 20x!? (iii) cos x - x sin (iv) 2 (у) x? + 3х? log x 
(vi) e* (sin 5x + 5 cos 5x) (vii) e (6 cos 3x — 3 sin 3x) (viii) x41 
1 cos(logx) = SK . log;e 
(X) ховх 9 x 05) 2 зх+2) Qxl«4y7 (00) хєх 


T-6 LOGARITHMIC DIFFERENTIATION : 


To find the derivative оГ: 
(i) a function which is the product or quotient of a number of functions 
=f f f _ fi(x) fs(x) Б(х) — 
у= f(x) f(x) f(x) ........ or у= gx)g gi) gs(x)..... вз(х).....` 


(ii) a function of the form [f(x)]&? where f & g are both derivable, it will be found convenient to take the 
logarithm of the function first & then differentiate 
OR 


y - (f(x) FY = с and then differentiate. 
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Illustration : 


If y = sin x - sin 2x * sin 3x......... sin nx, find y*. 


Sol у= ѕіпх sin 2x sin 3x ..... sinn x 


In y = In (sin x) + In (sin 2x) + In (sin 3x) + .......... + [п (sin x) 
і dy cosx , 2cos2x  3cos3x ncosnx 

——— E € Фр E E E и 

у ах sinx — sin2x sin3x sin nx 

y'= y (cot x + 2 cot 2x + 3 cot 3x + ........ * n cot n x). 


Illustration : 


Iff 69 = (x + UX + Bie + 3)........ (x + n) then f ' (0) is 


E aul 
(A) n! (B) AH (C) (п!) (їл п!) (D)n! 0 txt it dte 
Sol  fíx)(x-*1)(x-*2)(x-* 3) ........ (x * n) 

т fix) = In (x + 1) + Їп (x + 2) + Їп (x 3) +........ + In (x +n) 

For 1 1 1 Мес. 

f(x) gom (x2) rom тт (x+n) 
S(O) =n! 

(ri +4) 

f (0) = n! 2 = nl 


Illustration : 


х f(101) 
= n( 101—n) 
If f(x) = Пе- —п) then find туу]. 


100 
Sol. fi) = [| х-н") 
n=} 
Дх) = (x — I)! -D (y 2701-2 Ge 3p- (х- 1000 00, 
In fix) = 100 In (x — 1) + 2(101 — 2) In (x — 2) + 3(101 — 3) In (x — 3) + 


....... 


f(x) | 100 20101-2), 3(101-3) 100 
f(x) (x-1) (x-2) (x-3) 27 (х-100) 
f(x) 


100+1 
=1+2+3+...+100 = (109) @00+ 1) = (50) (101) = 5050 
f(x) 14: 10 2 


f(101 Е 
/'(101) | 50507 


So 


Print to PDF without this message by purchasing novaPDF (http:/Awww.novapdf.com/) 


15 


+ 100 In (x — 100) 


16 


Illustration : 
Find the derivative of the following functions 


(inx 


(i) у = (sin x) Ж т Jan х)(х"); (ii) y = (x" ")(sec х)? ; fiii) v = pel 


Sol. 
(Ü у= (іпх) = Jin x) (x) take logarithm on both sides 


In y = In (sin х) + Jsinx + In (пх) +хтх 


гау _ ae (cosx) 1 ый 
yds sinx 2Jsinx (Inx) х 

= ONSE cot x +5 PUE —— € inx*l 
dx sinx “ис 


(7 у= x^" (secx)" 
In y = (In xP + 3x In (sec x) 


d LL +3 In (sec x) = (sec x tanx) 
y dx (sec x ) 
dy 


2. (2h BER +3 т (бесх ) + 3x 22) 
x 


(In x) 


б) y= ғи 


In y 7 x in (In x) - (3x + I) In 2 


14) в(мх)--35--1-3н2 
у ах (inx) х 
“ = (In x) + Ga) 3 In 2) 


Illustration : 


d , 
If y = (sinx)"* cosec (e* (a + bx)) anda + b = = then the value of atx = lis 
(A) (sin 1) In хіп(1) (B)0 (C) In sin(1) (D) I + In(sin 1) 


Sol у = (sin x)"* cosec (e (a + bx)) 
In y = (In x) In (sin x) — In (sin le (a + bx))) 


1b ly (sinx) + (tnx) сое 0096 (a + bx)}\ae* + bxe* +be 
y dx sin\e* (a+ bx) 
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, cos] (a - 2bje 


1 dy 
== = Іп (sin 1)+ 0 ——~__——_ | ; 
xdi La Ө = [n (sin 1) + 0—0 
2 

-atb=— — s y-lax-l 

a E „у= atx= 

dy . 
50 “Ёс ия РТ = [n (sin 1) - 1 = In (sin I) 
11842 


Illustration : 


4 
5 ду 
fI 2X Ч zx Tx › — je o 
(А) 4 (B) 5/2 (C) 3 (D) not defined 


4 
50, у= 282 xs «(tm zr 


лх 
у=х? + [== = 
4 
Let u=x™solnu=2xinx 


ЮМ tet Dhar № 
и dx | (их+ = ах 


00-2 


x 


Let v= Gaj 
4 


47 
14у 4 лх La 
ae ; In мм +> = 
4 " * «(= х) 

4 
Al =0+2 
dx (х-1 
dy du dv 
—=—+—=2+2=4 
= dx ах dx 
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Illustration : 


Find £ for (i) у = (sin хх (її) у = х“ Х + (sin х) х 
Sol. 
(i) Given у = (sin x)" *. 

Then, y= е/о& x log sin x 

Diff. both sides w.r.t. x, we get 


dy = glog x log sin x 4 (log X log sin x} 
dx dx | | 


dy 


= 2 = (sin х) * 2 sinx E (log x)+ log x = (log sin ə} 


= 2. (sin х}°®* шан T + log x 1 cos 2 
ах х sinx 
dy . Wogx | log sin x 

= Z (sinxj^5*1—9 ——— + cotx log xy. 
dx x 


(it) y = xs + (sin х) х 
Let | u7x'"* у = (sin х)°®* 
7 Inu = tan x In x 


“(in и)= — (tan x-In x) 


1 du B 2 
—:— ztanx| — |*sec^ x:Inx 
dx x 


и 
du tan x › 
= ат | —— + sec x-Inx 
dx x 
у = (sin х/х 
In v = cos x: In sinx 
d d | 
=> —In v = — (cos x In sin x ) 
dx dx 


1 dv COS X : : 
<< =| сох |+ In sinx-(-sinx) 
dx sinx 


| 2 
йт. (sinx ES ~ sin x In (sin J 
dx sin x 


ИШЕ: (11) 
y = ц БЭ v 
dx dx ах 
From (i) and (ii) 
dy _ тах { tanx 2 5 weslcosx O | 
= —=х ——— + sec x:Inx + (sinx) ——— - sin x: In (sin x ) |. 
dx x sinx 
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Illustration : 


vx (х+ 4}? 


Find the derivative of вх wrt x, 


oi. е! у= (4х-3)? 
Taking log of both sides, we get 
logy = log x+ i log (x -4)- 5 log (4х-3) 

Diff. both sides w.r.t. х, we get 
Idy l 3 4 1 


= — =— —— X 


у ах 2х 2x44 3 4х-3 


х4 


Ф.(1, 3 6 
> Ты’ 3(4x-3) 


deus pr, n o o 
7 а (4-3 |2x 2(x«4) 3(4х-3) 


Illustration : 
Find a = x 
ind ~i for y = х“. 
Sol. y=x" 
Iny=xiInx = Z (из) =“ (ln x) 


1 dy 1 dy 
———=х-|—|+!пх=1Ї+1{ 225 сал 
7 ух " B "ER nx = x*(l+Inx). 


Illustration : 


dy 
3.22 s 
If y* = x", then find de 


Sol y =x 
хіпу=уіпх 
Differentiating w.r.t. x. 


“(x In = In x) 


х" foy +In — їнэ > Хх 
у ах TT | dx > d» ` 
Г. 29 
dy _ у кы _ Му-хы у) 
dx X qx x(x-ylnx) 
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Т-7 IMPLICIT FUNCTIONS : 


If the variable x and y are connected by a relation of the form f(x, у) = 0 and it is not possible to express 
yas a function of x in the form y= ф(х), then such functions are said to be implicit functions. 

For example, 

(i) x +txyty =l (1) x + y + sin(xy)=1 (iii) x + у*= 1 


() 1677 416% =1 
DERIVATIVE OF IMPLICIT FUNCTION : 


(i) In orderto find dy/dx, in the case of implicit functions, we differentiate each term w.r.t. x regarding 
yas a functions of x & then collect terms in dy/dx together on one side to finally find dy/dx. 


(ii) Corresponding to every curve represented by an implicit equation, there exist one or more explicit 
functions representing that equation. It can be shown that dy/dx atany point on the curve remains the 
same whether the process of differentiation is done explictly or implicitly. 


Ч пл M ee AY. гуу 
ac OD МО, 


For example : 
dy 


9) (i) Sye Pny 


(i) Gin у) = P ye = = cos 


A DIRECT FORMULA FOR IMPLICIT FUNCTIONS : 


Let f(x, y) = 0. Take all the terms of left side and put left side equal to f(x, у). 


dy diff. of Г w.r.t. x keeping y as constant 


Ten dx diff.of f w.r.t. y keeping x as constant 


Illustration : 


dy 
2 , 3 = -- 
If x^ + 2ху + у? = 4, find di 


Sol. We have x? + 2ху + y? = 
Diff. both sides w.r.t. x, 


ye ый ны 78 
= ae? 2p 9 40577309 


dy dy dy _ 20х+у) 

2 x——- y.1 tum — = 

= ЭН X | +3у x 0 => x (2х+3у?) 
Alternative Method : 


dy diff.of f w.r.t. x keeping у as constant |... 2x+2y 


dx — diffof f w.r.t.y keeping xas constant 2х+3у? 
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Illustration : 


1 dy у 
уу=х+ шини prove that dx ^ 2y-x' 
х+— 
1 
х+ 
X Ts 
А 1 
Sol. Wehave, у=х+ 7 А 
x+ 
1 
х+ 
х+.. 
1 > 
> КЖЕ > у=ху+і1 
dy dy TAM 
= 2y— =y+x— +0 [Diff. both sides with respect to x] 
dx dx 
dr а 4-3 
>> (2у - x) = у = dx ш 2y-x 


Illustration : 
If dx e Jy =4, then find = 3, S aye. 


Sol. Diff. both sides of the given equation w.r.t. y, we get 


Illustration : 


dy Inx 
If x = е У then prove that — 4 =s: 
Sol x" = е*-> 
ylhix-2(x-y | | |. (i) 
now differentiating with respect to x. 
Ў 4 in x- Ф _ 1- Ф 
dx dx 
1-2 
5 к. ЖУ, ун». | вон a ye | 
dx 1+тх x(I+sinx) х(14їйх) 1+тх 
dy — inx 
dx (1-їл хр ` 
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Illustration : 

sin (a y) 
sina 

Sol siny =x sin (a + y) differentiating both sides wrt. x 


dy 
If siny = x sin(a + y) then prove that P - 


Чу dv 
cos y * ж = sin (а + у) + х cos (а + y): (0-2) 


йу 
= ps (cos y – xcos(a 4 y)) = sin (a + у) 


dy _ зіпба+ у) ч sinfa+y) 
= : siny 
= dx  cosy—xcos(a- y) соз у-— 5" — cos(a4y) 
sinfa+y) 
meN. . 2 
зіп (a+y) _ зїп (а+у) 
~ sin(a- у) соз у— зїп y cos(a+y) sina 


Illustration : 


К» dy 1 
If xJI у + у 1+х = 0, then prove that в Ua 
Sol. xjl+y+yvl+x=0 
> xÓ(I*€y-y(l*x > &-y)+xy-yx=0 
=> (x-y) (х + у+ху)= 0 => x-y-Üorx*tytxy-0 
= дэ dy _, m m 
РЕР ЫГ = жое (ху 


Illustration : 


re 
у= Jsinx+Vsinx+Vsinx+.....0 find Ж (sin x > 0). 
Sol y= y\sinx+sinx+Vsinx+..0 => у= sinxty 


› ; 2 dy dv _ dy _{ cosx 
=> Y -утиянх => y dx ^ өрийн => dx 2y-1 " 


Illustration : 


А , 4у thy , 
If ax- + 2hxy + by“ = 0 then prove that 77 — ae р 


Sol. ах + ху + by =0 и. (1) 
differentiating wrt. x. 


dy |o. dy dy 
2ах + 2h we У *2by =0 = (ix + by) гд, = — (ах + hy) 
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йу (ax+hy) 

dr ~~ ¢hx+by) m (2) 
From (1) ах? + 2hxy + by? = 0 

= х(ах + hy) + y (hx + by) = 0 


=> 


Illustration : 
A curve is discribed by the relation In(x + у) = хе”. Find the tangent to the curve at (0, 1). 


Sol Іп (x + y) = xe" 
differentiating wrt. to x 


1 dy (dy оу 
(ise te at point (0, 1), 


(x+y) dx 
1 dy 1 
1+— |=0 
aol +2) вы 
dy 
-- =е-] 
ны dx х-0,у-1 


Equation of tangent y - 1 = (e- 1) (x—0) -(1-с)х +у = 1. 


Illustration : 


= 


@ y= x (ii) y= (In x f ^ / ^" 


Sol. 
@ ys” 
=> у=м > Iny=yinx > LD пх 
: ЛЭЭ y dx х dx 
d 1 4 Х 2 
у y ; ‚2 
=: dx E | x = dx (1— y In x) x(1— y In x) 
y 
(7) у= (пх) 
UN TE. + Inl Ф 
=> у= yln(Inx) = y dv xinx "ons Ж 
y 
al E AEN ORA E dy хтх_ ___ Y 0 
dx \ у =) shy T dx U-ylninx) © xinx(I-ylninx): 


y 
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24 
Illustration : 
dy 
If у? + xy? + x) = 4x + 3, then find at (2, 1) 


Sol у + ху + = 4 +3 


differentiating w.r.t. x 


dy dy 3 › dv _4-3х?-у? 
Syi +| x 2y —4 yp? [4 3x° 24 —————— 
) dx | У Э " = dx (Sy? +2xy) 
dy eta. El 54 __, 
dvl..i,-. 1) 42X2)1) 544 9 `" 


Illustration : 
dy 
If y= x log, x ‚ then find E at x =e. 


Ф. : 4 ке х] - i 7140 х 
Sol ас 2Jxlog.x Ф ^ ^^ вх |. х = 


dy 1 1 
— = ] 1 = oe = 
= 21. 3773 +1) Ea (~ ове = 1) 


Practice Problem 


9.1 Find the derivative of the following functions with respect to x : 


| (х-Э) 6 +4) ре "m 

(1) M Dess m) ч (ш) y'tx' tx =. 
(х-1) (x -2) тэ 

(№) | cosx:cos2x:cos3x (v) (x-3(x-4)(x-5) -3)(x-4) (x -5) (м) = (log xy 


х l+- 
(vii) x*'-259^ (vii) (x-3)-(x*4)-(x-5) (х) [s 2J - | 3 
(x) (вх) хх (хі) x". uu (4) — x5?*— (sinxy*** 
„ ‚Чу , | 
Q.2 Find zm ofthe following functions : 
O (xcosx) +(x sin + 0)  х+у-= 
(ü) узх (iv) (соѕх)? = (cos y) 
(v) xy =e -») (i) у= (х2- 5х +8) (х? + 7x +9) 


(ii) у= (1 +х)(1 9x5) (17 x*) (1 + x5) 
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03 Find n ofthe following functions: 
(1) 2x +3y=sinx (ii) 2x +3y=siny 
(ii) ax+by*=cosy (i xyty*=tanx+y 
(v)  х+ху+у-= 100 (м) | x +xytxy+y=81 
(vi)  sin’y + cos xy=k (vii) x?+xy+cos*y=I1 
(ix) у+ѕіпу=соѕх 
04  Findthe derivative of the following functions with respect to x : 
à ‘ ” x л 3л 
(1) (sin х)"*,0<х<л. (п) (sin x — cos x)" х- cosx), 4 <х< P3 
(iii) х^ t x? - a*+a*, for some fixed a> 0 and x >0 
3 
» А -2 \4 
iv x-3 (x-3 , forx> 1 log Je*| Х 
(iv)  x*?.(x-3) , forx>3 (v) g [SS 
Answer key 
1 ew] | ‚_2х __6х+4 | 
ч. 5 21 3х2+4х+5 |х-3 х2+4 3х2+4х+5 
(ii) x5n*-l sin x + x9? *- cos x log x 
v -[y log y 4 y:x* +x*(1+logx)] 
ш) ху + ху logx 
(№) | —cosx cos2x cos Зх [tan x +2 tan 2х +3 tan 3x] 
1 (x -D(x-2) 1 1 1 1 1 
(у) жыл ae тиз ЇСЭГ. ale EH 
2|(х-3Хх-4Хх-5) |х-1 x-2 x-3 x-4 x-5 
сох | -2227 —sin x loglogx 
(à) — (ogxy* igx g 
(vi)  x*(I*logx)-2*?* cos x log 2 
(уш) (x +3) (x +4)? (x+ 5)? (9x? + 70x + 133) 
x 2. = 
(x) (х+1) E Lose). "+! ы) 
x x^ +1 x x^ 
(х) — (logx)*' [1 + log x · log log x] + 2x****! log x 
4 
(xi) x^" [cos x (1 +logx)—x sinx logx]- ттт 
sin x А . 
(xii) хх | 1 +cos x log к + (sin x)'*** [cos x cot x ~ sin x log sin x] 
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| ‚ | xcotx +1—log(xsinx) 
0.2 0) (х соз x)* [1 —x tan x + log (x соз x)] + (хіпх) ч z 
| ух?! +у* logy 22 У[у-хюргу .. ytanx +logcosy 
@ = х” logx + ху" | Qu) x x—ylogx ev x tan y + logcosx 
(x-1) 
(v) € (vi) 5х4-20х3 + 45x?— 52x + 11 
й 4 Р 1 EE 2x + 4x3 8x’ 
(vii) = (1 +x) (1 9 x2) (1 +x*) (19 x5) 1-х dex? 14359 14x? 
cosx -2 2 = = : sec^x-y 
Q3 @ 3 G) созу-3 cosy —3 (ш) 25у +sin y (v) х+2у-1 
(2x+y) 2 —(3x? +2xy +y") Е ysin(xy) - 2х +у 
(v) ~ (x+2y) (м) (x? + 2xy - 3у2) (vii) sin 2y—xsinxy (vm) sin2y+x 
—sinx 
ix) 1+со$у 
04 0) (1 + log sin x) (sin x)*"* cos x 
(ii) (sin x — cos x)*"~°°* (cos x + sin x) [1 + log (sin x — cos x)]. sin x > cos x 
(Шш) — x'(I*logx)-*ax*! +a* loga 
? 
ын 5-1 
(iv) x ases (x? -3) |= -3 (v) < 
x x" -4 


T-8 DERIVATIVE OF INVERSE FUNCTION : 
Theorem : 


Let the functions f(x) and g(x) be inverse of cach other then 
f(g(x)) = g(f(x)) =x 
f'(g(x)) в) = g (FG) f) = 1 


dy . dy dx 1 _ dy dx dy 1 
If чх Cxists and ax “0, then dy dy or Aw or =! 


dx dy 
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Illustration : 


(a) у= (х) = х + xi апа g is the inverse of f find g ' (2) 
(b) Let f (x) ^ exp (х? + x? + x) for any real number x, and let g be the inverse function for f. The 
value of g ' (e?) is 


1 I 
09 52 (В) 5 (©) (D) 


34e” 


(с) If 15 the inverse of f and f ' (x) = prove that g ' (x) = 1 + (gfx ni 


14х9” 
501. 
a) у-/ї-х +5 
Let g(x) be the inverse of fix) і.е., g(x) = f'(x) 
f (g(x) = gffix)) = х 


differentiating wrt. x 


Г 0) -g'(x) =/ 


1 
> #@= f'(g(2) >  g(2)-f'(2) = у (say) 
> №)=2 э у+у=2 > у=] 


= 
^ 8O- FO)” Geese), 


96 | х. 


(9 (х) =x 


1 1 
> feag > 9-7) > #®- те) 


=> gm ze => х=]. 


= ж FO) фены] | 68924) ве 
x-1 


(0 — f(z(x)-x 

ё XN 

f(x) Го 
1 (g( x)y' 


> /'(е(х))#'(х)=1 > 800) = 


=> 8х) = 1+(0(х)). 
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DIFFERENTIATION OF INVERSE TRIGONOMETRIC FUNCTIONS : 


(i) 4 sin“ x) = i (ii) 3. (cost x)- 2 
dx (1-х?) dx Ji- 

” 4 -i z | И d =i - -1 

(ш) и х) = Lx (iv) m ad x) = тыл 


а... = | , 4 4 = 
(у) ® (sec х) т (vi) zm (cosec x) ixi Та 
Proof: 
(i) Proof of derivative of f(x) ^ sin! x: 

Let y ^ sin"! x. Then, x = sin y. 

Differentiating both sides w.r.t. x, we get 


jemy © 
E dx 


dy | 1 


which implies that d EV y = ойон х) x) 


л 
this is defined only for cos y 0, i.e., sin! xz—— ie, xz-l,l,ie,xe(-1l,1) 


2' 2 2 
Recall that for x є (-1, 1), sin (ѕіп x) =x and hence 
cos? y= 1 - (sin y = 1 — (sin(sin!x)? = 1 —x? 


Also, since y € (- > z) , cos y is positive and hence cos y= \1-х? 
Thus, forx Е (-1,1), 
1 1 


cosy р-у? 


(ii) Proof of derivative off (x) = cos"! x 
4 


d dfx -] 4 л 
ax (905 х)= dx ;-sin х Ч cos MESES ^ 


- 0-2 (47 ху: == 
dx Ja- x?) 


(üi) Proof of derivative of f(x) ^ tan! x; 
Let y ^ tan! x. Then, x = tan y, 
Differentiating both sides w.r.t. x, we get 


шее... 
"уе 
which implies that 
dy 1 І 1 1 


4х scly > l+tany dean x)? 16x 
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(iv) | Proofof derivative of f(x) = сог! x. 
4 1 - oF -tan'x} =0 4 нь 
dz (cot " x)= dxl2 -0- ах (an х) 


21 
(1+x?) 


ын 


Note :- (апі x + сос! х = 


(v)  Proofofdcerivative of f(x) = sec! x; 
Let y = sec! x; х = ѕесу 
Differentiating both sides w.r.t. x, we get 


dy — 1! l 
l=secytany лу = dx — secytany - Ix |J (x? —1) 


(vi) Proof of derivative of f (x) =cosec™ x. 
Let y = cosec ! x; х = cosec y. 
Differentiating both sides w.r.t. x, we get 


dy o ]A— НИ : 
=—cosec y cot Vox => dx cosec ycoty " (х2-1) _1) 


Finding of the derivativesz of other inverse trigonometric function is left exercise. The following table 
gives the derivatives of the remaining inverse trigonometric functions. 


Га Та 


= 
f'(x) 
Vd-x?) М-х? — тоз JE x^- ea x?- 


Е ВС Гем к | керо с-а 


Note : Some Standard Substitutions 
Expressions Substitution 


^ Ён + 
а?-х? х =аѕіп огасо$Ө 


Ja? x? x-—atanO ога со 9 


| 2 2 

Ж--8- 
ja+x 
a ME 
а-х 


х = азес Ө ога созес Ө 


x=acos Ө ога cos 20 


fo |2 
| 
хім 
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Illustration : 


1 
Prove that derivative of secx is if | x | > 1, using first principle method. 
|x| Vie -1 


Sol. Let y=sec'x; |x|21 ; y e BIE | 
secy = х ; sec (у + Ду) =х+ Ах 


Ах = ѕес(у + Ду) – sec у 


Ах sec(y+Ay)—secy 


ду — Ду 
р 
Нил dp ИЕ Lob " 
Ar Дх ayo 5ес(у+ Av)—secy ѕесуіапу l 
Ay 


; dy 
ifx > 1 theny € fo. a (atx = 1, y = 0 and tan у = 0 therefore di does not exist) 


= sign of tan y is + ve 


dy 1 1 2 

de жене у 7 xvx? -1 ин ш 
and if x < – 1, then у 41. 3 (at x =- 1, у = x and tan y = 0 and s does not exist) 
hence sign of tan y is — zn 

dy 1 1 : 

de sec yy sec? у—1 Е хх? -1' pes “@ 
from (1) and (2) 


__ мэн if |x|»1 
D(sec!x) = MxIN x? -1 | 


does not exist, if | х| = 1 


Illustration : 


dy 1—cos x 
Find — for y = tan ^ \— р, where- z « x < л. 
sinx 


dx 
NS 
1—cos х 2sin >, 
Sol. у = шт" — | tan! £ 
SR 2sin cos 
X к -R 
= tan! mE REI («ea exea -543«5) 
2 2 2 2 2 
dy 1 
C uw X 
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Illustration : 


bf tan хаан”! (2) = 
x —— 


л 
> х»0 
| 2 
Sol. чат!х+їат!\—| = 
х 
-x 
2225: muc 
2 


[тт «m (2]] -0 Vx eR- (0): 


Illustration : 


-I -4 

(ап x—cot x 4у 

If y == =f =] , find = | Ч 
tan x+cot x dx J.—, 


(4) 0 BI (C) 2/л (D)-1 


tan'!x-cot'x 2 sii 44 
Sol. = = — Van x-cot x 
J n П = 


i ses Te?) a 


dx mex 1437) л(1+х?) 
dx |, = л(1+(-1) я 


Illustration : 


х Ж х dy 
= -1| ————— -4 — 7 -11 ———— с. . | > A 
If y = tan (=) +tan Cea | +tan (225) + up to п times. Ета а 


ду 
expressing your answer т two terms and also find de when п — о. 


Sol. y= tan" —`— +ат! ——; *tan ! E E +... tan” p en 
н 1-2+х° 2-3+х° 3.4+х- n(n*1)9x 


х 
1 
Т, tan” — — => T.=tan! aran 
r(r-1)*-x* ! x 
+ 
r(r+/) 
Жы г 
БЕЗЕ. КОШЕ ре ши" “2 | 
T, = tan "E tan 8 — | 
гог+1 
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eren {не | 
шы ы GG) 09) 


Illustration : 


- iz ducc 
0) 1-х441-х 2 pem 


— (Rz E 4 


х+1 


(iii)  Iff(x)-sin? | = г | find f ' (0). 


Sol. 


” T€ 4ї-х-41-х 
" Jie x e J1-x 


1 
Letx = cos 20 0= 3 cos! (x) 


il NL cos 20 – 4 1—cos 20 -— 42 cos0 – 42 sing ЕЭ 
еъ — соз 20 42 соз Ө + 42 sin@ 1-1апд 


‘ 
7 


ee л. Eno 
y= tan 44 o) 4 9 
ШЕ Bl 
у= “7360 х 

ау 1 


"de Ni- 
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(ii) y= tan 


4 414х2-1 
х 
Put x = tan Ө .. Q= tantx 


2 sin? — 
il secO-/ _;{ l-cos@ 3 л 9 
y= tan 15-28 = (ап (rene = tan — — 2 | = tan {лап 


tan sin TR: E 
2sin—cos— 


M LI а 
ne us = (ап ; 


142" 


Let 2* = tan 0 


х+] 
(11) Их) = ui : | 


2 
Дх) = sin ! Gum = sin (sin 20) 
tan? 
1 
Ух) -20--2Цан (25) > (х) = m (2* In 2) 


2 
, = — (7309 = > 
f '(0) 731 (2" In 2) = In 2. 


ЭГ” : 2х 1-х? ‘ 
Derivative of вит z); со 3 tan! 025) sin!(3x - 4x3); 
ex^ 1+х- 1-х- 

cos !(4x? - Зх) : 
ап х хіа 
А 2ҳ -I 
(i) y- fix) = sin"! E т-21ап х хэ! 
да (хц х x«-1 
Highlights : 
(a) Domain is xeR & Note: fis odd, aperiodic bound 


| EH 
range is | 7555 


(b) f is continuous for 
all x but not diff. 


at х= l,-1 
-- for |х|<1 
4 Hx“ 
(с) a nonexistent for х] =1 
= + for |x|>1 


(d) Increasing in (-1,1) & decreasing in (-20, - 1) O (1,5%) 
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2 


= - bats if x20 


2 —2tan'x И x«0 


8 1 = = -1 
(ii) Consider у= f(x) = cos | гон 


Highlights : 


(a) Domain is x eR & range is (0, л) 
(b) Continuous for all x 


but not differentiable at x =0 D I 
—— for х>0 
Чу Hx‘ 
(с) — =| nonexistent for x=0 


9х 


—1.. for х<0 


l+x* 


(d) Increasing т (0,50) & decreasing in (-20,0) Note: fis even, a periodic bound. 


2tan!x |х| «1 
(iii) у 66-а 2. -| xt+2tan’x x<- 
Fx -Ix-2tmn'x] х»! 


Highlights : 


(à Domain is R- {1,-1} & rangeis (-=. 


(b) f is neither continuous 
nor differentiable at x=1,-1 


ГЖ 1; |х|#1 
©) ах 7 | nonexistent x|=1 


(d) Increasing V x in its domain 
(e) It is bound for all x 


-(т+3зш^!х) if 
(v) y-f(x)esimn'(3x-4x)-| 3sin'x if 
n-3sin'x И 


Highlights : 


1 i 4 л 
(a) Domain is x e [- 1,1] & rangeis EE 
(b) | Notderivableat X = + 


3 

dy 1-х 

© == ug if x (4, L)U (4.1) 
ух” ^ = 


< if хє 42) 


(4) Continuous everywhere їп its domain 
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3cos'!x-2n if —<х<— 5 
(к) у= # (х) =соѕ! (4х? -3х)= 2n-3cos'x if <x 51 
3cos' x if +<х х<1 


Highlights : 
(а) Domain is x € [-1,1] & range is [0, д] 
(b) Continuous everywhere in its domain 

but not derivable at x — > me 


2 


(c) Increasing in (+. 5) & 


22 
KENN S 1 
Decreasing in B ] U E ij 
A if хе 4,4) i 
o S| 
dax 1-4: if x є(А, -1)U (1.1) 
үх 


Illustration : 


| > dy 
If y = sin! Е | ао <х< 1, then find 7 
Sol y=sin! [57-х - 4x у | where 0 € x € 1 


-sirt | = V-05) - 4808 | = sin! x — sin! Ax 


Differentiating w.r.t. x, we get 


Етра № Is GE 


Illustration : 


dy а-х 
ind — ' = тат! i here — a <x <a. 
Find ax ЮГУ tan ах” Where а<х<а 
а-х 
Sol угаан! ax xi Where-a<x<a 


Substituting x = a cos 0, we have 


1—cos0 | 20 
y 2 tan! \\7 00 = т" түс” of сан" 


9 
гап-- 
2| 


Print to PDF without this message by purchasing novaPDF (http:/Awww.novapdf.com/) 


36 
Also юг-а<х<а,-1<с050<1 


9 я 
= 0 e (0, л) >> с (0.4) 


= ЖЕ. 
Ж я 4х Ха "ram 
a? 


Practice Problem 


0.1 Тһе function f(x)=e* + x, being differentiable and one to one, has a differentiable inverse f! (x). The 


valuc of EUN ) at the point f (log 2) is 


1 1 1 
(А) ГЕ (В) 3 (C) 4 (D) None ofthese 


Q.2  Letg(x)bethe inverse ofan invertible function f(x) which is differentiable at x = c, then g'(f(c)) equals 


(A) f'(c) (B) Tc) (С) f(C) (D) None ofthese 
Q3  Iffix)7x * tanxandfis inverse of g, then g'(x) equals 
1 | | 
09141 09-хР 0921 09-5Р (O 2+у-хр О)Мовсогйскс 
4 y à 
Q.4 Find dx 9f the following functions : 
в + = 4 4х-1 ЕРИ. wu 
@ fex" Ух +1 0) diis 1+5х2 3-2х° 
vex? -1 3a!x - x? 
= и А i = т ——— 
(ш) y=tan | = m (i y=tan ир. mm 
б) 24 5х-412,(1-х) б) = | х | 
у |. vi у= (ап! | |. 
13 1-41-х2 
= == азах tink) VEM NC OI 
(à)  y-tan aa a ace ‚ where 5 2 апа b tanx> -], 
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\1+х? + 1-х 


(уш) — y-tan' „where – 1 «x « l, x #0. 
y 2 


~ 
1+x* -N1-x 


X -] 1 
—Ü * cos 
(xX)  y-sin I Ue oen 
(х)  y7(sinx)' «sin! Vx 


05  Findthederivative of the following functions with respect to x : 


2x a(3x-x? ) -I 
ЕЗ ^ = — 3 Вт” 1 : hoi РРО 
() y=sin (55) ü) у= tan БЕЗЕ 
(ш) у= cos” Er 0<х<1 (iv) у= sin" 2-5. 0=х<1 
1+х° J” 1+х°} 
24 Эз ЩЕ - 
() у= cos (38) 1i б) y-sin (mix: - l 
x 


(vii) у= set - pocxct 
2x" -] 42 


0.6 Find the derivative of the following functions with respect to x : 
| " -if sinx - 2 
(1) cos ! (sin x) (ii) tan га (1) ^ sin”! | 


1+со$х 


Answer key 


< 


1+4* 


01 В 0.2 В Qs C 
| . l " | | За 
Q4 () 0 @ ips @  20-х2) Gv) (а + х2) 
24 "EM 1 
(у) со (vi) s. (vi) -i al = 
0-х2) 2,(1-х2) Ja-x* 
2 


TEE P ; : 1 
х) (1+ х2) (x) (sin x)* (x cot x + /n sin x) + раю 


Print to PDF without this message by purchasing novaPDF (http:/Awww.novapdf.com/) 


37 


38 
T-9 PARAMETRIC DIFFERENTIATION : 
In some situation curves are represented by the equations e.g. x=sint & y=cost 
If x = f (t) and y= g (t) then 
dy Фуй ЁО 


dx dt dx f(t) 


Illustration : 


ау 
Ета Е if x =a (0—sin 0) and y = a(l — cos Ө). 


Sol. We have, 
x = a(0 — sin 0) and y = a(l — cos Ө) 


dy dy 


> = =4(1-с050) ала чө =95т9 


25 26 
dy 4/40 азѕіпӨ 2 2 


= - = = Cof— 
^ аг de/d@  a(-ce0) | », (9 
зіп" | - 
Illustration : 
ау л 
If x = a sec and y = а1ат 0, find ax e 0- 3: 
Sol. We have х = а 5ес? Ө and y = а tan?0 
e s 3 20 2, 0) -3 2 Өѕес Ө 
a asec 10 (tan Ө) = За tan- Ө sec 
dt _ dy/dO Зфіап? Ө sec? ð саб | " 
= dx 4/40  3asinOtanO seco" 
= ах) J ox 
3 
Illustration : 
Му. 
Ета dx if 
3at Заг? 
(i) x = a(cos t + t sin t) and y = a(sin t — t cos t) (ii) x--—3:y-7 3 
1+1 ler 


(i)  x-asec0 ; у = атат. 


dy 
(iv) | x-a4cos2t cost and y = adcos2t sin t then, find a 
и=я/6 


(v) If x = sec 0 — cos Ө & y = sec" 0 — cos" 0, then show that (x? zd =п?( у? +4). 
x 
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Sol. 
(i) x-7a(í(costtsint) and  y-a(sint—tcos t) 
dx : , 
^ = a (— sint + sint + tcos t) = at cost 
dy Чи . 
* = a (cos t -sint + t sin t) = at sint 
dy tan t 
=> o = fan 
dx 
2 За! 3а? 
(ii) x= 


“pe 77 qug 


de _ За(1440) 1-4(32)) _ За(1-2) 


й (+2) (-2) 
dy _ За (1+) 20-7 (30 )) _ Sa(2t -1*) 
di Tm ley 
dy (2-ВИ 

dx (1-28) 


fiii)  x-asec0;y-atam0 


а 
== = 2a sec Өбес Otan 0) 


40 

iz = ЕЈ 3 
16 Ja tan* 0 ѕес Ө 
dy _ 3tan8 

E 2? * 


(v) x= avcos2t cost апа у = а Vcos2t sint 


4 —2sin 2. 
= = of sora жее... = 2 


2 Jcos2t 
dx _ dr d 
dt мсок 2t 
dx _ : 5т — d| E: 
di соз 2t САР” 4 
у sint | cos 3t | йу 
— = al JVcos2t cost + -2sin2t)| =a —— 20 = 
dt | 2Vcos zí | E dt 1,6 
d) _ 
dx m6 к 
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(у) x=sec 0—cos 0; y = sec"Ü— cos"Ü 


› dy Р 
+ (2 =n (y +4) 


d 
= = sec Otan 0 + sin Ө = sin Ө (sec + 1) 
dy 
29 " sec"! @sec Otan Ө + n cos"! Osin Ө = п sec"@ tan Ө + n cos" tan Ө 
e - 0 (sec"0 + cos"0) 
40 = n tan Ө (se cos"@) 
dy _ ntan@(sec" Ө + cos" 0) _ п (sec" Ө - cos" Ө) _ n(sec" 0 сох" 0) 
dx -— sin (sec? 0-1) — cos0(sec 0-1) (ѕесӨ +соѕӨ) 


@ п? бес?" 0 +05" 0+2) _ п? (у? +4) 
ах) || (ес Ө+соѕ0+2) (х? +4) 


Illustration : 


For the curve represented parametrically indicate the relation between the parameter t and the 
angle а between the tangent to the given curve and the x-axis. 


2 


: і 
жакыш рна 


(i) - (й) x=acos*t, y=asin't 


2 


‚ E. 
y —sint —tcost – —sint 


Sol. 


> 


5 2 t 
(i) х = соз 1 + tsint— 7 cost 


dx | a 1? sint 
qr Sint +1605 + sint— —~Sint+tcost | = 5 


y=sint—tcost- ET sin t 

dy 1 -t° cost 

— = cos t — (cos t — t sin t) – = (2t sint + cos t) = ———— 

dt 2 2 
dy — (dv/dt) л 
EN dir ur =— cott = tan а => ап] ——1 | = tan -a 
dx ^ (аа) 2 сэр 
л л 

с А-ти лик. ыш +e 
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(7 х=асо = eee За cos*t sin 1 
! dy = 
y=asirt => x За simt cos t 


. dy _ (dy/dt) | 3asim tcost 
' dx (dx/dt) -Засох tsint 
=> lan(x-U=tane>a-t=a >t=x7-a@ 


= -fant = tan a 


T-10 DIFFERENTIATION OF ONE FUNCTION W.R.T. OTHER 
FUNCTION : 


If y=f(x)andz = g (x) then derivative of f(x) w.r.t. g (x) is given by 
dy ду dx f(x) 


dz dx dz g'(x) 

| А | derivative of fix) w.r.t. х f'(x) 
Differential coefficient of f (x) w.r.t. р(х) = derivativeof p(x) w.r.t. x “80 
Illustration : 


Differentiate log sin x wrt. Ncosx. 
Sol.  Letu- log sin x and v = Jeos x 


Чу _ sinx 


Then du =cotx and —=- 
' dk ла dx 24соѕх 


du  du/dx _ €otx 
dv dv/dx —  sinx 


2 COS X 


= – 24 cosx cot x cosec х. 


Illustration : 


I+ -1 


Differentiate tan” | 
х 


| wrt. tfan'x, 


Sol. Let u= tan” ши and v = tan ^x. 
x 


Putting x = tan б, 
1 І+х? = 1 
we реги = tan | ————— 
x 
= tan”! jet = tan ! шон = tan! c 5) = 19 = A orte: 
tan sin 2 2 2 
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"ANNE 
Thus, we have и = 2 1х and v= tan! x. 


du _ du/dx _ 1 . 
> GW &/& ах?) lt 


Illustration : 
Find derivative of (In x)""* wrt. x*. 


Sol  u-(Inx)"* ; v=x 
Іп (и) = tan x In (In х) 


= а). TON TENES [ЖЫЙ 
zx) ‘sec-x) In (In x) + tan x NI 
du р и(хтх) In(Inx)sec? x+tanx) 

dx _ (хіпх) 


пу = xinx 


136 +1 
т ic = (In x + 1) 


du _ (Inxj™ xinxin ( Inx )sec? x & tanx 
dx х ( xinx)(Inx 1) 


Illustration : 


я 1 
Derivative of cos (2х? — 1) w.r.t. 41-х7 whenx = г 


Sol. u-cos'(27 -1) ;v= \(1-х?) 


1 x 
put x = соз Ө asx = 2 so 0- 3 
и = cos ' (cos 20) = 20 put v = sin Ө 


du | du/d@ 2 


dv 4940 ^ соб =í. 


Illustration : 


2x 1-х? 
Define derivative of sin” | 14 3 wrt. cos! | 7T | Vx ER. 
x x 


Sol  Letu- sin! | 25 5 | and v= eet FX | 
1+х° I-x 
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Let x = tan 9 
и = sin! (sin 20) and v=cos ‘(cos 20) 
20 —- <? вс. х 
20, > 52055 > 4 505 =>-Isxsl 
= 20 E го E aM 1<х< 
и = (<л-26, > 32087, > „$95, ә 15х59 
-x -37 -л 
(т-20).-2 5205 —- = тү, 89574. ээ -%<х<-] 


v =соў (соб 20) 


л 
20,0<20<л = 0<0<— => 0<х < = 


ЭЭ 
у= 
~20,-2<20<0 > — <0<0 — -««x«0 
2, —1<х<1 
= -4-2, I<x<m 
48 1-5 эсу] 


dv [2 , 0«x«o 
-2, -ю«х«0 


-2 

(=) =], -о«х«-1 
2 

(2) --1,-1«х«0 

du Ф 

2 

(2) = OSs? 
-2 


(=) --1,1«х« о 


1 Vx e(-o, – 1) (0, I) 


du 
—-1 Vx e (-1, 0) C (1, x) 


not exists at х= ~ 1, 0, 1 
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Illustration : 
in! E Td "o 
(i) Differential coefficient of е" * wri. e" * is independent of x. (Tor Р) 


(ii) Find the derivative of f(tan x) wrt. g (sec x) at x = = where f' (1) = 2 and g (2 ) = 4. 


Sol. i 
.-1 = 
(i) Let u= е" х and v=e™ * 
eos! x ^ л 
и=е? [7 тих + cos!x = 2 
тг 
и=е?е“® *=е? у 
х 
du = 
b e*. (True) 


(ii) Let и = fitan x) and у = р (sec x) 


du : dv | 

ze di = f '(tan x) sec x and 227 g '(sec x ) sec x tan х 
du duídx | f'(tanx )зес? x 

== dv dvjdx — g'(secx)secxtanx 


Гай 
= H te) ran AB d 
5-2 ЗОН2 (0) 4 v2 


General Note : 
Concavity in each case is decided by the sign of 24 derivative as : 


d'y ау 
d >0 = Сопсауе upwards ; p «0 => Concave downwards 
D = Decreasing; |= Increasing 


T-11 SUCCESSIVE DIFFERENTIATION : 
у= f(x) :the popular symbols used to denote the derivatives 
are 5 = ру= Г’ (x) =у, = y. Higher order derivatives are 


а ( dy Фу : Р : 
denoted as ү di = аз Dy-t (x) = у, or y" etc. 
Note : А homogeneous equation of degree n represents 'л' straight lines passing through the origin, hence 
dy y Фу _ 
dx x = dx? , 


eg. If x3 + 3x*y – бху? + 2y? - 0, then "d -0 
(1.1) 
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Illustration : 
If y = sin(sinx) then prove that y, + (tan ху, + y соѕ?х = 0. 


Sol у = зіп (sin х) 
y, = cos (sin х) : cos х 
- - . Р) , 
y, = – cos (sin x) sin x — sin (sin x) cos-x 
oy, (tan x) y, + y cos*x 
= — cos (sin x) * sin x — sin (sin x) cos?x + tan x (cos (sin x) - cos x) + sin (sin x) cos?x 
= 0. 


Illustration : 
(i) If y = a cos(ln x) + b sin(In x) then prove that ху; + Зху, + 2у, = 0 
üi) у= g^. then prove that (1 – х?)у,— xy, — а?у = 0. 


1 Ц 


ш if y" + y" = 2x then prove that (xà — Dy, + Зху, + (1— т?)у, =0 
Sol (i) y = а cos (In x) + b sin (In x) 
—asin(Ilnx) bcos(inx) 
Уг” УЕ: o 
х x 


-acos(Inx) bsin(Inx) 


=>  xy,-7-asin (Inx) + bcos(Inx) > xy,*y,7 2 Р 


=> ху, +ху, = -асоѕ (Inx)—bsin(inx)=-y > ху, + xy, +у= 0 
= (xy, + 2хуу + (ху, + yy + y = 0 

3 
= xy, + 3xy, + 2y, = 0. 


(ii) y= em x 


-ау ? ? 2 2 
y = E ge: => (1-х) (Р av 
41-x* 
now differentiating w.r.t. to x 


(1 - x) : 2yyy - 2x (yy? = а? (2yy) 
=> (1-х)у,-ху, =а?у. 
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Бос 
fii) ут+у" =2x 


2 d m 
=> y^ 2жут+1=0 = ун» ENA < (xaki) 


2 
Ly у т m-i 
= y= (= 2-1) ==" (х=/ ED s - 
хэ - 
m-1 
-y- = (xs -1) (X 1x) 
x=} 
—y-t = 
x —I 


> (2-1) (у) = ту => (с – 1) 2ууу +0) 2х = т? уу 
=> (02-1) у, + xy, = ту 


= (02-1) уу + у, +ху,+у, =m y, > (к – I) y, + 3xy, + (1 - т) y, = 0. 


Illustration : 


3/2 
1+ dy 
dx 
If (x — ay + (y- b) = с? (с > 0) then = equals 
2y 
ах? 
(А) c (В) с? (С) c (D) с* 
50. (x-ay-*(y-by-c © (1) 
Now differentiating wrt. to x 
2(x—a) * 2(y-b)y, =0 
= (-а)+(у-Ыуу=0 |Jd—- |  »—  .— (2) 
1*(-by,t(y-0  ——.- (3) 
‚_, Gal 
1+6P=14+ Уз from (2) 
і + (у 2 = à 3 
oF (y-by 


32 [s ) 
(4057) © Х(у-Ыр 
— Е Вы гот (3) 
У? - (1+6) 


(y-b) 


E @ y-by | А 


ын Уу) =. 
-сє?/(у-Ь)Ў 
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Illustration : 
Use the substitution x = tan@ to show that the equation, 


dy 2х dy y ау 
—- + — 


> +——=—;—; =0 ch to —> +у = 0. 
dc Mead (Icy p — oem? 
2. ; 
яд 2 > (2). беле е nuu (1) 
ах? рех? (ах (+?) 


40 


1 > 
= (an Ө => dx = sec0d0 = ктай. cael = соз°@ 


dy _ #(#)-—(4}- , (2 
de dO\ dx) aldo) 95 9 ge 


d^y - 2( І ЭЕ Z (eos? 273p 
ах dx\sec?@ 40) 0 40 


From equation (1) putting x = tan 9 


40 > 2 , E 
AU - 3 27:45:52 соз?@ 


а?у dy | 21апд 1 ар y 
соѕ?Ө 4-255-0Мёей/0:2-81--5-с, 
40? do | \1+ап?ө m tan? oF) 
4 у dy ау 
—-2 2t 0—— = › = 
= fe 223 | ап 7] +у=0 > 76° +y=0. 


Illustration : 


Sogo Ре ах __ dylde d deduce that for the parabol 
arting wi СЭ. — rove {ha 9 =— an educe that Jor the ra a 
иг: dy? (а) 

uan d'y ах _ 2а 

у = зах, ах? ау? Е y? 

dx 1 
Sol. d 4j 

dx 
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Given у? = 4ax 
йу йу dy 2a йу - :(2 


y y 
=> 2у — =4а > у = 2а > —= z5 
> 1 - dx dx у ах? 


Illustration : 


ГГ dv 
у = |= | then prove that y, (1) = 0ie —>=0 
x 4 ах 
501. у= х" >iny=—-xiInx 
12) =- (1+1 “ы 1-1 = 
ух --( nx) => dx =-у(. nx) 50 dx |! =-у 
EX (2) I +inx)- Ë 
dc Хах ( вх) х 
а?у ау 4 
E] SE n. Um -у=у-у = i 
a |ы dx |... 


Illustration : 


y 
If +Y = y! then prove that у" = ——3. 
if > p Y= (2-уу 


So. e =y > xty=2iny 


€ AR ani 
dy (-») rf 3 2 (2) 2y 


dx? (2- y) 7 (2-yf Ax] ^ (2-у) 
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Illustration : 
(i) Use induction to prove that Р(х") =n"! УпЕМ 


(ii) Ify= ей" then prove that (1 + x°)y_, , + (2nx — Пу + n(n— I)y, ,70. 
ntl n n-1 


(iii) If y = sin(m sin^!x) then show that (1 -x»y, 4,27 (2п + IY ygt (п? – т?)у,. 
Sol. 
A De = пх"! 
D 6°!) = D 6” - x) = D (®) х + х Р(х) 
= ny*! x +x" = (n + I) x^ 
fi) у= e * then(I* x)y,, + (2nx- I) y, * n(n-1)y, 70 


atl 


-1 
ау e" х 4 эт 
4% (1+5) = чу, E 


Differentiating again 

(1 * x) y, + By, = y, 

soatn=1; (1 tx) y, + 2x- 1) y, +0 = 0. 

Let this equation is true for n ; then 

(1 xy, + Qnx- Dy, *n(n- Dy, 470 

Now again differentiating уа 10 x. 

(1 zi VE S + 2ху,.; + Qnx- 1) y, + 2ny, * n(n- 1)y, =0 
(1+) у, P + [2х (1 + D-1]y,í ^ n(n-1y, 70 

so the equation is valid for (n + 1) also 

So from МА. (1 + х?) y,,, + (2nx— I) y, + n (n + I) y, , = is valid for all n. 


(iii) у = sin (msin!x) then (1 x) y a3 = (2n + I) xy,,, + (m — т?) y, 
Now, differentiating wrt. to. x 
dy IAS... 
—— = cos (m sin 
dx Ї 1-х?) 
У, = Ч (1- у? ) PME. ЖЕ Now, squaring we get 


(1-х?) 


у; = ac => (1-х) yl = ni (1-у) 


(1-52) 2ууу,- 2хуү =-т?2уу, => (I-x)y,-xy, + m’y = 0 
So forn 20; (1-х) y,-xy, + ту=0 


Let the equation (1 — x^) y,., = (2n + 1) xy,,, + (п? — т?) y, is true for any n then again 


differentiating 


, 
atl 


(1-х?) Уыз 7 2X 445 = (п + 1) xy, + On + 1)у„,,+ (т? – т?) Ynti 
=> (1-х?) Jua 28 Yue ÊN + 1)ху „= [@ + I! -m] у, 
=> (1-х) у.з = [2 (п +1) + 1] xy, + [n+ IP - m] y, 
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Practice Problem 


бу. 
0.1 Find m 


(i) х=асо$ 0, y - asin 0 () x=at?, у=2а 
2 2 2 
(м) x3+y3 =а3 (№)  x-2a,y-at* 
| m sin’ t Е cos? 1 "— —M 
(v) к= un" dort (vi) x =a cos 0, y =b cos 
(vii)  x=cos0-cos 20, y = sin 0 – sin 20 (уш) х=а(0 –ѕіп 0), у=а(1 + со$ 0) 
(ix) x=a{cost+og 23 y=asint (x) x=asec Ө, y=b tan Ө 


(xi) — x-a(cos0 +Ө sin Ө), y-a(sin0—0 cos 0) 


€ : 4 
Q2 Их=\а“ Ч улсад, ч ,show that =- 7. 


? 


d^ 
Q.3 Find EY ify=x3+tanx. 
dx 
Фу „бу 
; = Зад 3х е = —5—+6 =. 
04 0 If y = 3e^* + 2e^*, prove that dd dx y 
d'y d 
- cem-l , — x2 — - —=0. 
(ii) If y = т 'х, show that (1 ХЭ ad Жас 
| | ау 
(Ш) 1#у=5 соѕх – 3 sinx, prove that d ;*y-0. 
x 


(iv)  Ify=3 cos (logx) + 4sin (log x), show that xy, +xy, +у=0 


Фу Фу 
<z- + — + =0 
E (m п) шпу 


(у) Ify=Ac™ + Be™, show that 


fy [ФУ] 
(i) If eX (x + 1)=1. Show that aa? гэ 


(vi) Ify- (tan х), show that (x? + 1)? y, + 2x(x? + 1) y, 7 2. 


m dy E i 
0.6 Fora positive constant a find аҳ Where y=a rand x= ( B 3 : 


Q.7  Differentiate sin"x w.r.t. есо5 х, 
л 


dy л 
ind —.ify= - — — $1 -—<t< 
0.8 Find dx’ ify 7 12(1—cos t), x = 10 (t— sin t), 2 2 
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d 
Find SY ify-sin x sin! 41- x?, -1&x <1 


dx 
dy _ 1 
010 If xJl+y +yvl4+x =0, for,—1<x < 1, prove that dx (+ i 
О. Исозу=х cos (а + y), with cos a#+ 1, prove that ЯВ eh A 
dx sina 
4? 
0.12 If x=a(cost+tsint) and y=a(sint—tcost), find d y. 
x 
” » Фу Фу ЖЕ 
0.13 If y= сас * «x <1, show that (1-х2) dx ge y-0, 
sinx cosx sinx dy 
Q.14 Ify=|cosx -sinx соѕх|, find =. 
dx 
x 1 1 
х” п! 2 
пл 4" 
0.15 If f{x)=|cosx cos , then find the value of di KES) P 
sinx 7 8 
2 
Answer key 
| у 1/3 
QJ (1) —cot® (ii) t (111) (2) (iv) tv) —cot3t 
_b .. (cos0-2cos20) _ (3) | 
(vi) : (vii) (2520-5180) 20—sin0) (viii)—cot 2 (ix) tan t 
b | 
(х) =н cosec Ө (xi) — tan 
el 2 Р 
t COSX t 
Q3 6х-28с халх 0.6 ET Q Ps Q.8 Seo +} 
48 
t 
sec’ t 
09 0 0.12 - = .0<1< = 0.14 1 0.15 0 
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DEDUCTION OF NEW IDENTITIES ВУ DIFFERENTIATING А GIVEN 
IDENTITY : 


Illustration : 
x x x x sinx 
If cos 7 ЭрӨмлүөн-008Л2Э--Э үгүү» then prove that 


2 > sin(x; z ) 


1 
ya а. = = =, cot - cot x 
pat 4 


x x x x sinx 
Sol. cos—*cos—;*cos—....... cos— = ———— (1) 
2 25 2 gn л» jon 
+ - - 2" sinlx/ 2 


Taking logarithm of both sides 


log (cos z) + log cos =) + log cos 5) Mosen +log {cos x - log (sin x) - log (z TE) 


Differentiating w.r.t. to x 


Illustration : 


yKütr-ctCcx tcs... + Cx", then prove that 
С FICA BCT o + nC, = п2"-! 
and C, + 2C, t 3C, + ...... + (n + I)C, = (п + 2277! 
Sol. Given (1 + xy = C, * Cx + Ca + SOREL. ҮСХ" e (1) 


(1) Differentiating equation (1) w.r. to x 
atl +х)"-1 = C, 4205 FICE -........ * aC xt, 


put x=] : 
ge Pe P20, IC, Fes + nC, 
(ii) Now multiply x on both sides of equation (1) 
afl tah = Co + Cat + CF ors 
Differentiating equation (1) wrt to x, 
ПИ А-а Vua... + (n + DCX" 
pu х=] 
Pte Ft imc 20, F3 ees + (n + UC, 


2-!(n*t2)- С, *3C 3C + auos * (n * I) C, 
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DERIVATIVE OF 


FUNCTIONS EXPRESSED IN THE DETERMINANT 
FORM : 
f g h 
Let F(x)=/u v м | whereall functions are differentiable then 
1 m n 
f gh f g h f g h 
Di(x)=|u v w|4«j|u v w|+ju v w 
1 m n 1 m n l'm n 


This result may be proved by first principle and the same operation can also be done column wise. 


Illustration : 


/ g h 
Iff. g & h are differentiable functions of x & D=| (хр) (xg)'  (xh)' 
( x! f )" (x g)" ( x, h)" 
/ g h 
prove that D'-| Г 2’ h' 
(x) f" )' (x =") ( oh" ) 


f g h 
50, D-|(x) (xg) (xh) 
(x f)" (xg)" (xh)" 
f g h 
D- fxf' g*xg' h4 xh 
2/-4х(-х2/" 2g4xg'éx/g" 2h+4xh'+x7h" 
After dowing row and column operation. This determinant simplifies to 


f g h 


g h 
D=| f хе ЖИ | =x3 f gu 
xy xg" x^" ГР” в" д" 

Ї Е Л 

р = ў? g' h' 

x» xg" xh" 
f g h 
D' = E r 


g т 
(xi f" y ( x) g" )' ( ih" )' 
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Illustration : 


cos ( x x^ ) sin( x x? ) -cos ( x+ x? ) 
If ftx) — sin( x - x? ) cos( x - x ) sin(x-x*) then find f'(x). 
sin 2x 0 sin 2x? 


cos( х+х? ) sin( х+х? ) —cosf х+х? ) 
Sol fix) = | sin(x —х?) cos(x-x!)  sin(x— x^) 
sin 2x 0 sin 2x? 


Expending the determinant 
f(x) = cos (x + х?) cos (x — х?) sin 2x? — sin (x + x^) 
(sin (x— х? (б 2х? —5т 2х) + cos(x+ х?) cos( x — х? )sin2x 
= sin 2х? cos 2х + sin 2x cos (2x?) = sin (2х? + 2x) 
f'(x) = cos (2х? + 2x) 22x + 1) 


Illustration : 
If a be a repeated root of a quadratic equation f(x) = 0 & A(x), B(x) , C(x) be the polynomials 


A(x) Вх) C(x) 
Аа) Ва) Са) is divisible by f(x), 
A(a) Ba) Cla 


of degree 3, 4 & 5 respectively , then show that 


where dash denotes the derivative. 


A(x) Вх} C(x) 
Аа) Bla) Са) 
A(a) Bla) C'(a) 
50 8(0)-0 and Е(0)-0 
50 a is a repeated root of g(x). 

so gx) = (x — ay hix) = Их) hix) 
so g(x) is divisible by fix). 


A(x) B'(x) Cx) 
Ala) Bla) Cla) 
A(a) Ba) Cla) 


Sol. g(x) = and g(x) = 


Note : If (x — г) isa factor of the polynomial f{x)=a,x"+a,_,x®~'+a,_,x**+...4+a, repeated m times 
where 1 <m<n then г isa root of the equation Ё' (х) = 0 repeated (m - 1) times. 


General things to remember : 


Illustration : 
Prove that the derivative of an even differentiable function is an odd functions and the derivative 
of an odd differentiable function is an even function. 


Sol Let f(x) be even function 
Ле = fix) 
Ге) C D-f'09 
=> — f'(-x)7-f'(x) —f '(x) is an odd function. 


Let fix) be odd function 
J( — x) = — ftx) 


f'€- x) (- D --f'() 


> — [f'(-x -f'(x) — f (х) is an even function. 
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3.0 L'HOSPITAL'S RULE (0° / o9): 


smx 
= ух -— 
e.g. f(x)=x* ог | J 

If f(x) and g (x) are two function such that 
(i) Lim f(x)=0 and Lim (х)-0 

xa xa 
(il) fand gare derivable / continuous at x =a 

ie. Limf(x)2f(a) 20 ; Lim g(x) = 2(а) =0 

х-—+а xa 

(ш) f' (x) апа g' (x) are continuous at x =a, then 
im f(x) = Lim КО) im Po) 


Li 13 
xa р(х) x>a g'(x) x» (х) 


Illustration : 
xcos x —In( 14x) 


Evaluate Lim —— — —5— — . 
хм X 
so Lim xcosx— it 1-х) | 0 | form 
х0 x^ 0 
, І 
(cos x — x sin x ) - —— 0 
= Lim —— — — — —L*x (2) form 
x80 2x 0 


: 2 1 
—sin x —(sin x * xcos x)- — —; 
| f ? (I9-xy -0-(0-0)-1 
= Lim — —«——————-— 
x70 2 2 


Illustration : 
x(I+acosx)—bsinx _ 


Evaluate find a and b if pues ян ча 1 
XE ki ЭГ” XC CEDE) Bep (ля 
х>0 х 0 
г Lim ES LP taeda (2) form 
x0 3х7 


1*a-0-b-0-2b-a-2-1 | .  .... 
Lim —asinx—a(xcosx- зїп х)+ bsinx 
L- x 6x 


: 1 (=) asinx вит 1 
= Lim —| —a| — |- acosx - ——* —— | = — (-a -a-a +b) 
x x 6 


х 0 К 
=> — За = | -шөөө (2) 
From equation (1) and (2) 
-5 -3 
а = 2" b- 2 
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Illustration г 


Я 5 2 
e'sinx-x-x 
> 

x30 x^ +х—1[п(1-х) 


гай e* sinx -x-x? | 
= С хәб x! e x-In(1—x) 


tm 1 
ээ 4аї 
(1-х) 
_ 1-1-0 о 
0+1+1 


Illustration : 


Evaluate Lim i+sinx—cosx+In(1—x) 


x0 x tan? x 
"E ЭР. y 
(0-5 (В)– (© 5 
Sol. Lim ааъ) Баа, 
x0 мап x 
— 1-sinx—-cosx*tln(1—x) 


, 

x0 3| гап" x 
х > 
х2 


inx— = 0 
= ]1+;тх-соух+т (1-х) (2) өт 
x70 x 0 


3 
З 1 

COS X FEMI = 0 
M" ШЫ fe 

x0 3x 0 

: i 

—sinx+cosx— 3 0 
= Lim — гэсс (5) form 

x20 6x 0 


? 
ни ETT. | БЕТЕР j 
= Lim м с ли 


x0 6 6 E 
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(D) DNE 


Illustration : 


57 


log (сох) 
Evaluate Lim —————————— 
хэд log... (cos(x/2)) 
(4) 1 (B) 16 (C) 4 (D) 2 
Incosx 
log COS X 1 х Ч 
sed X n sec — 
Sol Lim G) = Lim 26 = Li = = 
=? (ор, осол ЕЗ “” In соз-, 17? | In cos 
In sec x 
i 3 tan x 
0 20 -f TE 
= | Lim „Бока. (2) form =| Lim ГО = | Lim 4 — = 42 = 16, 
éd X 0 rer ict х-эб me: 
n cos 3 2 2 ка 
Е 
2 
Illustration : 
К>... 
Evaluate Lim = 
x4 x-1-inx 
x'-1 e" x (5) 
501 Lim———— — = Lin —— | | form 
9^ aix-I-inx хэїх-1-4нх (0 
е*"^(1+1пх)-1 (0 


Li 
im 1 


х1 (1-1 
x 


| 


e" (E Inx) вех" Я 


= Lim 
x1 


Illustration : 


Evaluate Lim 
x0 


Lim 
x0 


Sol. 


2 


_ е" (cosx)+ In cos 2x + In cos3x 


= Lim 
x-0 


1—cosx cos 2x cos3x 


| 


m 


= (2) form 


I—cosx:cos2x:cos 3x 


2 


x 


1 — glincosx + Їп cos 2x їп cos3x) 


э 
х-»0 x 


*(- tan x - 2tan 2x – 3tan3x) 


0 
e 
L = = ((+4+9) = 7. Ans. 
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Illustration : 


.. (cos ax)" " — (cos bx)" 
| Г; Жз. АМ s iius. ли 
Evaluate 2 їт 


A 


Sol Lim (usi "one — Со B form 


х-0 


[ ! 
z (cosax)s | (-a sinax)- : (cos bx)n~ - bsinbx) 
- т п — 


= Lim 
x0 2x 
- I : ! „ 
- Я E Lim (cos ax)m ` (=) H $ Lim (cos bx)n~! id 
2| m x30 X n xb x 


‘ А ‚ f(X) ‚_ f'(x) 
Note : If Lim f(x) >œ and іт g(x) о then also Lim = Lim — 
xa xa xa g(x)  x-» g'(x) 


Illustration : 


Evaluate the following limits 
1 ! 


(i) Lim (cosecx)"* (ii) Lim (sec x f"* (iii) ^ Lim(cotx yin 
х=й” х-эл/2 х—0* 
1 tan x 1 
в) 216) e EU ӨӨ Lin- 7? 


x 42x41 4 4x- 3-4 
(vii) Вы 
x4 3x44) 4+V5x45-9 


Sol. 


! 
(i) L= Lim (cosec x)inx 
x> 0t 


с 
РР Іп соѕес х (2) form 
х-»0! In х © 


1 
(- созес x-cotx ) 
cosec х NEC NN RE 
x0 \їапх 
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(ii) L= Lim (sexy 
л 


а 
x> 


2 
шахах “Їзесх tan x) | | : 
їт 1, = І = Lim S€€X—— — — = Lim sinx-cos* x=0 
x tanx нэг. sec’ x К 
2 2 2 
L=e=] 
: In (cot x ) 
T . In(cotx 
(i) L= Lim (cot xy^ = => hi = Lim —— 
x30 x0 тх 
(-cosec?x) 
= — cosec" x | мэ 43 -2x _ 
InL= Lim Ф = Lim 2————— = na 
+ +{ cosx . x> 
x0 t х0 : - sin? x 
х sinx 


у p 1 fanx 
(iv) Ё = АН 


x01 Л 


InL= Lim tan x (-тх) = Lim zz } form 
x60 coL x 


1 
= Lim ——X—— = Lim ЕЗ 
х 


х-»0 —cosec x х-»0 


L = 1. 
(v) L= Lim > 


InL= Lim xinx = Lim SE 
-» 0 x0 (1 x) 


(vi L= Lim (1-2 ZE 


InL= Lim (1-х) B form 
© 


21 т(1-х) 


(2) 
2 2 
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(vii) 


Q.1 


Q2 


о.з 


QA 
05 


0.6 


: 2хХ-144х-3-4 (5) 
im -== | — | Јоғт 
x4 ¥3x44445x45-9 0 
2 1 
[A m 
- HY — $4 — EH = 5 3 (2) form 
x + -0 
243х-4 245х-5 
201 4 
— +- = 
D P. E. (2) 
o 3 7 AJ 
23 4 


Practice Problem 


Evaluate the following limits using L'hospital's Rule 


à . : R . logcosx 
(1) Lim tan x log sin x (ii) Lim oe, 
хә^ х— x 
= 


2* -1 


ммм хэв 
Lim — —7— (iv) Lim (2 – tan ga) 
x20 (1x) 7-1 л 


. 
х—— 


4 


(ш) 


x a 
If Lim? 5 --1 and a>0, then find the value ofa. 
xoa х^—а* 


2 x 
SERE E . Then Lim f (x) is equal to 
т (x te) n-»x 


(A) 1 (B) 1/2 (C)2 (D) None of these 


If f(x)= 


Let f(x + y) = f(x): Ку) forall x and y. Suppose f(5) = 2 and f (0) = 3, find f'(5). 


Let f(xy) = f(x) f (y) V x, y € R and fis differentiable at x = 1 such that f '(1) = | also f (1) #0, 
f(2)=3, then find Г (2). 


Ух, уЕ Rand f'(0)- I, f(0) =2, then find f(x). 


х+2у |] ((х)+2((у) 
Ш : }- : 


Answer key 


Q 0 @ о di) h4 (v) е! 
а-1 03 в 04 6 
6 0.6 х+2 
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INDEFINITE INTEGRATION 


DIFFERENTIALS: 


Up to this point in our work, for y = f(x) we have regarded dy/ dx as a composite symbol for the 
derivative f’(x) , whose component parts, dy and dx , had no meaning by themselves. It is now 
convenient to modify this point of view and attach meaning to dy and dx, so that thereafter we can treat 
dy/dx as though it were a fraction in fact as well as in appearance. We shall not however enter into any 
discussions on it. We shall only state that, 


fora function ofa single variable y = f (x), the diffrential of у denoted by dy is the product of the 
derivative of y (with respect to x) and the diffrential of x denoted by dx. Thus, 


Diffrential of у = (х) is dy = Г’(х) ах. 
For y=x*,dy=4x3dx or simply d(x*) = 4х3 dx . Thus 
d (sinx) = cosx dx , d (y?) =2у ду, d (tanu) = sec?u du. 


INTEGRATION AS ANTI-DERIVATIVE : 


Simplest way to define integration is as an antiderivative the inverse ofa derivative. Derivative of sin x is 
cos x then we may say that integral of cos x is sin x. 


In general , if we consider 


d 
x f(x) = ф(х) 


or, using differentials а х) = (x) dx; 
then an integral of ф(х) with respect (0 x or an integral of $ (x) dx is f(x) and symbolically, we write, 


[Ф(х) dx = f(x) 
where the symbol | which is an elongated S (the first letter of the word sum, or, of the Latin word 
Summa) is known as the sign of integration. Now we come to some formal definitions: 


The actual process of finding the function, when its derivative or its differential is known, is called Integration 
as anti-derivative ; the function to which the integration is applied is called Integrand and the function 
obtained as а result of integration is said to be Integral. In the above case, ¢ (x) is the integrand and f (x) 
is the integral. 


The process of integrating many ordinary functions is simple, but in general, integration is more involved 
than differentiation, as will be evident from future discussions. 


Summary: 


d 
If a Ке? +С] = f(x) then F(x) + С is called an antiderivative of f (x) on [а, b] and is written as 


| f(x) dx = F(x)+C. 


Print to PDF without this message by purchasing novaPDF (http:/Awww.novapdf.com/) 


In this case we say that the function f(x) is integrable on [a, b]. Note that every function is not integrable. 


0 ifxeQ 

eg  f(x- | is not integrable in [0, 1]. Every function which is continuous on a closed 
| ifxeQ 

and bounded interval is integrable. 


However for integrability function f (x) may only be piece wise continuous in (a, b) 
Notes on indefinite integration : 


(1) Geometrical interpretation : 


х2+С; 
х?+С, 
x? х2+С 
у= [2xdx-7 
у= [годах = Е(х) +С О (х,0) 


> F*(x)=f(x) ; F*{x,)=1(x,) 
Hence y= | f(x)dx denotes а family of curves such that the slope of the tangent at 
х =X, оп every member is same. ie. F'(x,)=f(x)  (whenx, lies in the domain of f (x)) 
hence antiderivative of a function is not unique. If g(x) and р(х) are two antiderivatives of a function 
f(x) on [a, b] then they differonly bya constant і.е. g,(x)—g(x)=C 
(2) Antiderivative ofa continuous function is differentiable 
і.е. If f(x) is continuous then | f(x)dx =F (x)+C => F'(x)=f(x) > Е' (х) is always exists 
= Е (x) is differentiable 
(3) If integrand is discontinuous at x = x, then its antiderivative at x = x, need not be discontinuous. 


ie ер. | х dx .Негех 13 is discontinuous at x = 0. 


but [x^ dx = 223 + C is continuous at x = 0 


d 
(4) lf 2 х)+С) = f(x) = | (хуйх = F(x) +С then only we say that f (x) is integrable. 
(5) _ Antiderivativeofa periodic function need not be a periodic function 


e.g. f(x) =cos x + 1 is periodic but | (cos x+I)dx =sinx +x + С is aperiodic. 


Problems based on Indefinite integral as antiderivative : 


Some times it is possible to convert given integral as a loving integral (Standrad integral) after simple 
manipulation 
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Evaluate the following integrals : 


Illustration : 
| 2* . е dx 


Х Хэ... x 2 (2е)_ 
$01. [2*е*ах= fe) dx= In(2e) * 


Illustration : 
| 1-@ап?х 
1нап? х 


| 1-ап?х тэн Г (ап? x 


Sol. ;— dx = [(cos? х-5т? x)dx = [соз2хах = Lsin2xec 


> 
Гнат х ox 


Illustration : 


| х+1]х?—/х dx 


AV XTX 


Sol. pieu x Г JN 
хух+х+ух Jx (xx +1) 


Деи 4х-1 х+1+ух), 


$t 
x-l)dx = —- x + 
( x -* Nx 1) = Jr ) 2 ань 


Illustration : 


2 52 2 
x^ +sin* х|ѕес^ х 
| dx 


2 
1+х* 


Sol. jk +sin x)sec x ээн Де gras 1 
19x 1+ 


z jte anx- tamt x +e 
х 


Illustration : 
| sin 2x — sin 2k 
sin x — sink + cos x - cosk 
sin 2x — sin 2k 

Sol. — 

їп х— sink +cosx—cosk 
(sin x + cos x + sink + cos k )(sin x - cos x — sink -cosk) i 

sinx —sink +cosx—cosk 


= [Ginx e cosx e sink *cosk)dx =(5іп x — cos x) + (sink + cos )x + C 
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Practice Problem 


1 + cos?x l+ 1ап*х x +x +1 
ЄЙ —_ dx .2 ——— dx 3 г БОЙ. 
Q Ir Q тээг» Q J 2(1+ х?) 
sin2x + sin5x - sin3x 2+ 3х? 
4 dx Sha 
Q J соѕх+1 - 25іп 2x Q J 


х? (1 + x! 


Answer key 


Q.1 (tanx + x) + С 0.2 tanx-x+C 0.3 


t |= 
N| = 


3 
5 + мп" | +C 


0.4 -2cosx*C 0.5 ET: 
x 


TECHNIQUES OF INTERGRATION : 


Often it is not possible to convert an integral into loving integral just by simple manipulation. Then required 
some techniques to convert an integral into loving integral. This techniques are following. 


r 


Substitution By part Partial Kuturputur & Misc. 
(product rule) (fraction) 


SUBSTITUTION : 


Theory : І = | f(x)dx and let х = ф(2) 
dl dx : 
a O ; iz (z) 
=> AL Ж M dt. Fo Z ufq ф' (z) 
dz dx dz re dis : S 


Hence I = [AOH (dz 1) 


Substitution is said to be appropriate if the integrand in (1) is a loving опе. (standard integral) 
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f' (x) 
[f(x)]" 


к ГОР f'G) dx o | 


Start with f(x)"t 


Proof: [tan x dx =Í € dx 
cosx 


-4 
Put  cosx-t toget [A nee =-In(cosx)+c = т (ѕесх) *c 


Illustration : 


(25 тх) de 
х 


1 
Sol. Putinx=t => х = dt 


Integral becomes [соз dt = sint +c —sin(Inx) * c 


Illustration : 


| х ах 
14% 
50. х=: > 4x3 dx = dt 
1 
4 1 - 1 -1 
Integral becomes | 7 — lan" t*t c = т! (х) t c 
l+r 4 4 


Illustration : 
| in x PEN ) 
dx 


1+х° 


ы 


2 1 › 
Integral become fr dt = 5 tc- zln(s +у1+х? ) tc 
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Illustration : 


> =: 
j= fan He? 


1+х° 


dx 


Sol Put tar!'xj-t => 3m. dx = dt 
Integral becomes [2, dt = Li +с= ая Fg) + с 
sr 3 6 6 
Illustration : 
(5552-5222 x 
4х 
Sol Р - c 
oL Put апух =t > т dx = di 


Integral becomes | 2tdt=P+c= (ап vx y +с 


[secxdx =In(secx+tanx )+C or Intan{ = 43 +C; 


(loving integrands) 
x 
[созес хах =In(cosecx—cot х) ог Intan s" C 


LE 


sec x(sec x - tan x ) 
Proof : [sec x dx = ыы 
sec x +1апх 
Put  secx t tanx ={ — (sec x tan x + sec? x)dx = dt 


dt 
Integral becomes [= - Int 


Illustration : 


4 
[usns X) 
Їех! 


Sol. Put їат!х=ї => "E aer = dt 
I-x 


integral becomes [cosec tdt = n (cosect—cot c) + c 


= [n [cosec (tan x) — cot (tan! x)) +c = In Е 4 +c 
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Illustration : 


ах 


| cos2x 
sinx 


= 
1—2sin* х 


Sol. | dx = | (соѕес x - 2sinx)dx = Їп (cosec x — cot x) + 2cosx + с 


sinx 


Illustration : 


[Pero 
cos( xe" ) 4 
Sok Put хе= > e'(l-*x)dx-dt 


dt 
Integral becomes E = [sect dt = In (sec t + tan t) + c = In (sec (хе) + tan (xe*)) + c 


General Substitution : era 


IZ 
[2252 : x=asinO үгт cof 2001" du 3 Ans. — 
Et | | E E ra 43x45" 


dx | My vx dx 
| 2. .[NXQ- x") : 
Ма2+х a tan Ө (2 a Max? +1 " 


А 

2 

4х2-а2 ;х = азес 0 hoe 
а’—х 


и 
1 


1 „2 

я ;x*=a’cos20 note that | Va? +x? dx & [Vx? а? dx 
x 

to be exccuted by parts. 


bee 3 = нх +x? +a? ) шинэ, = Inf x +ух?-а? ) (loving integrals) 


Loving Integrals:- 


pz e эв GA 
=—$ес |—|+с; = In| x+ ха ес: 
хүх2-а2 а а J x^g? 
dx 2 2 
| = һ(х+ х“ -а ec 
x^ +a? 
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Hlustration : 


sin2x 
: ах 
9— sin" x 


Sol. Ри  sin?x=t => sin 2x dx = dt 


t sin? 
Integral becomes 1-2- 52 = sin” (5 je = sin! Ё 
2 3 
9-t 


Illustration : 


| e'dx 
d e? x ЖЭ 1 
Sol Put & =t => е dx= а 


Integral becomes I = 20 ?-1})+с = hf e* de^ -1)+e 
Г-1 


Illustration : 


x 


j e 
4e 
dt 1 (5) 1 ale" 
- ——.--—tan | — |+с = ahs = 
Sol. Put е" tto get |. 2 2 = 5 *c 
NOTE: 


dx dx 
: e -m ?4 bx + ! 
For Integration of type J ra and | т. ГЕ make ax-+bx +c as perfect square 


| рх +9 рх +9 A 
dx a dx , = д d 
for Integration of type lors las nd j- Uo -—À "—— write px + а = A(2ax * b) + и 


Illustration : 


[ e dx 


че" +е?* 


dt dt 12 
Sol. Pute = tto get | -m = = = i(1- 2&8 -4+5 )+e 
Ж ест: aa 
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Illustration : 


| 4х+3 

3x 3x41 

Sol 4x+3=A(6x+3)+B by equating cofficients 

2 4x+3 6x+3 dx 
— > А бежи +3х+1 т 


E А 1 dx 2 ВР ae о 
TQBGE de) 5] ieee ies --үс 
\ 12 


412 


Illustration : 


| x dx 
х/х +] 
І 
4 
Sol Put x =t to get f55—-5l й 
+1+1 2 1 2 V3 
— E — 
(3) 45 


Illustration : 
[= 5х+4 
Vx? 42x45 


5х+4 


Sol. 1а1= TIT 


Let 5x + 4 = А (2x + 2) + и. Comparing the coefficient's, we have 


5 
2А = 5апа 21 +и=4 gives A= у аи =-1. 
Hence, we have 


" 5 = 2х+2 


d Чу? 
Мх? +2х+5 4 Ба = +2х+ "тыаны т РЕ 
aedis 


= 54x" +2х+5 — In 
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Practice Problem 


ол | E dx = Та" сонс Find f'(2) 
| 41-ах9 6 , i 


2 _—— var TP 
Q. х?(1+х5)* 7 х" +c. сша mn: 


x43 
46) +5 9 
Q.3 3 then find minimum value of f(x 
атти +4х- pacer i = ыл 


Evaluate following integrals : 


1 ы Ix 

— dx . 

9.4 lx ху Q5 == о = 
Answer key 
Q1 24 Q2 1 Q3 a Db и 
2 In^ X 

2 1 4 2 

0.5 3-3) +10 Ix-34C Q.6 =z vx +>) ex +o) = imax +b|+C 


INTEGRATION BY PARTS : 


Theory: If f (x) and р (x) are derivable functions then 
d 
эх 09-809) =f(x).g'(x)+g(x).f'(x) 


е0) вх) dx =Г(х).в(х)- fs6)-f'x) dx 
1 И 


I= | £(x)-g(x)dx 
I ul 


= 1% function x integral of2™ — | (diff. co-eff. of 19) x (integral of 2") dx 


Remember ILATE for deciding the choice of the first and second function which is not arbitrary. 
Here І for inverse trigonometric function 

L for Logarithmic function 

A for Algebraic function 

T for Trigonometric function 

E for Exponential Function 
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Illustration : 


[соз хах 
Sol. Take x as first and cos x as 2" function. 
[хсозхах =x sinx— [1e sinxax — x sin x + cos x + c. 


Illustration : 


| хап! хах 
Sol. x un de би S -— ——" 
[ж жее» ( ) 2 Iro 
1 1 (14х7-1 1 1 1 
—Á- d -i , —_ — =x -i жы. Ж» d bau х + 
5х (tan x) >f E dx 2* (tan x) 23 2 fan xtc 


Illustration : 
af 
sin x 
ere At 
[= pr 
50. Put зіп!х= Ө or x=sin@ = dx=cos 640 
0.cos0 40 2 
Integral becomes [= = fa. зес 040 
cos 0 } И 


х 
+ т(\ 1-х? )+с 


= 8 tan@- [1.1an040 = Ü tanO – In (sec Ө) + с.= (sin! тта 
1-х 


Illustration : 


| sin(In x)dx 
Sol. Put Inx=1t to get i= je sint dt = e (— cos t) - [e'(-cost)dt 


=— cost- e+ [e cost dt -—cost:e + 728122 


e (sint —cos t) * c 


Nts 


= l=-cost-e’+esint-I ог [= 


1 
= х (sin (In х) —cos (In х)) + c 
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Illustration : 


реа 
жу dX ett e [2 = 
” "UMRPE у tU 


sin(bx +c sin(bx +c 
Example: I= e" cos(bx +с) = e^ ure) [ae bs) dk 
I I 


sin(bx+c) ага. 
=e ————_ — | e™ sin(bx 4 c)dx 
b 3l i Т 
I= 1 ах sin (b +c) + а. аҳ bx + a fot cos(bx +e)dx 
=> 1= Бе sin (b + c) pit cos (bx 9-3 


1 а а? 
ог [= Бе" зіп (bx +c) + p? €" cos (bx + c)- y! 


I сах [a cos (bx + c) + b sin (bx + c)] 


Two Classic Integrands : 


@ его) О) ето) с & — (09) [ (F(X) хг) =x (х) + C 


а) — fe (fe) £'(x) dx = [е* сойх [годах 
I st 


-[e f(x)dx + ех f(x) - [e f(x) dx +с= e f(x)*c 
(b) [fGo dx x Г(х)йх = f f(x)dx + [хг'(х)ах 
pon 


= [fG0dx +x f(x) - [fG9dx =x Их) +с 


Illustration : 


| хе dii 
(lx) 


хе* x 1-х-1 x 1 —1 1 
3 ~dx = |e —— dx = |е 47—-* => =e + 
5” [ж " ] (1+х)° | Li | i 1+х е 
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Illustration : 
| [sin(In x) + cos(in x)dx 


Sol Put Inx 7t to get [е (sint + cost )dt = е sint + c = х зїп (In x) + c 


Illustration : 


[— (1 xlnx )dx 
x 
е“ | х I 
Sol. Г +х-тх ух = [е | нөх ae= erin +0 


Illustration : 


х? х2-4+4 x d 4 
- ах = |e'— ———-dx = |е 1—5 + = [dx 
Sol. [е (x+2) £ fe (х+2} z J ры v 


Illustration : 


| (sin x + xcos x )dx 
Sol. [бт x+xcosxjdx=xsinx + c 
Illustration : 

| (2inx+(Inx)? )ах 


2inx 


Sol. [(2inx+(inx )ах — = ках) вх пп) +e 


x 


Illustration : 


ІС 2732 


1 
Sol Put inx=t to get СХ = |с(т-141-4 


= ё|т-1 ewm РЕТШЕ Ш +c = MB +c 
t Inx тх 
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Practice Problem 


1 
Q.1 [чап хах =x а(х) – га In (1+х2) + c. Find number of point of discontinuties of р(х)? 


Q.2 | (тх)? dx = Ax (/n x! - Bx In x * cx +D. Find value of A+B+C? 
Evaluate the following integrals : 


а > 
In (x? +а?) х e"? #(1+х+х°) 
шит: эшш. d al 
gi [== ол |2-« оз JE 
с^(1+х+х?) 
0.6 | (1+x7)??? dx 
Answer key 
-ln (x? +a?) {= 
Ес Em —|+C 
ол 0 Q2 5 0.3 x unl 
4 -xun[5- «2m in es (2-3) +С 5 x etn ex 
Q. 4 2 4 3 О. 0.6 БСР 


PARTIAL FRACTION : 


This technique is used ifa rational function is being integrated whose denomenator can be is factorised. 
If degree of numerator is greater then degree of denomenator then first devide numerator by denomenator 


Illustration : 


| х?+2 
(х+1)(х? - Tii 
x? +2 x42 A B C 
Sol. We have (31ND) И E. m ET. 
he x +2 =AG?-1)+ В(х— 1) + C(x + 1) 
Comparing the coeff. s, we have 


1 -3 3 
А+С=1, B+2C=0 and -A-B+C=2 gives 4=7,.В= > andC=7 
Hence, we have 
х +2 dx 
«ae are 5061: 
и ре, +в [—= +1} x-1 
1 3 3 
=— ++ +4 —1| + 
hk 1| x41) In x - 1| * C 
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Illustration : 


(142) „ 
(1- p^ 
(1+х) x3 43x? +3х+1 6х? +2 бх +2 
Sol. We hav = +] -] =— —_-_ ] = -/ - 
е РРР (1-х) хі +3х2-3х+1 -х +3x" -3х+1 (х-1) 


Note : Before decomposing into partial fractions, we must ensure that the degree of the numerator is less than 
the degree of the denominator. Take special note of the method of performing division. Adding | to the 
given fraction cancels out the x? them in the numerator, thereby reducing the degree of the numerator. 


" à 6x42 А В C 
ааа -p x-1 (x-1y et 
ie. 6x? + 2 = A(x - 1 + B(x- 1) +С 
Comparing the coeff.s, we have 
A=6,-2A+B=0 andA-B*C-2 gives A-6,B-12andC-8 
Hence, we have 
(+x)? dx dx 
I= dx = –1 | dx- A ; -C 
(1-х) J ES iB Jy 
12 4 
=-х- 6 in|x—-I|+ т Г ӨЙ A 
Illustration : 
C 
(х+1)(х° +1) 
Sol. We have 1 _ А Вх-С A Dx+E 


(х+1)(х!+1) xl. el) (+1) 
іе 1= А? + 1)? + (Bx + C) (х * xà? + x + I) + (Dx + E) (x * 1) 
Comparing the coeff.s, we have 
А+В= 0, B+C=0, 2A+B+C+D=0 
Вв+с+р+Е= (аад +С+Е = І 


""-— — ж me 
gives A= B= 407 4:25 2 and E = > 
Hence, we have 
m ben ur E ЦЭВ. Е +1 шш ГЕ. np? 


> 


1 Ге 2х 2х 1үр d 
=. — — == p ые 2 
ат 1 A 15—74 к, 5447 5 (х? +1)? ни 21651) 


1 


1 1 
6А э -I — 52.8 
In |x + Д- тб +10) + tan х + mA 
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To evaluate 1, put x = tan дапа dx = sec’ 040. Thus, we have 


sec 040 {1+соѕ20 1 sin 20 1 4 Я | 
f f sect Ө | 5 40 AI 2 | ‘| x +1 


- 


Hence, we have 


х+1 


1 1 1 
= = E 2 PETTY ҮРЭГЭЭЖ,..л х ЗЭР 
1 qn Ix + 1| gine +1)+ 2 fan dd 7 7T 


Decomposition of Fractions Involving Even Powers of x only : 


Illustration : 


> 
х^ +1 
5t d 
(x *2)(x *3) 
Sol Before decomposing such fractions into partial fractions, it is more convenient to write them as 
у+1 А : В M MC NAT 
—— writing x^ = y, 
(у+2)(у+3) у+2 у+3 5 : 


i.e. у+ 11 = А(у + 3) + B(y + 2) 
Comparing the coeff.s, we have 

А+В=1 and 34-28-1 gives A=-I andB=2 
Thus, we have 


> 
х +! 


х +1 
= , = э 4 
7 0) (x *2)(x *3) гсэн 5 


x MEE х 2 х 
1 Ip ta ag" 1 a ($) a (5)*< 
Substitution after manipulation (Kuturputur) : 


Illustration : 


| ах 

x(x" +1) 

Sol. jp -j— 4... 

x(x" +1) ee 
1 
1 - — dt 1 1 
Put | 1* —7t toget |—” =-—Int+c =-— М (1 +") + с 

x t n n 
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Illustration : 
7 


x 
oe 


| х’ах " | dx 


1 © -1-1, 1 1 
Put —;-1={[ to get = = ——! = — 7 +c 
di. ege |-5-d 0 8(х 2-1) 
Illustration : 
| хах 
( 1-х! Ре 
xd: Ф 
Sol. 1=| г —-Í x p; Pu —у-1=1 > odd 
6 5 
х -1 X -1 
Ё | E | 
1 
"aum P E 
CMS ad 21 
==] 
х 
Practice Problem 
х+1 
у ——— — dx =] +c. Find val ? 
Q.1 [күте п |Г(х)|+с. Find value of f (/n 2) 
3 fS 1 вы Find value of A + 
Q. (x - x +4) 5 og (x - 1) 5) 42,4 * Findvalueo и. 
Evaluate the following indefinite integrals : 
4 Бєї» a a 
Q. x*(x? +1) Q. (x-1) (x? -2x +5) 
Answer key 
2 1 (-1-21 ( Е ИЕ 2 
0.1 оғ су 4 0.2 3 0.3 x^ : ogt |^ € wheret= х) 120 


0.4 3 in (x? -2х+з5)+ an (523 )- in| x1] +0 
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INTEGRALS OF TRIGONOMETRIC FUNCTIONS : 


f dx | dx f dx _ а 
Type-1: a-bsin^x а+Ьсоѕ2х asin^x4bcos^x4csinxcosx / (acosx+bsinx)? 


Multiply N' and D' by sec?x or cosec? x and proceed 


X 
Type -2: 1-2 р / = 


Convert sin x and cos x into their corresponding tangent (о half the angles and 


t tan 5.4 
ри G 


asinx+bcosx+c 
Type-3 : [—————— 


: 4х: N'- A +B Рр” + с 
fsinx+mcosx+n dx 


х?+1 х?-1 
'De-4 : ——— — dx ——— dx 
yes J x4 ¢kx?41 x | x *«kx^4l 


Divide № and ГУ by x? and take suitable substituion 


Illustration : 


| 4х 
4-5ѕіп?х 
= j dx _ j cosec^x das | созес?х r3 
ш 4—5зїп°х 4cosec x-5 | 4сог2х-1 о 
j 1 
-dt -=f dt E. 2 1 , ( 2cotx-1 
Put  cotx-t toget I7 кт гү т^ 1 м 
515 2 
Illustration : 
| ах 
5-4сохх 
2x 
ян | d Е dx sec ;7 
M 5+4с05х 


(1-2) 9+тап?® 
2 2 
5+4————< 
ur 
2 


т то 08€ Soar 3 3 
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Illustration : 


1 
[лаз 
1 


эн e ж тт й 


и 31-12) HË 
+e pe) 


. х _ _ 1 24! 
Putting tan, =¢{, we have [= f =Í 


24 — 4 —— dt СТИ 1 
-ko “тйл - г 1+2 


Illustration : 


sinx+3cosx+1 


Evaluate the indefinite integral | sinx—3cosx—] 


1 


zi 


2dt 


dt = зи | 


Sol. Let = sinx+3cosx+1=<A(sinx—3 с05х- 1) + u(cosx + 3sinx) + v 
Comparing the coefficient of sin x, cos x and constant term we have 


2t-3(1-27 )- (1917 ) 


— 
+ 
ине 


4 3 
A+3p=1, -32 + p=3and-A+v=! kgives д =, Has and ye 
Thus, we have 
-4 Jg cosx+3sinx 1 ах 
цог Н 2-2 555555 А -- ШШЕ 
, 5 | + 7 [сеш тоссон 4 5 | энэнээс, 
we gia | 3 1 TUN 
их зайг n |sin x — 3 cos x — 1| 57 
Now, we have 
1, = | шиг = Е 2 
4 EIU). Р 1+12 2 
HE 1+8 
s] 2dt d 2dt si dt liu 
2:0-3(1-0)- (1-0) 32) 21-4 (t-1)(t-2) 3°\t-1 1+2 


l; 1—1) 1, |tan(x/2)-1 
=— (1 =—/n 
3 - 3 |tan(x /2)+2 


Hence, we have 


= т |sin x- cos x — 1| 15 
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1 tan(x/2)- Л, 
tan( x/ 2)-2 


19 


20 


Illustration : 


| dx 
( 3sinx-4cosx )? 
Sol ref dx xf sec? хах ^ 3 - a 
= "1 ( 3sinx-4cosx f° — *!(3tanx-4 y a tanx —4 =1 = 3 ѕес x dx = dt 
I 
- 1 
= ү Em 217 
Illustration : 
| х? +1 
х'+7х° +1 
TES dx 
х +1 х 1 
эн | 4 +7х? y Put x-—-2t > |1+—;|4х=й Ertra 
x +7x° +1 кў К, 


[ х?+1 
xxl 
xag л 1+— 
Sol. 1- Ao |-— i ——^—ж& 
жга 2 Ч 
atl (5-1 +3 
х 
| dt р 
-1-5 ийн x —— =t and | 1+—; |dx = dt 
t^ 43 


Illustration : 


2+2 
Аа 
x —5x' +4 
+2 +, 145 
Sol. I= [у 4 = ——*— dx = |7——À — dx 
x'-5x^ +4 UV us E 
af. xag and (1+ a 
t -1 х x 
1,1:-1 1 -x-2 
== T- = — — 
2 || © TERR B 
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INTEGRATION OF IRRATIONAL ALGEBRAIC FUNCTION : 


dx 
Туре-1 : kem (P > о) (Start: x = a cos?0 + В sin?0) 


| dx | 4х 
Type-2: (ахы) prq?) CS 4(2х41)-/4х-3 
Pu рх+д= 02 
dx 


| | dx 
ape 35 (ax b) px? eqxer } кы (х+1у-ї+х-х? 


1 
Put axtb-| 


f dx 


— —À—————T—. "i 
Type- 4: (ax?+bx +c) | pxaq ; Put px * q7t 


c.g. | Ginn) this reduces to a 


dx 
Type - 5: Г + bx +¢)y px? +qx+r 


Case-I: When (ах? + bx + c) breaks up into two linear factors, e.g. 
-Їс -х-2)ух?+х +1 ка 
А В | l ag di 
(A) раар 
(55 X*U Vx? exl oe M em 
— Á— —————— 
put x-2-1/t put x«1-1/t 
Case-1l: If ax? + bx + c is a perfect square say (/x + т)? then put /x + m = 1/6 


dx 1 
Сазе-Ш: НЬ= 0; 4=0 eg. лыгы then put x= — ү orthe trigonometric 


substitution are also helpful. 
eg | dx 
(x^ +4)у/4х? +1 
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Illustration : 


f dx 
(x*2)4x*1 


2t dt 
Sol. 1- [e Put х+1=В = I= р зетя +t = лап! +c =2tar'(Vx+7 сс 


Illustration : 
| ах 
(x2 +4 ){4х? +1 


1 t e а | -tdt 


dx 
Sol. 1-1- — Put х= toget 17 | = [————— 
DEN ги эт t T 4 у (440 Naar 


—zdz 
Agunpu 4+Ё=г > нан > 28/7777:2577 


-| - dz EP: dz E m 2v, 
27402-15 VFA 445" 
Illustration : 

| ах 

(x - 14 1- x-x? 
Sot. 1=| = Юй atin mi -[— 
ol. -L—LLLL—-pE— ut x =- = 

(x+I)NI4+x-x° t 1H fi 3 Jt-1—t" 
Е t 


3x41 
"Ган!" 
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Practice Problem 


г [EL Ll un? f(x)*c. Find value of f* Е 
О. Sut x4 6 tan ' f(x) + c. Find value of f'(x) atx = 47 
0.2 а MONT If + c. Find f(0) 
: о дос. Fin . 
Evaluate the following indefinite integrals : 
1 x" (x — +1) 
————у@ф ped ABs сыныш 2 
Q3 Їнэн ху 4 Q4 | 4х + | a 


Эр - 
05 f= 0.6 Tz Q.7 [V2x! -x «1 dx 


Sin X+COS X 


Answer key 


Q1 3 Q2 1 0.3 ыыр +С Q4 5 tan - " 
0.5 | c-tan"(cot^x) Q6  4(x-2)6-x) +3sin™ (2-2 

0.7 х) аы +С 

STANDARD RESULTS (Must be memorised): 

д [(ах+ы"йх= e пе 6) | = + ingaxt byte 

(ii) — [ea - езх + с у | a9 dx= 5 ^ (a>0)+c 


(у) [ sin (ах + b) ах = —— соз (ах+Ь)+с (vi) | cos (ах + b) dx = — sin (ах+ b) * c 
(уй) [ tan(ax + b) dx = t In sec(ax * b) + c (viii) | cot(ax +b) dx = | Insin(ax +b)+¢ 
a a 


(ix) | sec? (ax + b) dx = 1 1ап(ах + b) +с (х) | cosec*(ax + b) dx = — 1 cot(ax +b} c 
a 
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(хї) [ sec (ax +b). ten (ax -- b) dx= 1 sec (ax +b)+c 
a 


(xii) | cosec (ax + b) . сої (ах + b) dx = _1 cosec (ах + b) +c 
a 


(xiii) J secx ах — In (secx + tanx) Ес OR Intan (= + ¥} «c 


(xiv) | cosec x dx = In(cosecx — cotx) *c OR Intan 2 +c OR - Іп (соѕесх + сох) 


(ху) | sinh x dx = cosh x ^ c (xvi) | cosh x dx=sinhx+c 
(xvii) | sech?x dx = tanh x +c (xviii) | cosech*x dx =—cothx +c 
(xix) | sech x . tanh x dx =—sechx+c (xx) | cosech х. coth x dx = —cosech x + c 
(xxi) | = -sin! X +c (xxii) | E _ = 1 tan! X +c 
Ja?-x? a ах” а a 
d 
(xxiii) | -үчгэр = сХе 
xx-a" а а 
(xxiv) | L = = [xe a? | ОК «ий! € c 
x" +a" a 
dx Г2 > х 
(xxv) E NE 7 In [xe CES ] OR соѕт! = +с 
| 4x —а- а 
(xxvi) | UC ors Log BE a 
a^-x^ 2a a-x 
А dx 1 x-a 
= — Ш —— + 
(xxvii) | = ЖЫШ п ут с 


” х — 
(xxviii) | a?-x? dx= 3 ya?-x? + 3 sin! > +с 
а 


(xxix) ! ух? +а? хе 7 \х2+а? + > sinh’ Х «c 


= 2 
(ххх) J үх?-а? dx- 5 үх?-а! - T cosh! Х +c 
a 


(xxxi) | ex.sinbx dx- з (asin bx —b cos bx) + c 
a t 


(xxxii) | e. cosbx dx = Ea {a cos bx +b sin bx) + c 
a~+b~ 
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Solved Examples 


Q.1 Evaluatethe following indefinte integrals : 


; ^ у 5 1 
(1) [[Х+2-зһ x Jas (п) sts 


+sin(2x + 2 ах 


5011) I= Дък +2-sinx Jax = [ve ax +2 х - [зїп x dx 


17211 


241 


(i) I= | 2 


 In|2x «3|  cos(2x *3) 
2 2 


F 
+2 In |x|—(—cos x)+C= 3X7 +2 м |х| + cos x + C. 


4: 
zt sin(2x += - === + | sin(2x +3)dx 
+С 


0.2 Evaluate the following indefinite integrals : 


rcx 
(1) [e Joos le^ 
Ух t 
i iiim: - 7 “2 i I --: 
50141) x19 Iss t dt [Putting Ух t and dx 2tdt] 
х. Ü m 1 
"EL | 72-21! t£ C72 x -2 11 Ух +С. 
dx 1 dt : x dt 
Ч —— ооз Putting e* = t and dx = — 
0) Ба = t | " 1 


dt 
-[5— - tan! {+С = tan (ех) + C. 
г +1 


0.3 Evaluate the following integrals : 
(i) J x? sinx dx (ii) [G8 +5х)е?^ах 
5011) Ме һауе 
I= [x sin x dx = x? (- cos x) - [(-cosx)2x dx [integrating by parts] 
=~x? cos x + 2 [xcosxdx 


Using parts again, we have | Xcosxdx-xsinx— [sin х 4х =x sinx+cosx 


Hence, we have 1=-х? cos х + 2х зшх + 2 соѕх + C. 
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| , А > ET e e 
(ii) [= [© +5х)е- dx = (x + Sx) - J @x+5)dx 


E (x^ + 5x)e?* 


е? e?* 
2 – (2х + 5)—— +[—-24 


2 2х 2х 2х 
ве ИСИ 
2 4 4 


Q.4 Evaluate the following indefinte integrals : 


: (x-1 sin? x - cos? x 
d Lm. UR 
of vx и Ө| sin? x cos” x " 


G7 axe [Е —3x? +3х 1 


7 — cue | (x52 — 3x32 + 3x12... x-U2)dx 


2 6 
= t + С - 7 х”? 25 5 xi? * 2x22 и 2х!? + с 


5-3 3 
sin” х +cos” x 
[—— t= J tanx see x dx + | сох ese x dx = see x - ese x +C. 


(ii) 


"E. 2 
sin“ Xcos^ x 
0.5 Evaluate the following indefinite integrals : 

(1) | sin x sin 2x sin 3x dx (ii) | sin? x cos 3x dx 


COS X — cos3x 


5 ) sin 3x dx 


Sol.(i) I= f sinxsin2xsin3xax= [Í 


1 
= 5 J (созхзїп 3x—sin 3x cos3x)dx = 2 J (sin 4x + sin 2x sin 6x) dx 


16 -cosáx cos2x --] 
wu uL. LES KM. 
4 4 2 6 


3sinx —sin3x 


(ii) [= | sin? x cos 3x dx = j( 4 


Jes 3x dx [sin 3x =3 sinx — 4 sin? x] 


_3 


=F sin x cos 3x dx- 1 | sin 3x cos 3x dx 


3 1 

=] J Gin4x -sin2x) dx - J sin6xdx 
joss; [Em езек) 
“| 4 rus Г е 
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sin 2x 


Q.6 Evaluate the following indefinite integral | 5—7— 


Put sin?*x=t = sin2x dx=dt 


sin 2x 
Sol. = = [———— 


a^ 4 b^ sin? жы 
| 2 E “ ЖЕ : ое 
ndis a.p) b t?+(a/b) b? a/b a/b 


1 Їнэн 
= —tan!| —— |+ 
ab a 


Q.7 Evaluate the indefinite integral | x? cos x dx . 
Sol I= [xi cos x dx =x? sin x - | sinx -2x dx = x? sin x - 21, 


where 1,5 | x зїп dx = х(-соз x)— | (-совх): 1 dx =-x cos x + sin x 
Hence, wehave 1= х2 ѕіпх + 2х cosx—2sinx+C 


0.8 Evaluate the following indefinite integrals : 


(i) fer m] dx (ii) | х(1+ х2)ех dx 
E РА x( 1-х à = „хх 
5010) I= fe f 2) dx= [е aan 


x 
= [e в 4х = 5 +С 
I*x^ UFF 1+х 


2 1 
Gi) 1=][ха+х?уе* dx= > [t Det dt [Putting x? ^ t and 2x dx - dt] 
"dish l аас 
z te +C=7x*e FC 
: зон | 
Q.9  Evaluatethe indefinite integral == 
80. Ler- [——— ——- 
= " 2 +5іп2х  cos2x 
Putting tan x = t, we have 
dt 
А —>= -— 
oy mu let? 042043 
24—— + 


1-6 1-8 


NEM о Ээ 35, (em C 
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ах 
Q.10 Evaluate the indefinite integral Ine 


dx 
Sol. Let I= (х+1)/2х—3 


> 


< 


Putting 2x-3=2ie х= 122 


and dx =t dt, we have 


tdt 2d 2 af t | 2. [2x-3 
l= |+ = |5 tan | — |+C=-etan +С 
| 2+3. | Быз 45 45 45 5 
2 
4 
ы а cos x dx 
ОЛ! Evaluate the indefinite integral | c 
sin? хха х+с05° x) 
4 4 2 
d 
юэ da кь cos х dx - j= х cosec ече 
sin? х на” x + cos? х) (i+ cot хў 


Putting 1 + cot*x ^ and — 5 cot*x cosec? x dx = dt, we have 


-dt -l 35 -1 $ pis 
=з =! +С со хр +С. 


COS X +sinx 
Sees Jas 


. + . 2 1 
9.12 Evaluate the indefinite integral [cos2x в} Sun tans 


cosx+sinx 
menaz E 
cos x —sin X 


Sol. Let I= [соз2х inf 


Integrating by parts, we have 


dx 


sin 2x І cosx - sin X = _cosx—sinx (cosx-sin x) +(cosx +sin xy 
2 cos x —sin x 2 cosx-sinx (cosx —sin x)? 


sin2x COS X sin X sin 2x sin 2x cosx +sinx 
—— м -[———4 — n| ————— 


- з оох |+С 
2 cos2x 2 2 ` 


cosx —sin x cosx —sinx 


sec x dx 


Q.13 Evaluate the indefinite integral | vsin Qx +а) «sina : 


=f sec x dx al sec x dx 


[sin (2х та) + та {їп 2x cosa + (1 +соѕ2х ]sina 


f sec x dx sec x dx 


J2cosx(sinxcosa + cosxsina) r lame x cosa (tanx + tana) 


l sec? x dx 


~ 42cosa tan x +tana 


Sol. Let 
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Putting tan x + tan a = t and sec? x dx = йі, we have 


1 dt | | 2 
[= ——— ыы С -2- J'tanx «tana +С. 
42cosa Їл 42соза cosa 


Е fi- 
0.14 Evaluate the integral е л 4х 


12 z А 
Sol. Let -1Е | ^ ME 


TW 1-4 cos 20 cos? 20 
Putting x = cos?20 and dx = 2 cos 20 (—2 sin 20) 0, we have 


80 —-8sinOcosO dO sin^ 0 
I= Ed cos 20 ны 91:58 9 


20-1 
ш ЗЕ 40 =4 f(1-see20) a0 = 40 —2 In | sec20 + tan20|+C 


cos20 
= 2cos! хан hsf- ri М-Хїүс 
х х х 


ах 
0.15 Evaluate the integral | ——7—— . 
Ie 


+С -2cos'! vx -2 In 


dx x dx 
iisdem eae 


Putting x? = tan 0 and 2x dx = sec? 0 d0, we have 


d f 5ес`040 — 1 p ѕес2000 І [cos0 
1= 5 6 29 — A 72 | 
гап”04141ал:0 


Put sinO@=t 


| -°F 1 e-2741 _ a -2 28-24 
= — 6 dt = £x = 2 fa —2t +t )dt 


_-1 1 #1 -1 І | 


ee E -— - — 
2t 30 (87 2880 3sin°@ 1080 


А 
Неге ѕіп Ө = не 
1+ х 
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0.16 Evaluate the integral Jes [xe +2 х | 


Sol 11= feos (х+ Ук? + 2 Jax 


X 


- 1+ dx = gj 
Pu x4.ix249 =cost and | ЛД Х = sintdt 
ух? +2 Мх? +2 


ie. dx=- = .sintdt- 
X*YX +2 cost 


* sin t dt 


Now, rationalising LHS of equation (1), we have \х2+2-= ‚ 


a mmm 2 
Adding equations (1) and (2), we have х°+2= о + E 


ES! 2 \sint 
Thus, ме һауе ах = =| cost+—— |—— 
2 cost J cost 
Hence, we have 
“х t(cost +2} Sint dt = Заа (с sa 
2 cost / cost cos t 


Р З Соо) | өгөн E 2 ta 


1 
2 


ME 


0.17 Evaluate the integral [л = е Nx E A 


1 т (15x ) 
i: SE nr 


114 г. 
The common denominator of = 27 3 4 апа % is 12. 


Putting х = 112 and dx = 12t!! dt, we have 


1 In (1+2) | ди e t’m(1+t?) 
= |+ d „12|[—&+[———— |. 
I [г ttt? | IE ] 1-1 


Now, we have 


в = [11 - рее) е) [-®- 


в. t 
tcost - sint-—— + In| sect + tant |+C where cost= x 4 X242. 
cos 


= [06 002 +1)at + | tel] = Пи 


tê ГЫ (e t? t? 


P ar. 
8 7 6 5 4 3 
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ЫЕ ur Шош and 1, = fey In 1-1) 55 


Putting In (1 +t*)=uand на a =du, we have 
= L->/e'- ij uu -7 fle -3e?* +3e" -1)u du 


^u эц Зи 
е Зе- u 1 е Зе?" : - 
азе аа emn) 222 


ес" зе” {с 3e? u? 
—- + Зе" -u || — -—— 43e" -— 
3 2 2\ 9 4 2 


| 
” ёр (e - 9e?" + 180" + 18е* — би) - == (4e - 27e? + 108e^- 18u?) 


where е = (2 1 = x'$- |. 


к n sin(x —a) 
Q.18 Evaluatethe following indefinite integrals jee а) dx 


-Í sin(x -a) dx | sin(x —a) 


4х 
Sob Le TET ад [sin(x +a) sin(x —a) 
(rm m cosx sina | 
ysin? х- sin^a шт, -1, 
Now, we have 
cosasin x dx sin x dx 
| 2-9 = % — | 2 2 
vsin х –5іп“ а Vcos a—cos* x 
cosa Е 
= utting cosx=t 
STE PIET [putting ] 
t | | совх 
=cosacos! = cos a cos” 
cosa cosa 
| sinacosx dx | 
and  L- lin? га =sina fe data [putting sin x = t] 


й I? = . 
-sinaln |+ Г —sin | =sinaln 


Hence, we have 


а 4 ee РТ а 
[= со$ а cos тт: + там | sinx + 4/sin^ x – sin^ a | C. 


Ё Г: 2 "ES 
Sin X + sin? -sin*a | 
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32 


1+ sinx 
19 Evaluate the following indefinite i е ——— |dx 
Q valuate the following indefini integral | (| 


же кения ls 
1+cosx l+cosx 1+cosx 
4 X 

-[e тузее еш =) dx = ех "OE E 
2 2 2 2 


R (x? —1) dx 
0.20 Evaluate the following indefinite integral i € 
x Vx *3x' +1 


f (x? —1)dx | x dx sf dx 
E хх +3241 — "Vx 43x41 "xx 3x2 41 -1,-5 


Putting x? =t and 2x dx =dt, we have 


Sol. Let 


11--2--.2| 
E. Vt? +3t41 2 


| «34 


1 o Qa(20t43). 1. La 2x23 die 
2 28 ) 2 | 45 | and 1, f- 3 | 


— 24х x J 


= = rs [puring s t and 
2 ! 48 +31+1 = E 


es (2) А аад? 3x +2 
ME 4sj-2 V5x? 


Hence, we have 


2 3 2 
Е ДЕ S e. 
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DEFINITE INTEGRATION 
Definition: 
| сох = [F(x)]? =Е®)- F(a) is called the definite integral of х) between the limits a and b. 
where (F(x) = f) 


Note : The word limit here is quite different as used in differential calculus. 


Important Points: 


b 
(I) If | f(x) dx —0, then the equation f(x)=0 has atleast one root in (a, b) provided fis continuous in (a, b). 
Note that the converse is not true. 
Illustration : 


1 А 4 А 
k e“(ax +bx+c)dx=0 => ех (ax? + bx + с) = 0 hasat least one root in (0, 1) 


=> ах? + Ьх + с = 0 has а! least one root т (0, 1) [e* is always positive] 
b b 
И Li f (x)dx |= || Li dx 
a) Lim | (х) J Ї! im f,(x)) 


Illustration : 


Va зү 
If Lim J 1-5) а = 25 (n є М), then the value of find 'a*. 
n 


413 8 E" » у, 
Sol LHS. = Г | d tdt = | gt е га 
=: nx 


123 
èT s d 
їе Loi 2-6 => Є-её“-2/2 or а = т(/2 +43) 


27106) 
(ш) со о) = | год: сдах. 


EB Ча) 
b 


(ТУ) If f(x) is continuous in (a, b), Then ORIA and if f(x} is discontinuous in (a, b) at 


x=c e (a, b), then | (f(x) = [fco +[г(х)].. 
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Illustration : 
I US I 
| сг Ji -сог z +сог! Ч =x Ї р: m 
IX x х1, X Ју 73 #2 
(V)  Ifg(x)isthe inverse of f(x) and f(x) has domain x e [a, b] where f(a) =c and f(b) = d then the value 


b d 
of | f(x)dx + J e(y)dy = (bd ac) 


Illustration : 


1 е 


Evaluate : fe vet dx +2 IL 
0 


Sol. Consider Г: [0, 1] > fe. e]. f 6) = е^“ then f^! (x) = 2 Infin x) 


r 


1 ni 
L - 
f= je ve" P ecd нэ х)ах hence f= Lbhe*-0-:e- et 
0 


Evaluating definite integrals by finding antiderivatives : 
Illustration : 
8 
пух+ 1 
їп ух + РА 


Evaluate : | "Ju 


sind x41 
Sol. [= к ET, == = 2созух+1 


5т 4х-1 


> of ee dox ————— = [-2c0s 4x1], — 2 (cos 2 - cos 3) 


Illustration : 
х/4 


Evaluate : | cos 2x4 4 ѕіп 2х dx 
0 
Sol. [cos 2x44 -sin2xdx, Put 4-—sin 2x =# 2 =-2 cos 2x dx = dt 


І 1 І А 
Integral becomes [- 5 Jt dt = E yr a. E^ (4 — sin 2x? 


m4 


л/4 

1 ; > ЭЛ. 

=> [cos 2xv/4—sin 2x dx = ЕЖ2Ы = 8-343 
0 


0 3 
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Illustration : 


1 
31п3 
Evaluate : | хөц 1+2х) ах = 5 
0 
Sol. — fxin(1e2x)dx = In (1 +25) E jia T т + 29)- (=- 1.4 і 
| 1+х 2 411-2х 


2 I 


2 , 4 
= Sin (1 + 29 - Xir- (1424 > pae 3113 


Illustration : 
2008 


The value of the integral | (эс х? —8028х+(2007 y + a zx; )^ equals 


0 


(А) (2008)? (B) (2009)? (С) 2009 (D) 1 


2 2. ! 
Sol. (os —8028х+ ( 2007 ) * 3o )^ = x! — 4014 x! + (2007)? x + —— ын 


2008 
— value of integral = E -4014x^ «(2007 x+ aml = 2009 
Illustration : 


[57 a 


Evaluate : 
: 


501. 


| "5 | к / 2 4 
--- 7 * к= p à Х dx Pu 1- CE не 8x3 dx =4 integral becomes 
x X : 


› 3277 
11/2 zl S “Ух? —4 X J 1 43 
dt = = 2 = —|1-— = -111--3 = — 
]; 1 P => J 7 ах 12 2 2 


Illustration : 
лі 


it 
Evaluate : IE sin” x dx 


0 
д!4 х/4 x 
Sol. Let [= | x зїп? x dx = | 5 U -cos 2x) dx 
0 Kt 


Integrating by parts, we have 


х aid nja " 2 л/4 
вы ажээ 1 | х-22 а _ 2(1-2| x^, cos2x 
52 46, ix a 84 2) ж, 


Е лл | (л? 1 _ л?+8-4л 
132 м D o] ww 
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Illustration : 


X COS Ua 


Find the value of f "m 
41-х 


— ах. 


Sol. и |= IE 
0 


ME 


л 1 
Let us put x = cos t, dx = — sin t dt. Also, when x = 0, then t = (^ and when x = 5. then t = 


Thus, we have 


х/3 л/3 
tcost 
1- | ——- (-sint di) — Jecose de 
sint 3 
л/2 2/2 
= ns 1273 : 3 Ef -- л(43-1) =i) | 
= [- sint | 2 T T sint dt=5 -5 1 [сози т/2 = "mE ыт 


л/2 - - 


Practice Problem 


c dx dx 
dA FE = та. Find a. 
dias "7^7 n 


fn2 
Q.2 Evaluate: | хех dx 
0 


rid 5..3 2 
sin X.COS X 
ОЗ Evaluate: | ——.——— 
0 (sin X t cos x) 


э dx 
0.4 Evaluate: | 


— 0 є (0, 
A 1 cosQ-cos x < (0,1) 


Q.5 Suppose that the function f, g, f' and g' are continuous over [0, 1], g (x) = 0 forx є [0, 1], £(0)=90, 


2009 
g(0) =z, f(1)= а and g (1) = I. Find the value of the definite integral, 


pe g'(x) (6 (х)- I e PG)-gG) tg) +1} a 
0 g(x) 


Answer key 


| 2 | 9 
Q1 (22-32) 02 1-2 a т 0.4 ЁЭ 
9.5 2009 
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PROPERTIES OF DEFINITE INTEGRAL : 
(A) PROPERTIES : 


b b b а 
Р-1: | fogdx=J fdt : Р-2: J х)ах=-– | ках 
b c b 
P-3: | =f foo dx + | f()dx provided f has apiece wise continuity 


or when fis not uniformly defined in (a, b) 
Integral is broken at points of discontinuity or at the points where definition of 'f' changes. 


Illustration : 


л 
! 2: 
Evaluate : Jy 2: : ах. 
л/2 


л л 
501. ! cos x |dx = Төв хах + + [-cos хах = [sin xf” + [-sin x]. т/2 = 2 
0 0 л/2 


Illustration : 


Evaluate : | [5х - 9 [ах. 
0 


s T7 Їл 515 
501. ЕТЕ fo- 5x)dx + |5х- | rd ы кш би: 
9/5 2 0 95 24 
Illustration : 
: 1 
Evaluate : | E + 7 dx 
-1 2 
ЗГ Zr 9 1 1 
Sol. 1- NE їр, Це а, [|+ їр, n а, f [=+ Ze 
di 1/2 1/2 2 3/2 2 5/2 2 
-1/2 12 52 
- [1k 4+ [04 + ЦЭ Грас эв 
-12 5/2 


Illustration : 


Evaluate : f In[ x] dx, [] is the greatest integer function. 
4 2 3 4 
501, Let [= Г In [ x] dx “|, In[ x] dx + ха + [їп[х]ах 


3 3 
=0+ы2 f, dx « in 3f, dx =In2+in3 =In6 
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Illustration : 


Find the value of following integrals 


1 я 
(a) f |x+7 | ax (b) | | cosx- sinx | dx. 
4 0 
Sol. 
(a) We have |x+/| = -( +1) for xs-I; =х+1 forx>-l 
Hence, we have 
T í aP" [en] 
[|х+1|4х= f-(x+1)dx + | (x+I)dx = ЕД Е 
2 2 
3 -3 -1 -3 -1 
=-(0-2)+ (2-0) = 4. 
(b) We have 


| cosx- sinx | = 42 69) = -J7 sin{ x-4) 05х52 


m. 442 sin(s-5 Я <х<л 
4 4 


Hence, we have 


х 


лі л 
E E S -41 Е.а 
| созх – sinx | dx ВЕ г | 26 паке J sfx т 


=[-# 2 80-21, 


шон 2 Z 0- cos -42 СЕЗ - coso | 


S 


- (I )- (55-1) - 5-11 5-25. 


a T [ 0 if f(x)isodd 

P-4: ах = |(f(x)+f(—x))dx = | a 
1 9 | 2(ї(х)4х if f(x)iseven 

0 


Proof: I= Г. f(x)dx = Г f(x)dx + [^ f(x)dx Ршх=-1 in first integral. 
- [coca [“годах= [сой + [‘годах= [f(x + [годах 
= го)» f(—x)}dx 
0 
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Illustration : 


Show that [5 sec x n= =0. 
-1/2 
1- 
Sol. Let  f(x)-secx „(52 "i then f(-x) = sec (-х) In (= *) - = – (х) 
Illustration : 

1/2 нх 

Show that | [х] +a 2) IE = -- 

-4/2 


F 


1/2 
dx= ([x] dx T ЕС: 
-1/23 


Sol. I= СЕ :)) du: 


-1/2 
Я 1+х 
| [x] 4+0 LJ is an odd fonction 
-1/2 p 
1/2 
» Бий» Jo&--; 
2 
-1/2 
Illustration : 
3 > 
J xXx +1 
The value of ІС 3 tan ! e is 
(A) л (B) 2x (C) 3x (D) 5л/2 
3 2 
Sol. = | z —— +1 x zd 
-1 х 
! 3 2 
= fo : + fan n 4 |» ; зан! X "| 
; ® 
3 i. 
-I m 
=д+ [o | < Е | 2 Jes = 0 + [54 = 2х 7 = я Ans. 
Illustration : 
1 
3 
Evaluate : | x tan(x ) de 
Sol. Since х? tan (x^), x € [- 1, 1] is an odd function, hence by property (4), we have 


I 
х tan( х? ) dx -0 


at | 
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Practice Problem 
Evaluate the following definite integral 


0 
Q.1 | [sinx + cosx | dx 


-8/2 


Ї 2х”-3х”-10х”-7х”-12х2-х4 


О.2 < dx 
ae x -2 
2 2 43 
x^-x 4 2х 
3 dx 4 sin ~ dx 
uli 7 м ы 
: (2х332 + х7 + 4,1668 -sin x^) de 
Q.5 1 TEC 
Answer key 
д 16/2 
Q.1 202 -1). Q.2 aa 5 Q3 4/2-4Ш(4241) 
х3 m+4 


b b a a 
P-5: | fix)dx=J fla*b-x)dx or |  х)4дх-1 fía-x) dx 
а a a [0 
b a 
Proof: I= [ (a+b-x)dx Put a+b-x=t = -dx-dt & ї= | 600-90) 


4 ffod- [годах 


2а 4 А 0 if f(2a - x) = - f(x) 
pods. abies. а Сој idx if f2a—x)= го) 
0 


Proof: I= f; tcodx- [годах + [годах Put x -2a-t іп 2" integral 
=> [= [годах + [‘гоа-9(-а9 = [“годах+ [00а –х)ах 
а ЇГ, {G0 + fQa – х)} ах 
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Illustration : 


100 


Evaluate : | — HE 
РА пх+#п(150-х ) 
- пх 
Sol. [= | — @ using P-5 [x — 100 + 50— x] 
1, (пх+їп(150-х) 


_ Г dn(I50-x) Р 
5 39 In( 150 — x )- Inx x 


100 
1+1= |14х=50 => 1-25 
50 


Illustration : 


л 


Evaluate : 
| +2" 
т ах 
Sol. [= | qoum: using P-5 [x > л- x] 


dx = 2unx 
noel 


= tan x 
01+2 


ын 


л 
= [+= Jidtexor 15 
0 


Illustration : 


m/4 2 
tan x | 
Evaluate : [ E т 
-л/4 Е 
aid 2 
tan X 
Sol [= | эрж: X — using P-5 [x 0-х] 
a2 4 TE 
aid tan? x aid 2/4 
» ? > 
= |= | г >d o 1-1- fian хах = 2 | ес" x- 1)dx 
-m/4 +е -л/4 0 


> I= lanx-x] ^ m = 
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10 
Illustration : 


Find the value of following integral 


Ч og г X45-x 
(а) J ia 0) 15:75 s 


501. 


Т 1 Jue Мань Л. Ж 
(а) А TW Vcosx + Vsinx 


Also, we have by property P-5 


л/2 [созт /2—х) л/2 : 
m | соз\л / 2 =. 8. | | Jsinx dx 
" [соз(л / 2 - x) + Jsin(a / 2 - x) 2 Jsinx + Jcosx 


Adding the above integrals, we have 


sinx Osx | кз э R 
п | аел к praese? 
ѓе. РЕ. 
е. 4. 
f 45-x 
(b) pite | T i= 


Also, we have by property P-5 


| 45-(5-х) [mE Ух 
usi 45-х445-(5-х) ~ nit 


Adding the alam integrals, we have 


3 
2- | Spe dx = | 14x- [x] =1 


45-x 4x. 

"Wi 

i.e. = 5. 
Illustration : 

T ах 

Evaluate : ; ream 

T di T dx T die 
Sol. 5 I*sinx Е о І+зіп(л/2-х) ШЖ a l*cosx 


л/2 л/2 
- 1 | sec’ ~ dx sn 1 tanx/ 2 as 
2 2 2 2L 1/2 |, 
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Illustration : 


z/2 


=| sintxdx =k [соз хах find value of k? 
? 0 


Sol. Let  f(x)-sin'x then f(2x—x)- эй (21-х) = f (x) 


л л/2 
using P-6 -2| sinf хах, again using P-6 -4 [sin xdx 
0 0 
л/2 
using Р-5 1-4 | cos x dx Ans. 4 
0 


Illustration : 


21 


Evaluate: I= | x- cosîx dx 
2 


2х 
5 
Sol. Using Р-5 [= [(22 - x)cos xdx 
0 


2х л 
E^ [+I= [(х+2я- xJcos? хах ог 1- [roo хах = 24 2л [eos хах [using P-5] 
0 0 


=27x0 [using P-6 as cos! (1— x) = —cos? x] 


Illustration : 


х 


Evaluate : [= ? [ OE 
0 4^ cos xb. sin“ x 


A-F 


д-х 


Sol. Let I= dx 


i a eK ee ТИ using Р-5 
a^ cos’ x +b’ sin’ x 8 


we have 


шинж. ПИН > 
а? со yi === 2(л- j^ а? cos? x +b? sin? x 


Adding the above integrals, we have 
л 


л ? 
л л sec” x 
2г= | 2-3 8-3, dx i.e. 15] 7 > dx 
g @ cos x b ѕіп x 2 oa -b tan x 
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Hence, we have 


z/2 2 
sec х 
ee 
у a +b tan’ x 


Putting tan x = t and secx dx = dt, we have 


а ; i 
[= rj- = Е Lim 9) нея 
09 -b tU — abi a / | ab 
Practice Problem 
n/4 Е 
О.1  Provethat | № (1 +tan x) dx = = т2 Q.2 
0 


| (ax+b)secx tanx 


0.3 а dx (a,b>0) 0.4 
0 4+1їап^х 
z х°їп2х -sin(2 cos x) 
оз xf ох, 
0 
Answer key 
л (ax+2b)x 
2 m[-7- -1 32 H 
02 м. -(2 -DI оз 2 
nT T 
P-7 : | f(x) ах =п [ f(x)dx where f(T+x)=f(x)nel 
0 


0 


Illustration : 


1000 


| ем = 1000(e - 1) 
0 


Show that 


1000 


1 
Sol. [= [e x: dx — 1000 | e dx (et? has period 1) 
0 0 


і Г 
= 1000 [e'dx- 100| |, = 1000 (e- 1) 
0 


[using P-6] 


32/4 . 
X SINX 
————. dx 


a4 1+sinx 


t (2x +3)sinx 
0 (1+с0$2х) 


л(х+3) 


0.4 E m Q.5 
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Illustration : 


плл+у 


x 
Prove that : | | cos x | dx = (2п + 2—їпу); where 2 <у<л &neN. 
0 


ax+v пл пя+у 
501, 1- | | cos х | dx = [соз х| dx + | созх| ах (Putx -^nz —t т 2" integral) 
0 0 ax 


д/2 


л v v 
=n flcosx|dx+ [|cos(nx+t)| dt = 2) [соз х|ах + || cose | at 
0 0 0 0 


х/2 v 
=2n + [cost dt + |-сохга =21п+1+1]-5ту =2n+2—-sinv 
0 л/2 


Illustration : 


10 
Evaluate : Ё l- cos zx dx 
0 


Е ^ E = 7 Ях 
Sol. Ие have 4 COS X X V sin > 


1 2л 
which is а periodic function, having period T = 2 ni. ee » 
Hence, we have 

10 10 = 2 s 
[J1-coszx dx = [42 ви! @ = 542 [ иг 1 dx 
0 0 0 


л/2 0 m 


- 5] sif Г = вв] _ 2042. 


(B) DERIVATIVES OF ANTIDERIVATIVES (LEIBNITZ RULE) : 


If f iscontinuous then 


h(x) 
=. [ f(t) dt =f( h(x) )h'(x)- f (g(x) ). g'(x) (integral ofa continuous function is always differentiable) 
x 
g(x) 


Proof: Let  [f(Odt-F()*c еп E f (t)dt = F(h(x)) — F(g(x)) 


d х 
=> L S'O суд = РЫХ) х) - Fe) 8х) = ГОХ) iG) – fre) gG) 


dx <g(x) 
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Illustration : 
* di 
Let G(x) = | түр 6? 9 Find G" (9) 


: № 2х j 2x9 9 
Wwe 0р pe atea mas 


Illustration : 


e 


t 
И Го = J mi x > 0. Find derivative of f(x) wrt. Inx when x = In 2. 
е“ 


e" 2x 6x 4x 


"m Зе —_ 2е?® = 
Sob JO) Infe) ° In(e?^ ) ^ x 


, = е —— ЫР —— 22 Ок оо. 
геа In2 In2 In2 
Illustration : 


| (1- cos 2х)ах 


Evaluate: Lim # 


x0 x 
x | апх ах 
0 
х x 
| (1 — cos 2x) dx 10 -cos 2x) dx 4 
50. Lim 4——— ———— = Lim £ — — ———. —X 
х-»э0 x х0 x Y 
x | tanx ах [гап хах 
0 0 


Now, we have 


Lim 2 0 . 1-cos2x 2 
E — i ы “3 
x X x 3x 3 
х? 0 a. МАК 
їлт,.——|=—|==Бйн = 
i хох 4 х-»0 tanx * 
| апх ax 
0 


4 
Hence, we have L = 3: 
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Practice Problem 


| cost? dt 200% 
Q.1 Evaluate Lim -————— Q.2 Evaluate | Л + cosx dx 
x20 X Sinx 0 
х ? 
[xe* dt 
Q.3  Valueof Lim 2 — is 
х-»0 ier 
| 
(А) —1 (B)- 2 (C)0 (D)-2 
пл : 
х|зїпх | ‚ 
04 И Jj (n є N)isequalto 100r In 2, then find the value of n. 
51 +|cosx_| 


[ma d 
0.5 у= х! , find 57 at x=e. 


f' (x) 
g'(x) 


Q.6 Let р(х) = x* . e? & let f(x) = | e? (32+ 1)'? dt. For a certain value of 'c’, the limit of 
D 


as х — = is finite and non zero. Determine the value of 'c' and the limit. 


Answer key 


Ол 1 0.2 4004/2 Q3 A 04 10 


Q.5 Ite 0.6 с=1 and Lim willbe È 


(C) DEFINITE INTEGRAL AS A LIMIT OF SUM : 


Fundamental theorem of integral calculus : 


n 


b n-i 
or | f(x) dx = Lim hd f(a+rh) where b-a=nh 
n-»x 
Note: Evaluating a definite integral by evaluating the limit ofa sum is called evaluating definite integral by first 
principle or by a b initio method. 


Put a-0&b-1 => nh=1, wehave 
1 
(4); replace — э dx; ә | 52-25 
п п п 
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Illustration : 


b 
Evaluate [cos x dx as the limit of a sum. 


a 


b 4 4 
Sol. We have [cosx dx = Lim Уи f(a+rh) = Lim Ул соз (а+т) 
,-э0,2, 0, 


а 


= Lim h|cos(a+h)+cos(a+ 21) +....+ cos(a  nh)] 
= 


h 
Now, let S = cos (а + h) + cos(a + 2h) +......+ cos (a + nh). Multiplying both sides by 2 sin > 


we have 


h h А 
E sin >) S =2sin > 95 (a + h) + 2 sin 5 cos (a + 2h) +....+ 2 sin > cos (а + nh) 


"T заз Эл -si a+ h|+sinfa+5h)-sin{a+3h) 
2 2 2 2 
: 2п+1 : 21-41 
Б-д. + sinj a+ — h |- sin a+ 5 h 
? 
- sinfas PMAL h) sinfa+ Za) 
2 2 
з д : h : h : Л 
= sin| a+nh +—|—sin| a+— | = sin| b+ —|—sin| a+— 
2 2 J 2 


s dt ar 


Hence, we have 


b 
feos x dx = Lim ———————— ————-  -sinb- sina. 
й 0 à 
a 2sin( 4] 
Illustration : 
Find the value of Lim Буй & E dion МЕ а 
men n+l n+2 4n 
3n 1 1 3n 1 3 I 3 
Sol S= Lim} ——- Lim 3, ——. = [—4 [01+ x)]; =14 
nn nr nx "rb 14() itz 
n 
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Illustration : 


lin 
Evaluate Lim П (72: ; 


n-ro 


Sol. We have 


п (иэгү” n+] п+2 п+п]?” 
$ = Lim M" ) = Lim "H. ee | 
І 


я п п п 


Taking т both sides, we have 


inS= заг Zn (222). (152), — ("=") 
>on п п п 


= Lim- DU z). [im (1+x)ae 


^ n-xH 
4 
-т2-(1-182)-144-1- „(2) 
е 


$ = 


& |+ 


Illustration : 


I > 
If n — © , then find the limit of 232053! 
г=1 


Sol. Let P= Limi Узи?) = fis Sx Jas 


Put E d n, ata 
3 л 
2 „ку S 2 (EDGE 32k 3)... 34 л 
== | = л 2k(2k-2)( 2k — 4)...... 42 2 


[2k( 2k —- 2 )( 2k — 4 )...... 42r 


2k! 2k! 
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(D ESTIMATION OF DEFINITE INTEGRAL AND GENERAL 
INEQUALITIES IN INTEGRATION: 


Not all integrals can be evaluated using the technique discussed so far. In this situation we try to obtain 
the interval in which value of integral may lie by using following method. 


(a) For a monotonic increasing function in (a, b) 


b 
(b-a) Ка) < [f(x)dx_<(b—a) fb) 


(b) Fora monotonic decreasing function in (a, b) 


f(b). (b-a) « | (хуйх « (b — a) а) 


(c) Fora поп monotonic function in (a, b) 


Re) (b-a) < ff(x) dx < (b-a) fb) 


(d) In addition to this note that 


ух 


b 
< f f(x)|dx inequality holds when f(x) lies completely above the x-axis 


() иво) < f(x) $ g(x) V x e [a,b] then [h(x)dx< (хуйх < [в(х)ах 


Illustration : 


sin x 
Show that 1 < 1 с ж < Z 


x = 


xcos x— sinx COS X 


Sol. f(x) = = or f '(x) = Bd — [x ~ tan x] 


= f'()«0 Лепсе Их) „„ = EM =], 


42 0) net 
>> 2 a <f 2 gr pepe 
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Illustration : 


1 


mm 
Show that 47 11 РЕ 


1 
Sol Consider the following function — f(x) = үт фир E [0, 1] 


1-х 
In the interval (0, 1], f(x) is strictly decreasing, therefore we have 


ID) S fix) s 10) i.e. "E f(x)&1 


Hence, we have 


р! 
a-o © | 76001-01 [by property (7)] 
0 
14 
їе 4 5 [7 (х) 451 Which is the desired result. 
0 


Illustration : 


Prove that jm 
4—x'—x 


50. 4—2 <4-х-х <4-х 
i. 1 We (88:28 dx н-5-- «| dx 
> q=? ee T т ? 
44-2x7 44-х7-х 44- x oN4-x = х? - хі о \4-— 2х 
1 i 
AN. 42 
in| X sim Карт 
=> E (3) << | 2 : or б < 3 л 
Practice Problem 


0.1 Lim М +2 + 43 + — +2Vn Q2 Lim [n4 D (1+2) цайн (n«m]" 


n" пуп nx n 


ёо. 1 : : 2 2 
О.З Prove that "A. | 0.4 Prove the inequalities: 2 e '* < fe 7 dx «266, 
0 


Answer key 


16 4 
Q.1 ES Q.2 s 
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(Е) WALLI'S ТНЕОВМ : 


sin" x cos" x х. (n -Da -3)....10r2] [(m-D(m-3)...10r2] ү 
0 (m+n)(m+n-—2)...lor2 


(m, nare non-negative integer) 


" E 
2 if m,n both areeven 


where К = 
| otherwise 


Illustration : 
2х 
Evaluate : | х sin® x cos? хах 
a 


Sol 1- 


sy 


x sin® x cos* xdx using P5 


2x 2х 


[= [(2x-x) sin’ x cos x dx 2 1*1- [2 sinf x cos* x dx 
0 0 


2х 


-ó 4 
ог 1 = л [sin хсо8 хах — Using P6 twice 
0 


r/2 2 
—' 522253, CE ММ, a 
1-4л ЕЭ ХСО8 хах = 47 10-8-6-4-2 = 125 Ans. 


Illustration : 
31/2 


2:2 
Evaluate : [cos* 3x:sin^ 6xdx 
0 


32/2 


= 3x/2 Я 
Sol. [= [cos* 3xsin' бхах = [4 sin" (3x) cos® (3x) dx 
0 0 


Put 3x=t to get 


91/2 1 4 4л 9n/2 
° ° S + 
[= | 4-5 т? tcos? t dt => [sii сох t dt + [sii t cos? t dt 
0 3 3 0 4x 


9z/2 

4| т. | 

= don cos’ t + | sin? t сох t «| ( simt cost. has period п) 
0 їл 


/2 z/2 
41.1. 6 "t 6 
EL [sin t cos t dt [sin t cos t dt (using P-6 т 1" integral and t —4z = т in 2"4) 
0 0 
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Illustration : 
х/2 
Evaluate : | сох” х ах 
0 


л/2 


Sol. I= [cos x dx -75.5.3-]- 


> 


REDUCTION METHOD : 


b 
For integration of type | (f(x)dx 


where 'n' is big natural number it is possible to reduce 'n' by some methods specially by parts. 


Illustration : 


п+Г 


1 
Let I, = (1-х "dx. Find the ratio 1/1 
0 


! 
Sol. Wehave | 1,,-1(1-х“уф 
0 


! 
- |е х“ yoy + (п + l)a [х°(1-х° J" dx 
0 
[taking 1 as one function and integrating by parts] 


Г i i 

= (n + l)a [(х°-1+1)(1-х“ fax = (n + I)a [(1-х° 'ах-(п+1)а |(1-х° "de 
0 0 0 

= (п + Dal,-(nt+ Dal, 


1, І 
Simplifying, we have т 7 x (п+1)а` 
n+ 


Illustration : 


m/4 


Given I, = 23 dx (n € N) 
0 


1 


п—1 


Prove that I, * I1, у = (n 2 3). Hence find value of 1, . 


M nid 
So. І = [tan x" dx, 1,,- [(tanx 7 dx 
» 0 
2/4 


Ltl,- [tanx)" + (tan x 7 dx 
0 


n 
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1 

п-2 _ _ 

Put tanx=t toget I +l, = f: dt = = 
0 


aid m/4 
? ‚| a/ Л 
Also І, = fian’ хах = | бес? x-I)dx = (апх-х], "ia Ka F 
0 0 


| І 1 1 
Using 1,512" 4-1 „у= апа Ilt l7 
TTE "рэн 4 4 2 
wg аја So 4 15 15 4 


(F) SOME INTEGRALS WHICH CANNOT BE FOUND IN TERMS OF 
KNOWN ELEMENTRY FUNCTIONS : 


o | zm dx о [а о Јака (à [шок 
(5) [соз x? dx 

> А 3 
(6) [х tan x dx (7) fer dx (8) few dx (9) | TES › 


2,1/ dx 2 2 
ao [aex)^a 00 [5 (12) [Д+к?зї?х dx keR 


Practice Problem 


E! 


3 3 22 100U,, -1 
QI Let U,, = |х sin’ x dx, then find the value of —u | 
0 $ 
х2  , 
Q2 10,= | $ dx, then show that U,, U,, U,, .... U, constitute an АР, 
0 SI 2 i 


Hence or otherwise find the value of U,. 


4T 


Q.3 Evaluate: [sin* x cos! x dx 


0 


Answer key 


QI 90 Qa == 0.3 


-|н 
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Solved Examples 


0.1  Provethat [2 = 


1 [x ax» T É 


x d = А 
Sol. LHS. = [ — Z Put х+\/(1+х2) =1 ETE (i) 
(x+Vi+x") 


X 
e ena when х-» 0 then t 1 х = 0 then 1-9»00 
x 


tdx | : 1 
— € 7 Nü x^) (тэн ИЙНИН | is 
=® Кый = маалингын dt => Cote (и) 


1 
Adding (i) & (ii) we get 241 x? = 1+7 


a 1) 


2 2 
- 2 141 
=» (1+х- = = ТЕ. D at 


(2+0 _1 (t aja " эи EE Шы, 
Hence L.H.S. =” э" =}, pe 2| (а 1)" (п+1"'! | 


1 1 І if 1 1 
т а) ео 
п 
н. ба 20. 
n* –1 


0.2 If Хх) = L са, х> 0. Prove that [^ — —-e?[f(x -*a)—f(1- a)]. 


! TE 


Sol. RHS. -e*lf oce -tatale fy “ба "а 14 иас Ч | 


+ t 
ЭГ “2-8 Put t=at+y д  dt=dy 
1+а t 
e?*y а х e х е? 
ze? =е *-e* dy =| ——dy = 
Г. ! (а+у) dy 1 (а+у) 5 га+у 9 єт; aan” ERE) 
-L.H.S. 
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24 
0.3 Evaluate ad xsinpx? - z]|dx, [-] is the greatest integer function. 
So. Let 1= f? |xsin[x?-x]|dx 2f" sine? я] 4х [itis even function] 
eap |x sin[x? -n]|àx + == 7 харх? -x]| dx + [ din *" [xsinpc -n] 
ыг, | xsin[x? -x)| 4х+...... + Iss |xsinpe E л]| 4х 


(1-3 5-2 . Аа. Ул . 
=2 Г x sin 4 dx + ра» xsin3dx + | xsin2dx + | —_ xsinldx +0 
0 41-3 41-2 мл-1 


BH = ga are +9+ | — *2 x sin ах Жә + [ —__ x sin6dx 
хх 
FH... ИЕ. И —— *sin1(1)*...... 


* sin 11) + ...... + sin 6(x* — x— 6)! 
=2sin1+2sin2+3sin3 +(x—2)sin4+sin5+(n*—x—6) sin6 


[№ 028 
5 1+x? кок 4 


04 Show that =“ <| 
Sol Wehave 1 ини 1+х? 
and 1+х2+2ҳ5<1+х2+2х2= 1 + 3х2 [хз < x? оп [0, 1]] 
1 1 1 


Hence, ме have 5 < 5 <-—— 
1+3х2  1+х2+2х° 14x? 


dx dx > dx 
à <[————< : 
© Fre imm. Ee [by property (8)] 
1 1 
tan ! dx к 
: «ал x 51-54 2903 
мээн нг Їнэн 42x d I ас Эс Tre +2х° 4 
which is the desired result. 
le di 
5. Evaluate ” 
Q 4 sinx 


sinx sinx 
Sol. We have kaxa, —1<х<0 = 1, 0<sx<l> sinx] x e [- 1, 1isan odd function 


ҮТ 
Hence, by property (4), we have jix =0 
4 sinx 
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0.6 Evaluate: | | — [ах where [x] represents integral part of x. 


=0, 14х«42 =1, /2хх«43 =2, В <х<2. 


So. Wehave [х?-1]=-1, 0<х<1 


[2 — [ах -|1вх4| odx+ | гае f 1dx 
0 0 42 43 


о —— к 


Hence, we have 


= [x] +0+[x № +[х р МЕЕ, Р ИИВ И, ШИИ г = 1-42. 


Q.7  Eval | = 
А valuate : 
| 4х41-4Х:1 


Lea заа -4x-1, _ 1 +02 к-т | 
Sol Ме һауе о 13-17 "2] 32 3/2 |, 


- Meam ean] -ipta 


2/2 
Q.8 Evaluate the definite integral | In (tanx + cotx) dx 
0 


z/2 5 п/2 
sinx cosx 1 
tanx 4 cotx)dx = + —— |dx- in | ————— | dx 

Sol Та j= үн n( ) IL (225 ын | Кт 


x/2 
= nf | f In 2 dx - IL (sin2x)dx = 52- 22 


Let us put 2x = y and 2 dx = dy in the second integral on the RHS. Also, when x = 0, then y= 0 and 


1/2 л/2 
: 1 
when x = a then у = л. Hence, we have fin (sin2x)dx = 2 [т (sin y) dy 
0 0 


_1 
l2 Г In (sin y) dy [ In (sin y) 2/nsin x— y] 


NI 


ELE 
2 


Л Л 
Hence, we have [= 2 In 2428 2 =д2. 


Print to PDF without this message by purchasing novaPDF (http:/Awww.novapdf.com/) 


26 
1 
09 Find f(x) ifit satisfies the relation f{x)=e*+ | (x т уе*)г (y)dy, 
0 
1 1 
Sol.  Wehave Йх)=е+х [е (у) ду+ е" [у бу) dy 
0 0 
1 1 
ze 2 f (у) sje [to dy = ae“ + bx (say) 
0 0 


l ! 
where a, b are constants, givenby а=1+ Jy f(y) dy=1+ [у г +by Jay 
0 0 
l by? | 
-а+[ө-зе}+|® =1+а+т 
0 


21! 
у. by” 
and ь 00) = eer «yay чан а -ае1)+ 2 
0 0 0 


2 
| -3 
Solving, ме һауе b--2anda- 2(e-1) 
” " NL m 
ence, we һауе f(x)- 2(с--1) 
a -t 
0.10 Ifb= 1 ba] ot. then show that J == = be. 
a -t -а е? 
Sol.  Wehave I= J aa = етта [ршйпр1=-у] 
а- а- 
-а у+а -а u 
-a е -а B 5 
zc | T = © шаг [putting y+a=u] 
a a- 


Q.11 Evaluate the definite integral 5 


1 
l 2 -2-1 1 -d| x+— 
1-х dx 2 4 | 
Sol. Wehave I= | у x dr {| —— 
0 0 
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EET І гааг! 
- | [Puting x + x -1] = | Sf [Putting ?-2=u’] 
= [ a шаг. “1. - 5(-2)- 55 

5; ши?-2) 42 J42]5 42(2 4) 442 


nz л 1 
0.12 If |= ff (sin* x) ax and l, = [f (sin* x)ax. Find the value ofi. 
0 0 


Sol Wehave 
E: 
пт | z) 1/2 
[t(sia* x) dx [fin х) dx 2n | бил" х) 4х 
0 0 


п 

= —— =. Cl 0 1 inj 1 — = 

pec ) 45) = __—— [period of sin*x is 21 n. 
[f (sin x)dx “2 2 | f(sin* x) dx 

0 [Г (sin* х) ах 0 

0 


2 2 
0.13 Provethat | (ах) ах< f | nx | dx 
1/2 


1/2 


Sol Inthe interval E ;| ‚ | пх | isa fraction. hence, we have (ах) «| п x | 


2 2 
ie | (InxP dx« || mx |а. 
12 1/2 


_ п. sinksin(k +1/2) 


їл 
mi. 

.14 Show that = jd 

Q PAO ON Чэ 2 sin(1/ 2) 


kr 2х х/2 25/2 37/2 2kz/2 
Sol.  Wehave I= [sin = a = fsinodx 24 [зїп1ах + [зїп 2dx C -— [sink - D dx 
о гл 0 zi au 27/2 


[sin 1 + sin 2 +5іп 3 +..... + sin (2К—1)] 


sin LS ]+sin lu 2--sin 1 ini +....+51П T aak -1) 
2 2 2 2 


24 
sin — 


2 
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cos} -cos? РЕТ ick cox 2-3} ~coo{ 2x + 3 
2 2 2 2 2 2 


7 251 
2 


cos оо (24 
2 2) л sinksin(k +1/2) 


к 
i 2 | 2sin 2 sin(1/2) 
I 
0.15 Let = [x^ tan хах, Show that (n + II, + (n— 1)I = 2 
: n А п-2 2 п. 
1 7/4 5 
Sol  Wehave т = [= tan! x dx = [tan Ө)" sec^ 040 [Putting x tan 0] 
0 0 
G(tangy* |" а т/4 ож 3 
= n+l n+l СТТ : п+1 


" 2/4 _ “fano 1 sec? 040+—— Тао n-i do 
s 0 


n+l n 


с л/4 
л/4 | | (4210) БЭ 
------ || |—II 
n-l 1-1 п s n+l 


214 
л/4 l Ч l ) and 1.- [Otan0)" sec? 040 
0 


n+l ~ n(n4l) n+l 


@(tano)" T" * mA tang)! (tan0)""" 4g ын 1 ) 
=|——— = — | —— |1 
n-li ^ ^ п-1 ib] 1 


Eliminating 1 from equations (1) and (2), we have 


1 
(n* DL ,*(n- 1)1 = 2-2 which is the desired result. 
l/n 
Q.16 Evaluate : Lim [£227 
n-»x n 
n 2 24U/n 
| (n^ +r“) 
ж — 
Sol We have S рч П n? 
уў ә. ә $. sw 
: п +15 || n° +2 n' 4n | | 
= Lim 12 12 aor a Taking in both sides, we have 


Print to PDF without this message by purchasing novaPDF (http:/Awww.novapdf.com/) 


...... 


El 


£ 


+x? 


Q.17 Evaluate the definite integrals | sin x In(cos x) dx 
0 


Sol.  Wehave 


х/2 
I= [зїп x In(cosx)dx = [- cos x In(cosx) |"? + 
0 


. —In(cosx i tanx 
=: Lim a Р) ах я 
x—r/2 secx 


Lim cosx—1=-1. 
xz/2 


Q.18 Evaluate the following limits, using definite integral : 


Sol.  Wehave 
Lim EN + l "TM NM l 
m ЯРЬ 2—12 4-2" п?(п—1)? 


‚1 
= Lim— 
non 


= Gay Y c 
в-Э 170 in? -p г-1 1-— (г/п)? 


23 [Гб - Ка) 


gives 5-2 


29 


E = №2-2 x tan! x], 


25) 


е 


—sin x 
— dx 


л/2 
| COS X. 
0 COS X 


x2z/2secx tan x 


[Omitting one term will not affect the limit] 
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0.19 Provethe following results, using definite integral : 


NM". vn _ 2 
о" Жасы 


Sol.  Wehave 
= vn 2 
L — == 
Un у а(а-Ь) 
! dx -2"7 8 
- Гы Y [= [Puttinga—bvx =t] 
-27-12-4) 2 
ПЕ],  bia-b а/ a(a-b) 
0.20 Evaluate: Lim vo, vn, Ah, M, бы 
аэ=| AMn Ant Anta (0+8 
Sol.  Wehave 
ү: vn vn vn vn 
im + + +..... 
nsej №? +2 ny n+p 
= Lim $ Уп = Lim Уп 
nero ү(п+2г)) "Э® {(п+2г) 
sum, — am = | 
= Lim— — = Lim У 


non 2. (n + 2r? >“, her 
n 


№ ИРНЕ Г a -| 1-1-5 
$0 2x)? -1/2 2j, [+2] 43^ 
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(1) 


(2) 


APPLICATION OF DERIVATIVE 


TANGENT AND NORMAL 


dy 
Define: 1апф= = 


P 


Equation ofa tangent at P (x,, y,) 


Xil 


d 
(m ,if A exists. 


x 


ы fails to exist but still a tangent can be drawn e.g. case of vertical tangent. 


However in some cases 


Note that the point (x,, y,) must lie on the curve for the equation of tangent and normal. 


Important notes to remember: 


(a) 


(b) 


(3) 


а 
if — 


dx =0 => tangent is parallel to x-axis and converse. 


х,у 


d 
If tangent is parallel to ax + by +с = 0 E „. 


=0 => tangent is perpendicular (0 x-axis. 
MD 


If tangent with a finite slope is perpendicular to ax + by * c— 0 


4, C9- 
Хү.У) b | 


> dx 
Ifthe tangent at P (x,, y,) on the curve is equally inclined 
to the coordinate axes 
dy 
dx 


=> = + |, 


MD 


Print to PDF without this message by purchasing novaPDF (http:/Awww.novapdf.com/) 


(4) 


(5) 


(6) 


(7) 


If the tangent makes equal non zero intercept on 


ду, 
the coordinate axes then а] =—1 
‘ХУ 


d 
If tangent cuts off from the coordinate axes equal distance from the origin > E =+ 1. 


ОТ is called the initial ordinate of the tangent 
dy 
Y-y=—(X- 
yu X) 
put X=0 to get 


d 
Ү-ОТ-у-х z (Itisthe y intercept of a tangent at P) 


Concept: F(x)=f(x)-g(x) are such that f(x) is continuous at x = a and g(x) is differentiable at x =a with 
g(a)=0 then the product function f(x)-g(x) is diffenentiable at x =a. 


Illustration : 


Sol. 


Find the tangent and normal for х? + у? = 2 at (1, 1). 


2 2 = =] 
3 
х+у3=2 > |> rye or »-(£ 


At (1, 1) у'=-1 
Equation of tangent y - 1 = -1(x ~ 1) = 
Equation of normal у- 1 = 1(x-1) >» 


Illustration : 


Sol. 


Find tangent to x = a sit and у = a cos?t at t = 7/2. 


x-asiPt; y-acost 


dy -3а cos^t sint 
I = ——m —cot t 
dx — Зази cost 
A t = у int is (а, 0) 
t Saar = oint is (a, 
2° ах Р 


Equation of tangent => y=0 
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Illustration : 


A curve in the plane is defined by the parametric eqautions x = е! +2е' and y = e + e. 
An equation for the line tangent to the curve at the point t = In 2 is 
(A) 5x -6y =7 (В) 5х – Зу = (С) 10x – 7у = 8 (D) 3x – 2у = 3 


Sol. х= еї + 2е*,у = е! + е! 
At t=In2 х=4+1=5, p=4+2=6 
dy 2e"+e 8+2 10 


| | 10 
=== 7 7 equation of tangent is y -6 = > (x— 5) 


7y — 42 = 10x — 50 or 10х-7у=8 
Illustration : 


Equation of the normal to the curve x? = 4у which passes through (1, 2). 


Sol. х? = 4у 2х = 4у' 
Ел 2-3 
у=» Ф мт 
M 1 my 5 r x = x} 
ormal : у-у, = —(&-: ог у---=—&-: 
£ Yı X; 1 5 4 Х| ! 


It passes through (1, 2) 


-2 
~ normalis у-1- > x-2)-2-x 


х+у=3 
Шияганоп : 


Inx 
Curve C,:y=exlnx and C,:y = a intersect at point 'P' whose abscissa is less than 1. 


Find equation of normal to curve C, at point P. 


Inx 
Sol. For point of intesection ex Inx = „= Inx=0 or xX =] 
1 
= х=] or Rm but 0<х<1 


=> Point P is (2-1) 
е 
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ах 


1 
For curve C, =е(1 +тх) => Slope of tangent at point P is equal to (i + In 3 -0 
е 


1 
=> Equation of normal is х= е 


Illustration : 


2 
A line is drawn touching the curve y ~ —— = 0. Find the line if its slope/gradient is 2. 


3—X 
2 
SoL y- £ > у=——у or 9 
3-х (3-х) (3-x,) 

> (3-х 71 

ог 3-х,=1,-1 

ог ue .. equation of line can be 
э у,=2,-2 у-2-26-2) 


or у+2=2(х-4) 


SOME COMMON PARAMETRIC COORDINATES ON А CURVE: 


(а) for x?34y?3 2 3?? take parametric coordinate х=ас0$30 & у=а sin?0. 
(b) for Vx + Уу = Ма take x-acos'ü & у =а ѕіп*0. 


х! у" 
(с) a^ * p =1 taken х = a(sin0)?" & y= b(sin@)*". 
(d) for c? (x?+y?)=x?y? take х= сѕесӨ and у = c соѕесӨ. 


(e) fory?=x3, takex = t" and y - t. 
(х,у) 


Note: The tangent at P meeting the curve again at О. 


3 z z321 Ji 


Illustration : 

то 
ӨР, ‚ where 
тоо 


Tangent at point P on the curve y? = хў meets the curve again at point О. Find 
O is origin. 

Sol Take P (t?, P) and О(Т, ТЗ) 

dy Зх? (2) 3 


ainin ÇED — =—f 
or . 
7 dx) 2 
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Par Fran 
Slope line joining P and О is = 13-57 var 
га, R T+ 4n 
2 T «t 


Illustration : 


or HT +3 = 27? +20 +21 > г-— 5 URL 3 


тоо 


The equation(s) of the straight lines which is (are) tangents at one point and normal at another 


point of the curve x = ЗГ, y = 2P is(are) 
(4) }Зх+у= 242 


Sol. Parametric equation of the given curve is x = ЗГ, y = 20 
eg 
dt 
dy 2 
— = 61* 
апа di 
dy 
dy dt. 
dv ах 
dt 


Let A = (31, 213), В = (31,2, 2153) 


(В) 4Зх-у-242 (С) 42х-у- 


242 (D) У2х+у 2 24/2 


Let line AB be a tangent to curve (1) at A and normal to the curve at B, then 


3 - 


> 
4 


ын 
Also slope of AB = REE) = 


Since AB is tangent to the curve at A, 


Ё +13 -1 


tj +t, 


E > 2-20-2-230-3 


31 +1, 
? › y 4 
э o g-nNj-1-0- 17- 5-1 =0 
i 
=> k-k-2=0 
k=2,-1, where k-tj 
=> 12=25 2342 
pami 
dE 
1 | 
Hence, t, = 42,4 =- ту; =- 02,6 = 


A=(6,4V2) ог А = (6,442). 
Equation of AB i.e., equation of tangent at A is 
y-442 = 42(x-6) іе. 42х-у-242-0 


or у+4/2 =- /2(х-6) іе. 42х-у-2 2-0. 


[559—129 
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Practice Problem 


Q.1 


Q.2 


Q.3 


0.4 
0.5 


0.1 
9.4 


х-2 if x «1 
Find the equation of tangent and normal to the curve f (x) -| x?-x-] if x>] atX=! ifitexists. 


Find the points on the curve у= x? х2 - x +3, where the tangent is parallel to x-axis. 


х | 

Show that the line A + с = 1 is tangent to the curve, у= бех at the point where the curve crosses the 
axis of y. 

For the curve у = 4x? – 2х5, find all points at which the tangent passes through the origin. 


The tangent at any point on the curve x = a cos?6, у =a sin?0 meets the axes in P and О. Prove that the 
locus of the mid point of PQ is a circle. 


Answer key 


1.5 
T: х-у-2=0; х+у=0 2 (12)ам|--,3-- 
х--у х+у Q (1, 2) ап | 3 5.) 


(0, 0) and (- 1, –2) 


ANGLE OF INTERSECTION OF TWO CURVES : 


Definition : 


Theangle of intersection of two curves at a point P is defined as 
theangle between the two tangents to the curve at their point of 


- 5 Р 
intersection. 
If the curves are orthogonal then 
9 

731623 

bara 5 ——I-. " , , р 1 Q 
| ds 4» 1 everywhere whereever they intersect. 

уз=шх) h 
ССС 

If dx Jp \ dx Lec but | ах о 4х ” 25. 


then the two curves are orthogonal at Р but not at О hence they are not orthogonal. 
eg. y=4ax &у=е 59 ;ху=а? & x?-y?=b? andy=ax & x?+y?=c? are orthogonal 


but y? = 4ах and x? = 4by are not orthogonal. 


Note : If the curves touch at P(x,, y,) then Ө=0 hence f'(x,)=g'(x,) 
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Illustration : 
Find the acute angle between the curve y = sinx & y = соѕ x. 


501. y=sinx & у = с05х 


| 
i~ 
27 


: 3 id л 
Intersection pointis x= F ‚у 


' 1 Р an д — l 
a Л | Amp Е wae 
1 4 1 
tang =| 12 2|. 245 


Illustration : 
If 0 is the angle between y = x? and бу = 7 — x? at (a, a). Find Ө. 
50, y=x? and 6y=7-x Point (a, а) is (1, 1) 


—х 
г =? i= 
y';72x and у’, 2 
y^ х у', zo 

л 
= 


Illustration : 


Find the condition for the two concentric ellipses ах? + by? = 1 and ау? + by! = 
to intersect orthogonally. 


Sol а P x +b y! =] Let curves intersect at (ху, Yg) then 
: " " gla a. 
$ » + > 28 = à 7 LL ——- 
For І“ curve 2ax + 26 уу'=0, biya 
Similarly for 2"4 22.29 
imilarly for 2" curve у= ү 
ly fe У b, уу 
; ; a, 48 x 
For orthogonal intersection — |“ = 
b, b, уд 
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аа b, -b 
>. (=) =-] [From relation (1) ] 


Illustration : 


Match the following : 
Column-l 


(А)  Ifthe parabola у? = 4ax, а > 0 cuts the hyperbola 
xy = 42 at right angles, then a = 


(B) Ifthe curves ay + х? = 7, a > 0 and x? = y cut 
orthogonally at (1, 1), then a — 


(C) Ifthe curves у? = 4x and ху = a, а > 0 сш orthogonally, 


then a = 


(D) | Curves 2x = у? and 2xy = a, а > 0 cut each other at 
right angles, then a — 


Column-l I 
(P) 442 
(Q 22 
1 
(К) 5 
(S) 6 


[Ans. (А) В, (B) S, (C) P. (D) О] 


Sol. 
(A) Given curves are, y? =4ах ates (1) 
and ху= 42 02) 
Вон Deia 2225 3 
rom (1), TI а 5 Ж » = (3) 
ТИ. eu Ёё 7 
rom (2), у x = dc хоо 777 ) 
2 1 
Putting the value of y from (2) in (1), we get р = 4ах => x= Sa 


For curves (1) and (2) to cut at right angles, (2) (>) = –] 
y J\x 
1 
= 2а=х 8a? = x3 “Эд [From (5)] 


I 
> 16 -1 > а= 5 [та> 0] 
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(В) Given curves are ау + х? =7 — (1) 


and у c AE m (2) 
dy — 2х 

From (1), Fx - < (3) 
йу 4; 

From (2), d НЫ || 5: (4) 


For curves (1) and (2) to сш each other orthogonally at (1, 1), 


2 
(-2). --] > a-é 
a 


(C) Given curves are, y! =4x (1) 
and хуза d | D |  ... (2) 
dv 
From (1), уж = 4 
dy 2 
м 9 
S n М. 
From (2, l-y+x di -0 2 Pa ME (4) 
Putting the value of у from (2) in (1), we get 
а? x 
zad > 40848 | н со. (5) 
AX 
CD Mm NM Mm. Кн" Ж _ 
rom (2), у= жээ [= from (2), y - 1] 
2M 9 E 
ee doas n mile imm 6, 
[2 any curve (1) dx forcurve(2) у х? x (6) 
For curves (1) and (2) to cut each other orthogonally, 
-2 
rm -] > x=2. [From (6)] 
From (5), a = 442 [а> 1) 
(D) Given curves are, y =2х 00000000 шөнөө (1) 
d ху= 5 2 
ап у= шешз (2) 
Е 1 Ж. E 3 
rom (1), ky MM өөө. (3) 
Жык зз ga. SE 7 
rom (2), y +x de Эс то о “зз ) 
а), (8) E 
dx for curve (1) dx Beni x их (5) 
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Putting the value о} y from (2) т (1), we get 
» 


—P—— — E (6) 
4x* 


For the two curves to cut each other at ight angles, 
=] зэхэх) 
From (6), а? - 8 => а= 242. 


Illustration : 


Find the angle of intersection of curves y = [ |sin x | + | cos x | | and x? + у? = 5, where [ ] 
denotes the greatest integer function. 


Sol | Given curves are y = [| sin x | + |cosx]|]  ...... (1) 
and »yt-y-5 |  .. (2) 


Let  |sinx| 7t then|cosx| = J1—;? ан40 st I. 
Now |sinx|+|cosx|=t+ 41-12 


Let 21:14 41-82 .05151 


й 1-2 i-r 


dz 5 
Since 41-17 > 0, therefore sign scheme for Ж will be same as that of N1-t^ -t. 


? > 1 
Now \1-Г-=0 > 1-Ё= > 1=— se 
ow x T [ 7 
Sign scheme for E 1-0 -) is a о 
Greatest value of 2 = 4f? putt =0 
and least value of z = 1 z=} z=v2 гэ! 
IsasJo (2 [2] =1 
curve (1) becomesy=5} 2. (3) 
Putting у = I in (2), we get х? = 4 
: х==2 


Hence points of intersection of curves (1) and (2) are P(— 2, 1) and Q(2, 1) 


dy x 2, at Р(—2,1) 
? — == 77 == 
Егот (2), dx y e: at Q( 2,1) 
Clearly line (3) is parallel to x-axis. Its slope m, = 0 
At P(- 2, 1), m, = 0 and m, = 2. 


m; — т> 


Acute angle between the two curves at P = tan = tan !2. 


I +m yn ? 
Similarly acute anole between the two curves At Ol- 2. 0) is tan 2. 
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Practice Problem 


Q.1 Епа the angle between the curve 2y7=x* and y?=32x 


Q.2 Show thatthe curves х? – Зху? =a and 3x*y—y*=b cut each other orthogonally, where a and b are 
constants. 


Q.3 — Еш the acute angles between the curves y =| x?— 1 | and y = |x? — 3] at their points of intersection. 


? Э 


О04 Curves == + = =] and у”-16х cuteach other at right angle then find the value of a. 
Answer key 
01 @= tan" 3 Q3 Ө=1ат! 8 Q4 a= > 
. 2 . « 7 . 3 


LENGTH OF TANGENT, NORMAL, SUBTANGENT AND SUBNORMAL: 


(i) Tangent: 


PT = MP cosec y = у14-сог y = чау | 


(ii) ^ Subtangent: TM = MP cot y= у | 
(dy dx) 


| | 2 
2 | а 
(ш) Normal: СР = МР sec y = y yl tan^ y -Рүч( S) 


d 
(iv) Subnormal: MG =MP tany - (2 | 
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Illustration : 
Show that for the curve Бу? = (x + a)? the square of the subtangent varies as the subnormal. 


Sol. by = (х + а} or 2byy' = 3(x + ар 


У y _ 2Ьу° _ 2(х+а) 
= y 3(x*ay у= (х+аў) 3 
3(x*ay 2 
SN ВИ. Шш З(х+ај _ eT sy 


2by 2b 


Illustration : 


Show that at any point on the hyperbola xy = с? , the subtangent varies as the abscissa and the 
subnormal varies as the cube of the ordinate of the point of contact. 


50. xy-c > ху'+у=0 огу'= E 
у yt — . esa 
ST = ==, SN = уу' = J — y y=- y 
) х с c 


APPROXIMATION AND DIFFERENTIALS : 


For the figure it is clear that if Ax and Ay are 


sufficiently small quantities then 

LM m 

32 tan y= rs f'(x) 
Hence approximate change in the value of y, called its 
differential is given by 

Ay = f" (x); Ах гы) 


Illustration : 


Use differential to approximate 4101. 


І 
Sol Le Лх) = 4x 0 fü00-10 ЈО) = әт 


= 0.05 => f(I01) = I0 + 0.05 = 10.05 
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INTERPRETATION ОЕ M AS A RATE MEASURE : 


ds 
Recall that by the derivative a уе mean the rate of change of distance s with respect to the time t. In 
a similar fashion, whenever one quantity y varies with another quantity x, satisfying some rule у = f (x), 


d 
then E (or f '(x)) represents the rate of change of y with respect to x and (2) (or Ё(х,)) 
х X=Xg 


represents the rate of change of y with respect to x at x = x,. 


Illustration : 


1 : 
Displacement s' of a particle at time t is expressed as s — * P — 61, find the acceleration at the 


time when the velocity vanishes (i.e., velocity tends to zero). 


1 
Sol. s= 7-6 


ds [3C 
Thus velocity, v = — =| —-6 
us velocity, vo, | 2 | 
. dv 4 2$ _ 
and acceleration, а = ж at 3t 


velocity vanishes when TE 6=0 


> r=4 => 1=2 
Thus, the acceleration when the velocity vanishes, is a = 3t = 6 units. 


Illustration : 


On the curve x? = 12y, find the interval of values of x for which the abscissa changes at a faster 
rate than the ordinate? 


Sol Given х? = 12у, differentiating w.r.t. y 


› dx 
3x —=12 
йу 
ау _ х? 
ах 4 
Now abscissa changes at а faster rate than the ordinate, then we must have mm «1 
= || < 4, х=0 
= —2<x<2, х#0 


> xe2,2)-{0} 


Print to PDF without this message by purchasing novaPDF (http:/Awww.novapdf.com/) 


14 


Illustration : 


If water is poured into an inverted hollow cone whose semi-vertical angle is 30°, such that its 
depth (measured along axis) increases at the rate of 1 cm per sec, find the rate at which the 
volume of water increases when the depth is 24 cm. 


Sol Let A be the vertex and AO the axis of the cone. 
Let O'A = h be the depth of water in the cone. 


In AAO'C, tan 30° = EE 

— 
=> ОС = NE 

1 : 
V = volumeof water in the cone = 3 z(O'C) x AO’ 
= 4 л h x h 
2: 1.2 

- Ж. hk? — dV = x д? аһ (i 
= 9 йз dt - у 
But given that depth of water increases at the rate of 1 cm/sec 

dh " 
> AU 1 cm/s (11) 
ЧИ _ д? 
Е ) and (ii), dV _ 
rom (i) and (ii) di 3 

When h — 24cm, the rate of increase of volume T = из = 192 cm/s 


Illustration : 


A man 1.6 m high walks at the rate of 30 metre per minute away from a lamp which is 4m above 
ground. How fast does the man's shadow lengthen? 


Sol Let PO = 4m be the height of pole and АВ = 1.6 m be the height of the man. 
Let the end of a shadow is R and it is at a distance of l from A when the man is at a distance x from 
PQ at some instant. 


Si. APOR and AABR imil a ate 
ince, АРОК an are similar, = 
4 _xtl 
= WS d 
=> 2x= 3l 
> 2 ,di СЕА a =R 
dt dt dt 
di 2 | | 
= — =—.30 m/min = 20 m/min. 
dt 3 
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Illustration : 


A horse runs along a circle with a speed of 20 km/hr. A lantern is at the centre of the circle. A fence 
is along the tangent to the circle at the point at which the horse starts. The speed with which the 
shadow of the horse moves along the fence at the moment when it covers 1/8 of the circle in 
km/hr is 


(A) 20 (B) 40 (C) 30 (D) 60 
Sol. tan 0 = = => x-rtan Ө 
H is position of horse and S is its shadow on fence | $ 
dx 40 x 
=> —=rsec’ Ө (2) = го ес? Ө = у ѕес?Ө K US 
dt dt 
Л putt 228 (5-2 = 40 Кт 
where 9 ==, “ул уѕес (|= 2v= m/hr, 
Practice Problem 

Q.1 A particle moves along the curve 6 y =x? + 2. Find the points on the curve at which the y coordinate is 
changing 8 times as fast as the x coordinate. 

0.2 Anopen Can of oil is accidently dropped into a lake; assume the oil spreads over the surface as а 
circular disc of uniform thickness whose radius increases steadily at the rate of 10 cm/sec. At the moment 
when the radius is 1 meter, the thickness of the oil slick is decreasing at the rate of 4 mm/sec, how fast is 
it decreasing when the radius is 2 meters. 

0.3 Acircular ink blot grows at the rate of 2 cm? per second. Find the rate at which the radius is increasing 
after 2 Ж seconds. Use x — 2z i 

11 7 
0.4  Ifinatriangle ABC, the side 'c' and the angle 'C' remain constant, while the remaining elements аге 
changed slightly, show that 12. db _ =0. 
cosA соѕ В 
0.5 Using differentials, find the approximate value of {/0.037 , correct upto thre decimal places. 
Answer key 
Ол (4,11) & (-4,-31/3) 0.2 0.05 спуѕес 
1 
0.3 4 cm/sec. 0.5 0.1924 
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Solved Examples 
0.1  Usingdifferentials, find the approximate value of (82)'" upto 3 places of decimal. 


Sol Let Кх)=х!9 
1 
4x3 4 
Also, f(x + 5x) = (х + ӧх)!* 
Now, Ңх + ӧх) = f(x) + ôx f'(x) (approximately) 


1 -3 
Г(х)- 19 = 


X: 1/4 — «414 + ‚—— 
5 (x + 6x) X ӧх "E 


We have to find (82)'^ and we know the value of (81)'* which is equal to 3 
Putting x = 81, x + ӧх = 82 so that dx = 1 in (4), we get 


нэ нийн ИНЕС ЧЕ n 
48175 лт ^ 108 ^" ^ 


(82)! = (81) & 1 - 
Q.2  Thecurve y ^ ax? + bx? cx + 5 touches the x-axis at P(—2, 0) and cuts the y axis at a point О where 
its slope is 3. Find a, b and c. 
Sol Since the curve y= ax? + bx? + cx + 5 touches x-axis at P(— 2, 0) then x-axis is the tangent at (— 2, 0). 
The curve meets y-axis in (0, 5). We have 
given where isy=ax?+bx?+ex+5 — — 2анн (1) 


d 
(2) =3>0+0+c=3 
dX / (0.5) 


== (2) 
Since x-axis touches the curve at P(- 2, 0) 


= 
dx/ac20 _ 


=» 12a- 4b* c- 0 
= 124-45-3-0 [Егот (2)] | |. (3) 
Also (- 2, 0) lies on curve (1) 
КА = - 8a + 46 2с +5 >0=-8а+46-1 [*с=3] 
= 8-45-1-0 2. (4) 
1 3 
From (3) and (4) we geta- - ?;,b-- т. 
H = E in = =3 
encea=— > b= | ancc - 3. 
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2 


0.3 Show that angle between the tangents to the ellise ын - т = 1,а> Бапа the circle x? + y7=abata 


a 
point of intersection is tan“! 2= b 
Vab 
| ху 
Sol Givencurves are —> + m | м (1) 
z 2 
add хуар > (2) 
Putting the value of y? from (2) in (1), we get 
x? ab-x? 
—- T > zz] 
а? b^ 


о, Ь?х?+а%%—а?х^=а?Ь? 
or (b? a2) = aà?b? — à?b = аЬ ( b – a) 
on (Б+а)х2 =а? 


RAE 


From (2), y? - ab - x? = ab - —— = —— 


+b - 
Y "P ГҮҮ! 
This points of intersection of curves = 1)апа (2) are 


Ен Ч 25) 825 “ть” ъа). 
dee hee) [үркүт 


Angle between the two curves at P £ E. b Lx. | : 
a 


+b’ \а+Ь 
y bx dy) Ба. jb 
EDAM S! dix Tg 5 Ча --(2) =m, (say) 
8.3 Л LI Hip. AV S. 
From (2), ix y> ER bla ^ Vb 265) 
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0.4 


$01. 


0.5 


£ 
| 
= 


Ө=їат! 


e 
& 
с 


a-b 
Acute angle between the two curves at Q, R, S will be each tan"! Jb. à 


Tangent at a point P, (other than (0, 0) on the curve y = x? meets the curve again at P,. The tangent at 
Р, meets the curve again at P, and so on. Show that the abscissae of P,, Pa, ......, P, form a С.Р. Also 


find the ratio S92 (APiP2Ps) 
area (АР,Р,Р,) 
Given curveisy=x?} — 2) (1) 
d 
са ш3Х2 ^ Ln (2) 


Let P, (t; t?) bea point on curve y = x? 


ts) Tu 


Equation oftangentatP,isy-t?-3t?(x-t) с... (3) 
Putting the value of y from (1) in (2), we get 
=>  x-t(?-23tQ'(x-t) 
=» (x —1,)(Х?+х,+1,2)—34,2(х—1,) = 0 
=> (x-t (x +2t,)=0 
If P, (6, t5), then (t, —t, (t, + 2t) - 0 
: t, =—2t,(t, * tj) 
Similarly, the tangent at P, will meet the curve at the point P,(t,, 1,2), where t, =— 21, = 4t, and so on. 
Thus the abscissae of P}, Pa, ....., P, are 
ty 2t, 4t,, ....... ‚ C2) 7!t,, which are in GP. 


b, 7t, т, t, = tjr and „= 


117 : lit; re 1 
Now, arca of AP P,P, = 7|t; 5 1) and AP P,P= 2) ? „7 
2 2 ts à 1 = rt, г ti 1 


=%(Агеа of (AP P,P,)) 
Area of (ABP,P,) 1_ 1 1 


Area of (АР,Р,Р,) ^ г* (-2)* ^ 16° 


If the sum of the squares of the intercepts on the axes cut off by tangent to the curve х! + у! = 3!5, 


aa 
a>Oat (2.2) is 2, thena= 


(А)1 (В)2 (С) 4 (D)8 
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Given, х! + у! = al’, a>0 


1-23 -3dy _ 


1 
3 3 4х и 
23 
dy __ B 
dx X 
aaj dy 
Р-,-|---- 
= Е jl dx | 
Equation of tangent at P is 
а _ а зы 
js к= ог, ЕР 
; a a 
It intercepts on the axes are —, —. 
44 
a? а? 
Given, 167 16 27 $7 162274. ("а> 0) 
Tangents are drawn from the origin to іћесигмеу = sin x, then their point of contact lie on the curve 
к end 1 ENT 2 2 2 2 
(A) yx (B) = E (C)x?-y?=1 (Р) х? + у? = | 
Givencurveisy=SINX s (1) 


Let the tangent to curve (1) at P (а, D) pass through (0, 0). 
Equation of tangent at (о, В) is 

y-p-»cosa(x-a) . | | . (2) 
Since (2) passes through (0, 0) 


- =-acosaorcosa= Ё — (3) 
Also, (a, B) lies on (1) 

sina = p 
From (3) and (4), 1 = oa +B неее (4) 

2 2 

2 2 202 «-p =] І l 

- — В- = оВ- ЗА“ p. A m 
or, at- В- = of or, op? or, В? а? 


: 1 1 
(a, В) lies on curve —-—;=1. 
y^ X 


The equation of the tangent(s) to the curve y = cos (x + y), - 21 < x < 2z that is (are) parallel to the line 
x + 2y = is (are) 

(А) 2x + 4у + 31-0 (В) 2х + 4у-л= 0 

(С) х + 2у + л = 0 (0) 2x +y+3x=0 

The given curve is y=cos (x + y) 


d : 4 
X = sin (x+y) 1.9%) .... (1) 
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dy _ sin(x + y) 


ог, dx lesinfx+y) | 77 (2) 

The given line isx+2y=0 8 2. (3) 
1 

Its slope =— 2 


Since tangent is parallel to given line 

dy 1 

a" slope ofthe tangent = — 5. 
sin(x + у) 1 

1+5іп(х+у) — 2 

ог, 2sin (x +y)= 1 + sin (х t y) 


From (2) and (3), — 


or, sin(x+y)=1 = соѕ (х+у)=0 ....... (4) 
From (1) and (4) 
. y=0 
From (1), cos (x + 0) = 0 or cos x = 0 = cos > 
л 
х=2пл+ 2: Where n= 0, + LEA eor 
Values of x such that — 2x € x < 2x are 
3 3 
t > + x of which only 2 апа -> satisfy equation (4) 


п 3x 
Hence possible points are, B o and (- 3" o) 


л 1 л 
Equation of tangent at (z,o) isy- 0= 75 5-2) ог2х + 4у-л=0 
| Зл | 1 3л 
Equation of tangent at B s By-09-7 SUA or2x + 4y - 3r = 0. 


Q.8 The coordinates of the feet of the normals drawn from the point (14, 7) to the curve y? - 16x - 8y=0 


are 

(А) (0, 0) (В) (3, 2) (С) (3, - 4) (0) (8, 16) 
Sol. Given curve is у? -— 16х-8у=0 8 2 (1) 

Let P=(14, 7) 


Equation (1) can be written as у? — 8у = 16x 

on y*—8y+16=16x+16 

о, (у-4)2=16(х+1) 0 ... (2) 
This is of the form (у — p = 4a (х— о), where a =4,a = – 1, В = 4 
Let (— 1+ 4€, 4 + 8t) be any point on curve (2). 


d 
From 920-97 »16 
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dy 8 
dx y-4 

дж лана ant 
ge- » ах 8t t 


Equation of om. at(- 1 7 4,4 +81) is 
y-4-8t- - (х * 1 - 40) 
ог, х+у-4-8+1-46=0 шан - (3) 
If line (3) passes through the point P(14, 7), then 
14t- 7-40 - 7t - 4-0 
ог, 40-7:-3-0 
ог, (t+ 1) (42 —4t-3)=0 
20358 4,3 1 
шил чийглэж 
when t=— 1, foot of the поппа!15(3,-4) 


3 
whent= 27 foot of the normal is (8, 16) 


1 
when = — PE foot of the normal is (0, 0). 


Find the equations of tangents to the curve x? + у2 - 2x - 4у + | = 0 which are parallel to the x-axis. 
Equation of the curve is х2 * y? -2x- 4y - 1 =0 
dy 4dy 


d 
2х+2у -2- > =0 > Qy-4 d =2-2х 


dy _ 2-2х _1-х 
dx 2y-4 y- y-2 
Since tangents are parallel to the x-axis, slope of each of the tangents = 0. 


1-х 
=0 => 1-х=0 > х=1 
y-2 
At x=], 1?+y*-2(1)-4y+1=0 
> ?-4y-0 = yy-4)=0 => у=0 or y=4 


the points are (1, 0) and (1,4) 

the equation of tangent through (1, 0) and parallel to the x-axis is y=0 
and the equation of tangent through (1, 4) and parallel to the x-axis is y=4 

the equations of tangents are у= 0 and y=4. 


Find the equation of tangent to the curve vx + Vy = Ja at (хо, Yo) and show that the sum of its 
intercepts on axes is constant. 


The equation ofthe curve is үх + Jy = Ja 


|, 1 dy dy үу 
=0 > —=—- 
2/х 2/уфх dx vx 
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Q.11 


Sol. 


d 
At (Xp, Yo)> = 


slope of the tangent =— Ууо 
MM 7 
equation of the tangent is y — y, = m(x ~ Xg) 


Уул 


> Y-Ye7 ХӘ) > ухо ^ Уо\хо 7 Xd Yo +XoV¥o 


= крону reed 
> х Уо * Y Xo = \/Хоуо (хо + уо) асаа (i) 


Since (Xp, Yo) is on the curve, 


Бє аы Gi 


Putting this value in (i), we get the equation of tangent as 
X yo * Y xo = V xoyo Уа = үахоуо 
у=0 => x= [ах => x-intercept= ахо 
х=0 =» у= Jayo => y-intercept= Jayo 
sum of intercepts = Jaxo + Jayo =Va (хо хү уо) 


Va a [from (1) 
=а = constant. 


Find the point on the parabola у-(х-3), where the tangent is parallel to the line joining (3, 0) and 
(4, 1). 

Givencurveis y=(x—3/ .440) 

Let A=(3,0) and B=(4, 1) 


Slope of AB= a" 1 .. (ii) 
Е = Чу. 2(х-3 Р 
гот (1), 4 (х-3) .. (ii) 
Since tangent is parallel to line AB 
d 
dy | 
dx 


From (ii) and (iii), we have 2(х-3)=1 => x= 


(iv) 


|= 


Е . һ m (I3) 4 
rom (i), when х= 732 28 2 4 


TA 
Hence the required point is e , Ч 
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МОМОТОМТСТТУ 


GENERAL INTRODUCTION : 


The most useful element taken into consideration amongst the total post mortuam activities of functions, 
is their monotonic behaviour. 


(a) Monotonic function : 
Functions are said to be monotonic if they are either increasing or decreasing in their entire domain 
eg. /(х)= e* i f(x) = ах & f(x) = 2х + 3 are some of the examples of functions which are increasing 
whereas f(x) = — х? ; f(x) = ех and f(x) = cot! (x) are some of the examples of the functions which 


are decreasing. 


Increasing function 


f(x) = ех fx) = Inx 


Их, <x, and f(x,) < fx) then function is called increasing function or strictly increasing function. 
Decreasing function 


f(x) =e™* 
И x,<x, 
but Их, )> f(x.) in entire domain then fucntion is called 
decreasing function or strictly decreasing function. 


(b) Non Monotonic : 


Functions which are increasing as well as decreasing in their domain are said to be non monotonic 

Е ЭЭ” л ; 
e.g. f (X) "sin x ;/(x) = ах? + bx + c and f(x) = | x |, however in the interval |o z| ‚ f(x) = ѕіпх will 
be said to be increasing. 


y f (x) = |x| 


g(x) = sin x 
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Monotonocity of а functon at а point : 


A function is said to be monotonically increasing x = aif f(x) 
satisfies 
f(a+h)> te] 


for a small 
Positive h. 


f(a-h)< f(a) 


A function is said to be monotonically decreasing at x =a if f(x) 
satisfies 


f(a+h)< f(a) 
f(a—h) > f(a) 


for a small 
Positive h. 


Note : It should be noted that we can talk of monotonocity of f(x) at x=a only if x =a lies in the domain of f(x), 
without any consideration of continuity or differentiability of f(x) at x ^a. 


О - О х=а А О х=а 5 
increasing at decreasing at increasing at increasing at 
х=а х=а х=а х=а 
(а) (b) (с) (4) 


Illustration : 


For each of the following graph, comment whether f(x) is increasing or decreasing or neither 
incresing or decreasing at x = a. 


v^ 
N 
4 


—— M — —9 a E 
х=а х=а х=а х=а 
(А) (В) (С) (D) 


Sol. (А) Neither monotonically increasing nor decreasing as Ка — h) < f(a) and f(a + h) < Да) 
(B) | Monotonically decreasing as f(a — А) < Ка) > Да + h) 
(C) | Monotonically increasing as Ка — h) < Да) < Ка Л) 
(D) | Neither monotonically increasing nor decreasing as Ка — h) < Ка) but Ка + h) = Да} 
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MONOTONICITY IN AN INTERVAL : 


(a) Foran increasing function in some interval, 
Ё Ах >0 <> Ау>0 or Ах < 0 <> Лу<0 


Y 
then f is said to be monotonic (strictl y) increasing in that interval. In КА, 
d 
other words if Ay and Ax have the same sign i.e. = > 0, for increasing (2 
О 


4 
function. Hence if = > 0 м some (interval) then y is said to be increasing 


function in that interval and conversely if f(x) is increasing in some 


d 
interval then re > 0 in that J. 


dy 
(b) Similarly if x У < 0 insome interval then y is decreasing in that J and conversely. IN 


d 
Note : Hence to find the intervals of monotonocity for a function у = /(х) one has to find s and solve the 


d 
inequality, 2 Eos Oor е < 0. The solution of this inequality gives the interval of monotonocity. 


It should however be noted that 


d 
(a) Е: at some point may be equal to zero but f(x) may still be increasing 
at x — a. Consider f (x) = x? which is increasing at x = 0 although 


f" (x)=0. This is because /(0 + h) > f (0) and f(0 —h) < f (0). At all 


d — . . 
such points where У =0 but у is still increasing or decreasing аге 


dx 
known as point of inflection, which indicate the change of concavity 
of the curve. 
Increasing 
(b) Iff is increasing for x >aand f isalso increasing for x <a then — 
J 15 also increasing as x =a provided f(x) is continuous at x = a. Increasing | 


(c) If f (x) is discontinuous at x = a then опе can draw the graph as shown 
x =a is the point of maxima 
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(4) Similarly if f is decreasing for x > a and 1ѕ also decreasing for x <a then 
f 15 also decreasing for x = a provided f(x) is continuous at x =a. 


(e) However if f(a) is not defined then monotonocity will not be indicated at x ^ a 


1 Increasing Increasing 
eg. f(x)= x is decreasing for x € (— 20, 1) U (1, о). мын 


However if f is increasing and decreasing as shown then at 
x=] and x = 2, fwill have extremum values, 
being maximum at x = | and minimum at x = 2. 


Increasing and decreasing functions : 


(i) A function f(x) is said to be monotonically increasing for all such interval (a, b) where f (x) > 0 and 
equality may hold only for discrete values of x, i.e., f'(x) does not identically become zero for x є (a, b) 
or any sub-interval. 

(ii) f(x) is said to be monotonically decreasing for all such interval (a, b) where f (x) < 0 and equility may 
hold only for discrete values of x. 


Note : By discrete points, we mean those points where f'(x) = 0 does not form any interval. 


Illustration : 


Prove that f(x) = x? in an increasing function. 


Sol Clearly f (x) = Зх? > 0 in (20, æ) and equility holds 
only at x = 0 and not in any interval, therefore 
Дх) = х is an increasing fucnton in (—20, оо ). 


Illustration : 


Prove that f(x) = x — sin x is an increasing function. 


501. fix) =x-sinx 

=> f'x)2l-cosx 

Now, f '(x) > 0 everywhere except at 
x = 0, =2л, +4л etc. but all these 
points are discrete and do not form 
an interval hence we can conclude 
that f(x) is monotoically increasing 
for x Е К. 

In fact, we can also see it graphically. 
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М оп decreasing function : 


f(x) is said to be non-decreasing in domain if for every 


Xp X, € D,, x, >х, => f(x,) > f(x,). It means that the 
value of f(x) would never decrease with an increase in РЕЛ 
the value of x (Figure). 


Non Increasing function : 


f(x) is said to be non-increasing in domain if for every y 
Xp X, € Dj, x, » x, ху) < f(x,). It means that the 

value of f(x) would never increase with an increase in 

the value of x (Figure). 


Let us consider another function whose graph is shown 
for x Е (a, b). 


Here also f'(x) 2 0 forall x € (a, b) but note that in this 
case equality of f'(x) = 0 holds for all x € (c, d) and 
(e, b). Here f'(x) becomes identically zero and hence 

the given function cannot be assumed to be 
monotonically increasing for x e (a, b). 


(i) Ifa function is monotonic at x =a it can not have extremum point at x =a and vice versa i.e. a point on 
the curve can not simultaneously be an extremum as well as monotonic point. 

(ii) If f is increasing then nothing definite can be said about the function f'(x) w.r.t. its increasing or decreasing 
behaviour. 


Illustration : 


Find intervals of monotonicity of f (x) = 


Inx 
In x- 1 
Sol. (х) = —— 
7 0) (in x) 
-------- +++++ 
sign of f(x) о 1 e 


strictly increasing in (е, oo) and strictly decreasing in (0, 1) U (1, e) 


Print to PDF without this message by purchasing novaPDF (http:/Awww.novapdf.com/) 


34 


Illustration : 
If the function f (x) = (a + 2)? — Зах? + 9ax — 1 is always decreasing V x Е К, find ‘a’. 


Sol (х) = З(а + 2) х? – бах +9а 0 V x eR 
=> 3(a-2)«0 & 3ба?-4-3(а+2)-9а<0 


=> а<-2 & а? ~ За(а + 2) <0 
=> а<-2 ...(1) & а?+3а>0 => ae(-o -3] o [0, со)... (2) 
from (1) and (2) 

а<-3 Ans. 


Illustration : 


Find intervals of monotonicity of following functions : 


" 2x 
(а) Й) = х? – 8 + 228 - 24x +7 (b №) = "TE 
" |х-1| 

(© fx) = In (к – 2x) 4) = 
Sol. 
(a) We have 

Лх) = x4 - 8х + 22° - 24x +7, x eR 
and  f'(x) = 4x3 — 24x? + 44x — 24 = 4(x — 1) (х— 2) (x 3) 
From the sign scheme for f '(x), we can see that f(x) — n юм. = 


From the sign scheme for f'(x), we can see that f(x) See 
strictly decreases in (-ос, 1) 


strictly increases in (1, 2) 

strictly decreases in (2, 3) ЭРЭ”, 

strictly increases in (3, œ). Эрээ ХЕЗ 
The shape of the curve is drawn alongside. 


2x 
1+х 


xeR 


(b) We have fe) = 


э, 


2)2- -22(x)- 22 = 
and Г MELLE )2 2x(2x) _ 2( x 1) _ 2( x * 1)( x -1) 


(19 x! )? (1+ Y (1+ x y 
From the sign scheme for f (х), we can see that f(x) Же =н „тер 


strictly decreases т (-ос, 1) 


strictly increases т (—1, 1) x=! 
strictly decreases in (1, oc) 
The shape of the curve is shown alongside ind 


(c) We have fix) = In (х2 — 2x), x є (оо, 0) C (2, ©) 


2x-2 2(х-1) -ve +уе -ve *ve 
сні, ЕБ Pa x( x - 2) 0 1 2 
From the sign scheme for f (х), we can see that f(x) a =2 
strictly decreases in (—20, 0) U (1, 2) \ ( 
strictly increases т (0, 1) © (2, ос). 


Also, we can see that f(0-) = —оо and f(2*) --ос. 
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(х- 1) x-1 
(d) We have ft) = – эгж «1 and f(x) = "XI >] 
-2 x-2 2-x 
and ia = 3 ,x<J and Г'&) = Р, xe 
Now, from the sign scheme for f'(x), we have 
= f(x) strictly increases in (— оо, 0) +ve -ve +ус -ve 
strictly decreases in (0, 1) 0 І 2 


strictly increases т (1, 2) 
strictly decreases in (2, ос). 


Illustration : 


If фх) = f(x) + fl — x) and f "(x) < 0 in (— I, I), then show that $x) strictly increases in С 7). 


- 


Sol. Ие һауе $(x)-7f(x)f(l—-x) and ф'(х)=/'(х)-/(1-х) 


ta | е 


which vanishes at points given by х-1-х ie. x= 


f"(x) «0 => f'(x) is decreasing for хє (o 3 ѓе 1-х>х > /'(1—-х)</'(х) 


hence ф(х) > 0 Vxe (о z) 


Hence, ф(х) strictly increases in (о 2) : 
Practice Problem 
Q.1 Compute the intervals of monotonicity for the following {(x)=x*-e* 
Q.2 Compute the intervals of monotonicity for the following /(х)=х +/n(1 —4x) 
О.З  Findvalueofasothat f(x)-ax-sinx is monotonic. 


2 
Q.4 Prove that /(х) = 3 x? —x®+ 2x3 - 3x? - 6x - 1. is always increasing. 


Answer key 


0.1 in(0,2) and іп(– о, 0) v (2, 2) Q2  fin(-o,-3/4) and іп(– 3/4, 1/4) 
Q3 Tfora>1& 4 га < -1 
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GREATEST AND LEAST VALUE OF А FUNCTION : 


Case-I : 


Ifa continuous function y = (x) is strictly increasing in the closed 
interval [a, b] then 
(а) is the least value. (figure - 1) and f(b) is greatest value 


Саѕе-П : 


If f(x) is decreasing in [a, b] then f(b) is the least and f(a) 
is the greatest value of f(x) in [a, b].(figure - 2) 


Сазе-Ш : 


However if f(x) is non monotonic in [a, b] and is continuous then the 
greatest and least value of f(x) in [a, b] are those where f(x)=0 or 
J (x) does not exist or at the extreme values. (figure - 3) 


Illustration : 
Find least and greatest value of f (x) = e хний [-5, 5] 


Sol fix) = e 3 
For fix) тах — x? – 4х + 3 be maximum 
т [-5, 5] 
x! — 4х + 3 will be maximum at x =-5 т 
the given interval. 
ie, 25+20+3=48 
- Max fix) =e atx ^ —5 
x? 4х + 3 will be minimum at x = 2 їе,4-8-3--1 
л Min fx) =e” ах = 2. 


Illustration : 
Find the image of interval [-1, 3] under the mapping specified by the function f (x) = 4x? — 12x. 


Sol. (х) = 12x? — 12 = I2(c – I) 
f'(x) =0 at x 2 lI, ДСП = 8, f(l) = -8 
18) = 72 => greatest value is 72 and least value is —8. 
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Illustration : 
Find the range of the following functions f(x) = 4/х-3-245-х 


Sol. We have fix) = АХ-3 4245-х 


whose domain is х є (3, 5] and its derivative is 


б) = 1 Е 1 _у5-х-2ух-3 
Iu dx ii 


Now, solving 


17 
45-x »24x-3 Le. 5-х > 4(х - 3) given x < КЕ 


Hence, we have 


17 
f')>0VxeE (3.2) &/'&)< 0 Vx e (3.5) 


17 17 
= х) strictly increases in от and strictly decreases in = : 


Now, we have 
17 
ЖЗ) = N2, f(5) = 42 апа 153 - (2-3 .25-7 = 70. 


Hence, the rangeis y є [/2 ‚10 ] 


Illustration : 


| | | ГОДИК 96. ГУРИ. 
Find the range of the following functions fix) = -z5 
x —x' —2x*4 


Sol We have 


хера аж 
x! -x! -2х+4 x! -x! - 2x 4 (x! - IY «(х-1У +2 
Let g(x) = (х?— 1) + (x — 1)? + 2, whose least value = 2 

and greatest value = oc 


Sy) = 


4 4 
Thus, we have for f(x) greatest value = I + z^ 3 and least value = 1 + x 1. 


Also, fx) is continuous and defined оп R. Hence, the range of f(x), is y є (1, 3). 
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ESTABLISHING INEQUALITIES : 


Notion of monotonocity helps is establishing variety of inequalities involving algebraic and transcidental 
function with much greater ease. 


If f(x)=g(x) or f(x) < g(x) isto be shown in some interval we create a new function х) = {х) – р(х) 
and using monotonicity check which h(x) 20 or h({x)<0 inthe given interval. 


Illustration : 


: x 
Prove that 2 sin x + tan x > 3x (о 5х < | 


Sol f(x) = 2 sinx + tan х— 3x 
х) = 2 cos х + sec? x - 3 


л 
f "(x) = —2sinx + 2sec^x tan x = 2sin x [se? x 1] 20 Vx € E z) 


л 
=> fe) fin [ JE f'6) > f'(0) 
or f'(x) 20 => fist hence fix) > f(0) 


л 
т |o z) > х) 20 => 25іпх + tan x 2 3x 


Illustration : 


Find the set of values of x for which In(1 + x) > Em [Ans. (-1, 0) C (0, оо) 


3 1 
501. fi) = In (1 + x) - — = „ыта 


Domain : x > -1 


Чийг UM eem. A 
PT Tex exp (Ira) 


/'@)>0 v x20 => fT 

& f(x) <0 v xx0 => № 
/'(0) =0 

fo) »f(0) Ух € D, - {0} 

2 Л9>0 У x e(-1, 0) 1 (0, o) 
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Illustration : 
? 


Show that In (1 +x) >x- E V x e (0, æ) 


Е 


Sol. Consider the function — fix) = In (1 + x) -x + L ‚х € (0, oc) 


? 


- 


1 
Then f')9 гүү! шанг >0 Vx є(0, x) 


+х 
=> х) strictly increases in (0, ос) 


2 


=> х) > (0) = 0 іе. т(1+х) >x- = which is the desired result. 


Illustration : 
Show that the equation х? — 3x — 1 = 0 has a unique root т [1, 2]. 


Sol Consider the function 

Дх) = х? - 3x- 1, x e [1, 2] 
and f'(x)5x*'-3»2 0 Vx efl, 2] 
=> f(x)striclty increases in [1, 2] 
Also, we have 

Ж) =1-3-1=-3 (1, -3) 
and 2) =32-6-1 = 25 
From the shape of the curve shown alongside, we can see that the curve у = f(x) will cut the 
X-axis exactly once in [1, 2] 
Le. — f(x) will vanish exactly once in [1, 2] 


Illustration : 


х 
Prove that — < т (1 - x) «xx Ух>0 
1+х 


Sol. Consider the function f(x) = In (1 + x) — ae x> 0. 


x x 
Then f'(x) = Jar (1+ х)? = (1+х)? -0Үх»0 
= Дх) strictly increases т (0, оо) 
> o fx»f(0)-0 ie. т (1 - x) > Iis which proves the LHI. 


Now, consider the function g(x) ^ x - In (1 + х), x » 0 


I х 
Then НЙ ee 
=> | gfx) strictly increases т (0, ©) => g(x) > g(0*) = 0 
їе. x 7 In (1 + x) which proves the RHI. 
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Practice Problem 


л 3n 
0.1 #(х) =соѕ Зх – 15 соѕх +8 in E 


l 
Q.2  Usethe function /(х)= хх (x>0)to ascertain whether n° оге" is greater. 


Q.3 Prove that &*—e*—2x»0 ух > 0. Hence, prove that e^ +е*>х?+2 У x20. 


In x 
0.4 Provethatthe function f{x)= “3 is strictly decreasing in (e, ©). Hence, prove that 303202 < 202363, 


Answer key 
: л 1 
0.1 Max. atx=x=22 & Min. atx= 7 7-5 02 ж<е 


ROLLE'S & MEAN VALUE THEOREM : 
Rolle's Theorem 


Let f(x) be a function subject to the following conditions : 
(i) f(x) is a continuous function in the closed interval ofa € x <b. 
(ii) f’ (x) exists for every point in the open interval a € x <b. 
(ш) _ f(a)-f(b). 
Then there exists at least one point x = c such thata <c <b where f'(c) = 0. 


Alternative statement: 
Rolles theorem states that between any two real zeroes ofa differentiable real function f, lies at least one 


critical point of f(x). 

Remarks: 

(1) Converse of Rolle's theorem is Not true i.e. f' (х) may vanish at a point within (a, b) without satisfying 
all the three conditions of Rolle's Theorem. 

(п) The three conditions are sufficient but not necessary for f' (х) = 0 for some x in (a, b) 


(ш) If the function y = f (x) defined over [a, b] does not satisfy even one of the 3 conditions then Rolle's 
Theorem fails i.e. there may or may not exist point in (a, b) where f' (x) = 0. 


a 


fis not continuous in [a. b] f is not derivable f (a) = f (b) 
and Rolles theorem failing in open (а, b) 
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LMVT THEOREM (LAGRANGE'S MEAN VALUE THEOREM) : 


Let f(x) be a function of x subject to the following conditions : 


b, f (b) 
2 : ; : : 7 c, f (c) 
(i) f(x) isa continuous function of x in the closed interval ofa < x <b. 
T , . ЭЕТ ” a, f(a) 
(ii) f' (x) exists for every point in the open interval a <x <b. 
(ш)  fa)=# fb). 
f(b)-f(a) 
Then there exists at least one point x = c such that a « c <b where f’(c)= Hem. 


Geometrically, the slope ofthe secant line joining the curve at x 2 a & x = is equal to the slope of the 
tangent line drawn to the curve at x = c. Note the following : 


Note : Now [f(b)—f(a)] is the change in the value of function f as x changes from a to b so that 
[f(b) — f (a)] / (b— a) is the average rate of change of the function over the interval [a, b]. Also f'(c) is 
the instantaneous rate of change of the function at x ^ c. Thus, the theorem states that the average rate of 
change of a function over an interval is also the actual rate of change of the function at some point of the 
interval. In particular, for instance, the average velocity of a particle over an interval of time is equal to the 
velocity at some instant belonging to the interval. 

This interpretation of the theorem justifies the name "Mean Value" for the theorem. 


b, fib) 
Rolles theorem isa special case of LMVT since c. fic) 
f(b)-f(a) 
f(ay-f(b-—f'()- а =0. а fla) 


Alternative form of LMVT : 


Another form of statement of Lagrange's Mean Value Theorem. Ifa function f is continuous in a closed 
interval а, a +h] and derivable in the open interval ] a, а +h [, then there exists at least one number 
'8' e (0, 1) such that 

f (a +1) = f(a) * h f ' (a * Oh). Ө є (0, 1) 


Proof: 

We write b—a=h so that / denotes the length ofthe interval [a,b] which may now be rewritten as 
[а, а + В]. The number, 'c' which lies between a and a+h, is greater than a and less than a+h so 
that we may write с=а+ Oh, where Ө is some number between 0 and 1. Thus the equation (1) becomes 


f (a h)- f (a) 


h =f'(a+0h) => Да +һ)= (а) +һ/' (а+Өһ) 
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Шияганоп : 


Verify Rolle's Theorem for 
(a fix) =x (x+ 3e"? т [-3, 0] 


5тх | л 
(0) /@=— in (0,5) =" 
© б) = 1-28 їп[—1,1] (f ' (0) non existent) 


Sol. 

(а)  fo)-x(x-*3e^? [-3, 0] 
7-3) = 0 f(0) = 0 
Clearly f(x) is continuous апа diffentiable function 
there exists c є (-3, 0) s. t. f(c) = 0 


1 (с? +3c) 
Г) = (2с + e? - (с *39ge*? => её E „+ 


4с+6- с – Зс = 0 
с2-с-6 = 0 
с=-2;с= 3 € (3, 0) 


SI 


nx 
6) f- x M 


ЛО) = fix) = 0 
Continuity and differentiable function. 
f'(c) »e*cosc—-since* = 0 


(апс-1-эс- 5 Е (0, л) 
© Л) =1-x% [-1, 1] 
SCD = Ж) = 0 
= 
ГУ) = 3 Ее but for c = 0 
f '(c) is non-existent. 


„~ Лх) is not differentiable in given interval. 
Hence Rolle's theorem not applicable. 
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Illustration : 


Find с of LMVT f(x) = Jx—] in [1, 3] 


Sol. fix) = Vx-1 [1,3] 


3)-1(1 

continuous and diff. in given interval — f '(c) = x LH 
1 № 3 
2/с-1 2 = eg 


Шиятайоп : 
Using LMVT prove that | соз a—cosb| 5|а-5| 
Sol. Consider f (x) = cos x in [a, b] 


cosb—cosa 
b-a 


| cos а— сох b| 5|а-5| Hence proved. | 


=|-этс| $1] = | соз b-—cosa|<|b-a| 


Practice Problem 
Q.1 Verify Rolles throrem for f(x) = (x ~ a)" (x – b)" on [a, b] ; m, n being positive integer. 
0.2  Letf(x)- 4x? - 3x9 - 2x + 1, use Rolle's theorem to prove that there exist с, 0< c «1 such that с) = 0. 
0.3 Let f beatwice differentiable function on [0,2] such that f (0) ^ 0, f(1) = 2, f (2) = 4, then prove that 


(а) Г(а)-2 forsome a e (0, 1) (b) f'(B) = 2 forsome В e (1, 2) 
(c) f"(y) = 0 for some y e (0,2) 


Answer key 


0.1 с= Ss which lies between a & b 
m+n 
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0.1 
$01. 


Q.2 


Sol. 


Solved Examples 


-пл 
Find the values of a, ifthe equation x ~ sin x ^ a Ваза unique root in ЕЧ à 


Consider the function 


а Е 
Кх) =х-зшх-а,хЕ 273 


Then f'(x) = 1 - cosx = 2sin 


һә 
=, 
|ж 
— 
м 
о 
< 
х 
т 
тт, 
ы 
ы 
^ 


-R R 
= f(x) increases in (55) 


Also, we have mo mc AM (2|-2-л-а 
2 2 21 2 
л 


-x 
The curve y= f(x) will cut the X-axis exactly once, if f EJ is negative or zero and (5) is positive 


or zero. 
ie —+1-as0 and 2-1-а>0 ie а> 2+1 and as~-l 
ie. 2 -а<0 an 5 1-а? ie az- ап а55- 
л л 
Н „weh 1--,--1 
ence, we have «e 272 | 
и 
: : : ? : Ei n х°+х+1 
Find the intervals in which the given function increases or decreases f(x) = к Ег" Д 
Э 
х°+х+1 
We have f(x) = ———— ,x ER 
х^—-х+1 
(x^ -x 41) Qx 1) - (x? + x + D2x - 1) 
аш А °° °° 
(х^-х+1) 
Е (2x? —x? «x +1) – (2х? +х2 +х-1) _ 22(х+1) (х0) 
Е (x? -x +1)? ( (х?-х+1)? 


Now, from the sign scheme for f'(x), we have 


=> f(x) strictly decreases in (— ©, — 1) 
strictly increases іп (~ 1, 1) 
strictly decreases in (1, oc). 
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$01. 


0.4 


$01. 


0.5 
Sol. 


45 


X 


2 У хе (0, п) 


Prove the following inequalities 1 + cot x < cot 


х 
Consider the function f(x) = cot B —1-cot x, x e (0, л). 


' ша 23 2 (2) с? тэ 21 2235 
Then Ғ (х) = 2 CSE” 2 tcs x= sin? x x2 2sin?(x/2) 


1 1 -] — cos x 
~ 2sin?(x/2) | 2cos(x/2) | 4sin?(x/2)cos?(x/2) 


—COSX 


с 
E Го)” sin? x 


л л 
‚Ї(х)<0ухє [б 2 ),гоо>оух € ЕЭ 
; | л 
= f(x) strictly decreases in (o. z) 
a 
strictly increases in (=. J 
=> f(x) has least value at x = 


л 
= f(x) 2 f 8 =0 ie. cot B 21+cotx. which prove the desired result. 


Let f(x) = x? * ax? + bx +5 sin? x bean increasing function on the set R. Then find the condition on a 
and b. 


f(x) = х? +ах?+6х+5 ѕіп2 х isincreasingon К 
= f(x)>0 for xeR 

=$ 3х?+2ах+Ь+55ш2х>0 forall xeR 
=>  3x?+2ax+(b-5)>0 forallxeR 

=> (2a)? -4 x 3 x (b-5)<0 

=> a*—3b+15<0 


Find the values of x where f(x) = sin (/n x)— cos (/n x) is strictly increasing. 
Since х) = sin (№ x) – cos (№ х), x> 0 


-42 sinn х= 4 


5 
ndo - X -£ 
х 


2 л л [2 л 
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0.6 
Sol. 


0.7 


$01. 


0.8 


$01. 


| Л л 
or (2х) >0 ог 2пл < 4^ х< (21+ Пл, пЕ1 
п Зк 
л 3x 2nz- 2пл+ 
ог 21—41 «nx «2nz * nel 5 e 4<х<е 4, nel 


| | 200-2 — 2014 
Therefore, f(x) is strictly increasing when хє | ё ‚е ‚ nel 


= 
2 LJ 
In this problem, first we have to select an appropriate function. 


Prove that sin? 0 < Ө sin (sin 0) for0 « 0 < 


sin(sin 0) Ж sin Ө 


Now Бу observation, given inequality сап be set as аө ө This clearly gives indication that 
| sin х 
one has to study the function f(x) = = 
(xcosx-sinx) cosx(x-tanx) | 
= Ё(х)-5 Ни” хил «0 (as in first quadrant x < tan х) 


=> f(x) isa decreasing function 


Now, sin8 «0 for 0«0« = 


2 
. ѕіп(ѕіп Ө) sin@ . 
= f (sin 0) » f(0) > Sino > Ө [From (ї)] 


Hence, sin? 0 <Q sin (sin Ө) for 0<0< 5 : 


Let f: RR bea function such that f(x) 7? ax +3 sinx +4 cos x. Then Их) is invertible if 
(A)a e (-5,5) (B)a є (—,5) (С)а є (-5,+%) (D) None of these 


3 
f'(x)=at3cosx—4sinx =a + 5 соз (х + a), where cos а = 5 


For invertible, f(x) must be monotonic 

—. Ё(х) 20 Vxor f(x) 0 Ух 

= a+Scos(x+ta)20 or а+ 5 соѕ (х +) < 0 
= а>-5 соѕ (х+а) or а<-5 соѕ (х+а) 

ээ a25 or а<-5 


х) = (x -2) Ix —3] is monotonically increasing in 


(А) =; U (3, ©) (В) |5, 
(С) (2, ©) (D) (—®, 3) 
f(x) = (x -2) x - 3| 


Forx > 3, f(x) = (x -2) (x - 3) 2x2 - 5x 4 6 
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f'(x)=2x-5=0 = x= 2 


Now, the graph of f(x) = (x ~ 2) |х ~ 3| is 


Clearly from the graph, f(x) increases in (-«3) U(3, о). 


1 1 
09 A function g(x)isdefinedas g(x)= 4 f(2x?-1)+ 2 {(1—х?)апа f'(x) is an increasing function, then 


g(x) is increasing in the interval 


2 2 
(А) (-1, 1) (B) EH 4 x) 
2: (а 
(С) Ї E B (D) None of these 


So. g(G)e-xP'Qx - D-xf'a х2) = x(rex? -i)- (1х2), 
g(x)» 0 
ї х»0,2х2-1»1-х2 (as f' is an increasing function) 


=> 3х2>2 => ЕЯ => «(| 


3 


If x «0, 2x2- 1«1- x? 


=> 3х2<2 => [e > TIBI 


0.10 еу (х) 1 - x х2, Find all real values of x satisfying the inequality, 1 —/(x) -/?(x) > f(1 - 5х) 
So f(x)-1-x-x —  f'(x)--1-3x? whichis- ve V x eR => f is decreasing 
"RE on f(x) 
f[f(x)]>f(1-5x)] given 
since, f(x)is decreasing hence 
f(x)2 f(x) = X, <х, 
f(x) «1-5x 
1-х-3Х37«1-5х 
—4х>0 
х(х? — 4) > 0 
x є(—2,0)\)(2,) 
Alternatively: f'x)--(043)! = fis decreasing 
| - f(x) - f*(x) > Га - 5х) 
f[ f(x)] > f(1—5x) 
but fisdecreasing ; S f(x) «1-5x ; I-x-x«1-5x. 
x'-4x»0 


x(x? - 4)> 0 ИШЕ эы. 52. явы 


-2 0 2 
хє(-201//2 ю1 1 


-2 0 2 
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MAXIMA-MINIMA 


(A) GENERAL INTRODUCTION : 


The notion of optimising functions is one of the most useful application of calculus used in almost every 
sphere of life including geometry, business, trade, industries, economics, medicines and even at home. In 
this chapter we shall see how calculus defines the notion of maxima and minima and distinguishes it from 
the greatest and least value or global maxima and global minima of a function. 


(B) DEFINITION MAXIMA & MINIMA : 


A function f(x)is said to havea maximumat x=a if 
f(a) is greater than every other value assumed by f 
(x) in the immediate neighbourhood of x = a. 
Symbolically 


На)» f(a - h) 


f(a) = f(a ti хав maxima 


for a sufficiently small positive h. 
Similarly, a function f (x) is said to have a minimum value at x = b if f (b) is least than every other value 
assumed by f (x) in the immediate neighbourhood at x = b. Symbolically if 


f(b) < f(b+h) 


f(b) « f(b-h | => x=b gives minima fora sufficiently small positive h. 


Note that: 


(i) the maximum & minimum values of a 
function are also known as local/relative 
maxima or local/relative minima as these are 
the greatest & least values ofthe function 
relative to some neighbourhood of the 
point in question. 


(il) the term ‘extremum’ or (extremal) or 'turning value’ is used both for maximum or a minimum value. 

(ш) а maximum (minimum) value ofa function may not be the greatest (least) value та finite interval. 

(iv) а function can have several maximum & minimum values & a minimum value may even be greater than 
amaximum value. 

(v) maximum & minimum values ofa continuous function occur alternately & between two consecutive 
maximum values there is a minimum value & vice versa. 
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Tests for local maximum/minimum, when f(x) is differentiable : 


(1) First-order derivative test in Ascertaining the maxima or minima : 


d 
Consider the interval (a — h, a), we find f(x) is increasing > E 7 0. Similarly, for the interval (a, a — h), 


d d 
we find f(x) is decreasing — 2 < 0. Hence, at the point x = a (maxima); = =0. 


d 
Similarly, 7,70 at x=b which is the point of minima. 


d 
Hence = = 015 the necessary condition for maxima 


or minima. 


; Р... 
These points, where qx Vanishes, are known as 


stationary points as instantaneous rate of change of 
function momentarily ceases at this point. 


Ж” Г(а-1)»0 юэ” | , E Я 

Hence, if f'(a+h)< o = х=а isa point of local maxima, where f'(a) = 0. It means that f'(x) 

should change its sign from positive to negative. 

Similarl и =bi int of local mini there f'(b) - 0. I that f'(x) should 
imilarly, f'(b+h) «0 => x=b isapoint of local minima, where f'(b) =0. It means that f'(x) shou 


change its sign from negative to positive. 

However, if f'(x) does not change sign, i.e., has the same sign in a certain complete neighbourhood of 
c, then f(x) is either increasing or decreasing throughout this neighbourhood implying that f (c) is not an 
extreme value of f, e.g., f(x) = xo atx = 0. 


(2) Use of second order derivative in ascertaining the Maxima or Minima for a 
differentiable function: 


: ii : zd : 
As shown in the figure it is clear that as x increases from a—h to a+h, the function = continuously 


: dy . . 
decreases, і.е. (^) ve for x € a, zero at х = aand (-) ve for x >a. Hence = itself is a decreasing 


3 


function. Therefore : y <0 in(a- h, a +h). 
x? 


d d? 
Hence at local maxima, CY gand y <0. 


dx dx? 
f' (а) = О and f"(a)<0 


2 
ЧУ so, 


. dy 
Similarly at local minima, —^ = 0 and 
? um ^" dx 


i.e. f'(b) = Oand f" (b) > 0 
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Hence if 
(a) f(a) is a maximum value of the function f then f'(a)=0 & f "(a) « 0. 


(b) f(b) is a minimum value of the function f, if f '(b) 2 0 & f " (b) 0. 
However, if f" (c) = 0 then the test fails. In this case f can still have a maxima or minima or point of 
inflection (neither maxima nor minima). In this case revert back to the first order derivative check for 
ascertaning the maxima or minima. 


(3 п th Derivative Test : 


It is nothing but the general version of the second derivative test. It says that if 
f'(a) = f" (a) - f" (a) =...... f? (a) - O and Ё" (а) # 0 (all derivatives of the function up to order n vanish 
and (п + 1)th order derivative does not vanish at x = a), then f (x) would have a local maximum ог 
minimum at x = a iffn is odd natural number and that x = a would be a point of local maxima if. f"*! (a) 
< 0 and would be a point of local minima if Е" (а) > 0. However, if n is even, then f has neither a 
maxima nor a minima at x — a. 


Illustration : 


? 
x, ISO —., ' | нэ 
If f (x) = | 2sinx, x> ф' investigate the function. at x = 0 for maxima/minima. 


Sol. Analyzing the graph of f(x), we get x = 0 is a point of minima. 


Illustration : 


ax+b 
The function y = (x-I1Xx—4) has turning point at P(2, 1). Then find the value of a and b. 


ax+b ax+b 
501, y= (х-1Хх-4) = Dame has turning point at P(2, —1) 
=> P(2, —1) lies on the curve = 2а+Ь=2 fi) 
dy 
Also Te = 0 at P(2, —1) 
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dy a(x? -5x+4)-(2x-5)(ax+b) 


Now u^ (x? 5x4) 
а pe-p 92209206 
t (2, —1), dx 4 Е 
мил Жый жк дай [from equation (i)] 


Illustration : 


Find the points of maxima and minima of the function 
f(x) = 125 — 45x! + 40 x? + 40. 
Check whether second derivative can be used to find the point of extrema. 


Sol. We have 
Дх) = 12x° — 45x* + 40x? + 40 
f'E) = 60x* — 1808 + 120х? = 60x? (x — 1) (x - 2) 
and f "(x) = 60 (4х3 – 9x? + 4x) 
The critical points of f(x) are 
x=0,1,2 
At the critical points, we have 
f "(x) = 0 => more investigation required 
Г") = 60 (4-9+4) < 0 = тахіта их = 1 
and f'"(2) = 60 (32-36 + 8) > 0 => minima at x = 2. 
Hence, we can see that the nature of the critical points cannot be predicted by the use of second 
derivative. 
Since f (х) does not change sign as x passes through 0, hence x = 0 is not an extrema. 


Illustration : 


Discuss the extremum of f (x) = x^ + "E 


1 
Sol. f-x* 
: 2 
Г) = 2х--у 

Let /()-0 => x =] > х=+1 


6 
Also, f"@)=2+ Ф? 0 forall x#0 
=> Both the points x = 1 and x =—1 are the points of minima. 
Illustration : 
л 
The function fix) = (4 sin? x — 1)" (à —x + 1), n eN, has a local minimum at x = 6' then 


(A) n is any even number (B) n is an odd number 
(C) n is odd prime number (D) n is any natural number 
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Sol f(x) = (4 sin? x- 1)" (à -x + I) 
х?-х+1>0Ух ER 


Дд > =) = lim (45іп x-1)"(x? -x 41) = 30" 
6 6 s 
6 


х— 


5 тан - (45їп? х-1) (x? —х+1) >(0)" (a positive value) 


5 йыр 0 if n is ап even number. 


When F(x) is not differentiable at x =a: 


Case-l : 
When f(x) is continuous at x =a and f'(a — h) and f (a +h) exist and are non-zero, then f(x) has a local 
maximum or minimum at x = a if f'(a — h) and f'(a + h) are of opposite signs. 
If f (a- h) > Oand f'(a +h) € 0, then x =a will bea point of local maximum. 
If f'(a— h) <0 and f (a + h} > 0, then x =a will be a point of local minimum. 


Са$е-П : 
When f(x) is continuous and f (a — h) and f (a +h) exist but one of them is zero, we should infer the 
information about the existence of local maxima/minima from the basic definition of local maxima/minima. 


Case-Ill : 
If f(x) is not continuous at x =a and f'(a ~ В) and/or f'(a + В) are not finite, then compare the values 
of f(x) at the neighbouring points ofx — a. 
It is advisable to draw the graph of the function in the vicinity of the point x = а, because the graph would 
give us the clear picture about the existence of local maxima/minima at x = a. 


Consider the following cases : 


х =a is the point of maximaas x=a is the point of minima as 
f (a) > f (a-h) and f (a) < f (a - h) and 
f (a) > f (a * h) f(a) < f (a + h) 
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х =a is not the point of extremum as х= ais not the point of extremum as 
f (a) < f (a - h) and f (a) < f (a - h) and 
f(a) > f (a h) f(a)>f(at+h) 


0.1 


0.2 


0.4 


0.5 


0.1 


0.2 
0.3 
0.4 
0.5 


Practice Problem 


ELS. 


Find the possible values of 7. such that f(x) has exactly one minima and one maxima. 


-n л 
Consider the function f(x) ^ sin?x + А. ѕіп2, хє | ) 


Ї(х)- г E ди . Find the values of a if x =0 is a point of maxima. 


хаа, х<0 
x 


Investigate for maxima & minima for the function, f (x) - | [2 (t- 1) (t - 2 + 3 (t-1)? (t- 2] dt 
1 


Let f(x) Бе acubic polynomial which has local maximum at х=- 1 and f'(x) has а local minimum at 
x = 1. If f(-1) = 10 and f(3)=—22, then find the distance between its two horizontal tangents. 


If f(x) = х5 — 5х4 + 5х3 — 10 has local maximum and minimum at x ^ p and х = 9, respectively, then 


(р. 9) = 
(А) (0, 1) (В) (1, 3) (С) (1, 0) (D) None of these 
Answer key 
а оа 47.20 
5 5552 and +0. 
а> ] 
Мах. at x=1; 1) =0, Ми. at x=7/5; 67/5) 2 – 108/3125 
32 
В 
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Concept of global maximum/minimum : 
Let y=f(x) bea given function with domain D. Let [a,b] c D. Global maximum / minimum of 
f(x) in [a, b]. 


Global maximum and minimum in [a, b] would occur at critical point f(x) within [a, b] or at the endpoints 
ofthe interval. 


Global maximum/minimum in [a, b] : 
In order to find the global maximum and minimum of f(x) in [а,Ь], find the critical points of f(x) in (a, b). 
Let €,,€., ...... ‚ €, be the different critical points. Find the value of the function at these critical points. 
Let f (c), f(c.), ...... , с) be the values of the function at critical points. 
Say M,=max (f(a), f(c,), Re), ....... (с), fO); 


and M, ан min {Ка), f(c,). f(c.). "ccce ' Ке). f(b)j 
Then M, is the greatest value of f(x) in [a, b] and M, is the least value of f(x) in [a, b]. 


Illustration : 


1 x 
Find the maximum value of f (x) = (2) 


гү ҮҮ 1 
Sol. f(x) = 4 = f'&-|- (2-1) 


e) 0 шэн LN 21 
/'@) = > d» гэ eo ^ 
1 1 
Also for x < =? f (х) is positive and for x > a f'(x) is negative. 


1 
Непсе, х = E is point of maxima. 


Ie 


Therefore, the maximum value of function is е 


1 х Lim vin 1 | —Lim xinx 0 
Also Lim —| =e “=e =e =] 
x x 
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Illustration : 


Let f(x) = 2х3 — 9х? + 12х + 6. Discuss the global maxima and minima of f(x) in [0, 2] 
and (1, 3). 


Sol. f(x) = 2x7 -9 + 12х +6 
=> (х) = бх? - 18x + 12 = б (0 3x + 2 = б(х— 1) (x 2) 
Clearly the critical point of ffx) in [0, 2] is x = 1. 
Now 0) = 6, f(1) = 11, f(2) = 10 
Thus х = 0 is the point of minimum of f(x) т [0, 2] and x = 1 is the point of global maximum. 
For хЕ(1, 3) 
Clearly х = 2 is the only critical point in (1, 3) 


fC) = 10. bie JCI 11 and Ln JD) 15 


Thus x — 2 is the point of global minimum in (1, 3) and the global maximum in (1, 3) does not 
exist. 


Illustration : 
Find the greatest and least values of function f (x) = 3x4 — &? — 18x? + I. 


Sol. We have 
Р(х) = Зх? – 83 - 18 + 1 
and f'(x) = I2: — 24х? — 36x = 12x (x + I) (х – 3). 
The points at which f(x) may have extreme values, are the critical points x = ~ 1, 0, 3 
апа the end points x = + 20, 
Now, Г(- 1) =- 6, ДО) = 1, f(3) = - 134, and f (+a) > + æ. 
Hence, the least value of the function is — 134 whereas the greatest value does not exist. 


Illustration : 
-x -1<х<0 


Find the greatest and least values of function f(x) = | > № (x-1, 05х52 ` 


Sol. 
We have 


—х, -1<х<0 | -1, -1«х«0 
Л) = 12-(х-17, 0<х<2 4 S'OS] -2x(x-1), 0«x«2 


Thus, the points at which f(x) may have extreme values, are the critical points x = 0, I 
H'a) = 0 and f (0) = DNE] 

and the end points x =— 1, 2 
Now, f(-1)- 1, ДИ = 2 and f (2) = 1. 
Since f is discontinuous at x — 0, we also need to find the limiting values of f(x) as x — 0. 
We have 

f(D — 0, f(0*) > 1 and f(0) = 1 
the largest and the smallest among the above six values are 2 and 0 respectively. 
Hence, the greatest value is 2 but the least value does not exist since the function approaches 0 
but is never equal to 0. 
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Illustration : 
? > 


Find greatest and least values of fix) = E * 


‚х € (0, 1) (a, > 0). 
1-х 


Sol. We have 


2 


ft) = tal ‚ xe diii 


2 


2 2 


= 
wd fmt oe 


which exists everywhere in (0, 1) and vanishes at points, given by 


b? а? 
(1-х?) х? 
а? (1 — xy = bc 
| : a 
i.e. a(1 — x) = bx і.е. чу 
To find the greatest and least value, we need to check the values of f(x) atx = 0*, Г, - " 


a 


We have ЛО) > + о, ДГ) ә + еа) =(a+ by 


Hence, we have 
least value = (a + b)? 
and greatest value does not exist. Ans. 


Illustration : 


à; (a + x) (b + x) 
Find greatest and least values of f(x) = х) '* > – с. 
(а+х)(Б+х) 
Sol.  Wehave f(x) = -— а g 3 x € (- c, ә) 


_ (+x) x tab) - [x * (a b)x ab] 
i (c 9 x)? 


and 12467 


х? + 2сх+ас+Ьс-аЬ 
- — WVeexy ——** € (- c, оо) 
which vanishes at points given by 
x! + 2сх + ac + bc- ab = 0 
ie. x=-ct yc? - (ac bc— ab) =-с+ 4(а-с)(5-с) 
Thus, the expression for f (х) can be written as 


‚„‚_ (х-а)(х-В) 
е) = (c x) 
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. = [o TR O21 zn Г .tWhon) 
choosing а = —c— J(a-c)(b-c) and B = –с + J(a-c)(b-c) 
The critical point x = a is of no interest since it does lie in the interval (- c, 20). 
Now, we have 
f(-c) — оо, f(a) — оо 
(a—c+ J(a—c) (b-c) )(b-c- J(a—c)(b—c) ) 


c-c*(a— c) (b—c) 


and ПВ) = 


(а-с)(Ь-с)+(а+Ь- 2с)}(а-с)(Ь-с) *(a-c)(b-c) 
= «(а-с)(5-с) 
2,(а-с)(5-с) +а+Ь-2с 


=а-с+Ь-с + 2d(a-c)(b-c) 


= (ас) + (с) 


Hence, we have 


2 
Least value — (f a-c) + J(b-c у) and greatest value does not exist. 


Practice Problem 


1 
Find greatest and least values of f(x)=x—sin2x+ 7 sin 3x, x e [0,л]. 


О.! 3 
0.2 Discuss the global maxima and global minima of f(x) - tan! x—log,x in E = 5| 1 
Q.3  Themaximum value of x* e is 
(A)e? (B)e? (C) 12e? (D) 4e? 
Q.4  Findthe greatest & least value forthe function ; 
(i) y=x+sin2x, 0<х<2л (ii) у= 2 соѕ 2х - cosdx, 0 Ex € m 
Answer key 
> > £l 
0.1  Leastvalue -— miM and greatest value — d 
> Ioa tn 3 D 
Q. 3 043, c-In В Q. 
0.4 (1) Махаѓх = 21, Max value = 2х, Min. at х = 0, Min value = 0 


(1) Max at x = л/6 & alsoat х = 5 л/6 and Max value = 3/2 , Min at х = 7/2, Min value = – 3 
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PROBLEMS BASED ОМ MENSURATION AND GEOMETRY : 


Summary-Working Rule : 


(1) 


(2) 


(3) 
(4) 


(а) 


(b) 


(5) 


(6) 


When possible, draw a figure to illustrate the problem & label those parts that are important in 
the problem. Constants & variables should be clearly distinguished. 


Write an equation for the quantity that is to be maximised or minimised. If this quantity is denoted 
by ‘y’, it must be expressed in terms of a single independent variable x. This may require some 
algebraic manipulations. 


If y= f(x) is a quantity to be maximum or minimum, find those values of x for which dy/dx = f'(x) -0. 


Test each values of x for which f'(x) = 0 to determine whether it provides a maximum or minimum or 
neither. The usual tests are : 


If d?y/dx? is positive when dy/dx =0 — y is minimum. 
If d?y/dx? is negative when dy/dx =0 => y is maximum. 
If d?y/dx? = 0 when dy/dx = 0, the test fails. 


d positive for х<хь 
If dr is Zero for х=хо| = a maximum occurs at х=х,. 
negative for X»X, 


Butif dy/dx changes sign from negative to zero to positive as x advances through x, there is a minimum. 
If dy/dx does not change sign, neither a maximum nor a minimum. Such points are called INFLECTION 
POINTS. 


If the function y = f(x) is defined for only a limited range of values a < x < b then examine 
х=а & х = for possible extreme values. 


If the derivative fails to exist at some point, examine this point as possible maximum or minimum. 


Useful formulae of Mensuration to remember : 


Volume ofa cuboid = /bh. 

Surface area of a cuboid = 2 (/b+bh+h/). 

Volume ofa prism = area of the base x height. 

Lateral surface of a prism = perimeter of the base x height. 
Total surface of a prism = lateral surface + 2 area of the base 
(Note that lateral surfaces ofa prism are all rectangles). 


939 58 


$ 


Volume ofa pyramid = : (area of the base) (height). 


1 
d Curved surface of a pyramid = 5 (perimeter of the base) x slant height. 
(Note that slant surfaces ofa pyramid are triangles). 
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1 
a Volume ofa cone = 3 rh. 


= Curved surface ofa cylinder = 2 x rh. 


ч” Total surface of a cylinder = 2 mrh+2 лг. 


4 
a — Volume ofa sphere = 3 nr. 
Ф- Surface area of a sphere = 4 xr’. 
1, ЭР 
ar Area ofa circular sector = 2 г- Ө, when Ө is in radians. 


Illustration : 
Find two positive numbers x and y such that x + y = 60 and x?y is maximum. 


Sol. x+y=60 
=> y=60-x 
=> xy = (60 — х)х? 
Let f(x) = (60 — x) x? ; x є (0, 60) 
For maximizing f(x), let us find critical points 
1 (х) = 3х? (60-х)-х7 = 0 
/ (Хх) = х? (180-4х) = 0 
> х= 45 (7° х = 0) 
/ (45°) < 0 and f'(45) > 0 
Hence local maxima at x = 45. 
So x = 45 and y = 15 


Illustration : 
Rectangles are inscribe inside a semi-circle of radius r. Find the rectangle with maximum area. 


Sol.  Letus choose co-ordinate system with origin as centre of circle 
Area, A — xy 


em А = 2(r cos Ө) (г sin Ө), Ө є 03 
T " " (т cos Ө, r sin Ө) 
> A=p 29 (^r cos Ө, r sin Ө) 


A is maximum when sin2@=1 => 20 = 


IE 


л 
=> = 


7 л г 
=$ Sides of the rectangle are 2r cos = | = V2r and rsin B -—R. 
4 4) 42 
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Illustration : 
The tangent to the parabola у = х? has been drawn so that the abscissa x, of the point of 
tangency belong to the interval (1, 2). Find x, for which the triangle is to be bounded by the 


tangent, the axis of ordinates, and the straight line y = x; has the greatest area. 


HS »-225-4 
oL yr, = 2х 


=> Equation of the tangent at. (ху, x; ) is y —x; = 2x, (x — xj. It meets y-axis т R(0, — хд). 


Qis (0, x; ) 
=> Z=area of the triangle POR 


= 233%) = #2, 15х52 Q Рх, X) 
ЖИР 2 > іп 1 <х,52 
a х, т 15х52 В 


вэ Z is an increasing function т (1, 2] 
Hence, 7, i.e., the area of АРОК is greatest at x, = 2. 


Illustration : 


A sheet of area 40 m? is used to make an open tank with square base. Find the dimensions of the 
base such that volume of this tank is maximum. 


Sol. Let the length of base be x т and height be y m 
Volume V = х?у 
Again x and y are related to the surface area of this tank which is equal to 40 тг. 
=> x+4xy=40 


40 — x^ 
y= "x C хє (o. 440 | 
Эв 2 0) ын 3 
= V(x) - х? oon, 
4x 4 


Maximizing volume, 


24 40-3x° _ _ ЁЕ 
V'x) = 4 -0 =a 


-3х 40 
апа di. = => г ig ur <0 


140 
=> volume is maximum at x = \ F m. 
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Illustration : 


Ifa right-circular cylinder is inscribed in a given cone. Find the dimensions of the cylinder such 
that its volume is maximum. 


Sol Let x be the radius of cylinder and y be its height 
Volume V = my 
x, y can be related by using similar triangles 


y й 


E X 


h 
э y--(r-» 
r 
E 
> И(х) = л (7-х), х є (0, г) 


> V(x) = z (rx? — x3) 


nh 
= V'x) = | ХР — 3x) 
Г) = 0 > x= 
zh 2r 
Also | V"(x) = r1 Qr- 6x) > r{ 2) <0 


2r 1 
This volume is maximum when, x = — апау = >. 


3 3 


Practice Problem 


0.1  Forarightcircular cone of given total surface area (including the base) and maximum volume, find the 
value ofthe semi-vertical angle. 


Q.2  Ifthesumofthe lengths of the hypotenuse and another side of a right-angled triangle is given, show that 
the area of the triangle is maximum when the angle between these sides is 7/3. 


Q.3  Findthe point (a, В) onthe ellipse 4х? + 3y? = 12, in the first quadrant, so that the area enclosed by the 
lines y=x, у= В, x = a and the x-axis is maximum. 


0.4  Arectangle is inscribed in an equilateral папе of side length 2a units. The maximum are of this rectangle 
can be 


За? За? 
ч > ч 
4 (C)a (D) 2 


(А) 43a? (В) 
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0.5  Tangents are drawn to х2 + у? = 16 from the point P(0, h). These tangents meet the x-axis at А and В. 
If the area of triangle PAB is minimum, then 


(A)h=12V2 (B)h-642 (C) h-842 (D)h-442 


Answer key 


01 Ө=ѕіп! (1/3) 0.3 (33) Q4 D Q5 D 


GENERAL CONCEPT : 


Given a fixed point A (a, b) and a moving point P ( x, f (x) ) оп А (a, b) 
the curve у= f (x). Then AP will be maximum or minimum if it is 
normal to the curve at P. 


P 
(x, fix) 


Significance of the Sign of 2nd order Derivative and Points of Inflection : 


A point where the graph of function is continuous and has a tangent line and where the concavity changes 


is called point of inflection. 
. At the point of inflection either y" = 0 and changes sign or у" fails to exist. 
. At the point of inflection, the curve crosses its tangent at that point. 
, A function can not have point of inflection and extrema at same point. 
d'y Фу 


Note: If 42 > 0 then y is concave up and if " « 0 the y is concave down. 
M^" - 


Illustration : 
Vertical tangent 
| аіх = 0 
f (&) = х at x = 0 has inflection point. 
y"DNE. atx =0 
Note that f (х) has a vertical tangent and 
the curve crosses its tangent line. 


Ne. 0) 


inflection point 


Illustration : у 


f (X) = x? at x = 0 has inflection point x 
у"=0 ах = 0 and changes sign 
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Illustration : 


Уб) = |х2- 1 | 
has по inflection point in its domain. 
as no tangent can be drawn at these points. Ег Ї 


Illustration : 
Number of points of inflection for f (x) = х? e! is 


(A) 1 (B) 2 (C) 3 (D) 4 


Sol Weh cig tend See 
ol. e have f(x) =хем = zh „жей 
3 e'"(2x-x') x20 
mii e'(x!-2x), x«0 
f (X) increases in (—20, —2) C (0, 2) 
and X f(x) decreases іп (-2, 0) U(2, 2с) 
e" (x —-4x*2), x20 


e(x *4x*2), x«0 


srw- 


DIFFERENT GRAPHS OF THE CUBIC: 
y=ax?+bx?+cx+d 

(1) — Onereal & two imaginary roots. (always monotonic) V x € R 
Condition : 


f'(x) 0 or f'(x) < 0 together with either f ' (x) = 0 has по root (i.c. D < 0) or f' (x) = 0 has а root 
x= а then f(a)=0. 


(i) either Ғ'(х) = 0 has no real гоо! 
or (ii)if f'(x) = 0 has a root x =a then f(a)=0 
eg у=х-2х2+5х+4 у= (x - 2? 
у'=3х2-4х+5 (D«0) у'=3(х-– 2)2=0 => x-2,alsof(2) - 0 
givesx=2, y(2)=0 
Note: In this case if f' (x) = 0 has a root x = a and f (a) = 0 this would mean f (x) = 0 has repeated 
roots which is dealt separately. 
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two concident 
One different 


(2) Exactly one root and non monotonic. (3) Three roots Йй 


f(x); f(x,)>0 ia Г(хү): £(x)=0 
where x, & x, are the roots of f' (x) =0 


(4) All three distinct real roots (5) All three roots concident 


y 
y inflection point 
x x 
f(x) Г(х,) < 0 Г(х) 2ОогГ (х) < 0 & f(a)=0 
where x, & x, are the roots of f' (x) =0 where a is a root of f'(x)=0 


eg. у=(х- 1) 


Note: 
(i) Graph of every cubic polynomial must have exactly one point of inflection. 
(1) In case (4) if f(a), f (b), f (c) and f (d) alternatively change sign. 


illustration : 
Find the value of a if x? — 3x + а = 0 has three real distinct roots. 


Sol Let fs) = х? - 3x *a 
Let f '(x) = 0 
= 35-320 > х= +] 
For three distinct roots, f(I) f(-1) «0 
=> (1-3+а)(-1+3+а)<0 
=> (a+2) (a-2)<0 
=> -2<а< 2 


Illustration : 


Prove that three exist exactly two non-similar isosceles triangle ABC such that 
tan At+tan B+tan C=100. 


Sol Let А = B, then 2A + C = 180° and 2 tan A + tan C = 100 
Now 2А+С-= 180° = tan 2A = -tan C ... (i) 


Print to PDF without this message by purchasing novaPDF (http:/Awww.novapdf.com/) 


76 


Also 2tanA+tan С = 100 
= 2 tan A — 100 = ап С ...(й) 


2tan A 


] n) 2 = = —— 
From (i) and (ii), 2 tan A — 100 em 
2x 
Let tan A = x, then 1-2 = 2x — 100 


=> 2-50? +50=0 


100 
Let fix) = x — 50х + 50. Then f'(x) = 3х? — 100x. Thus f (х) = 0 has roots 0, rx Also 


00 
1(0) Д m < 0. Thus f(x) = 0 has exactly three distinct real roots. Therefore, tan A and hence 


A has three distinct values but one of them will be obtuse angle. Hence, there exist exactly two 
non similar isosceles triangles. 


Illustration : 


3 5 
Find the set of value of m for the cubic x? — 5х + g” log,,(m) has 3 distinct solutions. 
Sol. Сопѕіа =x Zj + 2 
ol. onsider y -x — 4x + 5 

dy › 
— = 3х – 3х = 3х(х-1)=0 = x=0 or] 
dx 
4? Ty 
= =6x-3 ; ы } =-3 ie <0 => maximumatx=0 
dx ас x 
ёу =і53 іе > 0 => mimimum 
ах |, 


Hence the graph of the cubic is now for 3 distinct roots 


5 
2 < log, ,(m) < 3 


3 
2 < — log,(m) < 2 


3 
ni < log (т) < – 2 
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Practice Problem 


0.1 


0.2 


0.3 


0.4 


0.2 


The graph of the derivative f' ofa continuous function y 
fis shown with f (0) = 0 3 
() ^ Onwhatintervals is fincreasingor decreasing? f'(x) 7 
(1) At what values of x does f have a local l 
maximumor minimum? : 


(ш) On what intervals is /сопсауе upward ог downward? : 
(iv) State the x-coordinate(s) of the point(s) ofinflection. ^^ 
(у) Assuming that f (0) = 0, sketch a graph of f. 


The set of value(s) of a for which the function f(x) = Ti (a+2)x?+(a-1)x+2 possesses a 


negative point inflection is 
4 
(А) С=,-2) (B) |- 2 (C) (-2, 0) (D) empty set 


The number of values of k for which the equation x? - 3x + К ^ 0 has two distinct roots lying in the 
interval (0, 1) is 
(A)three (B) two (C) infinitely many (D) zero 


For the function f(x) 7? x* (12 log. x-7) 
(A) there is no point of inflection (B) х= e? is the point of minima 
(C) the graph is concave upwards in (0, 1) (D) the graph is concave downwards in (1, 92) 


Answer key 


(1) I in (1, 6) (8, 9) and D in (0, 1) (6, 8); 

(i) L.Min.at х = | and x = 8; L.Max.x=6 

(u) CUin(0,2)U(3,5)U (7, 9) and CD in (2, 3) ‹ (5, 7); 
(№) х=2,3, 5,7 


у Graph of y = f (x) 


(v) One of the possible graph is 


A Q3 D Q4 B 
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0.1 


Sol. 


Q.2 


Sol. 


Solved Examples 


Find the shortest distance between the curves y? = x? and 9x? + 9у? – 30у + 16=0. 


We have 
9х2 + 9? – 30у + 16=0 
which is a circle having 


BE 


5 
centre = С 3 and radius = ү 


9 
Let us choose any point on the curve y? = x? as A(t’, tè). If B is the point on the circle and nearest to 
A(see figure), then 
АВ=АС- radius 


лаа а 21. 
= ү 0) Ч 3 | 


Let ци (2-5) 


5 5 
and (0) =4t° +2 2-1 30 - 28€ ESI 


= 202 (30 + 2t- 5) = 212 (t- 1) (3€ +31 + 5). 
The value of 't’ at which AB attains minima is given by the equation 
f'(t)-0 
gives t=0,1 
But t= 0 is nota point of extrema, since f'(t) does not change sign in the neighbourhood oft = 0. 
However, t= | is a point of minima, since f'(17) «0 and f'(1*) > 0. Hence, the minimum value of AB 
Б 


5 2 
1-11--1 - 1. 3 
\ | Э | = 0.2. Ans 


Consider the function : 
Ж жй ee 
- x? У-У 30-1 я 0 << 1 
f(x) = b^-3b«2 
2x -3, 1<х<3 
Find all possible real values of b such that f(x) has the least value at x = 1. 
We have 
f(x) 2 - x? + g(b), 05х«1 
-2х-43, 1<х<3 
b! -b?«b-l 
where g(b)= аса (b is a constant) 
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and f'(x)--3x?, 0<х<1 
=2, 1<х<3 
— f(x) strictly decreases in (0, 1) 
strictly increases in (1, 3). 
Now, we have for minima at x= 1 


f(1) 5813 
i.e. 2-3<-1+2(5) 
Le. g(b)20 


(b^ +1(b-1) > 
(b+1)(b+2) | 


The number line shown alongside, gives 


ie. 


= = І 
be(-2,- 1) u [1, o). 


Q.3 Ifthe function 
f(x)=(a+3)x? + (а— 3)x? + 4(а—4)х +5 
has maxima at some x є R^ and a minima at some x Е К*, find the possible values of а. 


Sol Wehave 
f(x) = (а + 3) х? + (а– 3) x? *4(a-4)x* 5 
and Ё(х) = 3 (а+3)х> *2(a-3)x * 4(a— 4) 
According to the given condition, f'(x) must vanish at two real and distinct points say a, В such that 
a < 0 and В > 0. Thus, we have f (x) = 3 (a+ 3) (x - a) (x - B) 
and  f"(x)23(a*3)(x-ax- В). 
According to the given condition, a is to be a maxima 


ie. f"(a)«0 
Le. 3(a*3)(a-pB)«0 
Le. a+3>0 [a- В « 0] 


i.e. а»-3 
and = Pistobeaminima 


ie. f"(p)»0 

ie. 3 (а+3) (В-“)>0 

ie. а+3>0 [B-a<0] 
i.e. a>-3 


Thus, taking together all the above results (a + 3 > 0), the graph of 
y=3(a+3)x?+2(a—3)x+4(a—4) 
must look as shown alongside. For the curve to look like this, the neccessary and sufficient condition is 
y(0) « 0 
ie. 4а-4)-0 


Ка а<4 а N 9 = 


Hence, the possible values of a, are | 
a e (-3, 4) [a +3 > 0 = concavity 
UM along the +уе Y-axis ] 
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0.4 


Sol. 


3 
Find а point М on the curve y= 35 х х, x є (е 15, оо) such that the segment of the tangent at M 


intercepted between M and the Y-axis is shortest. 
We have 


y= E хх, x є (e "5, о) 
7 ; А 
3 
апа у= jg (0 * х), x e (e, ж) зайд (1) 
х 


Any point on the curve can Бе chosen as М = [n 5 һ/п n) 


3 

Slope of the tangent at M = 2 (1 Inh) [using eq. (1)] 
Equation ofthe tangent at M, is given by 

y-—-hinh => 1+2 8) (х-В 2 

р = ( nh(x-h = (2) 

The tangent cuts the Y-axis at 

нарыг [putting x=0 inca. (2)] 

к: сан: 

Length / of the tangent segment MN, is given Бу 


2 
P=h?+ 5 h(14-/n 7) =h? + 2м (1+ м һ)? 


The value of hat which F attains minima, is given by the equation 


а,» 
OP = 
үү )=0 
1 
ie. в+әһ(1 +в + 9h? a +в) ү] -o 


ie h jin h)? + (1+ 9 -0 


-1+ 1- : гэг 
ie  l1I*hh2 —2—--2—,— [h = 0 does not lie in (e^! 5, оо)] 
2 3-3 
gives h= e55, е 43. 
Only h = e? is acceptable since е5? does not lie in (е`15, =). Hence, the required point, is 


M = (3,2420). 
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Assuming that the petrol burnt per unit time in driving a motor boat, varies as the cube of its velocity. Find 
the most economical speed of the motor boat when moving against a current whose speed is cm/sec. 
Let s m/sec be the speed of the motor boat w.r.t stream. Then, the rate at which petrol is burnt, is given 


where К is a constant of proportionality. 
Now that the boat is moving against a current of c m/sec, the absolute speed of the motor boat is (s — c) 
m/sec. Then, the rate at which distance is covered by the motor boat, is given by 


dx 

d 39 v (2) 
Dividing equation (1) by equation (2), gives 

dp _ ks" 

dx s-c 


which is the amount of petrol consumed per unit distance travelled by the boat,. 


The value of at which ($) attains minima, is given by 
df 


d =0 
| (3—6) 35? —5° 
ie. Bw ЭШ = 
ie. 2s-3c-0 
: 3 
gives 5= 7 С 


At this value of's, the petrol consumption per unit distance, is minimum and the absolute speed of the 
motor boat is 


E 
29 en. sec. 


x 
Find the point on the curve y = най where the tangent to the curve has the greatest slope. 


We have 


EC A 
ын 1+x? 


The slope of the tangent at any point on the curve, is given by 


dy (1+х?)1-х(2х) 1-х? 
dx (1+х2)? i (Lex? 
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The values of x at which the slope becomes maximum or minimum, is given by 


2 
25 


0 4| 17x 
Le. dk (1+ х2)2 = 0 


(1+ х2) (22x) - (0- x?) 201+ х2): 2х 
(1+ x2)? 


2х (1+ х2) (x? -3) " 


LC. (1+ x) 


ie. х=0. + 43. 


> 


Now, from the sign scheme for 1 ,wehave 


-ve tve -ve *ve 


E] 


ad changes sign from + ve to — ve at x = 0 


dy , ; 
=> —- jis maximumatx=0 


dx 
Hence, the point on the curve where slope of the tangent is maximum, is (0, 0). 


Q.7 Discuss the extremum of f(x) - asec x * b cosec x,0<a<b. 


Sol f(x)=asecx+bcosecx,0<a<b. 
Г(х) = а sec x tan x - b cosec x cot x 
sinx COSX 
Let fx)0 = а--, ^ — e 
cOS^X $ш°х 


b 1/3 1/3 
=> tan? х = = > кеа [ ‚ а6>0 => кеа (2) >0 


=» x lies in either the first or third quadrant for extremum. 
л 
Case-2: 0<х< 5 
Lim (a sec x + b cosec x) — 00 
x0 


Lim (a sec x + b cosec x) > o 
л 


x 
3 


Print to PDF without this message by purchasing novaPDF (http:/Awww.novapdf.com/) 


0.8 


$01. 


83 


Also f(x) is +ve for this value of x. 
Hence, only one point of extremum is the point of minima. 


a 
and ќапх = m 


[2/3 , 42/3 2/3 ‚12/3 
- ava“ ~ +0“ bva^ +b* ; TT 
> Minimum value of f= Үр + TE = (а23 +6273} 2 
а 
3л 
Саѕе-1 : п<х < m 


Lim (a sec x + b cosec x) > — 
Xn 


Lim (a sec x + b cosec x) — —20 


x 
2 


Also  f(x)is-ve for this values of x. 
Hence, only one point of extremum is the point of maxima. 
=> Maximum value f „=a? + b?3p? 


The function f(x) = |ax Ы * c |x| V x є (о, оо), where а > 0, b 70, c > 0. Find the condition if f(x) 
attains the minimum value only at one point. 


Б-(ажс)х, х<0 


Ї(х)-4544с-а)х, iget 
a 

(a+c)x+b, E 

a 


x = 0 gives minima Infinite points of minima x =£ gives minima 


Figure clearly indicates that for exactly one point of minima, а > c. 
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0.9 


$01. 


0.10 


Sol. 


A running track of 440 ft is to be laid out enclosing a football field, the shape of which is a rectangle with 
a semi-circle at each end. If the area of the rectangular portion is to be maximum, then find the lengths of 
its sides. 

Perimeter = 440 ft. 

=> 2х+пг+пг=440 or 2x+2nr=440 

A= Area of the rectangular portion = x 2r 


(440-2х) 1 : 
=х — — - — (440х-2х^) 
л л 
їе ac 440 – 4x) = 0 
dx a. ин. 


> 


- 


= x= 110 for which a 


= Ais maximum when x= 110 


op = 225-25 440-2200 ., 
= GÀ" lm лж 


= r=35 ft and x=110ft 


Find the points on the curves 5x? - 8xy + 5y? = 4 whose distance from the origin is maximum or 
Ms 


Let (r, 0) be the polar coordinates of any point P on the curve where ris the distance of the point from the 


origin. 
=> r[5(cos?@+sin? 0)- 8 ѕіп 0 cos 0] - 4 


CHE, NN 
92 7754520 
r is maximum when 5 —4 sin 20 is minimum =5—4=1 (when sin20- 1) 
— 20-90, > Ө = 45° = г=+2, 0=45° .... (1) 
Again г2 is minimum when 5—4sin20 is maximum 

3 3 
=5+4=9 when sin20=-l = 20- Z = 0-2 
2 3 

= + — = — 

= г=+, 0 4 


Hence, the points are (rcos Ө, гѕіп Ө) where г and 0 are given by equations (i) and (11). 


J2 3 | 42 2 
73° 3 and | -—,— 


Thus, we get four points (2, Ja : Е 42,-48 ), | a? a 
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О.П Discuss the monotonocity of Q(x), where Q(x) = 45) +1(6—х?) V x є К. It is given that 
f"(x)>0 V x e R. Find also the points of maxima and minima of Q(x). 


> 


Sol. Given Q(x)= (5) + 6-х?) 


> 


x x? 2 
TENI 2 |-эєе-›ә= їнэ | 


But given that f"(x)>0 => f'(x)is increasing forall x є К. 


2 
Саѕе-1 : Let > (6- x) => х2>4 


x € (~œ, -2) U (2, о) 


= ТЕЗ >{(6—х?) 


€ 
> ТЕ -f(6-x])»0 


If x 7» 0, then Q'(x) » 0 => хє (2, о) 
and if x<0,thenQ(x)<0 = хє (-5,-2) 


2 
Саѕе-1 : Let 6-9) => х2<4 => xe (2,2) 


? 2 


= 2 = ЕЕ 
If x>0, then О(х) 50 => хє (0, 2) 


апа Их < 0, then О'(х)>0 = хє (-2, 0) 
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0.12 The largest term in the sequence а = 04200 is given by 

jm в) Š 922 р) None of th 

(А) 49 (В) 59 (© 543 унике 
Sol Conisderthe function f 69 7 G3 1200) Маса (1) 

B 
f'(x) =X е. = 
(x^ +200)” 
When х = (400)! ( х20) 


x-(400)2-h => Г(х)>0 
х= (400)! +h => f'(x)<0 
f (x) has maxima at x = (400)! 


Since 7 < (400)!? < 8, either a, or a, is the greatest term of the sequence. 


" oc: 
ot Say Со Te ю CO дА Ва 
> 2-5 is the greatest term. 
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AREA UNDER THE CURVE 


DIFFERENT CASES OF BOUNDED AREA : 


1. The area bounded by the continuous curve y= f(x), the axis of 
x and the ordinates x =a and x =b (where b> a) is given by 


A= [кодах = [ax 


2. The area bounded by the straight line x =a, x= b (a < b) and 
the curves y = f (x) and y= р(х), provided f(x) < g(x) (where 
a <x <b), is given by 


A = ўв) -G)]dx 


3; When two curves y=f(x) and у= р(х) intersect, the bounded 
area is 


A= [ес -го)ах ; where a € b. 


where a and b are the roots of the equation f(x) = g(x). 


4. If some part of a curve lies below the x-axis, then its area 
becomes negative but area cannot be negative. Therefore, we 
take its modulus. 

If the curves crosses the x-axis at c, then the area bounded by 
the curve y= f(x) and ordinates x = аапіх =b 


(where b>a) is givenby A= [бог - Г f(x)dx 


A= | боддх -Ї f(x)dx 
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5, The area bounded by y= f(x) and y= g(x) (where aS x <b), 
when they intersect at x —c є (а, b) is given by 


A- E |f(x) — g(x)|dx 


or Г (f(x)- g(x) dx НИ (g(x) - f(x) dx 


DIFFERENT CASES OF BOUNDED AREA : 


1. The area bounded by the continuous curve x= f(y), the axis of 
y and the abscissa y = a and y = b (where b> a) is given by 


A = ["Ку)ау= [хау 


2: The area bounded by the straight line y=a, y=b (a<b) and 
the curves x= f (y) and x = g(y), provided f(y) < g(y) 
(where a € y € b), is given by 


A  ['ety) -fGDldy 


3 When two curves x = f(y) and x= р(у) intersect, the bounded 
area is 


A | le)-F())dy ; Wherea <b. 


where a and b аге the roots of the equation f(y) = g(y) 


4. If some part ofa curve lies left to y-axis, then its area becomes 
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negative but area cannot be negative. Therefore, we take its 
modulus. 

If the curves crosses the y-axis at c, then the area bounded by 
the curve x = Қу) and abscissae y = aand y=b 


(where b>a) is given by A = [К + Г 227 


-А- f ody- Г f(y)dy 


5. The area bounded by x = f(y) and x = g(y) (where a S y € b), 
when they intersect at y=c є (a, b) is given by 


A = [^ If) -eG)|dy 


o | (26) есуу + | (0) гоу 


Illustration : 
Find the area bounded by the parabola y = х? + 1 and the straight line x + у = 3. 


Sol. Тһе two curves meet at ponts where 3 —x = х? + lie, х +х- 2 = 0 
>(x*+2)-1)=0>x=-2,] 


1 
л required area = | [з -x)-(x! +1 17 
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4 
Illustration : 


Find the area, lying above x-axis and included between the circle x? + y? = 8x and the parabola 
2 
y = 4x. 


Sol. Solving the curves, we get x^ + 4х = 8x >x = 0, 4. 
4 8 
Required area = [эй dx+ Гуа dx 
0 4 
Circle is (х— 4)? +y = 4. 


1 
Area of circle т 1" quadrant = 47 4 = 4л 


4 
А = 2| x de 4n 
0 


4112 2 
- р зав x 44/4 + 4л sq. units 


32 | 
CI * 4m sq. units 
Illustration : 


Find the area bounded by the curve y = (x — 1) (x — 2) (x — 3) lying between the ordinates x = 0 
and x = 3. 


SoL y-7(x-1)(x-2)(x- 3) 
The curves will intersect the x-axis, when y — 0. 
=> (х-1)(х-2)(х-3)=0 
= - 223 
And the curve intersects the y-axis, 
when x = 0 => у=-6 
Thus, the graph of the given function for 0 <x < 3 is as shown т figure. 
Hence, the required area А = shaded area 


ман 


Since [yix - [(х-1)(х-2)(х-3)х 


= [Gà -6х? +11х-6 )dx 
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Их? 
2 


4 
-35--26- - бх 
4 


.. from equation (1) 
x? nra ! x* Hx p х! nra 1 
full — б + БЭ. + «РЕ, Г 7-Б МЕЕ 10 
4 2 : 4 2 : 4 2 ы 


= | -9/4 | + (1/4) + | -1/4 | = 11/4 sq. units 


Illustration : 


Sol Required area = shaded region 


Consider the region formed by the linex x = 0, y = 0, x = 2, у = 2. Area enclosed by the curves 


y = е and y = [n x, within this region, is being removed. Then, find the area of the remaining 


region. 


[n2 
uu) [(2-e )ах 
0 


= 2[2х-е*],. 
= 2(2 In2 — I) sq. units 


Illustration : 


Sol. 


Find the area bounded by the curves у = sin x and y = cos x between two consecutive points of 
their intersection. 


S А : л 5л 
Two consecutive points of intersection of y = sin x and y = cos х can be taken as х = 4 and x = p 
5л/4 : 
2 Ч = sin xX =созх 
.. Required area = [in x—cosx)dx y y 
7/4 


Sai 
= [-cosx—sinx] , 


3 3 
“ш 


= 242 sq. units 
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Illustration : 


Find the ratio т which the area bounded by the curves у? = 12x and x? = 12у is divided by the line 
х = 3. 


Sol. A, = area bounded Бу у? = 12x, х? = 12у and line x = 3 
3 3 e 
= [V12xdx - [ — ax 
^ 2 12 


3 
x 


36 


/2 
2x3 


дэ | 
- = -g 59. units 
0 


512 


А, = агеа Боипаеа Бу у? = 12х апа х? = 12у 


_ 16(3)(3) 


= 48 sq. units 
3 q 


л required ratio = ———- = == = > 


Illustration : 

Find the area bounded by 

(i) у =log,|x\|andy=0, (ii) y =| log, |х| andy =0 
Sol. z 
fi) у = log,|x|andy=0 


From the figure, required area = area of the shaded region 


=2 


= 2 sq. units 


i 
| ов, х 2 = 2 xlog, xx yi 


0 


fii) y=|log.|x||andy=0 


From the figure, required area = area of the shaded region = 1 + 1 = 2 sq. units. 
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Illustration : 


1 
Find the area included by the curve у = In x, x-axis and the two ordinate at x = = and x — e. 


SoL А= 


[һ хах 
le 


е M 2 
i ја xdx = |fx(nx-1)]; |+ [хїпх-1)] =2- 5 


Illustration : 
Find the area included by the curve x = 2y — у? and the y-axis 


Sol. Let x = 2у — у? and the y-axis 


dx 
dy =2-2y=0 => у= | => curve bends aty = 1; 


а= fray - [av-? )dy = y?- 7l. 4- 
0 


Alternative method : 
This can also be done by taking vertical strip. 
> 
у - 22у +х = 0 


чә | So 
<< 


у=1+ \1-х (vy 
у=1- Ji-x6) 


A= ЕКЕ x )ах 


0 


Шиягапоп : 


For b > а > 1, the area enclosed by the curve у = In x, y axis and the straight lines у = та and 


y7lInbis 
(A) b-a (B) bin b — 1) — a(In a — 1) 
(C) (In a)(b — a) (D) (In b)(in a) 
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Inb nb 
Sol. Required area = [е'ау = lel а= (b-a) 


ша 


Illustration : 


Find the area enclosed between у = sin x ; у = cos x and y-axis т the I quadrant 


a4 
501. A= | со x—sinx) dx = [sin х + cos xf" "42-1 
0 


Illustration : 


Curves y = sin x ; y = cos x intersect each other at infinite number of points enclosing regions of 
equal areas. Compute the area of one such equal region. 


$2.4 re у 
Sol (Strip-1) A,= [(sinx - cos х )dx 242 Ч 
Va 
Ns NX 


МЎ NOU 7 


бахи" 


m4 
(Strip-2) А, = [cos x — sin x )dx = 2/2 


-34 4 


50 A, =A,= 24/2 sq. unit 


Illustration : 


Find the area enclosed by y = tan x ; y = cot x and x-axis in 1" quadrant. 


х4 g2 
Sol. A= алх ах + [согх ах 
0 x4 


т 
4 


x 
А=2 [tanx dx = 2[ |seex |] 
0 


-2In42 =in2 
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Illustration : 


Compute the area enclosed between у = tan^!x ; у = cot^!x and y-axis. 


l 
Sol. A= [сог x — tan"! x)dx 
0 


х л 


4 2 

А= [сап у) ду+ | (согу) dy =/n2 
0 л 
Illustration : $ 


Area enclosed by y = 9 — x? and coordinates axes. 


3 
Sol. A= |(9-x° )dx- 18 
0 


Illustration : 


Compute the larger area bounded by y = 4 + Зх — х? and the coordinates axes. 


4 4 
Sol А = [уа = [(4+3х- х2 )àx 
0 0 


4 
СЕЕ = 36 
2 3 3 


Illustration : 


Find the area bounded by у = sin !x, y = cosx and x-axis. 


Sol y=sin-'x, y =cos'x and the x-axis if vertical stripe is used, we get 


“ә! 


МУ 
= [sm xdx+ fos" xdx 
0 1/42 


If horizontal strip is used, then 


aid 
A= [(соз y —sin y)dy 
0 


= [sin y * cosy]; * 


1 1 
37] - 2-7 
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Illustration : 


Sol. 


Find the area of the region in the 1* quadrant bounded on the left by the y-axis, below by the line 


2 
y = —, above left by the curve у=1+ Vx and above right by the curve y — Je 


Required area = Пя ха 


Illustration : 


Sol. 


Find the area of the figure bounded by the parabolas x ^ –2у?, x = 1 — 3y”. 


Solving the equation x = –2у?, x = 1 — 3°, we find that ordinates of the point of intersection of 
the two curves as y, = —1, у, = 1. The points are (-2, ^1) and (2, 1). 
The required area (using horizontal strip) 


1 
0 
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Practice Problem 


Q.1  Findthearea lying in the first quadrant and bounded by the curve y = x? and the line у = 4x. 
Q.2  Findthearea enclosed by the curves x? = y, y= x + 2 and x-axis. 
= Ё \(4-x?), 0<х<1 _ ; : 
0.3 Acurveisgivenby y= (Gn, 1<x<3° Find the area lying between the curve and x-axis. 
л 
0.4  Findthe area of the region bounded by the limits x = 0, x = 2 and f(x) = sin x, g(x) =cos x. 
л 

0.5  Findthe area bounded by the curve y = sin! x and the line x =0,|у|= 27 
0.6  Findtheareaboundedby y= tan"! x, у= сос! х and y-axis is first quadrant. 
Q.7  Findthearca boundedby y= log, x, y --log.x, y -log(-x) and y=—log,(-x). 
Q.8 Епа the equation ofthe tangent to the parabola x? = 4y with gradient unity. Also find the area enclosed 

by the curve, the tangent line and 

(i) the y-axis (п) the x-axis 
Q.9 Pair of tangents are drawn from the point (3, 0) onthe parabola y=x?. Find the area enclosed by these 

tangents and the parabola. 
Q.10 Compute the area included between the straight lines, x— 3 y+5=0; x+2y+5=0 and the circle 

х? + у? = 25. 

Answer key 
5 1 = 

QI 4 ба. 2 Q3 «0х-43 +36) 
Q4 2-1 9.5 2 Q6 1ову/2 
0.7 4 0.8 х-у=1;Р(2,1); (1) 2/3; (ii) 1/6 
0.9 1859. units 0.10 3 (57+ 14) sq, Units 
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STANDARD AREAS TO ВЕ REMEMBERED : 


1 
(1) Area bounded by the curve у? = 4ax ; х? = 4by is equal to e 


3 


At point of intersection 
зү 
— | = 3 = 64 аЬ? 
4b =4ax => x* = 64 ab- x 
=> х= 0, (64 ab?)!3 


Let k=4 (ab*)'? 


ee Ba 
3 3 3 


Illustration : 


Find the area bounded by the curve у= Vx ;x- Jy 


Sol. ae T 
ee any сре 
ГЕ 
fiet. 
b 
Required area = dos = 27 
"— 
та = 5 
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2 


(2) Area bounded by the parabola у? = 4ax and у = mx is equal to e: 


4 
y~ = 4ах and у = mx 
At point of intersection 


m’*x?=4ax => х=0, —5 
m 


3 m 2 mê З m? 3m 


Illustration : 


Find the area bounded by the curves х? = у ; у = |х |. 


Illustration : 


Find the curve bounded y? =x ; х=|у|. 


В] 
501. ла). 16, 4 - 1 


(3) Area enclosed by у? = 4ax and its double ordinate at x = a: 


(chord perpendicular to the axis of symmetry) 
Required area = OABO 


А 
авд 
0 2 


0 


tele 


zn РАИ R 2 = 


3 
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Area of rectangle ABCD = 4a? 


= | Areaof АОВ = = (area DABCD) 


Illustration : 
Find the area bounded by the curve. y = 2x -x* , y + 3-0 


Sol. For point of intersection of y = 2x —x? andy + 3 = 0 
Area ( ABCD) =4 х 4 = 16 
32 


PE 16-55 
equired area 3 3 


Alternative method : 


3 
By integration A — [[(2х-з? )-(-3)] dx = Б 


-1 


(4) Whole area of ellipse Ea 


a 2 
А=4 [i-e = 


Put х=азт 90 


х/2 х/2 
А=4 Јаьсоѕ? 040 = 4ab | cos? 040 
0 0 


п? (14 cos20 л 
=4ab | | —— —— id0 = 4ab| — | = 
j( 2 | (3) - 


Illustration : 
Find the area of ellipse x * У. = 
“ЭН ӨС" 


Sol Area of ellipse = лаһ = x (4) (3) = 127 
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SHIFTING OF ORIGIN : 


Since area remains invariant even if the coordinates axes are shifted, hence shifting of origin in many 
cases proves to be very convenient in computing the areas. 


Illustration : 
Area enclosed between the parabolas у? – 2y + 4x + 5 = Qand х? + х-у+2=0. 


Sol. у?—2у+1 > (y- I = -4(x + I) ... (1) 
х +2х+1=у- 129 (x*1y-(y-1) ..(2) 
Lety-1=Y and х+1=Х 
So equation У? =—4Х and X? = Y 


1 
a=1,b=7 
— E RU „1 „4 
so required area — . Са. 


Illustration : 


Area enclosed between the ellipse 9х? + 4у? — 36x + 8y + 4 = дапа the line3x + 2y — 10 = 0 in 
the first quadrant. 


Sol. 9° + 4° - 3бх + 8y +4=0 
=> 9(x — 2) + 4(y + 1) = 36 
(x-2) (у+1) 
шин” иг шин = 
гт ғ 0) 
LetX=x-2 апаУ=у+1 
So equation of ellipse will be 


and equation of line Зх + 2y — 10 = 0 s12) 
3(X+2)+2Y-1)-10=0 
3X + 2Y-6=0 (2.0) x 
So required area (shaded region) 
лаЬ 


П 
Са 3:9 


3 3л-2) 


л 1 3x 
-700-700-737 -3= —— 
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CURVE TRACING : 


(a) 


(b) 


(c) 


(d) 


(1) 


(ш) 


(IV) 


The approximate shape ofa curve, the following procedure in order 


SYMMETRY: 


Symmetry about x-axis 

Ifthe equation of the curve remain unchanged by replacing y by —y then the curve is symmetrical about 
the x-axis, 

e.g., у? = 4ах. 


Symmetry about y-axis 

If the equation of the curve remain unchanged by replacing x by —x then the curve is symmetrical about 
the y-axis. 

e.g., х? = day 


Symmetry about both axes 

If the equation of the curve remain unchanged by replacing x by -x and y by -y then the curve is 
symmetrical about the axis of 'x' as well as 'у'. 

¢.g.,x?+y* =a? 


Symmetry about the line y =x 

If the equation of curve remains unchanged on interchaning 'x' and у, then the curve is symmetrical 
about the line y=x 

eg, x-y-3xy. 


Find the points where the curve crosses the x-axis and the y-axis. 


d 
Find = and examine, if possible, the intervals where f(x) is increasing or decreasing and also its stationary 


points. 


Examine y whenx > or x —». 
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Illustration : 
х?+3х+2 | 
Draw a rough sketch of the curve, у = X 1542 and find the area of the bounded region 
х^ —3x 


between the curve and x-axis. 


Ыы}. РЕД 
Sol х) = (х-1Хх-2) 


Graph will cut x-axis x = —1 and x = -2. 
It is discontinuous at x = | and x = 2. 


Lim fix) > 1, Lim До) > +o. 
xi» xl 


Lim fix) > -2. 
xl" 


Lim fix) > —. 

x2 

Lim f(x) > +оо, f(0) = 1. 
x—2* 
Now we have to find area of the shaded region. The required area 


T W x! e 3x42 =. bx 
free 4 | ээр, : 125522 


=|1+6/2in|x-2|-In|x-1| [I 
=| 1 +6 [2(In 3 — In 4) - (In2 - In3]| =| 1 + 6 [3In 3- 5In 2] 


32 | 
=61п 57] - 1 sq. units 


Illustration : 


Find the area bounded by the curves y = —x? + 6x — 5, у=-х? + 4x — 3 and the straight line 
у= 3x- 15. 


Sol The given curves are 
уз-х + 6-5 or (x - 3) = -(y – 4) fi) 


which is a parabola with vertes at A, (3, 4) and 
axis parallel to negative y-axis. It intersects the 
x-axis at the point P(1, 0) and О(5, 0) 
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y7-—-4x-3or (x - 2)? =-(у- I) -- (ii) 


which is parabola with vertex at А,(2, 1) and 
axis parallel to negative y-axis. It intersects the 
x-axis at the points P(I, 0) and R(3, 0). 


And у=3х- 15. - (lil) 


Solving, the points of intersection of (i), (ii) is 
(1, 0); (i), (iii) are (-2, —21) and (5, 0) and 
(ii), (iii) are (-3, —24) and (4, —3). 


Thus, the required area is the shaded area in the 
diagram. 


4 5 
Required area = ! У-У 2 T | ҮГ”Эз м 
1 4 


3 
[6-х +6x-5)-(3x-15 D 
4 


+ 


4 
[х2 + 6x -5)-(—-х? +4х-З)х 
1 


+ 


4 
[(2х- 2)dx 
1 


5 

jer edes 
4 

— 9 + 19/6 = 73/6 sq. units. 


Illustration : 


The area of the region enclosed by the curves y = x log x and y = 2x - 2x? is 


7 1 5 
(A) 7259 units (B) 5 54. units (C) 12 54. units (D) None of these 
Sol Curve tracing : y = x log. x y 
Clearly, x > 0, 


y*ylogx 
For 0 <x < 1, x log, x < 0, 2 


and for x > 1, x log, x > 0 
Also x log,x=0 > x71 


Further, х -0 => l*log,x-0 


=> х= 1/е, which is a point of minima. 


I ! 
Required area = | 2x - 2x? )dx — IE log x dx 
0 0 
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31 2 21 
ue] ДЕ ил” 
EL D 4 


-(-2)- 0-1. E ех laa 
3 4 2x0 3 4 


Illustration : 


1 
Area bounded by y = -z 7—77; and x-axis is 


х^ =2x+2 
(A) 27 sq. units (B) 25. units (C) 2 sq. units (D) л sq. units 
Y 1 
oo (x-1) +1 
t 4 
«2| — ,— d 
— Pp +1 


x an" (x-1)|; = gm sq. units 
Illustration : 


Area bounded by the curve ху? = а? (a — x) and y-axis is 
2 


(А) Z sq. units (В) ла? sq. units (С) Зла? sq. units (Р) None of these 


501. ху? = а? (а-х) 


a 


=> х=» ? 
y +a 


The given curve is symmetrical about x-axis, and meets it at (a, 0). 
The line x = 0, i.e., y-axis is an asymptote. 


а? 


dx 


an © 
Агеа кыы a 


=? 2%. _ 2 2 
= га 2 = md" sq. units. 
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20 
Illustration : 


The area between the curve y = 2x4 — x^, the x-axis and the ordinates of the two minima of the 
curve is 


11 7 
(А) — 60 “Ч. units (В) — sq. units (OF ET units (D) 90 9. units 


1 = 
Sol. Тһе сигуе в y = 2-х? = х? (2х? - I) 
The curve is symmetrical about of axis of у. 
The curve passes through the origin and the tangent 
at the origin is. y = 0, i.e., x-axis. 
The turning points of the curve are given by 


dy E 
p = 8х5 — 2x = 0 => 2x(4x7 - 1) = 0 


A(-1/4/2,0) B(/42, 0) 


= x = 0, +1/2 


2 


=a 


d У › 
Now, — = 24х – 2 
ах 


> 


“үү 


4 1 
Obviously, xd is +ve when x = +5 and —уе when х = 0 


x ——1/2 and x = 1/2 
At x = —1/2, тїп у = –1/8. 


The curve intersects the axes at O(0, 0), А(—1/ 42 ,0) and В(1/ f. 0). 
Thus, the graph of the curve is known in the figure 

Here, y S 0, as x varies from x = —1/2 to x = 1/2 

.. The required area = 2 Area OCDO 


1/2 
-2 ра 
0 


Illustration : 


1/2 


› E di 
=2 Jox -x 23 84. units. 
у 120 


Тре area bounded by the curve а?у = x? (x + а) and x-axis is 


2 2 2 2 
(A) = Sq. units (B) Tr units (C) = sq units (D) 7590 units 


x'(x4l 
Sol. The curve is у = TUE ‚ which is a cubic polynomial. 
a 
. х (х +a) 
Since “ЭС = 0 has repeated root х = 0, 
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it touches x-axis at (0, 0) and intersects at (-а, 0). 


“| x? (x+a) 2 
Required area = [>а = | г-ын - = 54. units. 


—а -а а 


Illustration : 


The area of the loop of the curve, ау? = х? (а-х) is 


. | 8а? ' 1ба? ; 
(A) 4а* sq. units (B) qs units (C) 9 sq. units — (D) None of these 
Sol. ay -x(a-x-oy-stx \ 2-3 
а-х 


Curve tracing : y = x = 


We must have x Ка 

For 0<x Sa, у> дап forx «0, y <0 

Азоу-0-эх-0,а 

Curve is symmetrical about x-axis. 

When x —-—2,y >—ю 

Also, it can be verified that y has only one point of maxima for 0 < х < а. 


Area = 2| х 2 dx 
ж 


(= =151- 5 =P xal - P) 


0 
эл = 2|а(1-1?)(-2ш)а 
I 


[ з sy} 
> t Ё 1 1 2 
= 4а? Је -1f jdt = 4а? 5-5] = 4а? EH „= sq. units. 
0 7 15 
Illustration : 


The area of the region enclosed between the curves x = у? — l and x = |у| " l- y? is 


4 2 
(A) 1 sq. units (B) 3 54. units (C) 3 54. units (D) 2 sq. units 
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! ЕХ 
50. А = 21-7 0-06 J— x-ly|yi-y? 
A | 


= 2 sq. units x 


Illustration : 


: х=у: -1 


The area bounded by the loop of the curve 4y? = x? (4 — x?) is 


7 | 8 . 11 | 16 . 
(А) 354. units (B) 354: units (С) 34 units (D) 354 units 
Sol. 4° = х? (4-х?) 


>y= ны 2 vx (4-х? 
у= + 7m -x’) 


x 


2 Area (A) = 4| 4-х? а 
12 


Let4— x* -1 => -2xdx-dt 


16 : 
= A= 3 80 units. 


Illustration : 


The area enclosed by the curves, ху? = а? (a — x) and (a — x)y? = а?х is 
(A) (x — 2)a? sq. units (B) (4 —л)а? sq. units 


2 


= 


(С) л ET sq. units (D) None of these 
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Sol The two curves are 


3 

2 ? 

*-Qq'*(a-x)-x- (1 
ху (а-х) "m (1) 
and (a — х)у? = ax 

2 
ау? ау? +a? - à? a? 
qu oe Ши - 
а юу! а? y! а? +у? 


Curve (1) is symmetrical about x-axis, and have 
y-axis as the asymptote. 


Curve (2) is symmetrical about x-axis, tangent at 
origin as y-axis and the asymptote x = a. 


The two curves intersect at the point P(a/2, a) and Q(a/2, -а). 


а 3 2 a 2 2 a 2 a 
Required area — jl = - >Р = 2a{ Say = dis jo 
оха ty a ty a^ y a cy 


Illustration : 
The area bounded by the curves y = xe“, y = xe* and the line x = 1 is 


2 2 1 1 
(А) eM units (B) 1 - eM units (С) 254. units (D) 1 - 234. units 


Sol Curve tracing: y = хе" 


, 


d 
Let га = (0) > е! + хе! = 0) =» х = –}. 


Also, at x = —1, 


, 


d 
= changes sign from —ve to *ve y 


hence, x = —1 is a point of minima. 
When x > æ, y > æ% 

ЭС. = Ж 
Also Lim хе = Lim — = Lim — = 


T кү" 
Х-»-2 хэ-0 өх хә-ю е 


With similary types of arguments, we сап draw the 
graph of y = хе". 
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24 


I 1 
Required area — [se dx - | хе" dx = ke]; - je dx 1t хє» [e « 
0 0 : 5 


=e-(e-1)-(-e!-(e"-1})= 2 


Sq. units 


Illustration : 


The area bounded by the two branches of curve (y — x)? = x? and the straight line x = 1 is 
1 3 4 8 
(А) 55% ипи (В) 5 54. units (С) 5 54. units (D) 454. units 


Sol. (у-х)? =x, where x 20 


>y-x =x” 
Syerxti (ll) 
у=х- хі? .4(2) 


Function (1) is an increasing function. 
Function (2) meets x-axis, where x — хі? =0 or x = 0, I. 


Also, for 0 < x < 1, x хі? > 0 and for x > 1, x х? < 0. 


When x > 20, y > —x, 


From these information, we can plot the graph as below: 


Required area — ff gg L (x = к 
0 


1 5/27! 
н 4 
= 21x dx = dz | = = sq. units 
| 5/2 А 5 
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(a) Sketch and find the area bounded by the curve J| x | l| y| = Va and x? + y? = a? (where a > 0). 


(5). Ifcurve |x| +| y | = a divides the area т two parts, then find their ratio in first quadrant only. 


Sol. /х|-ү//у|-4а 
x=0> у=+а 
у=0=> х=+а 
(a) Required area 


4| va? - x? dx -4| уа -4х) х 
0 0 


шэн 4f [ax 2a dx Jae = 
0 


2 За? 4 2 ? а? 2 2 1 
“88-13 шинээ” - ж a* sq. units. 


(b) Area included between curves and circle in Ist quadrant — 


Area ratio = З(л-2) 
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2 lI. M 


4 


= Ja in Ist quadrant 
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Illustration : 


l 
Area enclosed between the curves у = ex-inx and y= = 
501. y-exinx 
dy dy 4 
qe © + nx) > ee = x=e 
¢ y =£ 4 У > 0) 
dx“ х dx | 1 
х= 
Є 
ЭР 1 
= minimum at x = P 
inx 
у= — 
ех 
$m dy үн 
de E .. her when x =e 
dy 0, dy >0 
ах хае? ах x-ec 
In x 
= at x = е, жЕ has local maxima 


l 
Required area = | Е exis Js 
ex 


l/e 


? 3 1 
пх)? X mx- X e 1 43 1 | 
2e 2 4 |у 4 | 2е-е Je 4e 
e 
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Illustration : 
Area enclosed by the curve (y — sin x)? =x- x. 


Sol. (y—sin' х)? -x-x 
улиг! х үх-х! = domain x є (0, 1] 


Area enclosed by the curve 
1 


l 
-Ї хөг» Мах) (зат, х-ұх-х? “<= 2| (х-х2ах 
0 0 


52105) i5 


Illustration : 
3 
Area of the closed figure bounded by the curves у=2-|2-х| andy = |х] 


x x32 
Sok у,=2—|2-2| = 4-х: x>2 


3. х>0 
and Ус 5, 
--1 х<д 
x 
3 
so = =x > х= {3 
х 
3 5 > 
апа ae = 3=4%-х => х -4х+4=] 


= x-2=:] > х=3 


ч 


2 3 
so required area = | E - dz - 16 -Х- 2 
x 4 x 


ч 


? 2 3 
=|~~3inx| + 4x зах 
2 43 2 2 


3 ER - aw 
-2-352- зы (п) 2 2 зиз) - (s 2 зиз) 
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-31п3+31п2 


ba | м 


d. 
-2-3їн2-2 ЫГ In 3 - 4— 


DETERMINATION OF PARAMETERS : 


Illustration : 

4 
Find the value of c for which the area of the figure bounded by the curves y = —5 ; x = 1 and 
x 


9 
у = сїз equal to 4 


1 П 
4 4 
Sol. So required area = | [e "m Jr = E * 4 " 
2/4c 


Illustration : 


If the area bounded by у = x? + 2x — 3 and the line = kx + 1 is the least, find К and also the least 


area. 


Sol x, and x, are the roots of the equation 
x! 2x-3 = kx +1, or 
х? + (2-Юх-4=0 
xj*x;-k-2 
хх =- 


А= е+и- +2х-3]ах 


х) 


2 3 
- СЕ 


Хэ 


- 3 ? 
2х2 1 
_ == жа 


АЛ 
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2 


> (-2 Р 2 
- Ax; * x; ES Ё > ) а-л 4) 


[ек 2)2 : 
ү(К-2) SPEI 


6 6 


_[к-2°+16] 


6 


which is least when К = 2 and А, = 32/3 sq. units. 


least 


VARIABLE AREA GREATEST AND LEAST VALUE : 


An important concept : 


If у = f (x) is a monotonic function in (a, b) then the area bounded by the ordinates at x = a, x = b, 


a+b 


y = f(x) and y= f (c), [where с є (a, b)] is minimum when c= 


c b 
Proof: A= | (F(c)-f(x))dx + [(f(x) - Ес) dx 


c b 
= f(c) (с-а) - ((f69) dx + | (£09) dx – f(c) (b-c) 


b c 


A = [2c - (a + b)] с) + [© (x))dx - [(r (x))dx 


с а 


Differetiating ул с, 


dA 
de = Be- (a 6)] 740) 2 (c) +0 — fc) - (fc) 


dA 
for maxima and minima ET =0 


— f '(x)[2c - (a + b)] = 0 (as f (c) #0) 
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Note: 


VEN 
ence c= 2 
a+b dA a+b dA 
— — «0 ——,—»0. 
Also c< 5 d. апас > 2 de 


"s а+Ь 
Hence А is minimum when с = ^ 
Let f(x) be the bijective functon and р(х) be the inverse of it then area bounded by y = р(х), and the 
ordinate at x = a and x =b is same as area bounded by y = f(x) and the abscissa at y = a and y =b as 


f(x) and р(х) are mirror image with respect to line y ^ x. 


Illustration : 


Sol. 


3 
If the area bounded by f (x) = = -x!*a and the straight lines х= 0; x = 2 and the x-axis 
is minimum then find the value of ‘a’. 


3 
fa) = = -xta 


ГО) = х? – 2x =x (x — 2)< 0 (note that f(x) is monotonic in (0, 2)) 


0+2 
Hence for the minimum and f(x) must cross the x-axis at s aae 1 


Hence К!) = > -1+а=0 


te | 


=» а = 


wilh 


Illustration : 


Sol. 


The value of the parameter a for which the area of the figure bounded by the abscissa axis, the 
graph of the function y = x + 3x? + x + a and the straight lines, which are parallel to the axis of 
ordinates and cut the abscissa axis at the point of extremum of the function, is the least, is 


(A) 2 (B) 0 (C) – 1 (D) 1 


До) = х + 3 +х+а 
Гү) = 3х2 + бх +1 = 0 
46 


=—| + — 
> x 3 


Print to PDF without this message by purchasing novaPDF (http:/Awww.novapdf.com/) 


31 


1 46 46 
Hence, f(x) cuts the x-axis at 2 ES. du a FD ae зи S$ 


1-1) =-1+3-1+а=0 
а=-1. 


AVERAGE VALUE OF A FUNCTION : 


Average value of the function in y = f (x) 
w.r.t. х over an interval a € x € b is defined as 


Note : 
(i) Average value can be + ve, — ve or zero. 
(ii) If the function is defined in (0, ос) then 


b 
we 5 М ЭЭГ 
У; = Lim ь e provided the limit exists. 


Root mean square value (RMS) is defined as 
І 
D fo 2 
ЭГ И 22 


Illustration : 


3 
cos X л 
Compute the average value of f (x) = т |^ z| 
sint x+4cos* x 2 


2 
cos x 


Sol. Average value of f(x) = —>———- 
sin” x+4cos" x 


1 MS соз? x 
Jawrage | | 2 - 2 4 
? (2-0 о бт” х+4соз° x) 
2 


/ 
| (ап? х+4) 
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sec? хап? х+4) 


Г sec” x dis | 
0 ло 


2 


? 
sec” хах 
(1+1ап? x )(4 tan x) 


4 -2 [4-2] 2 м 
average да (141(4-2) Зло е +4 


DETERMINATION OF FUNCTION : 


Note : 


The area function A(x) satisfies the differential equation 


GAC) _ FG with initial condition A(3)-0 


i.e. derivative of the area function is the function itself. 


If F(x) is any integral of f(x) then, 


A(x)= | f(x) dx=[ F(x) +c] А(а)=0=Е(а)+с => с=-Е(а) 
hence А(х)=Е(х)-Е(а). Finally by taking x = b we get, A(b) = F (b) — F (a). 


Illustration : 


(a) 
(b) 
(с) 
(d) 


Sol. 


(a) 


The area from 0 to x under a certain graph is given to be А = 4143x -1, x 20; 


Find the average rate of change of A 


wrt. x asx increases from 1 to 8. 


Find the instantaneous rate of change of A wrt. x atx = 5. 
Find the ordinate (height) y of the graph as a function of x. 
Find the average value of the ordinate (height) y, w.r.t. x as х increases from 1 to 8 


A- VL e3x - 17 [ f(x)dx 
0 


3 
- -d 165 
eg (8—1) ах 


I 


4А 


dx 


-5 (Лззх-1 = t (4-1)= 


|t 
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| ахз 2\1+3х 2/143(5) 8 


© аб) = [леха = (1х3х-1 
0 


Differentiating w.r.t. x 


8 
(xu zen [дж = 5 rex) = 3 
l 


Illustration г 


Let C, & C, be the graphs of the functions у = x^ & у = 2x, 
0 <x < 1 respectively. Let С, be the graph of a function 
y=f(x). 0 sx <1, [(0) = 0. Fora point P on C, let the 
lines through P, parallel to the axes, meet C, & C at Q & R 
respectively (see figure). If for every position of P (on C,), 
the areas of the shaded regions ОРО & ORP are equal, 
determine the function f(x). [JEE 98, 8] 


Sol. Let P(h, h^) be a point on the curve C r 
=> Rh, f(h)) 
Area OPQO - Area OPRO 


д 


2 h 
(5-2) - еле АЕР 
0 0 . 


Differenting wrt. h 


; Ы 
(6 -E ja im 


=> MW- =й?- ДА) Суу= Дх) 


=> ft) = һ? – № 
=» үх) = хі-хі? 
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AREA ENCLOSED IN CASE ONE CURVE ARE EXPRESSED IN POLAR FORM : 


| 
Area of any curve = = | r^do 


Illustration : 


Find the area of the cardioid г = a(1 + cos@) 


125 4 а? 2x 0 0 
Sol. A= 5 [749 - 5 аа рш 5 =t (Bx 
0 
2 Зла? Зла? Ч 
А = ы цайн -48х 16 | 2 | 


AREA IN RESPECT OF CURVE REPRESENTED PARAMETRICALLY : 


Illustration : 
Find the area enclosed by the curves x = a sin’ t and y = acos? 1 


Sol x? + уЗ =a” 


и 
Required area = afle” = хү /2 d 
0 


Put x = а sim t; dx = 3a simt cost dt 


/ 
3/2 
2, 2/3 ES A ; 
Area — 4 | (в /3 a?” sin | За sin*t cos t dt 
0 


А = 12а? | зїл? tcos* г dt — .. (1) 
0 


z/2 
А = 12а? [sin* tcos? t dt... (2) 
0 
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Adding (i) and (ii) 


1 a? л/2 

- ? o 2 ° 

{== | cos" t sin" 1 (cos?t + sin"t) dt 
- % 


/ z/2 . 2 
pem Р" ЙГ” Te sin? 2t _ За? Г (1-соз4 
= ба" [зїп tcos tdt = ба = — —— — |а 
4 2 2 
0 0 0 


Q.2 


0.3 


0.4 


0.5 


Practice Problem 


For what value of k is the area of the figure bounded by the curves у=х?—3 and у = Кх +2 isthe 
least. Determine the least area. 


Find the area enclosed by the parabola (у-2}=х-1 and the tangent to it at (2, 3) & x-axis. 


Area enclosed between the smaller are of the circle x? + y? -2x +4y—11=0 and the parabola 
у=-х2+2х+1- 243. 


Find the area of the figure bounded by the parabola y= ax? + 12x – 14 and the straight line y = 9x — 32 
if the tangent drawn to the parabola at the point x =3 is known to make an angle х – (ат !6 with the 
X-axis, 


Find the area bounded by the curve g (x), the x-axis and the ordinate at x =— 1 and x = 4 where g(x) is 
ченесе баа 5 A 
e inverse of the function f(x)= 24 8 12 


f(x)=x°+3x+2 and g(x) isthe inverse of it. Then compute the area bounded Бу g(x), x-axis and 
the ordinate at x =- 2 and x = 6. 
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0.7 — Find the value of the parameter 'a' Гог which the area of the figure bounded by the abscissa axis, the 
graph of the function у= x? + 3x? + х +a, and the straight lines, which are parallel to the axis of 
ordinates and cut the abscissa axis at the point of extremum of the function, is the least. 


Q.8 Find the average value of y? w.r.t.x for the curve ay=by a^-x? between х=0 & x=a. Also 


find the average value of y w.r.t. x? for 0<x<a. 


Answer key 


fs 8-343 «2n 
QI ke96A- M 02 0009 Q.3 ея 
gg a p; d s E 
Q. 2 Q.5 3 Q. 2 
2b? 2b 
ОЛ а--1 Q.8 @а= 2 ab 7 
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DIFFERENTIAL EQUATION 


1. INTRODUCTION : 


1.0  Ancquation that involves independent and dependent variables and at least one derivative of the dependent 
variable w.r.t independent variable is called a differential equation. 


d? dy Y s 
dy l logx P | 4 
. — = X «42 ‚= T] — 
Forexample: x gx Ylogx xe* x ‚ (х > 0); dx? y rE 


1.1  Adifferential equation is said to be ordinary, if the differential coefficients have reference to a single 
independent variable only and it is said to be Partial if there are two or more independent variables. We 
are concerned with ordinary differential equations only. While an ordinary differential equation containing 
two or more dependent variables with their differential coefficients w.r.t. to a single independent variable 
is called а total differential equation. 


2 
се. ё у + 34 + 2у=01ѕ an ordinary diffrential equation 
dx“ dx 
m к... „^5. =0; os - E = х? 4 y are partial differential equation. 
0х ду 02 дх ду 


1.2 Order and Degree of Diffrential Equation : 


The order of a differential equation is the order of the highest differential coefficient occuring in it. 
The degree of a differential equation which is expressed or can be expressed as a polynomial in the 
derivatives is the degree of the highest order derivative occuring in it, after it has been expressed 
in a form free from radicals & fractions so far as derivatives are concerned, thus the differential 
equation : 


т. ]P m-l Ч 
d"y d' (y) 
f(x,y) dx" + ó(x.y) dx РИ = 0) is order m & degreep . 
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Illustration : 


Sol. 


5 б 1/4 > \4 6 
: ЖЕ. (E d'y) (2) 
(i) ах? J dx > dx? й ах 


Hence order is 2 and degree is 4. 


dy 1 ү, (dy 
. ЗУ, Чан хэс E antium -— 
@ a” Hila ас (2) а) i 


Hence order is I and degree is 2. 


d 3 ¥ 
dx 3 


(ü) е axe Y+y=0 
ахі 


2 


Clearly order is 3, but degree is not defined as it cannot be written as a polynomial equation т 
derivatives. 
В ) Ч | (2) + ау . ( = 
у, , = ‚ — = b , 
(i sin 2: x+y d sin (x + y) 
Hence order is 1 and degree is 1. 


Чу 


йу 
= + hv — рак + бу 
x | ax+by => e 


(v) In | 
Hence order is one and degree is also 1. 


Practice Problem 


Q.1  Findtheorderand degree (if defined) of the following differential equations 


5/3 
dy (5) d'y (2) 
j Sieli? СУ = xin| У 
d'y 3 ay 6 dy 2/3 dy ж 
= ——| + -| +sinx =2cosx i жыз cis 
@ fd (2 б) Р) dx? dx 
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2 3/2 
(2) | 
: d^y 2| 

» +| — | +6y=0 

(v) р Фу (м) a E y 

dx? 

2 3 2/3 2 
: spa EL 3 "s (2) : dy) ,dy 
(м) у(х)=1+ E: “үзэ d loss (viii) r4 de 


Answer key 


010 order = 2, degree=3 ; (ii) order = 3, degree is not defined 


(ш) order = 4, degree = 3 ; (iv) order = 3, degree =2 
(у) order = 2, degree = 2 ; (vi) order =2, degree = 1 
(м) order= 1, degree= 1 ; (vii) order = 2, degree = 3 


2. FORMATION OF DIFFERENTIAL EQUATIONS : 


Consider a family of curves 

f (X, Ys Cjr Cy j cissi: c,) 70 . . (1) 
where Cy, Cos ----- ‚с, are n independent parameters. 
Equation (i) is known as an n parameter family of curves e.g. y = mx is 1-parameter family of straight 
lines х2 - y? - ax +Бу=0 isatwo-parameter family of circles. 
If we differentiate equation (1) n times w.r.t x, we will get n more relations between x, y, €, Coy ...... E 
and derivates of y with respect to x. By eliminating с,,с,,...... ‚с, from these n relations and 
equation (i), we get a differential equation. 
Clearly order of this differential equation will be n, i.e., equal to the number of independent parameters 
in the family ofcurves. 


Illustration : 
From the differential equation of family of lines concurrent at the origin. 


Sol. Such lines are given by 


у = тх .44(1) 
dy _ 
= m m 


Putting the value of m is equation (i) 
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ау 
y = ү. 
> xdy-ydx =0 


Note that the order is 1, same as number of constants. 


Illustration : 


From the differential equation of all concentric circle at the origin. 


Sol Such circles are given by 
? 3 > 
typ y 
Differentiating w.r.t. x, 


dy 
2x + 2y de 0 х' 


+ 5 0 
—. Ж и = 
ах 


Illustration : 


From the differential equation of all circles touching the x-axis at the origin and centre on y-axis. 


Sol Such family of circles is given by 
x!'*(y-aj-2a 


> x+y-2ay=0 ...(1) 
y 
Differentiating, 
dy dy 
22 2g 
TUM а dx 
‚„® ф 
Ri Х Уа, ах х х 
substituting the value of a т equation (1) y 


F^ 
> (х? – у?) 2 = 2ху (order = 1 and degree = 1) 
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From the differential equation of the family of parabolas with focus at the origin and axis of 
symmetry along the x-axis. 


Equation of such parabolas is у? = 4A (A + x) 


Differentiating w.r.t., we get i 

2 8 4А = d. 2A 
is vax vax 

х х 
Eliminating A from equations (2) and (1) S 
> 3 
y =| y— -2y——x уг-у|-- 42ху-- 
| b 4 a” wv e de y 


which has order 1 and degree 2. 


Illustration : 


Sol. 


Find the differential equation of family of lines situated at a constant distance p from the origin. 


All such lines are tangent to circle of radius p. 


ion dy y 


> 
у= тх +р\1+т > m= — 


By eliminating т, we get 


dy | dy Y | , dy J : (С nl 
я = ——] > 1+ —À — у х — р + 
J dx X "A (2) dx dx 


which has order 1 and degree 2. 


Practice Problem 


Q.1 


Q.2 


Find the differential equation of all the parabola having axis parallel to x-axis. 


Find the differential equation of all ellipse whose centre is at origin and axis are co-ordinate axis. 


5 
х? 2 
Consider the equation EDS + EM 1 where a and b are specified constant and 2 is an arbitrary 


parameter. Finda differential eqation satisfied by it. 
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0.4  Findthe degree of the differential equation satisfying the relation 
\1+х? ey! hey? = (хуй + -уўй+х?) 


0.5 Find the differential equation ofall non-vertical lines in a plane. 


0.6 Formthe differential equation 


(i) y=A+Bx+Ce™ (i) y=e*sinbx (iii) y=ax a) (iv) sin! x ^ sin! y=c 
x 


Answer key 


dx d d 
Q3 а?-Ь?=х?-ху k у’ +ху (ay Q.4  degreel Q.5 У 


0.6 (1)у" +у" =0, (ii) y" – ay’ + (a? + b?) y=0, (iii) \1-х24у+\/1- у?ах =0 (iv) x y" +у= 0 


3. LENGTH OF TANGENT, NORMAL SUB-TANGENT, SUB-NORMAL: 


(i) Length of Tangent : 


PT is defined as length ofthe tangent. 
In APMT, РТ = | у cosec 6| 


уат э IH 


ze Length of tangent = 15 | 
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(її) Length of Normal: 
PN is defined as length of the normal. 
In APMN, PN = |у cosec (90° — 0) 


=> Length of normal = 7 | (0 


(iii) Length of Sub-tangent: 
TM is defined as sub-tangent. 


In APTM, TM = у cot 0|= 


= Length of sub-tangent = 


dx 
Yay 


(iv) Length of Sub-normal: 
MN is defined as sub-normal. 


In APMN, MN = |у cot (90° — Ө) = |y tan | = у> 
x 
dy 
= Length of sub-normal = ка 


4. SOLUTION OF A DIFFERENTIAL EQUATION : 


Elementary types of first order & first degree differential equations. 


Elementry Type of first order and first degree 


Variable Separable — Linear 
Reducible 
T-1 T-2 to Homogeneous pes em 
normal dy м = 
Жэ Цах- by +z) (Bernouli's О.Е.) 
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4.1 Variables Separable : 


If the differential equation can be expressed as; f(x)dx + g(y)dy = 0 then this is said to be 
variable -separable type. 


A general solution of this is given by | f(x) dx + | g(y) dy = с; where c is the arbitrary constant. 


Illustration : 


Solve the following differential equation 


dy 2 2 
7 т =3х+4у with y(0) = 0 fii) х(у + 1) а+уф + 1) ду = 
л > 
(1) y’sinx=ylny; X3 =e (iv) (ух) = е + x. e”, 
Sol. 
ЧУ go -ё! ех -1 1 -7 


3 -4y 3x 
, — = / “dy = 4 — - — ae — — SS инээж 
(i) т Е £7 — [е у= [е х+С => = 3 +С > С = 


Hence 4e? + Зе? = 7. 
@ ху +1) ах+у(? +1) ду = 0 


E --[ 2y dy 


х? +1 (у? гүү in + 0) = +) +С 


Hence (у? + 1) (х? + 1) = where С is any constant. 


.. ау : dy _ 
(її) 3 sinx=ylogy > [- ley = | cosec x dx 


=> In (In y) = In (cosec x — cot x) + In C 
=> [n y = С (cosec x — cot x) 


at x = SP =e; soln (е) - C(-0) C71 


> у= elcosec x ~ cot x) 


d 7 хі 
(iv) Э е «x Je? 2e dy = (е + х?) ах => е = ех + lC 


Print to PDF without this message by purchasing novaPDF (http:/Awww.novapdf.com/) 


Illustration : 


Find the foci of the conic passing through the point (1, 0) and satisfying the differential equation 
(1+ у?) dx — xy dy =0. Find also the equation of a circle touching the conic at ( [2.1 ) and passing 
through one of its foci. 


2у 


=. S 
X1«y!)^ 


Sok (1+у)ўйс=зуйу > [| 


1 2 In С : ч 
=> Inx= 5 (1+ P 2х = C(1 + у?) 


at x-1y-0-21-C(I*0)2C-71so x!'-y-1 
Equation of circle can be written as 


(с-42| -(у-1у -44-0 


where L is tangent of hyperbola x? — у? = 1 at (/2 * ) 


ie, L: J2x-y = 1 

so circle (--42) +(y- 1} + А(/2х-у-1)=0 
when this passes through focus (/2,0) so * 1 À(1) 2-02» А=- 1. 
so equation of circle : (x E a ў i(p- iy -—1 (2x уч ПЕ 0 

when this passes through another focus (- 42 0) 


о (0) + 0-1 +4 ((v2)(-v2)-0-1)=0 
8-14-3(-3)-0-21-3 


Hence equation of circle, (с- 42 Ї +(у-1) + ERE х-у- ij- 0. 


Practice Problem 


Q.1 Find the solution of the following differential equations 


› dy _ = dy _ : dy _ у+х ух 
(i) x dx ^ (1) ах =x logx (11) u? +e 
d 
(iv) a pe (v) T tan y —sin (c y) sin(x-y) 
ду |l-y’ _ dy 1+соѕ2у 
—+ - ep 55 
м) dx \1-x? 9 (vi) dx 1-соѕ2х 
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0.2 


0.3 


0.4 


9.5 


Q.1 


Q.2 


4.2 


ду 
Solve e* =х + 1, given that when х=0,у=3. 


Find the curve for which the segment of the tangent contained between the co-ordinate axes is bisected 
by the point . Curve passes through (2, 3). 


Find the y= f(x) (f(x) > 0 and f(0) = O)bounding a curvilinear 
trapezoid with the base [0, x] if area bounded by curve, 
coordinate axes & var. ordinate. 

Area = (f(x))""! and  f(l)-I 


x 
[Hint : | ydx = K.(f(x))"" : now differeniate both sides] 
0 


Show that the curve passing through (1, 2) for which the segment of the tangent between P and T is 
bisected at its point of intersection with the y-axis is a parabola. 


Answer key 


> 


| 2 _. = X^ — , - 
(y2c-—, (ii)y=—logx-—+e, (ii)e*-e"*—e*-c, (iv)y+sin'x=c 

x 2 E 
(v)secy+2cosx=c, (vi) xyl-y? +yvl-x? zc, (vii) tan y - cotx ^c 
у=(х+1) № (х+1)-(х+1)+4 0.3 ху=6 QAfx)-x!'^ 0.5 y? - 4х 
Differential Equation Reducible to the Separable Variable Type: 


dy 
dx =f(ax+by+c), а, Б ғ 0 


To solve this, substitute = ах + Бу + c. Then the equation reduces to separable type іп the 
variable t and x which can be solved. 


Illustration : 


Sol. 


Solv dy _ +y)? 
olve (киш... yy. 


e = (x + у)? (i) 


Here the variable are not separable but by putting 
x+y = у we have 
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Ж ах 


= Equation (i) reduces to 


v 


2 -. 
“ҮСЭГ op „(й 
dx (ii) 
in which variables are seperated. 
Hence from equation (ii), 
ат!у=х+с or x + y = tan (x + c), which is a required solution. 
Illustration : 
dy 
Solve QqItxty =х+у- 1. 
x 
Sol. Putting JI xy = v, we have 
> xty-1-2y'-2 
Ex dy 2 dv 
=> c - cce 
dx dx 
Then the given equation transforms to 
dv 
(24-1) = =2 
dx 
dv у?+у-2 2v? 
=> — = > |— dv -| ё 
4х 2v* v! 4v-2 


4 
> z|; EOS EE ee = de Си. шы п-50в1»+21|- х+с 


where у = Jl+x+y 


4.3 Differential Equation of the Form : 


dy _ ajx+byy+cy 


- = 
dx аух+Ь›у+с, where b, а, 0 


Following illustration will clarify the concept. 
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Illustration : 


P "E. Еж. 
Solve the differential Equation ёс x+y" 
dy _x-y 
Sol. dx x+y 


x dy + y dy = x dx — y dx 
x dy + y dx + y dy = x dx 


> déy*ydy-xde э |а) |= [xac S. 


3 2 


y X4 6 
=> xy + ae ET > 2ху + у? = х? + С. 


4.4 Polar Coordinates : 


Sometimes transformation to the polar co-ordinates facilitates separation of variables. In this 
connection it is convenient to remember the following differentials. If x = rcos0; y-rsinO wherer 


and Ө both are variable. 
(а) 0) xdx+ydy=rdr () xdy-ydx=rdé 
Proof: х =гсоѕ0 ; у= гѕіпб => х? +у? = ү 


=> хах +уйу= гаг 
Also їапд = у/х = хаіу-уйх = х? ѕес20 40 
= xdy — ydx = r 40 


(b If x=rsecO & y-rtanO then 
(i) x dx — y dy ^ r dr and (ii) x dy — y dx = Г sec0 40. 
Proof: x =r sec0 and y ^ rtanü 
> х?-у?=г? = xdx-ydy-rdr 
y/x-sinü => xdy—ydx=x? cos0 40 = г? ѕссӨ 40 


Illustration : 
Solve the following differential Equation 


(i) хах + уау = x( хау — ydx ) (ii) 


хах+ уду _ ydx—xdy 


> 


(їй) 


| 2 2 
үх зу x 
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Sol. 
(i) xdx+ydy = x (x dy — y dx) 
Let x=rcos0y=rsin0 
г dr = к cos 0 (r° dO) 
[# = [cose аө NE UNT 
ғ? r 
=>/+rsin0=-cr>(1+rsinOP = с?т? 
> (1+) = сіб? + у!) 
‚Ч igus 
sa xdx+ ydy 1—(х* + у*) 
(ii) d = 29 ук “М ea, 
у xdy-ydx \ (х+у) 
х---у 
dx 
put x=rcos@y=rsin 050 х ах + y dy =r dr ; x dy -y dy = ғ dé 
r dr 1-r dr 
=> = > |7 = |40 — іт! () = Ө+с 
аб r TA J ) 
= si. +c); 2,4) =$ + 77 = гат! 4 
=>  г=зм (0+6); у(х? + y!) = 5їп (0+ c) where Ө = tan (2 
(ii) xdv*ydy y dx = x dy 


- 


2 2 
Де + у? | x 


put x=rcos@y=rsin@ 
xdx+ydy=rdr;xdy-ydx=r dd 


гаг _ —т°40 


= а ? 
г r^cos 0 


> [4r =- | sec’ ato 


2. 3 y 
r - tan 0* c > ү(х агн 


50 Мб y!) 7 -c, 
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4.5 Homogeneous Equations : 
The function f(x, y) is said to be a homogeneous function of degree n if for any real number t (+ 0), we 
have f(tx, ty) =t (x, y). For example, f(x, y) = ax?? + hx!? x у!? + by? is a homogeneous function of 
degree 2/3. 


Homogeneous Differential Equation : 


dy f(x.y) 
A differential equaiton of the form e = ф(х =. ‚ Where f(x, y) and f(x, y) are homogeneous function of 


x and y, and ofthe same degree, is called Homogeneous. This equation may also be reduced to the form 


х 
ах Ө and is solved by putting у = vx so that the dependent variable у is changed to another 


variable v, where v is some unknown function, the differential equation is transformed to an equation with 
variable separable. 


Illustration : 
Solve х? dy + у(х + y) dx = 0. 


dy — yx*y) dy y y 
dx x? = dx Ж de 


Sol. Putting y = vx 


& * dx 

Given equation transforms to 
B e = 2 
рас. See 

[ dv гах 

v! 2v x 

1 | 11 {4 
m v v2 x 
=> log | v |- log | v + 2| =- 2 log | х | + loge (с> 0) 

ух? 
= у+ 2] 


2 
ху 
гэ» =с(с> (0) 
33 боо 
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Solve (xsin * = | узїп is 3 : 
x x 


Sol. Putting y = vx, we get dy = vdx + xdv 
>x sin v (vdx + xdv) = x(v sin v — 1) dx 


dx 
=> sin vdv p = 


Integrating, we get cos v =тх+с 


y 
=> cos P =Inx+c 


4.6 Equations Reducible to the Homogenous Form : 


dy ах+Ьу+с 


15 


Equation of the form "tm Ах+Ву+С (aB = Ab and A +b « 0) сап be reduced to a homogeneous 


form by changing the variable x, y, to X, Y by writing х= Х +h and y ^ Y + К; where В, К are constant 
to be chosen so as to make the given equation homogeneous. We have 


dy d(Y+k) dY 
dx d(X+h) dX 


Hence the given equation becomes, 


dY aX+bY +(ah+bk+c) 
dX  Ah+Bk+(Ah+Bk+C) 


Let h and К be chosen to satisfy the relation ah+bk+c=0 and Ah+Bk+C=0. 


Illustration : 


dy 
Solve x эс? + 2]у?-х? . 


Sol Putting, y = v. а + de 
о utting, у = vx an 2 vtx di 


dv dv 
xv tx dx =w + Xx yv -1 2 


2 


4 NY -1 


dx | . 
= pu, integrating, we get 


—— БЖ 7 
Хо шэн = In (cx) 
X 


: ‚2 2 әс 
c yyy 0 =e х 
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Illustration : 
Solve x(dy/dx) = y(log y — log + 1). 


Sol. 42) шу (log y- log x+ 1) => у - Y (ie(31) 


Putti = e cd E 
utting у = vx, we get 2) E^ 


dv dv 
and the given equation transforms to v +x ux v/log v + 1] > и. log v 


dv de 
ыы а Е. 2 — log (log v) = log x + log k, k> 0 


=> log (v) = kx > A =e > у = хех; ийеге К > 0. 
Illustration : 
Solve (x + y sin (y/x))dx = х sin (у/х) dy. 


gui. y |l Y 
. y : y 


Sol. 


dy dv dv 
Put y = vx then ж? ty os and the given equation transforms to v + x к > 6056 (v) + v 


dx , 
=> sin v dv = * Integrating and replacing v by ET we get ; 


y 
cos( 2) +log|x|=c,ceR. 


Illustration : 
Solve (2x — y + 1) dx + (2y -x + 1) dy 


501 (2x -y-*l)dx--(2y-x + 1) dy 


dy _ -(2x-y*1) 


P - Сере) Lety=Y+k and x=X+h 


dy dY -(2Х-Ү+2й-Е+1) 
then к” aX = (2Y-X42k-h«4 1) 
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Now, 'h' and ' can be chosen such that2h-k+1=0 |... (1) 

and 2Ok-h-1-0 0 | | ша. (2) 

By solving these equation h = — 1, К = — I. 

m и. д | МР м 
gy (27-Х) ` Now homogenous equation so put У = v. Dax 7*9 ay 
eai. рй, шы) 

VUE Ge UE ed 


Rr md j м dX 


X 
dX 2—1 (2v! -2v+2) Х 
їү (2v-1) dX 1 
Mts > dv E ons. | === ea 2 ARES a © 2 
21 (у? v1) y gin -v*D--InX*Ink 


=> (de -vn x) = In k 


=> Ху(у2-у+1) =k > (Ү?-ХҮ+Х?) =k 
=> (у+1р- (у +1) (х +1) +0 +1) = К, 


Practice Problem 


Q.1 Solve the following equations 


dy x-2y*5 dy _ х+у+1 


Чу _ | 
0) 4х 2х+3у-1 (i) dx х+у-1 (iii) ite =cos(x + y)—sin(x + y) 


Q.2 — Solve the following equations 


dy ху | ду. х dy) _ 
(i) dx x+y? (ii) dx 2y-x (iii) SEE: =2у 
| к-у 
89 у= х+у (у) | Qx-y* dx + (2у-х + Ddy-0 


2 3 : >: а 
()  xdy-ydx-( x! +y7)dx Gi) (х+ууйх+хйу=0 (ий x-y y+) 
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Answer key 
0.1 (i4xy*3yl-2y-x?'*1l0x-*c, (ii) x +y=ce’-* Gi) 1 tan ^+ +x+c=0 
Ё : 
Q2 (0)су-с”, (ii) x-y) (x+2y} =e, — (100 (У-5)- с=с, 
(iv) y? + 2xy—x?=c, (м)у2+х2-ху+х+у=с (у)у+ Jx?4+y? =сх?, 


x 
(vii) x? +2xy=c, (viii) = +log xy=c 


4.7 Linear Differential Equations : 
A differential equation is said to be linear if the dependent variable & all its differential coefficients occur 
in degree one only and are never multiplied together. 
The nth order linear differential equation is of the form ; 


n n-l 
а, (x) + a(x) 3 Бол + а, (х).у = ф(х) . Where а(х), a,(x) ..... а (х) аге the 


coefficients of the differential equation. 
Linear Differential Equations of First Order : 
The most general form ofa linear differential equations of first order is у +Py=Q, where P & О are 


functions of x (Independent variable). 
For solving such equations we multiply both sides by 


Integrating factor = Т.Е. = A Pdx 


dy — el Pdx 
So we get oJ Pax E * 2 = Ое 


» ey Ine Ь увс!” й б^ 


Е 4. (==) Oe! Pa 2 4 (07%) 


X 


> | уе” вх = [q( ^ ах 


7 Print to PDF without this message by purchasing novaPDF (http://www.novapdf.com/) 


19 


> ye? = | ог!” +C 
which is the required solution of the given differential equation. 


dx 
In some cases a linear differential equation may be of the form dy + Pix - Q,, where P, and О, are 


: ; ; . [Rd V x ca 
functions of y alone or constants. In such а case the integrating factor is el 19 and solutions is given by 


xel^* = [os ^ * ay. c 


Illustration : 
Solve х? (dy/dx) + у = 1. 


Sol Тһе given diffential equation can be written as 


dy 3. hich i. li 

Жэ "2 hich is linear 
5 1 

Here P = I/x- and О = 2 


1Е = оби = 67! 
1 l 1 


= уе" = ех -үйх-ех +С 
53 


1 
=> у=1+ Сех 
Illustration : 


Solve the following differential equations 


Oo wm 3 фрау 

(i) COS"X dc "усан x (й) x Inx p y = 2 іпх 
- noa „ә. aya ы W o f 
(10)  х(х741) m = y(I— x ) + x* Inx (iv) k xcosy+sin2y 


Sol. 


, 


а 
(i) cos?x < * y = lanx 


ЭРЧРРЧЭЛР > 
F? + 5ес-х y = tan x 5ес-х 


* 2 ха 
Integrating Factor = al sec ХҮН = anx, 
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2 
ye" = few tan x sec” x dx Let t = tan x so dt = secx dx 


[e ianx sec? xdx — [ега = (t-l) 


soy e'"* = (tanx — 1) e"* +k 
y=ftanx-I)+ke™* 


dy 
(1) xinx 2, ty = 21п х 


dx 
dy = = = 2 
dx  xinx X 


dx 


Integrating factor = е "* = eU) = их 


2 
So, y (In x) = ZI = (їп х)? +e 
" 2.54 4 — 
(ü)  x(x +1) — =Уу(1-х) + x Inx 


dx 


Фу, (x*-Dy _ х\їпх 
dx х(х?+1]] х(х?+1) 


(x? -1) dx x dx 1 2х 1 zx 
a - Jae J - AJ See ja 
x(x^ +1) [гуу prs ver 3 za : |! xs 


1 Р E E x^ +I 
~ dn (x^ + I) - In x - in (x^ * 1) = In 
2 4 x 


Ре Е +1 | 2 à 
У + 
Integrating factor = e ^ ^ ^ = (=) 


> 

5-1 2 2 
„= ПЕ к = [юха 
x x х(х +1) 


= (Es (In x — 1) + C. 


ай Buet u A o" 
dx — xcosy-sin2y dy У У 
"TN 
Ж — (cos y) x = (sin 2y) 
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є -1(сох у ) dr E 
Integrating factor — e |сохуу4у _ gn? 


i dt 
хезу = pw 2sin y cos y dy Put siny ^t, cosy = 3. 


fev"? 2sin ycos y dy — [e (2t) dt =2 [- te* — e*] = 2e (141) = -2699У (sin y + 1) 
1 хез" 2—2 gh» (їп у + 1) +С 
x7-2(siny + 1) + ce», 


Practice Problem 


0.1  Findthe intergrating factor for the following linear differential equations 


(i) © + ytan x—seex=0 (ii) D Yos 

(її) a- 2-ху-1 (iv) (2+ ay exti 
0.2  Solvethe following D ifferential equation 

(i) гарыг, (ii) OY 4 xsin 2y=x3 cosy 


Q.3  Findthesolution of the following differential equations 


dy y , ; dy 
— + — = — = 
(i) ae әні: д (ii) xlogx ria *y-2logx 
d d 
(iii) 55 + 2y cot x = 3x? cosec? x (iv) x =y+x? 
Answer key 
Q.1 = (i)secx, (ii) x, (iii) J1 x2, Gv) x? 1 


-X -2 2 ne S E 3 
0.2 ()——-— «C, (ii) tany e* -26 (2-1)-с, C : => 0-х} +С 
—Xx^* 


(iv) xy» y? Iny*c 


Q.3 (хук (5-1 (ii) y log x = (log х} + c, (iii) ysin?x=x3 +e, (iv) y=x?+ex 
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4.8 Equations Reducible To Linear Form (Bernoulli's Equation): 
The equation у +py=Q.y" where P & О functions of х, is reducible to the linear form by 


dividing itby у" & then substituting у"! =Z. Its solution can be obtained as in the normal case. 


Illustration : 
Solve the following Differential Equation. 


dy dy 2 4 
1 — = хр 2 j —— — 2 ytan x ^ y“ tan" х= 
0 Fett G) 4. J 
i ; dy - . 2 : dy 1... 2y = x! cos? y 
(iii) y sinx м” cos x (sin x — у) (iv) de x 2у=) e. 
dy tany 
(v) A Pero Тэх Л secy 
Sol. 
d dy 
(i) к 9 vy > t. uera 


Le m = dy 
? уз put t= y so dt = у 


dt = x 
dco = yx? => Integrating factor = RE =e? 
2 2 2 
x x x 2 
TREE oe | эс э 2 22 y : Е 
te? = |е x dx = le^ xx dx Put 2 = 7, idz=xdx 
2 3 
x x 


fe? х? ах = [е°(2:)а: =26@-1)ё=(6?-2)е? 


=02-2) е? +С => у 
(x -2)e? +С 


М dy 
(ii) 2.7 2y tan x + у’ tanfx=0 => 


— 2y tan x = — y? tan*x 
dx * ) 


-1 dy 21апх а 1 4 
yd y " tank — put t= y" dt — Я ау 


Li 


а ar t = tan* 
dx (2tan x) t = tan?x 
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: 2| tan x dx 2 
Integrating factor — e ее fimer: сы 
2 tan x 
t secx = fran? x sec? x dx EE +e 
2 5 
sec x tan x 
y 
ын : 2 oa . › 

(11) ysinx с cos x (sin x — y") 
Let zy! — ..dz=2ydy 
1 dz — dz = 2 
шинээ Poe 8 => cotxz 72cosx 
2 dx dx 


) 2cot x dx : 8 
Integrating factor = el = e? In(sinx) = sinx 


2sin? x 


c 
z+ sinx = | 2cos x sin? x dx шин 4 С 
: 247 x 
л узййх = шы + С. 


dy | sin2y 
iv += ; 
Д7, di 2 x? cos? у 
dy  2tan 
=> — secy nu : Ух 


dz 2: 
я = › > = 2 › —+— + 
tany => dz-secydy > етсш х? 


24х 
Integrating factor me X = е?!" mie 


E 
—. zx? = dec 


‚5 
= хапу = — C. 
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24 


dy tany 
б) dx х+1 


= (x + Пе’ sec y 


TE - A (х + 1)е* 
de хы ~ 


Let 2=зту .. dz=cosydy 


-dx 
(х+1) отн) 21 


Integrating factor = e 
x1 


- = ех =e" +c 
(х+1) 

z = (е + с) (х + 1) 
л зту= (е + c) (x + I). 


Note : Following exact differentials must be remembered : 


O — xdy+ydx=d(xy) @ Mr у) 
X X 
dx- xd ) а d 
"RI (3) dv) 33345. aanxy) 
y * ху 
() 2554У aun ey) ap 21-22. 42) 
+y xy 
xy y х + y! х 
w ах) др Дыры 
X ty y x^ + y 
(d) d (- L) „058 (ii) а (=) af ee 
xy ху y y 
(xiii) а (2) „асса 
X 2 
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Illustration : 


Sol. 


хау — ydx 


Solve xdx + ydy = ac Я 


The D.E. can be written as 

È 3 4 

54 + у?) 7 айап! (y/x)] 
Integrating, we get 


1 > 3 1 
56 * y) = tan” (ул) + c 


Illustration : 


Sol. 


Q.2 


0.3 


Solve f(x + 1) (y/x) + sin у}ах + (x + In x + x cos y) dy = 0. 


We can re-write the differential equation as 
(y dx x dy) + (Zax *in 2 + (sin y dx + x cos y dy) = 0 
=> d(xy) + d(y In x) + d(x sin y) = 0 


Integrating both sides we have 
xytyinxtxsiny-7c 


Practice Problem 


Solve the following equations 

(i) y dx -x dy + 3x?y? е dx=0 (ii) y dx + (x + x?y)dy - 0 
| | dy — 2xy 

(ш) ^ (xy*—-y)dx-xdy-0 (iv) dx x13 -5у : 


и 
X x du =3x?+2x +1. Show that the substitution 


X 

The function y (x) satisfies the equation y (x) + 2x | 

0 

z(x)= | X du converts the equation into a first order linear differential equation for z(x). Find its 
site 


integrating factor. 


x 
A differentiable function satisfies f(x) x] (f(t)cost — cos(t - x))dt , Which ofthe following hold good? 
0 


(A) f(x) has a minimum value 1-е. (B) f (x) has a maximum value 1 — e. 
л 
ог (= ] =e (D) {' (0) = 1 
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Answer key 


0.1 (0 5-6 =С, Gi) 21 + юву=С, (iii) Зх? у? + 433 = су?, ТЕ = meyer 
y ху Y Уу 


(1- x?y +2x 
(1 x?) 


Q2 y(x- 0.3 АВС 


5. PHYSICAL APPLICATION OF DIFFERENTIAL EQUATION : 


5.1 Mixture Problems : 
A chemical ina liquid solution (or dispersed in a gas) runs into a container holding the liquid (or the gas) 
with, possibly, a specified amount of the chemical dissolved as well. The mixture is kept unifonn by 
stirring and flows out of the container at a known rate. In this process it is often important to know the 
concentration of the chemical in the container at any given time. The differential equation describing the 
process is based on the formula. 


of amount =| chemical chemical ^d 


Rate of change {rate at which rate at which 
in container arrives departs 


If y (t) is the amount of chemical in the container at time t and V (t) is the total volume of liquid in the 
container at time t, then the departure rate ofthe chemical at time t is 


_ УО 
Departure rate — V(t) *(out flow rate) 


concentration in 
~ | container at time t 


(ош flow rate) 


Accordingly, Equation (1) becomes 

dy — (chemical's given arrival rate) УУ -(out flow rate) (2) 
d g V(t) end 

If, say, y is measured in grams, V in liters, and t in minutes, then unit in equation (2) are 


grams | grams | grams litre 


minute minute litre | minute 
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Illustration : 
A tank initially contains 100 litres of brine т which 50 gms of salt dissolved. A brine containing 
2 gm/litre of salt runs into the tank at the rate of 5 litre/min. The mixture is kept stirring and flows 
out of the tank at the rate of 4 litres/min then 
(a) At what rate (gms/min) does salt enter the tank at time t. 
(b) What is the volume of the brine in the tank at time t. 
(c) At what rate (gms/min) does salt leave the tank at time t. 
(d) form the DE of the process and solve it to find an expression for the amount of salt present 
at time t. 
Sol. 
(a) Inflow rate of brine solution = (2 gm/litre) - (5 litre/min) = 10 gm/min. 
(b) Volume of the brine in the tank at time t = initial volume + (inflow — outflow) - t 
= 100 + (5 — 4) t = (100 + t) litres. 
(c) Let y(t) is the amount of salt at time t then outflow rate of salt — (1001) 1 = +t) 


(d) Rate of change of зай in container = (rate at which salt arrivrs) — rate of which salt leaves 


dy 4у , dy 
EC MEM Bye - 


— = T — > = 
di (100+1) ^ dx (100+:) 19 


4dt 
Integrating factor = е (1009) = et in (100 +1) = (100 + 44 
y (100 + of = 10|(100+t) dt = 2 (100 +t} + Catt=0, у= 50 
= 50-(100)* = 2 (1005 +С = С= –150 (100) 


150 
> у(100 +10)? = 2(100 + 1) — 150 (100% — у= 2 (100 + t) -———, Ans. 
L * 
Illustration : 
Find the time required for a cylindrical tank of radius r and height H to empty through a round 


hole of area 'a' at the bottom. The flow through the hole is according to the law v(t) = К 4 2gh(t) 


where v(t) and h(t) are respectively the velocity of flow through the hole and the height of the 
water level above the hole at time t and g is the acceleration due to gravity. 
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Sol Let at time t the depth of water is h and radius of water surface is г. 
If in time dt the decrease of water level is dh then 


—л dh = ak (2gh) dt 


——_ dh = Ф -— -F= dt 
- EE - akj2g ~h 


Now when t = 0, h = Н апа whent = t, ћ = 0 


2 0 [4 
ar dh 
а (в 
then, a | h J 
zr bap = 
= ak,/2g¢ " 


Illustration : 
Suppose that a mothball loses volume by evaporation at a rate proportional to its instantaneous 
area. If the diameter of the ball decreases from 2 cm to Іст in 3 months, how long will it take 
until the ball has practically gone? 


Sol. Let at any instance (t), radius of moth ball be 'r’ and 'v' be its volume 


a zd oF. rr - 
т get = dt dt 


Thus as per the information 


d 
tm = -k 4m, where k e В 


s —=-k or r=-kt+ec at t=0,r=2cm; 1 = 3 month, г = 1 ст 


1 
3 => p=- +2 


now for r — 0, t —6 
Hence, it will take six months until the ball is practically gone. 
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Illustration : 


А body at a temperature of 50F is placed outdoors where the temperature is 100 Е If the rate of 
change of the temperature of a body is proportional to the temperature difference between the 
body and its surrounding medium. If after 5 min. the temperature of the body is 60F, find 

(a) | how long it will take the body to reach a temperature of 75F and 

(b) the temperature of the body after 20 min. 


Sol Let T be the temperature of the body at time t and Т, = 100 
(the temperature of the surrounding medium) 


dT dT 
r^ гаре, ог ar + АТ = КТ „ where К is constant of proportionally. 
dT 
5 — + kT = 100k 
dt 
This differential equation whose solution is 


T = ce" + 100 ... (7), 
Since T = 50 when t = 0, then from equation (i) 50 = се“ + 100, or c =-50. 
Substituting this value in equation (i), we obtain 

T = —50e* + 100 fii) 
At t= 5, we are given that Т = 60; hence, from equation (ii), 60 = —50e** + 100. 


Solving for k, we obtain - 40 =-50е* or k 2 —In— 
Substituting this value in equation (ii), we obtain the temperature of the body at any time t as 
2711 ++ 
T = 50e 5 +100 -- (iii) 
(a) We require t when T — 75, Substituting T — 75 in equation (iii), we have 
lintr Р 
75=-50е° $ +100, from which we get t 


(b) We require T when t = 20. Substituing t = 20 in equation (iii) and then solving for T, we find 


1 7 2 
T =—50е' "2°? + 100 
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5.2 Statistical Applications of Differential Equation: 


Illustration : 


Sol. 


The population of a certain country is known to increase at a rate proportional to the number of 
people presently living in the country. If after two years the population has doubled and after 
three years the population is 20,000, estimate the number of people initially living in the country. 


Let N denote the number of people living in the country at any time t, and let N, denote the 
number of people initially living in the country. 


Then, from equation » —kN=0 

which has the solution М = се“ fi) 

At t = 0, М = Ny hence equation (i) states that М, = ce, or that c = М, 
Thus, N = N,e" „. (ii) 

At t=2,N=2N, 

Substituting these values into equation (ii), we have 


1 
2N, = Ne from which k = 3/2 


Substituting this value into equation (i) gives 
N=N,e7"? .». (iii) 

At t = 3, М = 20,000 

Substituting these values into equation (iii), we obtain 


и 20000 
20,000 = Ne? "? => u^ im 7071. 


Illustration : 


Sol. 


What constant interest rate is required if an initial deposit placed into an account the accrues 
interest compounded continuously is to double its value in six years? (In |2| = 0.6930) 


The balance N(t) in the account at any time t. 


dN 


Эн — kN = 0, its solution is №) = сем - (ll) 
Let initial deposit be N,, 
At t 0, N(0) = М, м hich when substituted into equation (i) yields 
М, = cei? = с 
and equation (i) becomes №) = Ме (ii) 


We seek the value of k for which N = 2N, when t = 6, Substituting these values into equation (ii) 


1 
and solving for k we find 2N, = Ме => e*=2 = Е = 5 In |2| = 0.1155 


An interest rate of 11.55 percent is required. 
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5.3 Geometrical Applications of Differential Equation : 


We also use differential equations for finding the family of curves for which some conditiong involving the 
derivatives are given. For this we proceed in the following way 

d 
Equation of the tangent at a point (x, у) to the curve y = f(x) is given by Y - y= 3: (Х-х). 


GEM . 
dy/dx (intercept on X-axis) 


At theX axis, Y =0,andX =x- 


At the Y axis, X = 0, and Y - y о (intercept on Y-axis) 


d 
Similar information can be obtained for normals by writing equations as (У — y) x +(Х-х)=0. 


Illustration : 


Sol. 


Find the equation of the curve passing through (2, 1) which has constant sub-tangent. 


We are given that 


у 
sub-tangent = dv = (constant) = К (say) 
dx 
dy 
z Ёё-- =dx 
ў 


Integrating ме get, кіпу =x + c 
Given that curve passes through (2, 1) > с = —2 
Hence the equation of such curve is k In y = x — 2. 


Illustration : 


Sol. 


Find the curve such that the intercept on the x-axis cut off between the origin and the tangent at 
a point is twice the abscissa and which passes through the point (1, 2). 


The equation of the tangent at any point P(x, y) is 


А „Ж ok 
EN асб к; 


Given that intercept on X-axis (putting Y = 0) = 2(x-coordinate of P) 
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dy ах 
= Sk 
У x 
Integrating we get xy = c 
Since the curve passes through (1, 2), c — 2 
Hence, the equation of the required curve is xy = 2 


Шимгайоп : 


Find the equation of the curve which is such that the area of the rectangle constructed on the 
abscissa of any point and the intercept of the tangent at this point on y-axis is equal to 4. 


dv 
Sol. Equation of tangent Р(х, y) is Y— y = zs (X — х) 


` Y-int. i= ЕР 
^ Kintercept = y—x 7 


л area of OABC = ЦУ-42-4 


4х 
4у 
хү — 1— =+4 
Lx T ir 
dy 1/04 
Ed" "uet an х? 


| 
SLE а -єх.1 
х 
у 1 
„~ the solution is Pi is +4 Js dx tc 
> Fus ра 
x ж 


Illustration : 


Find the equation of the curve passing through the origin if the middle point of the segment of its 
normal from any point of the curve to the x-axis lies on the parabola 2y? = x. 


Sol. Equation of normal at any point P(x, y) is 
Ф (y y) + (X-x)=0 
dx 


dy 
This meets the x-axis at A ку 0 


1 а 
Mid point of AP is & 2 y z) which lies on the parabola 2у? = x. 
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у? Г dy 


= = ry 4 —yp— 7 P + p—— 
шый нийг “ды”. > 
— dy dt 
Putting у” = t, so that Wh =, 


й 
D — — ?} = 7 
we get 7 — 2t —4x (linear) 


LE s 16 ше 


... Solution is 


тээ" -4[xe?* dx «c - pene | 


>  уеЗ-2дхе + е? + С 
? 


оғ у? = 2x + 1—е? is the equation of the required curve. 


5.4 Trajectories : 
Suppose we are given the family of plane curves ф(х, y,a)=0, depending on a single parameter a. 
A curve making at each of its points a fixed angle о with the curve of the family passing through that point 
is called an isogonal trajectory of that family ; if in particular а = 7/2, then it is called an orthogonal 


trajectory. 


To find Orthogonal trajectories : 
We set up the differential equation of the given family of curves. Let it be ofthe form Е (x, y, y) * 0 


1 
The differential equation of the orthogonal trajectories is ofthe form Е [s y= +) =0 


The general integral of this equation Ф, (x, y, C) - 0, gives the family of orthogonal trajectories. 


Illustration : 
Find the orthogonal trajectory of the following curves 
(0 хїжу ад 
(ii) x+y-2ay=0 


Sol. 
( | x*-y-2d > 2х+2уу=0 > x+yy'=0 


-1 
For orthogonal trajectory, replace y' by P 
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У 
x- =0 = xy'-y = 0 
y 
dy dr 
c х4у-уах = 0 => ee 
= Iny-inx=Ine => у =сх 
4 2х+2уу 
G)  x'*y-2ap-0 > 2х+23у'- 20у'=0 >  J2a-| V 
2х+2уу 
ay y у= 0 
у 
-1 


(2-22), ds 
хї+у?- 5^—————=0 => х+у2+(2х'-2)у=0 > х +у + 2ху 4-725 70 


dy yl-x : | 

= dx gay (€ homogeneous equation) 
— ЭЭР 

шуух F a 

dv y-] dv 5-1 -(v! +1) 2v -dx 
=> v+x—= > x—=— -v= ———- > dy =—— 
к 2v dx 2v 2v v1 x 

=> In(v*1)-2-inx tinc > х +у? = сх 


Illustration : 
Find the orthogonal trajector of y? = 4ax (a being the parameter). 
Sol. y = 4ах 


ау 
2у 2 = 4а 


Eliminating а from едиайоп (1) and (2) 


* = № йу 
у У ак^ 
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dy 


Replacing re 


dx 
by -x — , we get 
dy 


2xdx+ydy=0 
Integrating each term, 


2 
2x? + у? = 2c 


which is required orthogonal trajectory. 


х? + = =с 


Шиѕіғайоп : 
Find the orthogonal trajectories of x y = с. 


Soh ху=с 


dy 
Differentiating w.r.t. x, we get x 3, +у=0. 


Replace 2 by -€ A y= 0 


Integrating x dx — y dy = 0 
? ? 
Dx ect load + 
This is the family of required orthogonal trajectories. 
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Practice Problem 


0.1  Astoragetank contains 2000 litres of gasoline which initially has 100 gms ofan additive dissolved in it. 
Gasoline containing 2 gms of additive per litre is pumped into the tank at a rate of 40 litre/min. The well 
mixed solution is pumped out at a rate of 45 litre/min. Form the DE and express the amount of additive 
in gasoline as a function of t. 

Q.2 A tank contains 200 litres of brine in which 20 gms of salt dissolved. Brine containing 1/4 gm of salt/lit. 
runs into the tank at the rate of 2 litre/min. The mixture is kept stirring runs out at the same rate. Express 
the concentration of solution in tank in grams as a function of time t. What is the limiting value approached 
by the amount of salt as t — æ. Whenever was the amount of salt in solution be 20 gm. 

О.З  Findthetime required fora cylindrical tank of radius 2.5m and height 3 m to empty through a round hole 
of 2.5 cm with a velocity 2.5 J/h тэ", h being the depth of the water in the tank. 

Q.4 Ifthe population of country doubles in 50 years, in how many years will it triple under the assumption that 
the rate of increse in proportional to the number of inhabitants. 

0.5  Therateatwhicha substance cools in moving air is proportional to the difference between the temperatures 
ofthe substance and that of the air. If the temperature of the air is 290 K and the substance cools from 
370 K to 330 K in 10 min.,when will the temperature be 295 K. 

0.6 Find the orthogonal trajectory of the following curves 

1 
(i) x^- ae (ii) y=tanx+c (iii) cos y=ae™* (iv) y? - 4(x-a) 
Answer key 
Сү 
" = 10(400 - t) - 3900| 1- — 
Q1 у=10( ) | ax] 
- 1 

0.2 ()у=50-30-е 10, (11) у when t— о = 50 gms, (iii) y > 20 for all t 0 

0.3 8000/35 

Q.4  501og,3 

Q.5 40min 

0.6 (ixy-c,  (i)2x-4y-sin2x-k, (iii) siny=ce™ , (iv) y=ce*? 
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VECTOR 


VECTORS AND SCALARS : 
The physical quantities (we deal with) are generally of two types: 
Scalar Quantity: 


A quantity which has magnitude but no sense of direction is called scalar quantity (or scalar), e.g., mass, 
volume, density, speed etc. 


Vector Quantity: 


A quantity which has magnitude as well as a sense of direction in space and obey the laws of vector 
algebra is called a vector quantity, e.g., velocity, force, displacement etc. 


Notation and Representation of Vectors : 


Vectors are represented by a,b,c andtheir magnitude (modulus) are P 
represented by a, b, с, or | a |, |5 Ыс |. The vectors are represented "s 
by directed line segments. о 


For example, line segment OP represents a vector with magnitude OP (length of line segment), arrow 
denotes its direction. O is initial point and P is terminal point, also called as head & tail of vector 
respectively. 


KINDS OF VECTORS : 


1. Zero or null vector : A vector whose magnitude is zero is called zero or null vector and it is denoted by 
Оог 0. The initial and terminal points of the directed line segment representing zero vector are coincident 
and its direction is arbitrary. 

2. Unit vector : А vector of unit magnitude is called а unit vector. А unit vector in the direction of a is 


denoted by a. Thus 


. a Vectora 
а = — = m 
a| Magnitude ofa 


Note : 

G ла 
(it) Unit vectors parallel to x- axis, y- axis and 2- axis are denoted by i, ) and К respectively. 
(шу ^ Twounit vectors may not be equal unless they have the same direction. 


=] 


3. Equal Vectors: Two vectors а and b are said to be equal , if 
(а) = |a|=|b| 
(b) they have the same sense of direction 

4. Co-initial vectors: Vectors having same initial point. 
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5. Free vectors: All such vectors are those which when transformed into space from one point to another 
point without affecting their magnitude and direction, can be considered as equal. i.e. the physical effects 
produced by them remains unaltered. e.g. displacement, velocity 


6. Localised vectors: e.g. force , different physical effect if line of application is changed. 


Note : In mathematics we mainly deal with free vectors. 


ADDITION OF VECTORS : 


Triangle law of addition : 


If two vectors are represented by two consecutive sides of a triangle C 
then their sum is represented by the third side of the triangle but in 
opposite direction. This is known as the triangle law of addition of 


vectors. i 
Thus, if AB= a, BC = b, and AC=c 
then АВ+ ВС= АС ie. а+Б=© А B 


Converse of triangle law is also true. 


Parallelogram Law of Addition : 


If two vectors are represented by two adjacent sides ofa parallelogram, then their sum is represented 
by the diagonal ofthe parallelogram whose initial point is the same as the initial point ofthe given vectors. 
This is known as parallelogram law of addition of vectors. B С 


Thus if OA =а, OB=b and ОС=с 
then OA + OB = ОС 


іе. а+Ь=С 


oY 


POSITION VECTORS : 


Let O be fixed point in space, then vector OP (P is any point in space) is called position vector of 
point P w.r.t. О. IfA and B are any two point in space then А 


AB =p.v. of В — p.v. of A= OB-OA. B 


16. АВ = h СЕ: а О b 
Note : Position vector of a point P (x, у, z) in terms of its cartesian coordinate 18 OP=xi+ yi +2. 
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MULTIPLICATION OF A VECTOR BY SCALAR : 


If a is a vector & m is a scalar, then ma is a vector parallel to a whose modulus is 


|m | times that of a. This multiplication is called ScaLaR Muutipuication. If а & b are vectors & 


т, п are scalars, then : 
m(a)=(a)m=ma m(na)=n(ma)=(mn)a 
(m +n)a=mat+na m(a+b)=ma+mb 


DISTANCE BETWEEN TWO POINTS : 
Let A and B be two given points whose coordinate are respectively (х,у, 2,) and (Х., Ya, z;) 
If a and b are p.v. ofA and B relative to point О, then 
а=х, 1 л +2, К 
b=x,i +у,) +2, 
Now AB= OB - ОА = Б-а = (x, - x,)i + (у, -ypj + (2, —2,)k 
А юэ” " | e Е = 
Distance between the points A and В = magnitude of АВ = \ (x2 -xy +{ -y,} +(z,-z, y 
COLLINEAR VECTORS OR PARALLEL VECTORS : 
Vectors which are parallel to the same line are called collinear vectors or parallel vectors. Such vectors 


have either same direction or opposite direction. If they have the same direction they are said to be like 
vectors, and if they have opposite directions, they are called unlike vectors. 


© 


—— > 
— 


о) с; 


———- 


In the diagram a and c are like vectors whereas a and b are unlike vectors. 
ie =k (520), а=К,Б (К, <0) 


COPLANAR VECTORS : 


If the directed line segments of some given vectors are parallel to the same plane then they are called 
coplanar vectors. It should be noted that two vectors are always coplanar but three or more vectors may 
or may not be coplanar. 


SECTION FORMULAE : 
If a and b are the position vectors of two points A and B, then the 
position vector c ofa point P dividing AB intheratio m:n is givenby 
- mb+na 
m t 


m+n 
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Particular Case : 
- шэнэ a+b 
К Position vector of themid point of AB is~>— 


mb - na 
m-n 


Z. Ifthe point P divides AB in the ratio m: n externally, then p.v. of P is given by c= 


Using section Formulae we can prove that : 


1. р.у. of the centroid ofa triangle ABC = M 
(Concurrency of medians) 
а +58 +с7 
2. p.v. of incentre of the A= ал 
а+Ь+с 


(Concurrency of internal angle bisectors) 


-ad+bB+c7 aü-bBecy а8-48-с7 
Excentres of the A are. ————— ——- ; ———— and ———. — — 
—а+6+с a—b+c а-5-с 
азт2А + Psin2B+7sin2C 
3. p.v. of circumcentre of the A= ы-ы шышы QUIS 
У sin2A 


(Concurrency of perpendicular bisectors of sides) 


4 tanA+ b tanB+é tanC 
4. p.v. oforthocenter of Ae UM = Con == 
n 


(Concurrency of altitudes) 
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Шиягайоп : 
ABCD is a parallelogram whose diagonals meet at Р. If O is a fixed point, then 
OA+ ОВ + OC + ОБ equals- 


(A) OP (B) 20Р (C) ЗОР (D)4 OP 
Sol. Since, P bisects both the diagonal AC and BD, so 
D(d) 5.25 с(ё) 
д Ly à 


. ОА + ОС = 20Р and ОВ + OD =20Р ^ OA+ ОВ + ОС+ OD=4 OP Ans.[D] 
Illustration : 


If a, b are represented by the sides AB and BC of a regular hexagon ABCDEF, then vector 
represented by FA will be- 


(A) a+b (B) b-a (С) à-b (D) 2b -ü 
Sol. ~- АС =a+b 


AD =2 ВС -2b (~ Byproperty of hexagon AD = 2BC) A 

DC = DA + АС F C 

--2b*(a«b)- á-b b 
But FA=DC => FA-à-b Ans.[C] хэ 


Шимгайоп : 


If the mid-points of the consecutive sides of a quadrilateral are joined, prove that the resulting 
quadrilateral is a parallelogram. 


Sol. Let ABCD be the given quadrilateral and P, О, К, S be the mid-points of sides AB, BC, CD and AD 


respectively. Let O be origin of reference and let a,b,c,d be the position vectors of A, B, C and 


D respectively. 
— fJ.~ + == J = « 
Then, OP = =(a+b), ОО == (b+c) R 
2 2 С 
—=ю ШЫ к аав — М = ве 
ОК => (с+4), $=5 (4 +a) $ Q 
es — ш» 1 mbi oe c 1 ә» > 
Now, РО=ОО-ОР= j(btc-a-b) = 5 (с-а) 
= A P B 
шээж Го тэ ee риса 
and SR=OR-OS = 7(с+4-4-а) = 5 (с-а) 
PO=SR 
Thus, РО = SR and PQ || SR i.e., two opposite sides of PORS are equal and parallel. Hence PORS 
is a parallelogram. 
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Practice Problem 


0.1 If Gis the centroid of AABC, prove that GA+GB+GC =0. Further if G, be the centroid of another 
APQR, show that AP+ ВО + СЕ = 3GGi Е 
0.2 Show thatthe points A (1 -j+ k), B ( -3j- sk) and C (3 -4)- 4k) are the vertices of a right-angled 
tnangle. 
03 И а and b are non-collinear vectors and 
А = (x* 4y)a + (2х+у+ 1)Б апа В=(у-2х+2)а *(2x-3y- 1)b 
find x and y such that 3A - 2B. 


Answer key 


RELATION BETWEEN TWO PARALLEL VECTORS : 


Г. If a and b Бе two parallel vectors, then there exists a non-zero scalar К such that a=kb 
i.e. there exist two non- zero scalar quantities x and y so that xa + y b = 0 
2. If a and b be two non-zero non-parallel vectors then xa +yb=0 = x=Oandy=0 
4-0,5-0 
2 ог 
3. If xa+yb=0 => 3х=0,у=0 
or 
a || b 


4. If a = aji *a,j +a,k and 6 =b; i +b, j +b,k then from the property of parallel vector, 
wehave a ll ^ 


а! а> аз 


Illustration : 
The value of A when a =2i -3 j+ k and& =8i +A j+ 4k are parallel is - 
(A) 4 (B) — 6 (2-2 (D) 1 
зарн 8 
Sol. Since a || b 4 im b b, 


=> A=-12 Ans. [С] 
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VECTOR EQUATION ОР A STRAIGHT LINE : 


Vector equation of a straight line passing through a given point A(a) and parallel to 


a given vector b: 


Let O be the origin. Let the line pass through a given point A whose position vector is a , then OA-à 


Let the given line be parallel to vector b 
Let r bethe position vector any point P on the line, then 


ОР=г (т) 
Since AP is parallel to b ло AP-tb ,where t isa scalar. - 
O (origin) 
Now ОР=ОА+АР A r-a-tb D 


Since for different values of t, we get different positions of point P on the line, hence (i) is the vector 
equation of the required straight line. 


Vector equation of straight line passing through two given point A(a) and B(b) : 


Let O be the origin. Let the line pass through two given point A and B whose position vectors referred 

to O be a and b respectively, then 
OA =а and OB-b 
АВ = OB - ОА = b-a 


Clearly, the required line passes through A( a) 


and is parallel to the vector (b-a). 
Hence the vector equation of the required line is, 


T=ā+t(b-ā) or Т=(1-ї)а+1Ь 


Important Note: 


(i) 


(ii) 


Two lines in a plane are either intersecting or parallel conversely two intersecting or parallel lines must be 
in the same plane 


However in space we can have two neither parallel nor intersecting lines. Such non coplanar lines are 
known as skew lines. If two lines are parallel and have а common point then they are coincident. 
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Vector equation of bisectors of angle between two straight lines : 


Let OA and OB be the given straight line parallel to unit vectors 4 and b respectively. Take the point 
О as origin, and let О be a point on the internal bisector of the angle АОВ. From О draw QR parallel to 


OA cutting OB at R. 
Now .. ZAOQ = (ВОО (as OQ is the bisector) 
and “ВОО = “ООР (alternative angles) 
: ZAOQ = ZOQP 5 ОР= ОР = t (say), where t is a scalar. 
OP =ta and  PQ-tb 
ОО=? 
Let ОО=ОР+РО 
or  r-tàá-tb 


where |4|=a,|b|=b 
This is the equation of internal bisector of ZAOB. 
Equation of external Bisector : 


If OP" be the extemal bisector of ZOAB, then OP" may be regarded as the internal bisector of the angle 
between the lines which are parallel to 4 and — Б. Hence its equaiton is 


m» 
c 


F=1(4-b) or 11 


Corollary : If the the lines intersect at Е having position vector & , then the above equations becomes 


F=G+t(4+b) and r - à t(á — b) respectively. 


Illustration : 


Find the vector equation of the line through the point 2j + j-3k and parallel to the vector 
7+2] +. 
Sol Let the given point be А(а) and given vector be b and О be the origin. 
Then, @=OA=2i+j-3k and Б=ї+2]+К 
Now vector equaiton of the line through A and parallel to Б is 
7 =a+tb. where t isa scalar. 


or. #=2ї+]-3Ё+(1+2]+К) 
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Illustration : 


Sol. 


Prove, by vector method that the internal bisectors of the angles of a triangle are concurrent. 


Let а, B. y be the position vectors of vertices A, B, C respectively of AABC. 
Let AL be the bisectors of АВС 


A(@) 
ТА BL = ВА = c M 
*" LC AC b я 
Thus L divides BC internally т the ratio c : b 
bB*cy Bp) L em 


PV ofL = 
of b+c 


Now РИ of the point which divide AL internally in the ratio b * c: a will be 


añ+bß+c7 
a+b+c 


[Here we have divided AL in the ratio b + c : a because b + c occurs in the denominator of P. V. 


of L and there is b B and c y therefore, there should also be aa.] 
Similarly, we can show that the position vectors of the points which divide bisectors BM of ZABC 
аё+Ь+сў 


and CN of ZACB in the ratio c +a: b and a + b : c respectively will be each "T 
а+Ь+с 


ад +6В+сӯ 


Thus the point having position vector 
а+Ь+с 


lies on the three internal bisectors of the 


angles of the triangle ABC and hence internal bisectors of angles of a triangle are concurrent and 


ad+bB+c7 


the position vector of incentre of AABC will be 
a+b+c 


COLLINEARITY OF THREE POINTS : 


1. 


2, 


If a,b,c be position vectors of three points A,B and C respectively and x, y, z be three scalars so that 
all are not zero, then the necessary and sufficient conditions for three points to be collinear is that 


xatyb+zc=0 where x+y+z=0 


Three points A, B and C are collinear, if AB-ABC. 
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Illustration : 


1(24-35, b and а — b are position vectors of three points A,B and С then they are - 
(A) Collinear (B) Non- collinear (C) Can t say anything (D) None of these 


Sol. +: 1(2a—3b)+1(b)-2(a—b) - 0 and1 c 1-270 
so the given vectors are collinear. Ans.[A] 


Illustration : 


If A =(2i + 3j) B =(рї + 9j) and С 5 (i ~ j) are collinear, then the value of p is- 
(А) 1/2 (В) 3/2 (С) 7/2 (D) 5/2 


Sol. АВ-(р-2)/1-6/, AC- - i - 4j 


— — —2 
Now A,B,C are collinear <> АВ || АС © prs = 


= er 7/2 Ans. [C] 


PRODUCT OF VECTORS : 


Product of two vectors is done by two methods when the product of two vectors results in a scalar 
quantity then it is called scalar product. It is also called as dot product because this product is represented 
by putting a dot. 

When the product of two vectors results in a vector quantity then this product is called 
Vector Product. This product is represented by (x) sign so that it is also called as cross product. 


Scalar or dot product of two vectors : 


Definition : If a and b are two vectors and @ be the angle between their tails or heads, then their scalar 
product (or dot product) is defined as the number | al | Ы cos Ө where lal and Ы are modulii of a and 
b respectively and 0<0 < x . Itis denoted by a. b. Thus 


a.b = |a||b| cos 0 


cu 


>; 
£o 
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£1 


(ш) 5»0- angle between а and b say 0 € joz). 


a.b<0 = angle between a and b say 9 (Б8| 


=>. = - - т - =. 
a.b=0 = angle between a апі b say Ө = 5 oF atleast one of a and b is zero vector. 


(iv) The dot product of a zero and non- zero vector isa scalar zero і.е. 0-a=0. 


(v) If 0 be angle between any two non zero vector à & b then cos0 = 181517 


Geometrical Interpretation : 


Geometrically, the scalar product of two vectors is equal to the product of the magnitude of one and the 
projection of second in the direction of first vector i.e. a.b= | а | (| b| cos Ө) 

=| al (projection of b in the direction of a) 
Similarly a.b=|b| (la|cos ө) 


= |Ы (projection of а in the direction of b) 


Here projection of bon a = — 


4.5 


[ 
| 


Projection of aonb 


Illustration : 


If angle between a and b is 120" and their magnitudes are respectively 2 and V3, then a.b 
equals- 


(А) 3 (B)-43 (С) 43 (0)-3 
Sol We know that a.b= Jal ГІ cos 0 
= 24/3 cos 120° 
= 243 (- 2) =- 43 Ans.[B] 
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Illustration : 


The projection of vector Ё + j+ К on the vector i. jt+k is- 


(A) 3 (В) 1/43 (С) 2/43 (D) 243 
56б С ы г 4. — 
Sol Projection = = Jish = J3 ns.[B] 


b 

2. — a(b«c)-a.b «a.c @ _ 

а 
3. (ma).b =m(a.b)=a.(mb) 
4. If 0-0 > a.b -Ja |15 | (like vectors) 
3. If Ө=л = a.b =-|а ||b | (unlike vectors) 
6. If а and b areunit vectors then à .b =cos 0 (where 0 is angle between them). 
72. aaszlaPojakyaa 
8. If a Lb —a.b =0 but a.b -0 = а =0 or b -0 ora Lb. 
9, If i,j and К are unit vectors along the rectangular coordinate are OX, OY and OZ then 


Infact a.b — a.c эа(5-с)-0- а=0 orb=cora 1 (b- c) 


ll. (a.b). cis meaningless 

Note : (a) (a . Б). Б isnot defined (b) (a + b -|aP +2 a.b+|bP 
(c) (a — b? =|aP—2a.b+|bP (d) (a + b). (a – b) = [а> - 1b}? 
(e) [а + b| 7 |a] |b| = a || b (D|a + b? = [а *|b? а b 


(е) [а + bl=|a-bl => alb 
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Illustration : 
Determine the values of c such that for all x (real) the vectors cxi ^6 j +3k and xi +2] +2cxk 
make an obtuse angle with each other. 


2 
? I2 
Sol If @is the angle between the given vectors then cos0 = Бе ын [26cx 


Мех? +45 yx? 4c ^x. +4 
If 0 is obtuse then cos0 < 0 = сх? -6cex-12«0vV x eR 
Which is possible if c < 0 and 36c? + 48c < 0 >c < 0 and 12с (3c + 4) < 0 


>c < 0and -5<с<0 (but for с = 0, сх? + 6cx— 12 «0 V х) 
4 
Непсе -3<%<0- 


Illustration : 


If a,b,c are unit vectors such that a is perpendicular to the plane of b and с then find 


la tbc | when the angle between b and c is 7/3. 
Sol. We have |a |-|b |-|c |= La.b 2 a.c 20. and b.c= 22 = 1 
Now |а +6 +с Г-(а *b «c ).(a +6 *c) =а | +b} +|с +2bc (гас-а b -0) 


=1+1+1+25=4 > la+b +c |=2 


Illustration : 
Prove that the angle in a semi circle is a right angle. 


Sol. Let Obe the centre of the semi circle with АОВ as its diameter. Let P be a point on the semi-circle, 
so that ZAPB is an angle in the semi circle. Join OP. Let O be taken as origin. Let the position 


- - — ? Р 
vectors of A, B and P be а,-а and г respectively. 


Clearly, OA = OB = OP 

Now AP =(r —a) and BP=(r +a) 
— Thue seuss sas да O-a В 
AP-BP= (r -a)(r +a) =P- œ = OP?- 04? =0 

Г OP = OA] 

АР 1 ВР i.e. ZAPB = 90°. 
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Scalar product т terms of components : 


Let a and b be two vectors such that а=аі +а,) +а,К апа a-b,i *b,j *b,k 


Then a.b- a,b, + a,b, + a,b, 
In particular 


For any vector a, 


a=(a.i)i +(a.j)j * (a.k)k 


Illustration : 
Ifa =3i+2j+k and b =i —2j + 5K then find a.b. 


Sol. a.b = (3) (1) + (2) (C2) + (1) (5) 23-4 3-4. 


Illustration : 


Prove by vector method the following formula of plane trigonometry 
cos (a — В) = cos a cos В + sin a sin В. 


Sol. Let the unit vectors along OX and OY be 1 and j respectively. ГОА and OB be any two lines т 
the same plane making angles a and В respectively, with OX then, ZPB = а – В 


Again, let OP and 00 represent unit vectors along OA and OB respectively, so that their dot 


product is the consine of the angle between their directions. 
Now, ОР-ОО = 1-1 cos (а- В) = cos (a — В) (1) 
Since OP makes an angle a with x-axis. 


ОР = со; ai +sinaj 


Similarly, ОО = cos Bi + sin Bj 


ОР-ОО = [cos ai + sin aj] - [cos Ві + sin Bj] 
= cos a: cos В + sin a: sin В ...(2) 
From (1) and (2), we get cos (a — В) = cos аг cos В + sin a: sin В 
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Шиѕітайоп : 


2 2 2 
а +b“ -ci 


with the help of vectors. 
2ab pof 


In any AABC, prove that cos C — 


Sol. In ДАВС, BC - СА+ АВ=0 
=> AB =-(BC+CA) 
AB- AB =(BC+CA)-(BC+CA) 
ё8-(4-5) (8-5) 
с? =а? +b? + 2@% 


с? = а? + Б? + 2ab cos (л C) 
с? = а? + Ь?— 2а cos C 


ууу y y 


Шиятапоп : 


Prove by vector method that (a,b, + ab, + ab, (ay + ay + ay) (b? + bj + bj) 


Sol. Let  àü-aj*a,jay and b-bj-b,j bk 
Then gp =аф, + a,b, + a,b, x D 
Also |а|= а’ +a} +a; and |b|- Jb; +62 +b} ... (2) 


If Ө Бе the angle between the vectors a and b, then 


- 
Е 


е 
os 9 - -2- 20 < 1 E E 
—— 515205111 7— = 
[a 112 | [а |15 | 
or  (à-by аьр 
(a,b, + ab, + a,b? S (a? +a; + a) ® + b? + bj) 


Angle between two vectors in terms of components : 


If a and b be two vectors such that a =a, i +а, +a,k and b-b,i *b,j *b,k and 0 be the 
angle between them, then 


a,b, +a, b, +a,b, 


cos Ө = "Lec? cE Е ИЕ 
la? +a; aj db. bb; 


ү 


Note : If a and b аге perpendicular to each other then a, b, +a, b, +a, b, =0 
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Illustration : 


Find the angle between the vectors 4i + jt 3k and 2i +2 j- К. 


Sol Let the required angle is Ө. 


eo “| 42+12+3(-1) ) - af 7 | 
O0 05 (О 64149444441) T \3 


Components of b along & perpendicular to а: 


1, Component of Б along а = OM 
=OM à =( bcos 0)à 


(аЬ соѕ 0). (4.5). 
=-——— а= ЛЕШЕ: 
а a? 
XD x = E 
- (a-b) a |blcos Ө 2 
Jal 


2. Component perpendicular to a = ON 
` b= ON«OM 
ON =b-OM 


On= 5 (8-0) 3. 
3 


Illustration : 


Find the vector components of a vector 2i + 3 j +6 Ё along and perpendicular to non-zero vector 
2i e je 2k. 

Sol. Let а=2+3]+6 and b -2i& j+2k 
Now vector component of a along b 


443412... 5,2 19 


” = 021+) +26) = —(21+7426) 
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and vector component of a perpendicular to b 


a 


=й—-=з3$ = (2Ї+3}+в6Ё)- (2i + je 2E) = 2-20 + 8} + 16k) 


2 


ЕУ 


Illustration : 
Find the perpendicular distance of the point A(1, 0, 1) to the line through the points B(2, 3, 4) and 
C(-1, 1, —2). 

Sol. p-BA--i-3j-3k and  à-BC--3i-2j-6k 
Now BL- Projection vector of Т on à 


d е0 d у: KB) 
lap 49 A(1, 0, 1) 


"aT RUNE 
= ——(31+2ј+6& 
49 ( j ) 


LA=LB+BA=BA-BL B(2, 3, 4) L C(-1, 1, -2) 
ОЕ о те „=. 
хааг цн n 4501 *2) = Jo (325-93 +156) 
—, 4989 
LA = |14|= 9598 


Theorem т plane : 


If à and b are two non zero non collinear vetors then any vector 
г coplanar with them can be expressed as a linear combination 


f — xà + yb. (Explain using a sketch) 
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Illustration : 


Arc AC of the quadrant of a circle with centre as origin and radius 


unity subtends a right angle at the origin. Point B divides the arc 


AC in the ratio 1 : 2. Express the vector c in terms of a and b. 


Sol. v &=ха+ уб -. (i) 
Taking dot product with a in (i) 
.а = а-а+ уй: 
З 
О =х +} № ...(ii) 
"2 
Taking dot product with c in (i) 
ёё-хас-уБ-С 
1=0+ 2 ‚= 2 
2 > j 
from (ii) x = -43 ё--434-25 
Practice Problem 
Q.1 Given that а=1-} and Б=1+2} are two vectors. Find a unit vector coplanar with à and b and 
perpendicular to а. 
0.2 Aline passes through a point with p.v. i- 2} -k and is parallel to the vector 1- 2) +2k . Find the 
distance of a point P (5, 0, ~ 4) from the line. 
Answer key 
1) 
01 уг О2 5 
v2 
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VECTOR OR CROSS PRODUCT OF TWO VECTORS : 


Definition : 


If a and b be two vectors and 0 (0 < 0x n) be the angle between them, then their vector (or cross) 
product is defined to be a vector whose magnitude is absin Ө and whose direction is perpendicular to 


the plane of a and b such that a,b and a x b forma right handed system. 


a x b=|al|b/sinOa 


Where ñ isa unit vector perpendicular to the plane of 


a and b such that a, b and fi forma right handed 
system. 


Properties of Vector Product : 


маг" — - = = o-oo 
1. In general, ax + ха .Infact axb =-bxa. а хр ” 
ub GO gums E ш КА T 
2. For scalar m, ma x b = m(a xb)-a xmb . n 
» ax(b+c)=axb+taxc 3 0 А 
о а 


4. If a |Б then8=O0orn => a xb =0 (buta xb =0 => a =O orb=0 or a || b ). In particular 
аха =0. 


5. 1415 thenaxb =la ПЬ [а (or|a xb|-ja ||b |) 


=> 


6. — ixi-jxj- kxK - 0 and ixj=k, jxk=i and 


Кхі = j (use cyclic system) 


k 
2s Unit vector perpendicular to a and b is given by * = wi 
|a xb | А 
і 
к - - . |a xb | 
8. If 0 is angle between a and b then sin0 = = 
|a |6 | 
9. Ка =аі+а,ј+а;К and Б = bji bj bk then 
20111 | | i 
axb = а а, а; = (a,b,—a,b,)i + (a,b, —a,b,)j + (a,b, —a,b,)k 
b, b, b, 
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Illustration : 
If a-2i * 2j - K and b - 6i —3j + 2K then a х b equals 
(02i -2j-k | (gí-10j-18k. (Qi jk (D) 6i —3j +2k 
k 


Ж 
So ах5-12 2 -1| =} 4-3)- j44+6)+k(6-12)=i-10j -18k Ans.[B] 
6 -3 2 


Illustration : 


If angle between i2 j+ 3k and 2i+ j +k is 0 thensin Ө equals- 
(A) 5/47 (B) 5/21 (С) 5/247 (D) 3/414 


Sol. We know that sin Ө = 


Now a x b -—5i* 5j + 5 
la x 5| = (5 «Gy +(5) 24752 543 
jal = 414449, |b| = /4+1+1 


и 543 21543 5 _5 
Sm Sid DEDE]. чыз 428—247 Аас! 


Geometrical interpretation of vector product : 


The vector product of the vectors а and b represents a 
vector whose modulus is equal to the area of the parallelogram 


whose two adjacent sides are represented by a and b. 


Area of parallelogram = base x height = ab sin 0 = | axb | 


eA _ li- - 
Area of quadraliteral if its diagonal vectors аге 4, & d, is given by = 2 | d, xd; 
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Illustration : 


Find the area of a parallelogram whose two adjacent sides are represented by 


а=3 +} +2k and b» 2i - 2j +4. 


Sol. Area of parallelogram = la x b| 


Гый | 
Nowa xb=|3 1 2|-8i-8j -8k 
3 -2 4 
. Area = |8i -8j — - 8K| = 843 units 


Area of a triangle : 


Ore 


| TCR CN ha оч 
1. Area of triangle ABC = = absin == |axb| = >| AB x AC| 


>; 
с 


2. If a,b,c are position vectors of vertices of a AABC then its T 


Area= > Kaxb)*(bxc)*(cxa)| (think ) 


Illustration : 


Find the area of AABC if position vectors of its vertices A, B,C are i+ j. j+ k and 
k + i respectively. 


Sol. АВ =(} + )-( + j) - k- i 


AC =(k * i) (і +j)=k -j 


Тэг, 1 
л Area of A АВС = 5 |А х AC|= = 11-14 = 43/2 
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INTERPRETATION OF VECTOR PRODUCT AS VECTOR AREA : 
1. Vector area of plane figures : 


With every closed bound surface which has been described in a certain specific manner and whose 
boundaries do not cross, it is possible to associate a directed line segment с such that 


с 
гот OO 
с SS 
- č not possible 


(i) | €| = no. of units of area enclosed by the plane figure 
(ii) The support of с is perpendicular to the area and 


(i) ^ Thesense of description ofthe boundaries and the direction of с is in accordance with the R.H. 
screw rule. 


2. Vector area of a plane A (Triangle) : 


BR) 
: Ї.2 ба SN 
Vector area of AOAB is A=—(axb) VAN 
2 о AG) 


If à, b,c are the position vectors then the vector area of AABC is — 
АС) 


А-4(6-Өх6-5) B 
) 


А=_(ахБ)+ (bx e) (Gà) «S ci» 


Note : 


(i) If 3 points with position vectors 3 band с arecollinearthen ax b 4 bxc + exa =0 


(ii) Unit vector perpendicular to the plane ofthe ДАВС when à, b, с are the p.v. of its angular point is 


ñ= preme en ‚ where à, b,é are the position vectors of the angular points of the triangle 


ABC. 


(ш) Vector Area ofa quadrilateral ABCD = Vector area of AABC + vector area of AACD 


= „(АВАС )« АСАБ) 
C 
= + (ABx AC- AD«AC)- 7 (4B-AD)«AC 
-l(aB.Da)«aC -lpB«ac A 
2 2 B 


г. Area of OABCD = ;|DBxAC|= > AC« BD. 
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Illustration : 


Using vector method, show that the points A(2, —1, 3), B(4, 3, 1) and C(3, 1, 2) are collinear. 
Sol. Let O be the origin 


Given A =(2,-1, 3) л OAz=2i-j+3k 
B =(4, 3,1) л OB=4i+3j+k 
С=(3,1,2) л ОС = 314+ j+2k 


Now, АВ = (PV. of B) - (PV. of A) = (4i «3j «£) - Qi - j + 3k) -(1-47-28) 
And AC = (PV. of C) - (PV. of A) = (Gi - j+.2K) - (27-7 +3k) -(-27-4) 


Л Pj k| | 
АВхАС= 12 4 -2|-11 2 -I|=0 [> R,and R, are identical] 
1 2-1 1 2 -I 


Thus, AB and AC are parallel vectors, having a common point A. 
Hence, the points A, B, C are collinear. 


Illustration : 
AD, BE and CF are the medians of a triangle ABC intersecting in G. Show that 


1 
AAGB = ABGC = АССА = 3 ABC. 


Sol. Let Б, с be the position vectors of B and C with respect to A as the origin of reference. 


Wc 
Therefore, the position vectors of D, E, F are = ( bc), P : 


b respectively. 


tots 


Also the position vector of the point G, the centroid, is 


3(0+5+4ё)=536+2) 


— 


Therefore, area of А АСВ = 5 (4B x AG) 


= x2 ec) 


= xb хе) 


- 15| є ээн of AABC 
6 3 
1 
Similarly, we can show that area оГА ВСС = zarea of A АВС 


1 
and area of АССА = 3 area of A ABC 
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Practice Problem 


axe .Provethat b-c. 


21 
с! 
! 
£i 
^ 
£5 
2 
a 
wi 
x 
= 
I 


0.1  Foranonzero vector à ,if 
Q.2 Find 

(1) A vector of magnitude 4/6 perpendicular to the plane ABC 

(1) Area of triangle ABC 

(ii) ^ Length of the altitude from A(AB=AC= Ду} B(2,0,-1) 


(1,-1,2) 


C(0,2,1) 
Q.3 Let OA - 4. ОВ- 10 4 42b and OC b where О, A & C are non-collinear points. Let р! denote the 
area of the quadrilateral OABC, апа let'q' denote the area of the parallelogram with OA and OC as 


adjacent sides. If p = kq. Find К. 


Answer key 


Q2 ()4(21-1-0): (0246: 027 Q3 6 


Shortest distance between 2 skew lines : 


Note : 
(i) 2 lines in a plane if not | | must intersect and 2 lines in a plane if not intersecting must be parallel. 
Convertely 2 intersecting or parallel lines must be coplanar. 


(ii) In space, however we come across situation when two lines neither intersect nor | |, Two such lines 
(like the flight paths of two planes) in space are known as skew lines or non coplanar lines. 


(ii) 5.0. between two such skew lines is the segment intercepted betweeen the two lines and perpendicular 
to both. 


Method I: Two ways to determine the S.D. Е 


L, r=a+Ap 
L,: F=b+pq 
n=pxq 
э _ 
АВ-(0-а) 
“Бал Be) 
"m > АВ.) (6-а). (хд) 
S.D. = | Projection of AB onn |= in| |= Г [Pxa| | 


If S.D. =0 = lines are intersecting and hence coplanar. 
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Method П: p.v.ofN, =а+Ар ; р.у. of М, = Бид 
ыы. nm ера 
N,N, 2 (b-a)* (uq- p) 


—— -e мэ 
Now N,N,.p =0апа N,N, .q=0(two linear equations to get the unique values of À and p.) 
One p.v's of N, and М, are known we can also determine the equation to the line of shortest distance 
and the S.D. 


Shortest Distance between two parallel lines : 


(a—b)xé 


а= |a-b| sin6 = (| 


Illustration : 
Find the shortest distance between the two lines whose vector equations are given by : 


F=i4+2j+3k + A(2i- 3j - 4K) and т=21+4]+5Ё + и(3їЇ+4]+5К) 


Sol. Ifthe equations of the lines are F = й,+ Ab, апа F = d, + Ab, , then shortest distance 'd' between 
them is given by 


(а,-а, )(b, xb, ) 


= 15, xB, | - i. 
Нее ü,-i*2j 3k. b,- 2i 3j « 4k 
ā=2f+4j+5k, by = 31 e 4j 5E 
Now; à,-à,7 Qi «4j sk) - («2j 3) 
=[+2]}+2Ж ...(ii) 
"M i jk 
3 4 5 


= (15 + 16)i — (10— 12)j + (8-9k 


=i+2j-k ... (iii) 
= f(-1 +P «(-1)) -46 (v) 
and  (àj-àj) (b xb) = («2j 2&) C12) 


-1x(-1)*2x2-2x(-I)^1 .. (v) 
Substituting the values from (iv) and (v) in (i), we get 


1 I 
a-l- 
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Illustration : 


Sol. 


Determine whether the following pair of lines intersect Г =i-j+ A(2i+k) and 


7 =2i-j+ p(i+ j-E). 

The shortest distance between the given pair of lines is given by 
_|(G>—-G, (b; xb, ) 
li |b, xb; | 

The two lines will intersect ifand only if d = 0. 
іе — (d,-à, 17 х5,)- 0 


Неге, рыш ути line is P-i-j*A(2iek)zd,* Ab, 


where dj-i—j and b= 2i +k 
Also equation of second lineis F 22i - je u(i* j-k)7 а, + ub, 
where й,=21—] and b,=i+j-k 
TELE ; -— 
Now, b,xb,=|2 0 Г|=-1+3у+2К and 4@,-a@,=2i-j-(i-j)=i 
P Ч 


Since (@;-a,)(b,xb,)=i{-i +3} +2k) = D (1) +30 +20) =-1 #0 
Hence the given lines do not intersect 


PRODUCT OF THREE OR MORE VECTORS : 


Scalar triple product : 


Definition : If a, b,c are three vectors, then their scalar triple product is defined as the dot product of 


two vectors a and bxc. Itis generally denoted by a.(bx c)or r[a ab с]. It is read as box product of 


a,b,c. Similarly other scalar triple products can be defined as ( bxc).a,(cx a).b. 


Note : Scalar triple product always results in a scalar quantity (number). 


Geometrical Interpretation : 


(8х6). = а |6] зт0й.& =|а||Б||©|їпб cosó where Q-a^b ; ф=й^ 


but |a||b| ѕіпӨ = агеа of | РОАСВ and |С| соѕф =h 
There absolute value of scalar triple product of three 
vectors is equal to the volume of the parallelopiped 
whose three coterminous edges are represented by 
the given vectors. 

Therefore (ах): | = | [a b |= Volume of the 


parallelopiped whose coterminous edges are a,b 


and c. 
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Formula for scalar Triple Product : 


ға =аџі+а,ј +а,К, b=b,itb,j+b,k and c =c,i+c,j + ck, then 


а а; а; 
[а be] = b, b; b; 
с Cy € 


Properties of Scalar Triple product : 


п. 


12. 


The position of (.) and (x) can be interchanged i.e. a.(b x c)=(a x b).c 


[abc]-[bca]-[ca b] 
Therefore if we don't change the cyclic order ofa, b and c then the value of scalar triple product is not 
changed. 


If the cyclic order of vectors is changed, then sign of scalar triple product is changed i.e. 


a. [bx c] -— a.(c x b) or [abc]=- [acb] 
From (ii) and (111) we have 


[abc] -[bca]- [cab]--[acb]- -[bac]- - [cba] 

The scalar triple product of three vectors when two of them are equal or parallel, is zero i.e. 
[abb]=[aba]=0 (think!) 

The scalar triple product of three mutually perpendicular unit vectors is +1 Thus 
(13К1:1,(1К1|5-1 

If two of the three vectors а,5,6 are parallel then[a bc]-0 


a,b,c are three coplanar vectors if [ ab с] = 0 і.е. the necessary and sufficient condition for three 
non-zero non-collinear vectors to be coplanar is 


[a bc]=0 
For any vectors à, b, c,d 

[а+6 с] = [а c 41-15 c d] 
For right handed system, [455] »0 


and for left handed system, [abe] «0; where 4,5,С arenon- coplanar 


a+b,b+t,c+4] = 2[abc] 


— 
ol 


1.а в LE 
[/mn][abc]-|m-à mb MC, where /,m,r & a,b,c are non coplanar vectors. 
а b пс 
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ра аа 
13. [abc] (pxq) = pb qb b 
pé ас c 


14. На =a (+ аут + ап, Б =Ь, (+Ъ, т + b, n and C = с, + сут + суп, then 


ар а, а; 
fabe]=| № b» 63 | [итп] 
с 6: Сс; 


Illustration : 


1(8-21-3/.5-1-1-К and 6 =31-К represent three coterminous edges of a parallelopiped, 
then the volume of that parallelopiped is- 
(A) 2 (B) 4 (C) 6 (D) 10 

Sol. Volume = [a b 3l 


2-3 0 
11-1 
3 0 -1 


| = |-2+9-3|=4 Ans.[B] 


Illustration : 
For any three vectors a,b,c [a + b, b + c, c + а] equals- 


=>. > = 


(A) [a b с] (В) 2[а b c] (C) [abc (D) 0 
50. [a-bb*ccc- a] = (а+ b).[(b * c) x (c + а)] 


= (a + b).(b xct bx а+схс+сх a) 


-(a*b)(bxc*bxa*c*a) [:cxc-0] 

= [abc] + [aba] + [aca] + [bbc] + [bba] + [bca] 

= [abc] + [bca] =2 [abc] Ans.[B] 
Illustration : 

If a, Б, с be three non-zero vectors, then |ба х b). c| = lal 15| Jel. if- 

(A) -peg (B) b.c = c.a - 0 

(C) c.a=a.b=0 (D) a.b =b.c=c.a=0 


Sol. |(a*b).c|-|al|bl|el => (ах 5) 11с| cos ө = 1411511] 
(where Ө is the angle between a x band c) a |a| || |c|sin $ cos 0 = || ГІ lel 
(where ф is the angle between a and b) <> sing = 1, cos = 1 > $ = 90°, ө = 0° 
e ā.b = 0, а.с =0, Б.с = 0 Ans.{D] 
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Illustration : 
if vectors ai jk, 1+6] +Ё апа itjtck ( a2b «cs I) are coplanar, then 
„Ж ж ES + ES e uals 
1-а 4-8 4-67 
(4) 1 (B) 0 (C) - 1 (D) None of these 


Sol Since vectors are coplanar, 


1 4 
b 1=0 => 
1 


=> afb- I) (c—- 1) -(1-а) {(с—-1)-(1-Ь)]=0 

> а(1-Ь) (1-с) + (1—a) (1 —c) + (1-а) ( 1-b) =0 

=» @—1+1)(1—Ь)(1—с) + (1 —a) (1-с) + (1—a) (1—b) = 0 

= (1-6) (1-с) 4(1-а)(1-с) * (1—a) (1 —b) = (1 —a) (I — b) (1—c) 
1 1 


1 
2 т "ETT ee Ans. [А] 


a 1 
1-а b- 
0 1 


=0 [Using К,—К„К,—К.] 


— ^ ~ 


VOLUME OF TETRAHEDRON : 


І. If a,b,c are position vectors of vertices A, B and C with respect to O, then volume of tetrahedron 
OABC represented by V is given by 


1 . 
V= 3 Base area х height à 
lo; zo 
Base Area= 7 |axb+bxe+exal 
жоны хєтэй саркый 18 A(a) с(с) 
Let axb+bxc+cxa=n 
1 = ~ 
Base area= 7|n | B( b) 


Height = projection of aonn 
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2. Ма,Б,с, d are position vectors of vertices A,B,C,D ofa tetrahedron ABCD, then 


its volume = or 


Illustration : 


If the vertices of any tetrahedron be G@=j+2k, b=3i+k, с=4 +3) +6 and 


4=2+3]+ 2k then find its volume. 


-. 


Sol. Let the p.v. of the vertices A,B,C,D with respect to 0 are а, b,c and d respectively then 


ЕЗ ^ 


AB = b-a= 3i - j-k, 


AC = 4i+2j+4k and AD = 21--2) 


1 — 
Now volume of tetrahedron — "a AC АБ] = 


г, Required volume = 6 units 


Practice Problem 


0.1  Findthe value of p for which the vectors (p +1)i-3j+ pk ; рі+(р+1)) —3k and 


—3i+ pj +(р +1) are linearly dependent/coplanar . 

Q.2 Show that the lines R = R, +1А and R=R,+sB intersect if (Ry —R,)(AxB)= 0 
i.e. [Ry AB] = [R, АВ]. 

0.3 If i=2i-j+k ; ¥=i+j+k and w isa unit vector then find the maximum value of [пу w ]. 


Answer key 


ОЛ p-l Q3 [üvw],,- 14] 
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VECTOR TRIPLE PRODUCT : 


Definition : The vector triple product of three vectors а,Б,с is defined as the vector product of two 


vectors a and bx . It is denoted by ax (b x €). 


(à x b)x& isa vector which is coplanar with а and b and perpendicular to c. 


Hence (àxb)x€ = ха+ yb (1) [linear combination of a and b) 
© .(àxb)x€ = x(àc)* y(bs) DE 
0= x(c)*y(bc) ....(2) " 6 
Е. ИШИГ NEC 90 (90 4 
be ac 
“X= МБ) andy=-A (2) ($35) <2 


Substituting the values of x and y in (ах b) x € = X (b.c)à —.(4.©)Ь 
This is an identity and must be true for all values of à, b, c 
Put-4-i ; b-j and c-i 
(х )хї-24)01-341:4)) 
1--3) > А=- 


hene (ахБ)хб =(а.б)Б—(Б.б)а 


Properties : 


E Expansion formula for vector triple product is given by 
à x (b x €) = (a.c)b - (a.b)c 
(b x &)xa = (b.a)c- (c.à)b. 


tw 

И 
Ol gigi 
Ыы fo) м: 
6i gigi 
=т=! 
Ol gigi 
ха €i 


2. [ахь bxc ёха] = [abe] 


Note that if а,Ь,с аге поп coplanar vectors then àxb , bxé and ©ха will also be non coplanar 


vectors. 
3, Vector triple product is a vector quantity. 
4. &x(bxd) = (ахЬхЕ 
6 Uni lanar with a & b and сш сь 058 
nit vector coplanar with а and perpendicular to c is TET 
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Illustration : 
ix(jxk) + jx(kxi) *kx(ixj) equals- 
(4) i (B) j (C) k (D) 0 
Sol. ix(jxk)+ jx(Kxi) + хіх) > ixi -jxjokxk-0-0-0 =0 Ans.[D] 


Illustration : 
If a, b, c are coplanar, then show that axb, b*c and сха are also coplanar. 
Sol. [abc] are coplanar = [abc] =0 => [abc] = () 
— [axb, bxc, cxa] = 0 
> axb,bxc and сха are coplanar 
Illustration : 
Let a,b,c such that |a| = 1, |b| = 1 and |c| = 2 and if a x (a x c) + b =0 then acute angle 


between a and c is - 


m л 
(А) 3 (B) 4 (C) ó (D) None of these 


Sol  lfangle between a and c is Ó then — 
а.с -|a||c| cos Ө 
= 1.2 cos ө = 2cos 0 

but àx(üáxc)*b =0 
>» (а.г)а-(а.а)с+ё =0 
> (2 со50)а-1.с=-Ь 
= [@ cos 0)a - с]? = [-Ь]? 
= 4cos? 0 |a -2.(2cos0) a.c. +|с|?=|Ь]? 
=> 4cos? 0—4cos Ө (2cos 0) +4 = 1 > 4 (1- соз? Ө) = 1[-; |a| = 1, |b| = 1] 
=> sin Ө = 1/2 


Ans.[C] 


aJa 


> 9 = 
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Illustration : 


Let a= 2i+j-2k and b= ij ifvector c is such that а.с =|с|,|&-а| = 242 and 


angle between (a х b) and c is the 30" then |(а х b хс | is equal to - 
2 3 
(A) 3 (B) 2 (C) 2 (D) 3 


Sol. |2-а >= (с-а). (с-а) = (2) 


= ё?+4а?-2с.а=8 = с +(4+1+4) -2 с.а = 8 
> с?+9-2|с|=8 [ас = |с|] 
> с?-2|с|+1=0б— c?-2c * 1-0 


> (с-1/-0-эс-1 


\(a x Бух e| - |a x È| lel sin 30° 21x $ |а x B| = 7 la x B| 
шош AJE | 
But ахЬ-12 1 -2|= 2i-2j+k 
14 0 
x laž b| = J44441 =з 
ИИ 
ма х6) х c| = 2 Ans.[B] 
Scalar Product of four Vector : 
MNT Е 
© — (àixb)Gxd) = G.e)(5.d)-(3.d)(b.) = |. Ба 
Proof: (axb)-(€xd) = ü«(cxd)-(üxc).d (Dot & cross are interchangeable in STP) 
pe 


u 


с 
c 


сірі 
ёл Al 


(ax&)xc)d = (ах)5-(Бхс)а}@= ((ах)(Бх4)-(Бх)(ах4))= Ч 


`` Fm 
5|=(а) (b? = (а)? which is lagrange's identity. 


oii 


(àxb)-(àxb)7 (ахь) = 
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Illustration : 


1 
Prove that acute angle between the two plane faces of a regular tetrahedron is cos! 3: 
Sol Let edge length of regular tetrahedron = 1 
п; = normal vector to plane OAB = axb 
fi, = normal vector to plane ОВС = bxc 
. acute angle between plane focus ОАВ & OBC is given as corp 
Nw аЬ ас 
p- Винд (@*%)@хё] 155 Бе 
шахан || || Е (ах) (bxc) 7 sin60-sin60^ 


cos60"  cos60" Н г. | 
_| с050° с0560”| 14 2| 1 а JG) 
j 3/4 "m 5 Ед 
4 
Vector Product of Four Vector : 
У =(axb)x(éxd) 
=iix(éxd) = [abd]c-[abc]d ....(1) (where ü = ахЬ) 
agin V = (@хЬ)х(©х@) = (a v) (bsy)a  -(424|6-(804 | -A 
V 
from (1) and (2) [ibd]c-[abc]d = [acd]b - [bc d]aà ....(3) 


Note that (axb)x(éxd) = 0 => planescontaining the vectors 4 & b and &&4 are parallel. 


i! (axb)-(€xd) = 0 => the two planes are perpendicular. 


(i) Equation (3) is suggestive that if à, b, c, d are four vectors no 3 three of them are coplanar then each one 


of them can be expressed as a linear combination of other. 


(i) ^ Ifa,b,c,d arep.v.’s of four points then these four points are in the same plane if 
[ib d]-[abc]- [ac d] - [be d] 
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Illustration : 


If a, b, c are three vectors such that axb = c, b * c = a, then 


(A) |b| = 1. |e] = |a] (B) |с| = 1, |a| = |] 
(C) |b| = 2. |c| = 2|а| (D) |а| = 1, |5| =|с| 
Sol. Given ахЬ-с (i) 
bxc=a ... (ii) 
From (i), cLa and cLb ... (iii) 
From (ii), alb and aic ... (iv) 


From (iii) and (iv), a, b, c are mutually perpedicular. 
Taking cross product of (i) with (ii), we get, 


(ах Б) х(Бхе) = сха =>  [abc]b-[abb]c-c*a 


=> [аБе]Ь = сха Г" [abb] =0] 
= (456) Б|=|сха| > (1211 Ib =|сха| 
=> айс =Iel (а| > 1-1 = (5-1 


From (i), axb-c 


= ахь = [| Еў 141 151 = [| r* a and b are mutually perpendicular ] 
э Jae-le| [1 =1] 
01 = Лапа |а| = || Ans. [А] 


Practice Problem 
0.1 Prove: d.[ax{bx(€xd)}] = (6.4) [aed] 
Q.2 Ргоуе аі: (ахБ)х (сх) + (ax é)x(dxb)+(axd)x(bxé) = -2[be d]à 
Q.3 If 4х(Бх0) = where b and ё are non collinear then find the angle between 4 andb; between 
à апас. 


Q.4 Prove that ix (axi) jx(axj) 4 kx(axk) 2 2à 


Answer key 


0.3 m2;m3 
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Condition for coplanarity of four points : 


4 points with pv's à,b,c,d are coplanar iff 3 scalars x, у, 2 and t not all simultaneously zero and 


satisfying xà + yo+z¢+td =0 wherext+y+z+t=0. 


А 
Case : Let the four points A, B, C, D are in the same plane / 3” Р 
Did) 


=> the vectors b—4,¢—4 and 4-4 are in the same plane. 
hence 4-4 = (БЬ-а)+т(©-а) Cte) 
or ((+т—1)а—- / b- 


— 
х у 


X, у, Z, t not all simultaneous zero. 


+ 14 =0 > ха + yb-- zc + td = О where, x + y +z + t= 0 and 
t 


Case II : Let xat+yb+zc+td=0 where x + y +z+t=Oand not all simultaneously zero 
Let {#0 (-у-2-1)4-уБ-22-14-0 [putting x--y-z-t] 
(9-2)1+у(6-а)+2(&-а) - 0 
= 4-а, 5-а and ©-а are coplanar => points А, В, С, Р are coplanar 


Theorem in space: 


If а, Ь,с are 3 non zero non coplanar vectors then any vector г can be 


expressed as a linear combination: r= xa+yb+ze of a,b,¢ 


Examples : 
Express the non coplanar vectors 4,b,¢ in terms of bx@, xà, 4хБ. 
Since [абс]? = [(ахБ) (bx c) (cxa)] 
If a, b, саге non-coplanar 
> axb, bxc, сха arealso non coplanar. 


a =x(axb)+y(bxc)+2(cxa) 
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Taking dot product with a 
-—— (ay 
а =У[а bc] => у [abc] 
Taking dot product with b 
— ab 


а-Ъ= Ыса] => z= [abe] 
Similarly taking dot product with c 
а-с 
[abc] 


a:c =x[a bc] => x= 


.  (a:cK(axb)- (a) (bxc)- (a-by(cxa) 
a = — — — 
[abc] 


Practice Problem 


0.1 Express bx, ха, à x b in terms of 3 non coplanar vectors 4,b,¢ . 
Q.2  Giventhe vector à and b orthogonal to each other find the vector V in terms of 3 and b satisfying 
У.а =0; У.Б =1 and [Va b] -1 


Answer key 


Q2 V= 


Real definition of linearly independence : 


If V,, V.,.......... V, are vectors and ).),A5,........A, are scalar and if the linear combination 
Аў, A4 V, +........ 43.,М, =0. necessarily implies A, = X, = ....... À, = 0, we say that 
Vi : V, —É V. are said to constitutes a linearly independent set of vectors. 

Note: 

(i) 2 non zero , non collinear vectors are linearly independent. 


(ii) Three non zero , non coplanar vectors are linearly independent i.e. [a b c] #0 <> a,b,c are linearly 
independent. 


(1) Four or more vectors in 3D space are always linearly dependent. 
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Illustration : 


Show that vectors i -3j + 2k, 2i - 4j- k and 3i + 2j- К are linearly independent. 


EE d 
@5=] =|2 4 -1|=0 
3 2 ы 


Reciprocal system of vectors : 


1. If 2,6,с and а',Б',©' are 2 sets of non coplanar vectors such that 4.4'=b.b'=@.¢'= 1 and 


а.5'=а.5'= ba'=bé’= ба'=бЬ'=0 „then 4,b,é and à',b',c' are said to be constitute a reciprocal 


system of vectors. 
2. Reciprocal system of vectors exists only in case of dot product. 
3. It is possible to define а',Б',С' interms of à,b,c as 
i= bxc p= сха e axb E | 
[abe] ^ [abe] > [abe] (399150 


кул ax(bxc)«bx(cxa)46x(axb) 
Note: (i) аха'+6 хЬ'+схс'=0 ie ————--2————- 

[abc] 
(ii) (à - b--C).(à bc) =3 (as 2-5 =a-c’ =0 etc) 
Gi) If [abc] - V then [a b' &]- >  [abc][ab'e]-! 
(iv) — a'xb'-b'xce'-exa' = Eig’ [abe] #0 


Isolating an known vectors 


Satisfying a given relationship with some known vectors: 


There is no general method for solving such equations, however dot or cross with known or unknown 


vectors or dot with à х, generally isolates the unknown vector. Use of linear combination also proves 
to be advantageous. 
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Illustration : 


Find vector F if F-a=m and т xb = с, where a.b #0. 


Sol. F.a-m (i) 
and Pxb-c й) 
From (ii), ax(F xb) = axc 
or (a.b)r — (а.Р)Ь = axc 
or (a.b)? = ахс+ (a T)b = axc + mb 
1 
r= ab (a*c*mb) 


Illustration : 


Find r such that tr + r xa —b, where a & b ae non collinear vectors. 


Sol Given, tr + F*a- b (i) 
Since a,b, axb are non-coplanar vectors therefore F can be expressed as linear combination of 
a,b and axb 
Let F=xa + yb z(axb) 
Putting the value of F in (i), we get 
t[ xà + yb z(áxb)] +x(Gxa)+ y(bxa)+2(axb )ха -b 
t[ xà & yb +2(axb )] + y(bxà)s z[(à-à)b -(à-b Ja] - b 
> — [t-z(à:b)]as[tysz(á:a)-I]b * (iz - y)(áxb)-0 


Equating the coefficients of a, b and axb, we get 


tx —z(a:b) = 0 ... (iii) 
ty +za?-1=0 ... (iv) 
12-у=0 .. (v) 
Solving (iii), (iv) and (v), we get 
á.b t 1 
Жоо уо oe У" + € 2 2 
(t +a’) t^ +a‘ га 


Putting the values of x, у, 2 in (ii), we have 


ЧЕ ! n баб) 
2) 4 
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Second method: 
Given tr+rxa=b 40) 
E Pxü-b-tF ... (fi) 


Taking corss product of both sides of (1) with a, we get 
(тха)+(Рха)ха=Бха [Putting the value of Fxà] 

> (6-17 )+(ғха)а-а?ғ =Ьха 

=> th-(t? +а? )F +(Fxa)a=bxa ... (iii) 


In (i), taking dot product with а, we get 


ёха) =0 = bxa 5 гха= 


axb 


From (ii), th Oe i +a? jr + 


TE [E anisa 


Hlustration : 


Solve the following simultaneous equations for x and y : 


х+у=а, ¥xp=b and X.á-1 


Sol Given х+у=а (i) 
xxy-b ...(й) 
х.а = ... (iii) 


Putting the value of y from (i) in (ii), we get 


хх(а-х)=Ь = Хх4-5 = ах(хха)=ахЬ 
амаа ши Эрээ” 
= ах-(4.Х/4-ахЬ, = а?х-а=ахЬ 
> Ё "T = 
: x-—(a*axb) and у=а-Х=а-—(а+ахЬ) 
а? 
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THREE DIMENSION 


COORDINATES OF A POINT IN SPACE : 


Considera point P in space whose position is given by (x, у, z) 
where x, y, zare perpendicular distance from yz plane, zx plane 
and xy plane respectively. 


If we assume i, j, k unit vectors along OX, OY, OZ 


respectively then the position vector of point P is x i + y j +zk 


or simply (x, у, 7). 
When a point lies on Co-ordinates 


(i) x—axis (a, 0, 0) 
(u) y — axis (0, В, 0) 
(iii) z—axis (0, 0, y) 
(iv) ХҮ-рїас (a, В, 0) 
(v) XZ - plane (a, 0, у) 
(d) YZ-plane (0,р,ү) 


Distance formulae : 


Distance between the points (x,, y,.Z,) and (X,, y>,Z,) is equal to JG -x)«(y-yy *(z -z,y . 


Section formulae : 


(1) Coordinates a point P which divides line joining A (x,, y,,Z,) and (х,, у,,2,) in the ratio m : n internally 


mXx;-nx, my,+ny, шинэ 


is given Бу 5 , 
m+n m+n m+n 


(2) Coordinates ofa point P which divides line joining A(x,, y,. z,) and B (x. у,, Z,) in the ratio m: n 


externally is given by (= -nx, my;-ny, mz;-nz, ) 


m-n ' m-n ' m-n 
(3) Coordinates of mid-point of line joining A (ху, Уу, Z4) and B (X4, у», 23) is 


ЕЕ У +У? пт 
5 = E 7 2 ; 


Print to PDF without this message by purchasing novaPDF (http:/Awww.novapdf.com/) 


42 


Direction cosines : 
Ifa, В, y are the angles which vector а = ар + a5] * ask makes with positive direction ofthe x, y, z axes 
respectively then a, В, ү are called direction angles and their cosines cos a, cos В, cos y are called the 


direction cosines of the vector and are generally denoted /, m, n respectively. 
Thus /=cos а, т = cos В, п = cos y 


(1) Ifa line makes a, В, y with positive direction of x, y, 2 ахеѕ respectively then direction cosines of line will 
be cos a, cos В, cos y or — cos a, — cos В, — cos y. 


(ii) A unit vector along the line whose direction cosines are cos a, cos В, cos y can be written as 
(cosa)i +(cosB) j+(cosy)k : 


(1) ^ Ifavectora- aj - aj + ask makes angles а, В, y with positive direction of x, у, z axes respectively 


then cos a = 


а} +a? +а$ 
za 
ET 


Also note that ѕіп20 + sin?p + sin*y = 2 


. cos?a + cos?f + cosy = = cos*a + со5?В + cos*y = 1 


(iv) Direction cosines of x-axis are (1, 0, 0) or (-1, 0, 0). 
Direction cosines of y-axis аге (0, 1, 0) or (0, — 1, 0). 
Direction cosines of z-axis are (0, 0, 1) or (0, 0, — 1). 


Direction ratios : 


Ifa, b, c are three numbers proportional to the direction cosines /, m, n ofa straight line, then a, b, c are 
called its direction ratios. They are also called direction numbers or direction components. 


! 
Hence, we have LT =A(say)=> [=а^, m-bA,n-7 c 


1 


| 3 ? 2 
ма +6 +с- 


[= t7——, m- = 


+ and п = + 
> 2.52% 
Ма? +? +c? Ja? e b? +с2 Ja? +b? «c? 


© Ё+т?+п?=1 > (а2+Ь?+с?)2=1 > A= 


Note : 
(i) Direction ratios of a line is not unique but infinite in number but direction cosines will be fora line will be 
only two. (1, m, nor - /, — m, - n) 


(i) ^ Avectoralongthe line with direction ratios a, b, c can be ai + bj-- ck . 


(ii) ^ Direction ratios a line joining two points A and B are proportional to x, — x,. y, — Y} Z; —Z,. 
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(iv) Projection of a Point ona Line: 
Let P bea point and AB be a given line. Draw perpendicular PQ from P on AB which meets it at О, This 
point Q is called projection of P on the line AB. 


(v) Projection of a Line Segment Joining Two Points on a Line : 
Projection of the line segment joining two points P(x}, y}, z,) and О (x. у,, z;) on another line whose 
direction cosines are /, т, nisAB = |/(x, - x,) + т (у-у) * n(z; -zj)]. 


Q (хэ. уэ. 22! 
Proof: 
Vector РО =(х›-х)ї+(у›-у) j*(z; -z)k я 
ал 24026 i 
A unit vector along another line à =/i+mj+nk. | 
| | 
03] алара ә 


А a=li+mj+nk 


2. Projection AB = Projection of PQ опа = 
=|/(x,-x,)+m(y,-y,) + п (2,-2,)| 

Angle between two lines : 
If direction ratios of two lines are a,, b,, c, and 


a,, b,, c, then acute angle between two lines is given by 


[ajaz +00, +с1с> | 


dai rl WU DI 2 
aj +В; +e; ya$ + 05 c5 


Proof : Vector along lines can be taken as а = aji + bij ck and b - a,i +b,j+c,k Я 


Acute angle between lines = acute angle between vectors а and Б. 


Ё -b| ajaz * bib; +с1с> 


. cos Ө = = = 
= | 2 7 9 | 2 “ЭЭЖ... 
131151. Ja? e brc; Jai bic; 
If direction cosines of lines are /,, m,, n, and /,, m,, n, then acute angle between them is given by 
cos 0-7 |/,], + тут, + пуп, |. 


Note : 
(i) If lines are perpendiculars (i.e. vectors along them are also perpendicular) then 
ауа, + 0,6, + сус, =0 ог /,7, + mum, + пп, = 0. 


(ii) If lines are parallel (i.e. vectors along them area also parallel) then = = 2 = ог А 95... fo 
2 2 m» nmn 
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Hlustration : 


Find the coordinates of the point which divides the line joining points (2, 3, 4) and (3, — 4, 7) in 
ratio 5 : 3 internally. 


2(3)+3(5) 2 
Sol Let the coordinates of the required point be (x, у, z) then x = =, 


345 8 
Е 3(3)-4(5) =LI m 4(3)-7(5) _ 47 
3+5 g Ханы 3+5 8 
21 -11 47 
~ The required point is (2 g” 2) 


Illustration : 


1 1 
Find unit vector(s) with cos a = 5 and cos В = FL where a, В are angles made by unit vector 


with positive direction x, y axes respectively. 


Sol Let unit vectors makes angle y with positive z-axis. 


.- Unit vector will be (cosa) i (cos 0j (cos y)k 


; j : 1 1 : 
У costa + cos*B + cosy=1 zo —t— +соз у= 1 


4 4 
| T - +L 
=> с05*у = 2 => cos у = T 
- Unit vector will be : 5,125. 
2 2 42 


Hlustration : 


Find the direction —— of two lines which are connected by the relations | — 5m + 3n = 0 and 


7P + 5т?— Зп? = 
Sol. The given relations are l- 5т + Зп = 0 => 1 = 5т- Зп 8880-1222 (1) 
апа 7È + 5т- 35 -0 — 0 өөө (2) 


Putting the value of | from (1) in (2), we get 
7 (бт — 3n} + Sm? - Зп? = 0 


m 1 
ог (2т-п)(3т-2п)=0 => 3 = — or 


шю 
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1 
When E іе. п = 2m > 1l=5m-—3n=-—m or — =-] 
n 2 m 
— ЗИ ee ЭР... Л. 
thus а n "m giving ГЭЖ 


-€-- -- 
е, D NIST ES +2? 12 


So, direction cosines of one line are ей. x = | 
V6’ V6" Уб 


1 2 
4147 41474147 


. The direction cosines of the other line are 


Illustration : 


Find the direction ratios and direction cosines of the line joining the points A (6, — 7, — 1) and 
B (2, - 3, 1). 


Sol. Direction ratios of AB are (4, — 4, — 2) = (2, — 2, — I) 
а? +62 + с = 9 


27-24 
Direction cosines are [ғ 3 ‚+ 3 E 5 2) ! 
Illustration : 


Find direction cosines of a line perpendicular to two lines whose drs are 1, 2, 3 апа- 2, 1, 4. 


Sol. Vector along lines can be taken as G@ =i 2j +36, b--2i e j 4k 


^ 
+ 


a@xb=5(i -2j+k) 


des of line = Е = 4) or E 2, x) 
V6" V6" 46 V6" 46 V6) 
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Illustration : 


Sol. 


Find the projection of the line segment joining the points (—1, 0, 3) and (2, 5, 1) on the line whose 
direction ratios are 6, 2, 3. 


The direction cosines £, m, n of the line are given by 


528 08.4 
C qe y UU, 


The required projection is given by 


= 2 2—(-1)+3(5-0)+501-3) 
Я 7 7 
= көе 

7 7 7 


Ans. 


H аа „|38206. 22 
7 ОЕ” 


0.1 
0.2 


0.3 


0.4 


0.5 


0.2 


Practice Problem 


If points P, О are (2, 3, 4), (1, — 2, 1), then prove that OP is perpendicular to OQ where О is (0, 0, 0). 


A line OP makes with the x-axis an angle of measure 120° and with y-axis an angle of measure 60°. Find 
the angle made by the line with the z-axis. 


What are the d.c's of the lines equally inclined to the axes ? 


Aline makes angle а, В, у, $ with four diagonals ofa cube then cos?a + cos?p + соѕ?у + с0576 is 
equal to 


А)1 В 2 С 5 D 5 
(А) (8) 5 (0 4 (D); 
If a variable line in two adjacent positions has direction cosines /, m, n and [+ 6/, т + бт, п + бп, 


show that the small angle 50 between the two positions is given (80)? = (51) + (бт)? + (бп)? 


Answer key 


1 1 
y = 45° ог 135? 0.3 Ё БЕЛЕД) 04 В 
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PLANES : 


Definition : 
A plane isa surface such that a line joining any two points on the surface lies completely on it. 


General equation of plane : 


A linear equation in three variables of the type ax + by + cz + d=0 represents the general equation 
ofa plane. 
where a, b, c are not simultaneously zero. 
a b с 
Dividing by d we get | — |х+| — |y +] — 
минээ t] (а) | 


Thus equation of plane involves only three arbitrary constants. Hence in order to determine a unique 
plane 3 independent conditions are needed. 


+150 


Note : 

(i) Equation of xy plane is z — 0. 
(ii) Equation of yz plane is x ^ 0. 
(i) ^ Equation of zx plane is y=0. 


Division by Coordinate Planes : 


The ratios in which the line segment PQ joining Р(х |, уу. z,) and Q(x,, y». Z,) is divided by coordinate 


planes are as follows. 

(i) byyz-plane : — ratio 

(ii) byzx-plane : —J ratio 
y2 

(i) ^ byxy-plane : -ŽL ratio 
27 


Illustration : 
Find the ratio т which the line joining the points (3, 5, —7) and (—2,1,8) is divided by yz-plane. 


Sol Let the line joining the points (3, 5, —7) and (-2, 1, 8) divides yz-plane in the ratio А : I, then 
coordinates of the dividing point will be 
-21-3 3145 84-7 
| ARE ‘ЭТА | 
Now above points lies on the yz-plane, so its x-coordinate should be zero i.e. 
-23-3 
Atl 


3 
“024°, 


3 
Hence yz-plane divides line joining the given points in the ratio 3 :1or3:2. Ans. 
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DIFFERENT FORMS OF THE EQUATIONS OF PLANES : 


1. A point in the plane and a vector normal to it is given : 


Let a point A (а) lies in the plane anda vector normal to it is n = ai+ bj +ck. 


P (т) isa moving point whose locus is plane then for every position of vector AP, vector ii will be 


perpendicular to it. 
Xia 8-4-5-4 
2 n= 


=> (f-a)-n =0 => fr-n=a-n 
= т°п =d is general equation of plane in vector form. 


Itis also known as equation of plane in dot (or scalar) product form. 


If P-xibtyjtzk and 4 - хо yo] Zok the equation of plane will be 
а (х-х,) * b(y- yy * c(z-z,)- 0. 


This is equation of plane containing point (x,, Yg 2,) and perpendicular to vector ái bj4ck. 


Note : 
If equation ofa plane is ax + by + cz + d = 0 then a, b, c are direction ratio of normal to the plane. 


2. Plane passing through three given points : 


Let three points A (a), B (b) and C (€) liesinthe plane and point P (Т) is moving point whose locus is 


plane. 


`` AP, AB and AC are coplanar. 


In represents equation of plane passing through three points. 
If A = (x, Yp Z) B = (X4, у„, Z), C = (xX, уз, z,) and P (x, у, 7) then equation of plane is 


X-X; у-у 2-4 


Х»-Х| Уз-У| 2-4|=0 
X33 У-у 2574 
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3. Plane containing two intersecting lines : 


Let the equations of two lines are T = а + Ab and F=a+pb. 
Now, n = pxq isa vector perpendicular to the plane. 
Hence equation of plane is (г-а)-(рха) =0 

ра] -0 => [ра] = [а р а] 
Since vectors г-а, p, q are coplanar. 


=> [т-а 


Therefore т-а=Лр+нд => г=а+Ар+и9 
It represents equation of a plane containing point à and parallel to two non-collinear vectors р and q. 
This is also known as parametric equation. 


Illustration : 


Express the equation of a plane р 2i -2j +А (2i = j4 3k)+ u (si +4j- k) in 
(a) cartesian form. 
(b) Scalar product form. 
Sol. 
(a) Clearly plane is passing through the point i —2j and parallel to vectors 2i – j - 3k and 
3i «4j - K. 
Equation of plane is 
х-1 у+2 2-0 


2 - 3 |=0 
т м =] 


25 (x — I) (- 11) - (y +2)(— 11) * z(11) = 0 
c x-J-y-2-2=0>x-y-2=3 > х(1) Ку(1) + 2(-1) = 3 


(b) Therefore equation of plane is scalar product form is = - ( = j - k) = 3. Ans. 


4. Equation of plane containing two parallel lines : 


Let lines be т-а +АБ and r =€ + ub 
vector normal to plane is 

n -(a-c)xb 

equation of plane is 

(r -à)-(a -c)xb - 0 


Alternatively : Vectorsr —а, € — a and p are coplanar 


equation of plane is 
Еа е-а Б]=0. 
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Illustration : 


Find the equation of the plane passing through the point (2, — 1, 3) which is the foot of the 
perpendicular drawn from the origin to the plane. 


Sol Тһе direction ratios of the normal to the plane are 2, — 1, 3. 
The equation of required plane is 2 (x —2) — 1 (y + 1) +3 (2 – 3) = 0 
=> 2х-у+ 32—14 = 0. 


о 


Illustration : 
Find the equation of the plane through (2, 3, – 4), (1, — 1, 3) and parallel to x-axis. 
Sol. The equation of the plane passing through (2, 3, — 4) is a (x — 2) - b(y—3) - c(z- 4) = 0 


КӨЕ: 
Since (1, — 1, 3) lies on И, we have a + 4b - 7с = 0 Е г. 
Since required plane is parallel to x-axis i.e. perpendicular to YZ plane і.е. 
b 
1- a+0-b+0-c=0 = a=0 = 4b-7=0> 5 =$ 


.. Equation of required plane is 7y + 4z = 5. 
Illustration : 


Two planes are given by equations x + 2у- 32 = 0 апа 2x +у +2 +3 = 0. Find 
(i) РС 5 of their normals and the acute angle between them. 
(ii) РС 5 of their line of intersection. 
(iii) Equation of the plane perpendicular to both of them through the point (2, 2, 1) 


ПП) 


(i) С = M 
п, In 2421 


ГЕ 0. 
(7 йухӣ,=11 2 -3|=51-7}-3& 
TE. 


DC's of li i i he pl (ar ia) 
s of line of intersection of the plane | = 83' 83’ 3 
() (-(21-27-8)) 09, хӣ,)=0 

= 3(-2)-7(у-2)-3(-1)-0 

= 5х- 7у-32+7 = 0 
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5. Normal form of the plane : 


A unit vector ñ normal to the plane from origin is known and 
perpendicular distance of the plane from the origin is d. 


Projection of f on п = 
=> T-ñ=sd .— 2 (1) 
Note : 4> 0, asd is distance of the plane from origin. 
Cartesian form ofthe plane is 
Ix + my + nz- d 
where /, m, n are dcs of normal to plane. 


Illustration : 


Let equation of plane be F -(6i —3j — 2E) +1 =0 then find perpendicular distance of plane from 
origin and also find direction cosines of this perpendicular. 


" ^ ^ ^ -- -6 а 3 a 2 A I 

Sol.  Planeis ғ -(6i 3j - 2k) - -1 -I 88 
1 -6 3 2 

perpendicular distance from origin = 7 and dcs of perpendicular = 7'77]| 


Illustration : 
Find the vector equation of plane which is at a distance of 8 units from the origin and which is 
normal to the vector 2i  j * 2k 


Sol Неге, 4 = 8 and n- 21+]+2Е 


П = — = -e =—-—— 
cm 422 -Р-2 3 


_, { 2i j+2k 
=> r| 3 |=8 


or  r.(2i*j*2k) = 24 
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6. Intercept form the plane : 


: : я є Ж 2 
Equation of plane іп the intercept form is m * A + sia E: 


where a — x-intercept, 
b = y-intercept, 
c — z-intercept 


Proof: 
Equation of plane passing through three points A (a, 0, 0), B (0, b, 0) and C (0, 0, c) will be 


x-a у-0 2-0 
-a b 0 
-a 0 c 


= (x-a)bc-y(-ac-0)-*z(0--ab)- 0 
=> xbc + yac + zab = abc 


X у z 
——T—- 
ш b t 


Note : Area of AABC = > ВхВ | = 7 |(®-айх(ей-ьў| = 2 |bei +acj+abk| 


2 4.9.9 | 2 2 2 
Ма2Ь2 « b?c? +с2а? = (2) (5 (а) 


12) \2 
PENECTUS TEE 
г. Area of AABC = (area of AOAB) + (area of AOBC)" + (area of AOCA) 


PERPENDICULAR DISTANCE OF A POINT FROM A PLANE : 


Let equation of plane is г * n = d then perpendicular distance 


from the point A (т ) on the plane = projection of RA on ii. 


If equation of plane is ax -* by-* cz * = 0 then perpendicular distance from point (х,, У,, 2,) is given 
| ах, + by, + cz, +4 | 


by Ja? «b? +c? 
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Мое: 
(i) Planes a,x + by * c,z * d, — 0 and a,x + b;y + c;z + 9, — 0 are 


(à)  parale butnotidentica ir “t= 29. di 
az 5, c) d, 


(b) perpendicular ifa,a, + b,b, * сус, — 0 


a 
(c) identical if Е М = Я = 
22 b; с> 4, 

(ii) ^ The equation ofa plane parallel to the plane ах + by + cz + dis ax + by + cz + К = 0, where К is an 


arbitrary constant and is determined by the given condition. 


(iii) ^ Distance between two parallel planes ax + by + cz + d, = 0 and ax + by + cz + d, = 0 is equal to 


 Idi-dl _ 
ма2 +2 +с2 ` 


(iv)  3planes ах+ъу+с2=4 г=1, 2,3 
(а) Can intersect at a point = system of equations in 3 variables having unique solution. 
(b)  Canintersect coaxially = system of equations in 3 variables having infinite solutions. 
(c) May not have acommon point = system of equations in 3 variables having no solution. 


Illustration : 


A variable plane passes through a fixed point (a, В, у) and meets the axes т А, В, С. Show that 
the locus of the point of intersection of the planes through A, B and C parallel to the co-ordinate 
planes is. ax! + Ву! * yz! = I. 


Sol. Let the equation of the variable plane be - * с += c | ооьь. (1) 


where a, b, с are parameters 

The plane (1) passes through the point (a, В, у). 
уг. м 

^ + b * x^ E 0 |] | — | si (2) 

The plane (1) meets the co-ordinate axes in the points A, B and C whose co-ordinates are respectively 

given by (a, 0, 0), (0, b, 0) and (0, 0, c). The equations of the planes through A, B and C are 

х= а, у= b, z =c respectively 2 өн (3) 

The locus of the point of intersection of these planes is obtained by eliminating the parameters а, 

b, c between the equation (2), (3). Putting the values of a, b, c from (3) in (2), the required locus 

7 


a В 
is given by x wx or ах! + Ву! +уг! = 1. 
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EQUATION OF PLANES BISECTING THE ANGLES BETWEEN TWO 
GIVEN PLANES : 


Cartesian Form : 


The equation of the planes bisecting the angles between the planes a, x + b, y * c, z+ d,=0 and 
a, х+Б. у+с, 2 + 4, =Оаге 


(ах+Ьу+сү2+4) _ x (ах - by - cz d;) 
Va; b; +e; vai bici 


Note : 
If angle between bisector plane and one of the plane is less than 45? then it is acute angle bisector 


otherwise it is obtuse angle bisector. 


Vector Form : 


The equation of the planes bisecting the angles between the planes r-n, = d, and r-n, =d; аге 


or 
| 

v E c d 

or r-(n,tn,)=—- + — 

[ñ] а, | 


FAMILY OF PLANES : 


The equation of a plane passing through the lines of intersection of a,x + b,y  c,z + d, = 0 and 


a,x +b,y * cz * d —-0is(a;x * byy +c,z+d)) +A (a,x + bay + cz + d) = 0, where À is a constant. 
Vectorially : 


Equation ofa plane passing through the line of intersection of planes г.п; =d; and г.п, = d, is given by 


(гд, —d,) - A(r.n, -4») -0 
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Illustration : 


Find the equation of plane containing the line of intersection of the plane х+у+:-6=дапа 
2х + 3y 42 + 5 = 0 and passing through (1,1, 1) 


Sol. The equation of the plane through the line of intersection of the given planes is , 
(X *ytz-6)*A(2x + Зу + 4z- 5) = 0 .4(1) 
If it is passes through (1, 1, 1) 


3 
=> (1+1+1-6) +А(2+3+4 +5) =0 > т 


Putting 2. = 3/14 in (i) we get 


3 
(х+у+=-—6)+ 14 (2х + 3у + 42 + 5) = 0 


=> 20x + 23у + 262-69 = 0 


ANGLE BETWEEN TWO PLANES : 


1. Vector form : 


Theangle between the two planes is defined as the angle between their normals. 
Let 0 be the angle between planes; 


> > > > 
r. 


г.п, -d,and г.п, =d, is given by 


cos0 = 
o» 
|n, [| n5] 


2.  Cartesian form : 


The angle Ө between the planes a, x +b, y +c; 2+4, -0anda, x +b, у+с, 2+4, = 015 given by 


аза, +00, +¢,c, 
cos 0 = -= 
гас жө -2:1:3 242. 9 
уа +b; +С уаз +65 +; 


3. Two planes are perpendicular iff 
а,а, +b,b,+¢,c, =0 & Parallel if a, xñ, =0 
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Angle between а line апа a plane : 


The angle between a line and а plane is the complement of the angle between the line and the normal to 
the plane 

If a, В, y be the direction ratios of the line and 
ах + by + cz + d= 0 be the equation of plane 
and 9 be the angle between the line and the 
plane. 


aa +В + cy 
Оо = mo- x. 
=> cos (90° — Ө) Ма? +b? +с? va? +р2 +7? 


aa *bp «cy 


or sinĝ = va? +52 +с2 а? +82 +2 


Vector form : 


ә ә EI > > 
110 isthe angle between the line; r=a+Ab and plane г.п =d 


> > 
b.n 
=$ 


|5113| 


> sinĝ = 


Illustration : 
Find the angle between the planes 2x — y +z = П and x + y + 22 = 3. 


Sol. cos Ө = ad» * bjb, + CC; 


y (a? +b; 2) +b +c3) 


— m 2-1+(-1):1+1-2 Її spat 
cos 0 = ———— — — ==; 
ү22+(-1#+ЁЧЁ+Ё+2 2 3 


Illustration : 


Find the equation of plane passing through the intersection of planes 2x — 4y + 3z + 5 = 0, 
x*y-tz-Óand parallel to straight line having direction cosines (1, — 1, ~ 1). 


Sol. Equation of required plane be (2х ~ 4y + 32 +5) + A(x +у-2- 6) = 0 
i.e. (2+А)х + (C4 * A)y + z(3-A) + (5-62)-0 
This plane is parallel to a straight line. So, al + bm + cn = 0 
1(2*À) + (-I)-4*A) + CD(3-2) =0 ieA--3 
~ Equation of required plane is – х — 7y + 6z + 23 = 0. 
Le. х+7у-6:-23=0. 
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Illustration : 


х+ z-2 
Find the angle between the line —— = ——— = —— and the plane 2x + y -32 + 4 = 0 


Sol The given line is parallel to the vector b-3i«2 7 +4Ё and the given plane is normal to the 
vector 
-» = = a 
n=2i+j —3k 


> 


res _ iv 2j 4E) Qi j-3k 3k) 


sinü = арк: зн ре ЗЕЕ ШЕР 
151 РЇ 43 +2- +4- (22 +1 +3 
6+2-12 -4 4-4 
EN Nr ium Щ Ө=зїп = 
X429 414 X406 4406 


Practice Problem 


0.1  Theratioin which yz-plane divides the line joining (2, 4, 5) and (3, 5, 7) 
(A)-2:3 (B)2:3 (03:2 (D)-3:2 


Q.2  Thepoints (0, — 1, — 1), (-4, 4, 4), (4, 5, 1) and (3, 9, 4) are 
(A) collinear (B) coplanar (С) forminga square (р) попе ofthese 


О.З The distance of centroid from x-axis of the triangle formed by the points (2, -4, 3), (3, —1, 2) and 
(-2, 5, 8) is- 


(A) 1 (B)0 (C)3 (D) 410 


0.4 The locus ofa point, which moves in such a way that its distance from the origin is thrice the distance 


from xy-plane is - 
(A) x? - 8y* — 822 =0 (B)x-8y? +22=0 
(C) -8x? + y2+27=0 (D)x?-y?- 822-0 


Q.5  Anon-zero vector а is parallel to the line of intetsection of the plane determined by the vectors iit] 


and the plane determined by the vectors i-j,it+k. The angle between a and i—2j+2k is. 
(А) 2/3 (B) л/4 (C) 2/6 (D) None of these 


Answer key 


QI А 0.2 В 93 © 04 D 0.5 В 
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STRAIGHT LINES : 
Symmetric Form : 


1. Equation ofa straight line passing through (x,, y,, Z,) and having drs as a, b, c is 


EE uat ua. 


a b c 


Proof: A(X..y s zi) 
A vector parallel to line will be ai + bj - ck . 


A vector along the line can be written as 


АР =(x-x,)i+(y-y,)j+(z-z,)k о 
vector AP is parallel to ai +bj+ck 
. Any point on this line can be taken as (x, + Aa, у, + Ab, z, + Ac). 
. If dcs of line be /, m, n then its equation will ХУ 2-4 À and any point on this line can 


1 п1 п 
be taken as (x, + Аа, у, + Ab, 2, + Ac). 
2, Equation of straight line passing through two points (x,, у,, 2,) and (х,, y,, Z,) will be 


X-X _ У-У _ 277 


AmA У-у 2275 


Note 
(i) (a) Equation of x-axis is л = A = 5 (or) y=z=0 
(b) Equation of y-axis is = = T = = (ог) х=2=0 
: ae Ж 
(с) Equation of z-axis 9 0 1 (or)x=y=0 


Here zero in denominator represents that line is perpendicular to that axis. 
. x-2 ytl EE x-2 ytl 2-2 
(ii) Line i 7 and z= 2 is written as 3 -2^9 


This line is perpendicular to z-axis or parallel to xy plane at a distance of 2 units. 

Unsymmetrical form of straight line: 
The equations a,x + b,y + c,z + d, = 0 and a,x + Буу + c,z + d, = 0 together represents a line in 
unsymmetrical form. This represent equation of line of intersection of planes a,x + b, y 4 c,z * d, — 0 and 


ах + b,y *c,z * d, = 0. 
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Procedure to convert Unsymmetrical Form of straight line to Symmetrical 
Form : 


Let the direction ratios of the line of intersection (AB) of two planes 
axtbyteetd =O X — (1) and ax * by t ez*d,-0 ..... (2) are a, b, с 
Direction ratios of normal to plane (1) аге a, b,,c, and 
Direction ratios of normal to plane (2) are. a, , b, , c, 
Line AB lies in both the planes (1) and (2) 
hence normals to (1) and (2) are perpendicular to AB. A 


Hence аа, +66, +сс, = 0 and aa,+bb,+cc,=0 
these two will give the proportional values ofa, b, c. B 


Let the line AB cuts the xy plane at (x, , y, , 0) 
Hence a,x,+b,y,=—d, and a,x,+b,y,=—d, This will give a point on the line AB 
=]... У. 2-8 


b с 


OE 
-. equation of AB is 


Illustration : 


Find the angle between the line x - 2y +z = 0 = х + 2y -2z and x + 2y +2 = 0 = 3x + 9y + Sz. 


Sol. Leta, b; c, be the direction ratios of the line x – 2y 2-0 and x + 2y — 22 = 0. Since it lies 
in both "i; „= serere t it is 1 to the normals to the two planes. 


" + 2b, ~26,=0 
Solving these two m by cross-multiplication, we have 


| GM „бу. aj b, 6, 
4-2 Ji 242 ” 12 34 
Let a», b, су be the direction ratios of the line x + 2y + т = 0 = 3x + 9y + Sz. Then the discussed 


above 
a, + 2Ь, +с, =0 3a, + 96, + 5с, = 0 
ds» b, с, e _ b, 29 
Se ee бсо лиа or te 


10-9 3-5 9-6 К = 3 
Let @ be the angle between the given lines. Then 


Ja? +b; +c} Jai +65 +с> 
_ __(1)(2)+(—2)(3)+(3)(4) 
42233 +42 RITET +(3) 


.2-6*12. 8 "-—-— Е. 
429-14 4406 = 05 | 06 
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Illustration : 


Find the coordinates of the point where the line joining the points (2, — 3, 1) and (3, — 4, — 5) cuts 
the plane 2x ^ y +2 = 7. 


Sol. Тһе direction ratios of the line are 3 – 2, -4—(-3, - 5 – іе. 1,-1,-6 


Hence equation of the line joining the given points is 5 pg ge (say) 


Coordinates of any point on this line are (т + 2, - r— 3, — 6r + I) 

If this point lies on the given plane 2x + y + z = 7, then 
2(r-2)*(-r-3)*(-6r*1) 2-7 > г=-1 

Coordinates of the point are (- 1 + 2, - (- 1) - 3, - 6 (- I) + I) Le. (1, — 2, 7). 


Illustration : 
Find in symmetrical form the equations of the line 3x + 2y-z-4 = 0 = 4x + y - 22 + 3. 


Sol The equation of the line in unsymmetrical form are 3x + 2y—z—4 =0, 4х+у-2:+3=0 ..... (1) 
Let l, m, n be the direction cosines of the line. Since the line is common to both the planes, it is 
perpendicular to the normals to both the planes. Hence, 31 + 2m — n = 0, 4l + т – 2п = 0 

1 т п 


4441 -446 3-8 


Solving these we get, 


-3 2 -5 Japara- 438 


-3 2 -5 
So, direction cosines of the lines are 7387 1387 33 


Now to find the coordinates of a point on а line. Let us find out the point where it meets the plane 
т = 0. Putting z = 0 in the equation given by (1), we have 3x + 2y ~ 4 = 0, 4x * y +3 = 0. 
Solving these, we getx = ~ 2, у = 5 

So, one point of the line is (-2, 5, 0) 


+2 у-5 2—0 х+2 у-5 2 
.. Equation of the line т symmetrical form is UT = > = dac = 


438 438 У38 


Illustration : 


x+] y-2 
Find the equation of the plane which contains the two parallel lines —— = = 


3 = Ж 


Sol. The equations of the two parallel lines are 


"di o3 . ЭЭ 0) 
x-3 y*4 2-1 
and з т у Hm (2) 
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the equation of any plane through the line (1) is 


а(х +1) +6у-2) +с=0 | | ия (3) 
where3at+2b+e=O 2 eee (4) 
the line (2) will also lie on the plane (3) if the point (3, - 4, 1) lies on the plane (3), and for this we 
have а (3 + 1) +b(— 4-2) +с= 0 or 4a-6bt+c=0 ..... (5) 
Solving (4) and (5), we get LN 
8 1 -26 


Putting the values of a, b, c in (3), the required equation of the plane is 8x +у- 26z + 6 = 0. 
Illustration : 


= 9 я x=- - 
Find the shortest distance between the lines —— =—— = —, ЕР, 


3 -1 1 
Also find the equation of line of shortest distance. 
-3 y-8 2-3 
Sol. Given lines are 2-2 3 DI 1 = EG =r, (Gay) | | - (1) 
х+3 уз7 _ 2-6 
EN - a= E" A =r (QU  h] 3 | (2) 
any point on line (1) is P (3r, + 3, 8—r, г, + 3) and on line (2) is 
Q(-3—3r, 2r,—7, 4r, + 6). 
If PQ is line of shortest distance, then direction ratios of 
РО = (3r, + 3) – (-3-3ry, (8-ry - 2r,- 7), (r, + 3) - (4r, + 6) 
i.e. ar, + 3r, + 6 -r,—3r, + 15, г, – 4r,— 3 
А5 цана is perpendicular to lines (1) and (2) 
3 (3r, + 3r, + 6)-1 (—r,—2r, + 15) + 1 (r,-4r, + 3) = 0 
= Hrj*7rj—D — — — — зэв» (3) 
and  —3(3r,*3r,* 6) * 2(-r,-2r, + 15) +4 (r,- 4r,* 3) = 0 
i.e. х P —— 1 |) —— ——  J— (4) 


On solving equations (3) and (4), we get r, = г, = 0. 
So, point Р (3, 8, 3) and О (— 3, — 7, 6) 


- Length of shortest distance PQ — Y {(-3-37 +(-7-8)° +(6 -3y -3 430. 


Direction ratios of shortest distance line is 2, 5, — 1. 


x-3 ew z-3 
~ Equation of shortest distance line - 2 =+ EC Ig 
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Illustration : 


Find ше distance of the point (1, — 2, 3) from the plane x — y + z = 5 measured parallel to the line 


Sol Here we are not to find perpendicular distance of the point from the plane but distance measured 
along with the given line. The method is as follow : 
The equation of the line through the point (1, — 2, 3) and parallel to given line is 
х-1 у+2 z-3 
ГИ A A 
The coordinate of any point on it is (2r + 1, 3r - 2, -6r + 3). 
If this point lies in the given plane then 


м |. 


27 + 1- (37-2) + (-Cór* 3) =5 > -7r=-lorr= 


s-H 15 
- Point of intersection is 777 


9 -11 15 
.. The required distance = the distance between the points (1, — 2, 3) and E ar zs z 


LH I ~ 
С -F e 


Illustration : 
Find the image of the point (1, 3, 4) in the plane 2x - y +z + 3 = 0. 


Sol. Asitis clear from the figure that РО will be perpendicular to the plane and foot of this perpendicular 
is mid point of PQ i.e. N. Ф 50.3.3) 
So, direction ratios of line PQ is 2, — 1, 1 


! 
-21.2 2-4 


=> Equation of line Р ре f° (say) 
Any point on line PQ is (2r + x -rtJ3,r * 4) 
If this point lies on the plane, then Plane 


2Qr*1)-(-r*3 -*(r-4)-320 
=® r=-] 


л Coordinate of foot of perpendicular N = (-1, 4, 3). Q (lamge goini) 
As N is middle point of PQ. 
1-х; 34 y, 4+2, 
: E E EC HN 2 x, -—3 y =5,z,=2 


~ Image of point P (1, 3, 4) is the point О (- 3, 5, 2). 
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Illustration : 


Determine whether each statement is true or false 

(a) Two lines parallel to a third line are parallel. 

(b) Two lines perpendicular to a third line are parallel. 

(c) Two planes parallel to a third plane are parallel. 

(d) Two planes perpendicular to a third plane are parallel. 
(e) Two lines parallel to a plane are parallel. 

(f) Two lines perpendicular to a plane are parallel. 

(g) Two planes parallel to a line are parallel. 

(h) Two planes perpendicular to a line are parallel. 


(i) Two planes either intersect or are parallel. 
(i) Two lines either intersect or are parallel. 
(К) A plane and a line either intersect or are parallel. 
Ans. (a) True, (b) False, (c) True, (d) False, (e) False, (f) True, 
(g) False, (h) True, (i) True, G) False, (К) True 


Illustration : 


Find the equation of a plane passing through the point A(3, —2, 1) and perpendicular to the 
vector 4i +7 j -4k. If PM be perpendicular from the point Р(1, 2, —1) to this plane, find its 
length. 
Sol. Let O be the origin, then a=OA=3i - 2] +k 
Let n=4i+7j -4k й-4 
Let ОС, у, z) be any рой! on the plane 
then, ғ = OQ =хі+ уј +2 
Now r-a= к-3)1 + (у + 2); + (2 – Dk 
Now, equation of the required plane passing point A (a) 
and perpendicular to n is 
(г-а)-п=0 
4(x— 3) + 7% + 22 - 4(- 1) = 0 


or; 4x — Зу- 4: + 6 = 0, This is the required equation of the plane. 
Now PM.LAM 


.. Unit vector parallel to PM 


Print to PDF without this message by purchasing novaPDF (http:/Awww.novapdf.com/) 


64 


ja М ш... P(1,2,-1) 
|n] 9 


Now PM - length of projection of РА on РМ 


р7-47-20| 287148 


-|P44|- = 


Let a=0P=i+2j-k 
Second method : 


| (a-ayn 
Alternatively, PM = " 


Here, а-а= AP = —2i «4j - 2k and n-4i «7j - 4k 


Illustration : 


Find the shortest distance and the vector equation of the line of shortest distance between the 


lines given by 23/4 8j 4 3k + AGi - ) 4 k) and F 23i -7j «6k + u(3i - 2j  4K) 


Sol Given lines are P-3be8je3k + A(3i-j+k) wf) 


and i--3i-7j46k + и(31+2]+4К) ... (ii) 


Equations of lines (i) and (ii) in cartesian from are 


AB :;—-2—— =~ = д (iii) 


and CD: ET 2 "de и ... (iv) 
B 
Let L2=(3A+3,-A+8A+3) A ыг 
and М=(-3и-3,2и-7,4и+6) 
Direction ratios of LM аге 902 
c M D 


35+ 3и + 6, -A4-2u* 15, A4-4u- 3 
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Since LM LAB 

334 + Зи + 6)-1 (-CA4—2u + 15) + 1(4—4u— 3) = 0 
or ПА + 7u = 0 . (v) 
Again LM LCD 

-3 (ЗА + Зи + 6) + 2(-4-2и+ 15) 44(Х-44-3)-0 
or —7А — 29u = 0 ... (vi) 
Solving (v) and (vi), we get А = 0, и = 0 

І = (3, 8, 3), M=(-3, -7, 6) 


Hence shortest distance LM = ү(3+3 y +(8+7 y +(3-6 y = 4270- 34530 units 
Vector equation of LM is 


Т=3ї+8)+3К +1(61+15)—3К) 
x=- J 
Note : Cartesian equation of LM is —— = —- = —> 


Practice Problem 


х-43 y«65 z-32 


Ол The shortest distance between the two straight lines and 


2 3 4 
5у+6 2z-3 3х-4. 
к ж s~” 
(А) 429 (B)3 (C) 0 (D)6 10 


Q.2  Astraight line passes through the point (2, — 1, 1). It is parallel to the plane 4x + y * z * 2 = Oand is 


-5 
perpendicular to the line 1725 = 4 The equations of the straight line are 
x-2 yel zl x42 у-1 2-1 
(471 1 hab hab 
C х-2 уз?! 2+1 р х+2 у-! 2-1 
© -1 ! 3 (0) -1 1 3 
О.З The cosine ofangle between any two diagonal of a cube is - 
(A) 1/3 (B) 1/2 (C) 2/3 (D) 1/43 


Print to PDF without this message by purchasing novaPDF (http:/Awww.novapdf.com/) 


66 


0.4 


0.5 


0.6 


0.1 
0.6 


: ЭР ‚ Х41 у-3 2-2 | | 
The equation of the plane containing the line a S and the point (0, 7, — 7) is- 


(А)х+у+2=2 (В) х+у+2= 3 (С) х+у+2=0 (0) None of these 


The distance of the point (1, — 2, 3) from the plane x — у + z = 5 measured parallel to the 


or y 2-1. 
ine 57 47-75 is- 
(A)1 (B)2 (C)4 (D) None ofthese 

: Р . x-l у+2 z 
The equation of the plane through the point (2, —1, -3} and parallel to the lines зз д апа 
X _у-1_7-2. 
3 270277 

Answer key 

С Q2 С 03 А 04 С 0.5 А 
0 
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Solved Examples 


Sol. 


Q.2 


Sol. 


Q.3 


Sol. 


If ABCDEF is a regular hexagon and AB + AC+ AD+ AE+ AF=k AD, then k equals- 


(A)2 (B)3 (C)6 (D) 5 
.. AB= ED and AF=CD, 
E D 
so AB+ AC+ AD+ AE+ AF 
— —~ TL. == Е C 
= ED+ AC+ AD+ АЕ+ CD 
=(АС+65) +(АЕ+Ер ) + AD A РВ 
= AD+ AD+ AD =3 AD 
k=3 Апѕ[В) 


The length of diagonal AC ofa parallellogram ABCD whose two adjacent sides АВ and AD are represented 
respectively by 21+ 4) -5К and i+ 2) +3k is- 


(A)3 (B)4 (C) 5 (D)7 
.. AC = AB + AD ; С 

= 31+6j-2k Хонг" дей 
-. Length of the diagonal AC =|AC| А 2+4-5 В 


= 3! «8 +(-2} 77 Апз[Р] 


If the middle points of sides BC, СА & AB of triangle АВС are respectively D,E,F then position vector 


of centre of triangle DEF, when position vector of A,B, C are respectively i+ j x 1+ k, k+i is- 


ЭЭ гал oe E ER A 
(A) 3 Gi je k) (B) (i4 jk) (C)2(i+j+k) (D) 3 (i+ j+k) 
The position vector of points D,E,F are respectively 
i+j ^^ К+) i+k a 
— + + E + 
5 k, i 2 and ] 


So, position vector of centre of 4 DEF 


1114) с k+j isk « D os g a 
E фена 5 2 +i] - risista Ans.[D] 
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0.4  Letposition vectors of points A,B,C and D are respectively 31-2)-К, 2143)-4К,-14-)42К 


and 41+ 5j +k. Ifthe points are coplanar, then the value of 3. is- 
146 6 
(A) – 17. B=- (C) 0 (D) None ofthese 


Sod АВ=-1+5]-3К 
AC = -4i43j«3K and AD = 17j (41) k 


If A,B,C,D are coplanar, then vectors AB, AC and AD are coplanar, then 


Е = aana -1 5 -3 
[АБ АС АБ] =0 ог -4 3 31=0 
1 7 Аж 
-146 
=> A= ETE Ans.[A] 


Q.6 The vector c, directed along the internal bisector of the angle between the vectors 71 – 4j - 4k and 


-21-142К with |c|=5 V6 is- 
ЭРЭР”, ОЕ. „А St at ae 
(A) 3 i-7j+2k (В) у (Si «5j 2k) (C) 5 (i*7j*2k) (D) None ofthese 


Sol Leta=7i-4j-4k and  b--2i-j42k 


^ * - b 
лана 141-48, -21-1-28) _, (i- Tek М 
с= А(а+ 6) = юн илэн! EE EN _ 
а 
— 2 a ^ a 
li» 5/6 = A=£15 = c=+7 (i-7j+2k) Ans[A] 


Q.7 If moduli of vectors a,b,c are 3,4 and 5 respectively and a and b+¢, b and €+4,c and a+b are 
perpendicular to each other, then modulus of à 4- 6 +С is - 
(A) 542 (B) 245 (C) 50 (D) 20 

So. ~ al (6+6) > а@Б+ас=0 
Similarly b 1 (€+4) = Б.б + Б.а =0 and c L (а+6) = &àseb =0 


n 86 +. +б.а =0 
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|а+Б+с|= 542 Ans.[A] 


08 If|i«b|-]à—b| then angle between a and bis - 
(A) 60° (B) 30° (C) 90° (D) 180° 
Sol. ja+b|=|a-b| 


>  |a+bP=|a-bP 

> Jap-|b?-2a.b Jal? + |b? -2a.b 

> 4a.b=0 

>  ab-0-2alb Ans.[C] 


09 If a, Б, с are three vectors such that à - b--€ = 0, then- 


(A)axb=bxe (В) Бхё = ха 
(С) ахь = Бхё = 5 ха (D) None of these 
Sol. -2445-0-0- с--(8-5) 


2 axb=bxt=¢xa Ans.[C] 
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0.10 Iff i+ mj +nk isa unit vector which is perpendicular to vectors 2 i- j +k and 3i+ 4) -К then l| is 


equal to- 
3 3 ER 
(А)— 7155 (В) (з. (С) 155 (D) None of these 


Sol. Vector 2i-j+k and 31-41-К 


2i-jek]xGi-4j-k)  i(0-4)-jC2-3)4k(843)  -31-5)-11Ё 


~ |(2i-j+k}x@Gi+4j-k)| - 494254121 4155 
Хэв | 
- VI7 [755] = Vass ны 
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Q.11 The unit vector perpendicular to the plane passing through points P ( P j +2k), Q( 2i-k ) and 
R(2j+k )is- 
-— m m — 
(A) 2i+j+k (В) V6(2i+j+k) (© JE (2i+j+k) (0) (214146) 
So. PQ-Qi-k)- (1-]+2К) = i+j—3k 
PR=(2i+k)— (i-j+2k) = -i+3j-k 
k | MEME 
= =8i+4j+4k = |PQxPR |= 464-1616 — 4 [6 


ij 
Now PQ x РК =|1 1 
3 -1 


| 4(21 + j + k) 1 еи 
г, regd. unit vector=— e о = Мб (2i+j+k) Ans.[C] 
Q.12 Thearea of parallelogram whose diagonals are respectively 3i ) -2К and i- 3) +4К is- 
(A) 542 (B)5 43 (C) 245 (D)3V5 


ct 


1 Р 
Sol. Area of parallelogram = > jax b| 


where a = 31+ j-2k and b= 1-3)-4К 


i j k 
nowaxb=/3 1 -2| =-2i-14j-10k 
1-3 4 
г, Area of parallelogram 
] a А » 
= 5 |-2i-14j-10k| = Л+49+25 =543 Апѕ[В] 
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0.13 И!-]+2К, 21+} -К and 3:-142К are position vectors of vertices of a triangle, then its area is- 


(A) 26 (B) 13 (С) 2 413 (D) 13 
Sol. ҤА,В,Саге given vertices, then 


AB = i+2j-3k, АС= 2i 
: ABxAC=(i+2j-3k) х 2i = -4k-6j = |АВХАС = J16+36 =2V13 
ou — 
: Area of AABC= х АВхАС-= 413 Апѕ[0) 


—  — — — — MM 


0.14 IfA,B,C,D are any four points, then | AB x CD + BCx AD CA х ВР | equals- 


(A) Area of AABC (B) 2(Area of AABC) 
(C) 3(Area of AABC) (D) 4 (Area of AABC) 

Sol. Leta, b, сапа d be position vectors of points A,B,C and D respectively, then 
ABxCD = (b-a)x(d-d) = bx d-bxc-axdt+axec 
Similarly 


Therefore given expression 
=2(bxa-bxctaxc)/=2\(ax b+bxctcxa) 
= 4 (Area of AABC) Ans.[D] 


О. 15 a,b,c,d are the position vectors of four coplanar points A, B, C and D respectively. If 
(à -d).(b- €) =0 = (b- d).(c a), then for the AABC,D is- 
(A) incentre (B) orthocentre (C) circumcentre (D) centroid 

Sol.  (b-d).(c-3) =0 = @-4) 1 (6-9 > AD L BC 


Similarly (b-d).(c-a) -0 = BD L АС 
-. Dis the orthocentre of ДАВС. Ans.[B] 


Q.16 For any vector a,u=i x(a x i)+j x(a х 1) + К х(а х К) equals- 
(А)2а (В)-2а (С) а (D)-a 

Sol u-(i.i)a-(i.a)i +(j.j) a - (j.a) j * (k.k) a -(k.a) К 
-a-ajita-a,j*ta-ak [a 7 aji* a, j +а, К (say)] 


Апѕ [А] 


Ш 
мэ 
B 

| 
w 

Ш 
ы 
3 


- Ц 
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0.17 Let а= 2ї-)+К ‚Б= 1-2)-К and с = і+) = 2k be three vectors. А vector in the plane of b 
and c whose projection on a is 42/3 will be- 
(A) 21-3)-3К (B) 21+3}+3К (C) -21-1-5К (D) 21+ j+5k 

Sol. Let the required vector T = b+té 
> r=(1+t)i +(2+j -(1+2t) К 


Also projection of r on а= 42/3 


т.а 2(1+t)-(2+t)-—(14+2t) 2 
== Ерна 5 -t-122-2 t=-3 
= Е 213 => J6 E => - 
т = -2i-j+5k Ans.[C] 
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PROBABILITY 


RANDOM EXPERIMENTS : 


In our day to day life, we perform many activities which have a fixed result no matter any number of times 
they are repeated. For example given any triangle, without knowing the three angles, we can definitely 
say that the sum of measure of angles is 180°. 


We also perform many experimental activities, where the result may not be same, when they are repeated 
under identical conditions. For example, when а coin is tossed it may turn up a head or a tail, but we are 
not sure which one of these results will actually be obtained. Such experiments are called random 
experiments, 


Anexperiment is called random experiment if it satisfies the following to conditions : 
(i) It has more than one possible outcome. 
(1) It is not possible to predict the outcome т advance. 


Example: 

(i) Tossing a coin is a random experiment. 

(ii) Throwing a dice is a random experiment. 

(i) Drawing a card froma well shuffled deck of 52 playing card is also a random experiment. 


OUT COMES AND SAMPLE SPACE : 


A possible result ofa random experiment is called its outcome. 
Consider the experiment of rolling a die. The outcomes of this experiment are 1, 2, 3, 4, 5 or 6, if we are 
interested in the number of dots on the upper face of the die. 


The set of outcomes {1, 2, 3, 4, 5, 6} is called the sample space of the experiment. 
Thus, the set of all possible outcomes of a random experiment is called the sample space associated 
with the experiment. Sample space is denoted by the symbol S. 


Each element of the sample space is called a sample point. In other words, each outcome of the 
random experiment is also called sample point. 
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Illustration : 


Two coins (а one rupee сот and a two rupee coin) are tossed once. Find a sample space. 


Sol. Clearly the coins are distinguishable in the sense that we can speak of the first coin and the 
second coin Since either coin can turn up Head (H) or Tail (T), the possible outcomes may be 
Heads on both coins = (H, H) = HH 
Head on first coin and Tail on the other = (H, T) = HT 
Tail on first coin and Head on the other = (T, H) = TH 
Tail on both coins = (T, T) = TT 
Thus, the sample space is S = {HH, HT, TH, TT} 


Illustration : 


When a coin is tossed twice if head appears in the second throw then a dice is thrown. Write down 
the sample space of the experiment. 


Sol. When a coin is tossed two times then possible outcomes are ((ТТ), (HT), (TH), (HH)} 
If head appears in the second throw then dice is thrown. 
.. All possible outcomes of the experiment are 
S = ((TT), (HT), (ТН1), (TH2), (TH3), (TH4), (TH5), (TH6), (НН1),(НН2), (HH3), (HH4), 
(НН5), (HH6)} 


EVENT : 
Consider the experiment of tossing a coin two times. An associated sample space is 
$ = (HH, HT, TH, TT} 


Now suppose that we are intersected in those outcomes which correspond to the occurrence of exactly 
one head. We find that HT and TH are the only elements of S corresponding to the occurrence of this 
happening (event). These two elements form the set Е = (HT, TH}. 


We know that the set E is a subset of the sample space S. Similarly, we find the following correspondence 
between events and subsets of S. 


Print to PDF without this message by purchasing novaPDF (http:/Awww.novapdf.com/) 


Description of events Corresponding subset of 'S' 
Number oftail is exactly 2 А = ПТ} 
Number of tails is atleast опе B= {НТ, TH, TT} 
Number of heads is atmost one C= { НТ, TH, TT} 
Second toss is not head D={HT,TT} 
Number of tails is atmost two S = {HH, HT, TH, TT} 
Number of tails is more than two ф 
Definition : 


Any subset E of a sample space S is called an event. 


Note : The maximum number of events which can be associated with an experiment is 2^, where n is the number 
of elements in the sample space. 
Le, Со СЪС, +... +С = 28 


Illustration : 


In throwing a pair of dice write down two possible events. 
E, = sum of the numbers appear on both the dice is 7. 
E, = The sum of the numbers appear on both the dice is divisible by 3. 


Sol. E,={(6, 1), (5, 2), (4, 3), (3, 4), (2, 5), (1, 6)] 
E, = {(2, 1), (1, 2). (5, 1), (4. 2), (3, 3), (2, 4) (1, 5), (6, 3), (5, 4), (4,5). (3. 6), (6, 6)} 


Occurrence of an event : 


Consider the experiment of throwing a die. Let Е denotes the event" a number less than 4 appears". If 
actually '1' had appeared on the die then we say that event Е has occurred. As a matter of fact if 
outcomes are 2 or 3, we say that even E has occurred. 


Thus, the event E of a sample space $ is said to have occurred if the outcome c of the experiment is such 


that Е Е. Ifthe outcome @ is such that @ ¢ Е, we say that the event Е has not occurred. 


Impossible and Sure Events : 


The empty set ф and the sample space S describe events. In fact ф is called an impossible event and S, 
i.c., the whole sample space is called the sure event. 


To understand these let us consider the experiment of rolling a die. The associated sample space is 
$ = {1, 2, 3, 4, 5, 6} 
Let E be the event" the number appears on the dic is a multiple of 7". 
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Clearly no outcome satisfies the condition given in the event, i.e., no element of the sample space ensure 
the occurrence of the event E. Thus, we say that the empty set only correspond to the event E. In other 
words we can say that it is impossible to have a multiple of 7 on the upper face of the die. Thus, the event 
Е=ф1$ ап impossible event. 


Now letus take up another event Е " the number turns up is odd or even". Clearly Е = {1,2,3,4,5,6}=S, 
i.e., all outcomes ofthe experiment ensure the occurrence of the event Е. Thus, the event Е = S is a sure 
event. 


Simple Event : 
Ifan event E has only one sample point ofa sample space, it is called a simple (or elementary) event. 
In asample space containing n distinct elements, there are exactly n simple events. 
$ = (HH, HT, TH, TT} 
There are four simple events corresponding of this sample space. These are 


E, = {HH}, E, = {HT}, E, = {TH} and E, = {TT}. 


Compound Event : 
Ifan event has more than one sample point, it is called a compound event. 


For example, in the experiment of "tossing a coin thrice” the events 
E :'Exactly one head appeared’ 
F :' Atleast one head appeared" 
С: 'Atmost one head appeared’ etc. 


are all compound events. The subsets of associated with these events are 
Е = {HTT, THT, TTH} 
F = {HTT, THT, TTH, HHT, HTH, THH, HHH} 
G- {TTT, THT, HTT, TTHj 


Each of the above subsets contain more than one sample point, hence they are all compound events. 
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ALGEBRA OF EVENTS : 


In the Chapter on Sets, we have studied about different ways of combining two or more sets, viz, union, 
intersection, difference, complement of a set etc. Like-wise we can combine two or more events by 
using the analogous set notations. 

Let A, B, C be events associated with an experiment whose sample space is S. 


Complementary Event : 


For every event A, there corresponds another event A’ or A called the complementary event to A. It is 
also called the event 'not A’. 


For example, take the experiment ‘of tossing three coins’. An associated sample space is 
$ = {HHH, HHT, HTH, THH, HTT, THT, TTH, TTT} 
Let A= {HTH, HHT, THH} be the event 'only one tail appears’. 


Clearly for the outcome HTT, the event A has not 

occurred. But we may say that the event 'not А' has 

occurred. Thus, with every outcome which is not in A, 

we say that 'not A' occurs. 

Thus the complementary event ‘not A’ to the event A is 
А’= {ННН, HTT, ТНТ, TTH, ТТТ} 

or А'= {0: о є Sando ¢ A} -S-A 


The Event 'А or B' : 


Recall that union of two sets А and В denoted by AU В contains all those elements which are either іп 
A or in B or in both. 


When the sets A and B are two events associated with 
a sample space, then'A U В' is the event 'either A or B 
or both’. This event'A U B' is also called 'A or B'. 


Therefore Event'A or B'=A ОВ = (0:09 EA oro є Bj AUB 

The Event 'A and B' : 
We know that intersection of two sets AN B is the set of those elements which are common to both A 
and B. i.e., which belong to both 'A and В'. 


If A and B are two events, then the set AM B denotes the event 'A and В’. 
Thus, A^ B = (0:0 € Aand о € В} 


Print to PDF without this message by purchasing novaPDF (http:/Awww.novapdf.com/) 


For example, in the experiment of ‘throwing a die twice' 


Let A be the event 'score on the first thrown is six' and B 
В is the even 'sum of two scores is atleast 11' then 

А = {(6, 1), (6, 2), (6,3), (6, 4), (6, 5) (6, 6)} 
and B= {(5, 6), (6, 5), (6, 6)} 


AQB 
so АВ = {(6, 5), (6, 6)| 
Note that the set A ^ В = {(6, 5), (6, 6)} may represent the vent ' the score on the first throw is six and 
the sum of the scores is atleast 11. 


The Event 'А but not B' : 


We know that A — B is the set of all those elements 

which are in A but not in B. Therefore, the set A- B 

may denote the event 'А but not В’. We know that 
A-B-AnB' 


The Event 'neither A пог B' : 


The set of the elements which are neither in set A nor in 
set B. i.e. S- (A U B)and which is denoted on А AB- 


Illustration : 


Consider the experiment of rolling a die. Let A be the event 'getting a prime number", B be the 
event ‘getting an odd number’. Write the sets representing the events 
(1) Aor B (п) АапаВ (iii) A but not B (iv) ‘not A’. 


Sol. Нее S={1,2,3,4,5,6},A={2,3,5} 
Obviously 
(i) ‘A or B'= А UB = {1, 2, 3, 5] 
(ii) 'A and B' = А OB = {3, 5} 
(iii) 'A but not B' = A-B = {2} 4 6 
(iv) ‘not A'=A'={1, 4,6} 
Note: (i) АоВ-АсчВ 


—— — >} De Morgan's Law 
(ii JANB=AVUB 
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THREE MOST IMPORTANT EVENTS : 
(1) Equally Likely Events : 


Events are said to be equally likely when no particular event preference to occur in relation to the other 


event. 
Example: 
(i) The outcomes as result throwing a die are equally likely, as no particular face is more likely to occur as 


compared to other faces. That is why we normally write as fair die or unbiased die. 

(ii) The outcomes as result of drawing a card from a well shuffled pack of 52 playing cards are equally likely 
to occur. Each card is as likely to be withdrawn as any other card. 

(1) ^ How evergetting of a total of 7 is not as equally likely as getting ofa total of 12 when a pair of dice are 
rolled once. It is also to be noted that it is 6 times more likely to get a total of 7 than to get a total of 12 
ina single throw with the pair of dice. 

(2) Mutually Exclusive / Disjoint / Incompatible Events : 


Two events A and B are said to be mutually exclusive 


events if their simultancous occurrence is impossible, 
i.e. both the events can not occur together. NR. 


Example: 
(i) In throwing a fair die, to events A and B are such that 
A: getting an odd number 
В: getting an even number 
then А & В are mutually exclusive events. 
(ii) In drawing a card from a well shuffled pack of 52 playing card two events A and B are such that 
A: getting an ace 
В: getting a red card 
then A and B are not mutually exclusive events. 


(3) Exhaustive Events : 


If E}, E,, ...., E, are n events associated with an experiment whose sample space is S and if 


then E, E,,........, E, are called exhaustive events. In other words, events E}, E,, ......., E, are said to be 
exhaustive if atleast one of them necessarily occurs whenever the experiment is performed. 


Print to PDF without this message by purchasing novaPDF (http:/Awww.novapdf.com/) 


n 
Further, if E, ^E j79 for izj ie. events E, and E, are pairwise disjoint and UE, =S then 
1 = 
events E,, E,......, E, are called mutually exclusive and exhaustive events. 


Example: 

Consider the experiment of throwing a die. We have 
S= (1,2,3, 4, 5, 6}. Let us define the following events 
А :'a number less than 4 appears'. 
B :'a number greater than 2 but less than 5 appears' 

and — C:'anumber greater than 4 appears’. 

Then А = (1,2, 3, = (3, 4} and C = (5, 6}. We observe that 
AUBUC= {1,2,3} U {3,4} (5,6) = S. 

Such events A, B and C are called exhaustive events. 


Practice Problem 


0.1 Suppose 3 bulbs are selected at random from а lot. Each bulb is tested and classified as defective (D) or 
non-defective (N). Write the sample space of this experiment. 


0.2  Acoinistossed. If the out come is a head, a die is thrown. If the die shows up and even number, the die 
is thrown again. What is the sample space for the experiment? 


Q.3  Adieisthrown. Describe the following events : 


(1) А : a number less than 7 (п) В :a number greater than 7 
(ш) ^ C:amultipleof3 (iv) — D:anumberless than 4 
(v) Е: ап сусп number greater than 4 (м) — F:anumber notless than 3 


Also find AU B,AQNB, BUC,EQNF,DNE,A-C, D-E,ENF, Е 


0.4  Twodiceare thrown. The events A, В and C are as follows : 
А : getting an even number on the first die. 
B: getting an odd number on the first dic. 
C : getting the sum ofthe numbers on the dice < 5. 


Describe the events 

(1) A' (1) not B (Ш) ^ AorB 
(iv) AandB (v) А but not C (м) Вос 
(м) BandC (i) ANB AC 
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0.5 


0.1 
0.2 


(ii) 
(iii) 
(iv) 
(v) 
(vi) 


(vii) 


(viii) 


Q.5 


Refer to question 4 above, state true or false; (give reason for your answer) 
(i) A and B are mutually exclusive 

(ii) A and B are mutually exclusive and exhaustive 

(м) | A-B' 


(iv) Aand Care mutually exclusive 
(v) A and B' are mutually exclusive 
(vi) А’, B', С are mutually exclusive and exhaustive. 


Answer key 


DDD, DDN, DND, NDD, DNN, NDN, NND, NNN 


T, HI, H3, H5, H21, H22, H23, H24, H25, H26, H41, Н42, H43, H44, H45, H46, H61, H62, H63, 
H64, H65, H66 


(i) {1,2,3,4,5,6} (99 (iii) {3,6} (1%) {1,2,3} (v) 16) 
(vi) {3,4,5,6}, AUB-(1,2,3,4,5,6, BUC= {3,6}, ЕОЕ= {6}, DGE-6, 
А-С= {1,2,4,5}, О-Е= {1,2,3}, ЕСЕ=ф, F- (1,2) 


А = {(2, 1), (2,2), (2,3), (2, 4), (2, 5), (2, 6), (4, 1), (4,2), (4, 3), (4, 4), (4, 5), (4, 6), (6, 1), 
(6,2), (6, 3), (6, 4), (6, 5), (6, 6) } 
В = {(1,1), (1, 2), (1,3), (1, 4), (1, 5), (1, 6), (3, 1), (3,2), (3, 3), (3, 4), (3, 5), (3, 6), (5, 1), 
(5, 2), (5, 3), (5, 4), (5, 5), (5, 6) } 
С = ЩІ, 1), (1, 2), (1, 3), (1, 4), (2, 1), (2, 2), (2, 3), (3, 1), (3, 2), (4, 1)} 
A=  {(1, 1), (1, 2), (1, 3), (1,4), (1, 5), (1, 6), (3, 1), (3, 2), (3, 3), (3, 4), (3, 5), (3, 6), (5, 1), 
(5, 2), (5, 3), (5, 4), (5, 5), (5, 6)} = B 
В’ = {(2, 1), (2,2), (2,3), (2,4), (2, 5), (2, 6), (4, 1), (4, 2), (4, 3), (4, 4), (4, 5), (4, 6), (6, 1), 
(6, 2), (6,3), (6, 4), (6, 4), (6,6)} = А 
АОВ = KLD (1, 2), (1, 3), (1, 4), (1, 5), (1, 6), (3, 1), (3, 2), (3, 3), (3,4), (3, 5), (3, 6), 
(5, 1), (5, 2), (5, 3), (5, 4), (5, 5), (5, 6), (2, 1), (2, 2), (2, 3), (2, 5), (2, 6), (4, 1), 
(4, 2), (4, 3), (4, 4), (4, 5), (4, 6), (6, 1), (6, 2), (6, 3), (6, 4), (6, 5), (6, 6); = 5 
ANB = ф 
A-C 102, 4), (2, 5), (2, 6), (4, 2), (4,3), (4, 4), (4, 5), (4, 6), (6, 1), (6, 2), (6, 3), (6, 4), 
(6, 5), (6, 6)} 


BUC = tl, 1), (1,2), (1, 3), (1,4), (1, 5), (1, 6), (2, 1), (2,2), (2,3), (3, 1), (3, 2), (3,3), 
(3, 4), (3, 5), (3, 6), (4, 1), (5, 1), (5, 2), (5,3), (5, 4), (5, 5), (5, 6) } 

BOC = {(1,1),(1,2), (1,3), (1,4), (3, 1), (3,2) } 

A A B'A C'= (02, 4), (2, 5), (2, 6), (4, 2), (4, 3), (4, 4), (4, 5), (4, 6), (6, 1), (6, 2), (6, 3), (6, 4), 


(6, 5), (6, 6)} 
(1) True; (ii) True; (iii) True ; (iv) False ; (v) False ; (vi) False 
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10 
CLASSICAL (А PRIORI) DEFINITION OF PROBABILITY : 


Ifan experiment results in a total of (m+n) outcomes which are equally likely and mutually exclusive with 
one another and if ‘m’ outcomes are favourable to an event ‘A’ while ‘п? are unfavourable , then the 
probability of occurrence of the event ‘A’, denoted by P(A), is defined by 


m number of favourable outcomes 
m+n total number of outcomes 
ie. Р(А) = 3 

(А) m+n 


Note that P(A) or P(A‘) or (AC), і.е. probability of non-occurrence of A= дэс -1-Р(А) 


In the above we shall denote the number of out comes favourable to the event А Бу n(A) and the total 
number of out comes in the sample space S by n(S). 


n(A) 
P(A) = n(S) ` 
If P(A) = 0 Event is impossible 
P(A) = 1 Event is sure 
P(A) » 1 and P(A) 40 
Note : 
(i) More is the probability of an event, more are chances of its happening. 


(ii) Р($)=0 & P(S)=1 i.e. nothing outside sample space can occur. 
Designation of Cards : 


Colours : There are two colours. Red & Block 


Suits : There are four (4) suits (types). 
Each suit contains 13 cards 


Pack 
of 
cards 
| (26) - 1 (26) 
Colours 
Black Cards 82220) Red Cards 
(13) (13) (13) (13) 
Spade Club Heart Diamond 


o es v 4 
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Recognition of Cards : 


TEET 
King [Qucen| Jack | Acc 


(i) Face Cards : 
Face cards contain 12 cards all of K, Q and J having designed a figure of a person. 
i.c., Face cards 2 4 - 4 +4 = 12, 
(ii) Honours Cards: 
It contains all face cards and also a card marked A. 
i.e. Honours cards = (4+4+4) +4 = 16 cards. 
(iii) Knave Cards: 


(10, J, 9) =4+4+4 = 12 cards 


Illustration : 


An old man while dialing a seven digit telephone number, after having dialed the first five digits, 
suddenly forgets the last two. But he remembered that the last two digits were different. On this 
assumption he randomly dials the last two digits. What is the probability that the correct telephone 
number is dialed. 


Sol. Note that total number of ways in which the last two digits (different) can be dialed is 
10 x 9 — 90. Out of these 90 EL/ME/ and exhaustive outcomes only one of them favours happening 


of the event "correct telephone is dialed". Hence P(E) = 90° 


What the probability would have been if he did not even remember the last two digits were different: 
Here n(S) = 10 x 10 = 100 


1 
Hence P(E) = 100” 
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Illustration : 


4 Apples and 3 Oranges are randomly placed in a line. Find the chances that the extreme fruits 
are both oranges. 


2; ! 5! 4/3! I 


501. п(5) = ; n(A) = yl CN оо NN 


E.3 
413! 
Note whether fruits the same species are different or alike that probability of the required event 
remains the same. 


Illustration : 
Two natural are randomly selected from the set of first 20 natural numbers. Find the probability 
that (A) their sum is odd (B) sum is even (C) selected pair is twin prime. 


Sol. S-[1,2,3,...., 19, 20}; n(S) = "C, 


100 5 
n(A) = C „С, = 100 => P(A) = 190 ^ 19 g бит odd — one odd and one even) 
90 9 
n(B) = °C, + С, = 2.°C, = 90 => P(B) = 190 ^ 19 


(sum even — both odd or both even) 


4 2 
n(C) = {(3, 5), (5, 7), (11, 13), (17, 19)? => P(C) = 190 ^ 95 


Illustration : 
What is the chance that the fourth power of an integer chosen randomly ends in the digit six. 


Sol Апу integer randomly selected can end in 0, 1, 2, 3, 4, 5, 6, 7, 8 and 9. These are EL/ME and 
Exhaustive cases. Out of these 10 case only four cases, when the integer ends in 2, 4, 6 and 8 
favours happening of the required event. Hence 


4 
P (required event) — 10 ^ 40% 


It will be incorrect to think this problem as : 


1 
4th power of an integer can end їп 0, 1, 5 and 6. Hence the probability = 4 which is wrong. Note 


that four events are ME and exhaustive but not equally likely hence the definition of probability 
can not be based on them. In factor 4th power of an integer. 

ending in '0' is favoured by only 1 case {0} 

ending in "1 is favoured by only 4 cases (1, 3, 7, 9] 

ending т '5' is favoured by only 1 case {5} 

ending in '6' is favoured by only 4 cases (2, 4, 6, 8] 


m n í 
=> P(0) = 0:00 = = —— o: PO) = = — 0:26) = = — 
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Tilustration : 


Pair of dice has been rolled/thrown/cast once. Find the probability that atleast one of the dice 
shows up the face one. 


Sol There are four ME and Exhaustive cases 
E, : 1" dice only shows up the face one. 
E, : 2™ dice only shows up the face one. 
E; : both dice shows up the face one. 


E, : None of the dice shows up the face one. 
Out of these, first 3 cases favours happening of the required event. Hence 
P (required „Ёё die Ш 

(required event) = 1- P(E, = 1— 44-34 


Note that E, E, E, E, are not equally likely. 


Illustration : 


A leap year is selected at random. Find the probability that it has 
(A) 53 Sundays (B) 53 Sundays and Mondays (C) 53 Sundays or 53 Mondays 


Sol. Leap year means which is divisible by 4 if it not a century year. If it is a century year it must be 
divisible by 400 as well. A leap year has 366 days out of this 364 days are consumed for 52 weeks 
i.e. 52 times 
S, M, T, W, Th, F and Sat. For remaining 2 days of the leap year can begin with SM, MT, TW, W Th., 
Th. F, F Sat and Sat Sun. 


2 1 3 
=> Р(А) = 77 P(B) = =; P(C) = 7 


= 
Illustration : 
A card is drawn randomly from a well shuffled pack of 52 cards. The probability that the drawn 
card is "neither a heart nor a face card". 
Sol Note that there are 22 cards which either Н or Face cards (All К, О and J) hence 


22 OH 
P(either a H or Face card) = 32 = 


26 
Р(пейй Н ЕС) = 1 е, 
(neither a Н nor FC) = 1- 26 ^ 26 


It is to be noted that 


P(not A or А or А) = 1 — P(A) 
Note that А and А makes an event a sure event and probability of a sure event is one. 
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ODDS IN FAVOUR AND ODDS AGAINST ОР AN EVENT : 


Ifan experiment has (m + n) as a total number of outcomes which are equally likely, mutually exclusive 
and exhaustive, and if 'm' outcomes are in favour ofan event'A' and n outcomes are not in favour of that 
event А means n outcomes are in against of event A then we can say — 


| т No. of outcomes which are in favour of event А 
Odds in favour of event A= раан аа ee. Ee eee ee 
n  No.of outcomes which are not in favour of event A 


Е No.of outcomes which are not in favour of event А 


n 
Odds in against of event A= — - - 
5 т No. of outcomes which are т favour of event A 


Note : If Р(А)= 5 then 


(i) odds in favour of event A — a : b ~ a. 
(ii) odds against of event = b — a: a. 


Illustration : 


5 different marbles are placed in 5 different boxes randomly. Find the odds in favour that exactly 
two boxes remain empty. Given each box an hold any number of marbles. 


Sol. п(5) = 5°; For computing favourable outcomes. 
2 boxes which are remain empty, can be selected in C » ways and 5 marbles can be placed in the 


= z : 5! 5! 
22 = аас 
remaining 3 boxes т groups of 221 or 311 т 2 21212! - ET а 150 ways 
5 150 12 
= `С,х € 


Hence, odds in favour of event E = 12:13 Ans. 


Practice Problem 


0.1  Ifthreecards are drawn froma well shuffled pack of 52 cards randomly. What is the probability that is has 


(i) all three Kings? (ii) one King and two Queens? 
(ii) all three of same colour? (iv) — allthree ofdifferent suits? 
(v) all three of same denomination? (vi) а least one King? 


0.2 The first twelve letters of the alphabet are written down at random. What is the probability that there are 
exactly 4 letters between A and B? 


Q.3  Ifnbiscuitsare distributed at random among N beggars. Find the probability that a particular beggar 
receives r(<n) biscuits. 
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0.4 If k is chosen at random from the interval [0, 5]. Find the probability of the equation 


1 
х2 + Кх + 4 (К+ 2) =0 to have real roots. 


0.5  Thechanceofan event happening is the square of the chance of a second event but the odds against the 
first are the cube of the odds against the second. Find the chance of each. 


Answer key 


| ©. 1 “©. х “С: 7 "С, х ^ | E x ЭС х нЕ. х a 
0.1 (i) “с. (ii) °С, (їп) Яс, (iv) “С, - 
еск, a бүх TC, e C^ ^ Cx MC, 
(v) <= ; (vi) Яс, 
7 "c (D'.(N -1)"* 3 
Q.2 66 Q.3 хи 0.4 5 0.5 1/9 


DEPENDENT AND INDEPENDENT EVENTS : 


Independent events — Events A and B are said to be independent if occurrences or non occurrence of 
one does not affect the probability of occurrence or non-occurrence of the other. 


(i) Two people holding a normal dice and the other a coin, throw them once, then getting a 6 on normal dice 
and getting a head on the coin are the examples of events which are independent. 


(ii) From an urn containing 2R, 3G and 4W balls, a ball is drawn its colour is noted, the ball is replaced in the 
ит and another ball is drawn. Getting a red and a red ball on both the occasion are the examples of 
events which are independent. 

(iii) ^ Similarexample can be given in playing cards ‘getting an ace’ and ‘an ace" in two successive draws from 
a well shuffled pack of 52 cards when the first drawn card is replaced in the pack before the second is 
drawn. If it is not replaced the events become dependent or contingent. 


Note : Dependent/'Independent events come from two different experiments while mutually exclusive events 
come form the same experiment. 
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ADDITION THEOREM ON PROBABILITY : 


If A and B are two events associated with an experiment then P(A U В) is 
called the sum of the probabilities of all the sample points in A B or 
probability of occurrence of atleast one of the events from A and B and the 
expression for P(AUB) is called the addition theorem on probability 
From the Venn diagram it is clear that 


P(Occurence atleast one = P(A) + P(B) - P(A^B) 
of the events from A and B) =Р(А)+Р(АПВ) 
P(A or B or both) = P(B) + (АПВ) 
=> P(AUB)z _ _ 
ог =Р(АПВ) +Р(АВ)+Р(А AB) 
Р(А +В) -]-P(AnB) 
=1-Р(АПВ) 


P(occurrence of exactly one of the events) | P(AN B) + P(A ^B) 


- P(A)+P(B)—P(AMB) 
P(A or B but not both) 


Note : 
(i) If A and B are mutually exclusive events then — 

P(A U B) = P(A) + P(B) (7 Р(А о В) =0 } 
(1) If and B are exhaustive events then P(A U В) = 1 
(Ш) P(AUB)=1-—P(AVUB) 


Illustration : 
Two students Anil and Ashima appeared in an examination. The probability that Anil will qualify 
the examination is 0.05 and that Ashima will qualify the examination is 0.10. The probability that 
both will qualify the examination is 0.02. Find the probability that 
(a) ^ Both Anil and Ashima will not qualify the examination 
(b) Atleast one of them will not qualify the examination and 
(c) Only one of them will qualify the examination. 

Sol Let E and F denote the events that Anil and Ashima will qualify the examination, respectively. 
Given that 

P(E) = 0.05, P(F) = 0.10 and P(E OF) = 0.02 

Then 

(a) The event ‘both Anil and Ashima will not qualify the examination' may be expressed as E' ПЕ" 
Since, Е’ is not E, i.e., Anil will not qualify the examination and Р" is "not Е i.e., Ashima will not 
qualify the examination. 
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Also E'OF'=(E UF)’ (By Demorgan's Law) 
Now P(E UF) = P(E) + P(F) - P(E OF) 
or P(E UF) = 0.05 + 0.10- 0.02 = 0.13 
Therefore P(E’ Е) = P(E UF)’ = 1— P(E UF) = 1 0.13 = 0.87 
(b) | P(atleast one of them will not qualify) 
= | — P(both of them will qualify) 
= 1-0.02 = 0.98 
(с) The event only one of them will qualify the examination is same as the event either (Anil will 
qualify, and Ashima will not qualify) or (Anil will not qualify and Ashima will qualify) i.e., E AF" 
or E' OF, where E Е апа E' OF are mutually exclusive. 
Therefore, P(only one of them will qualify) = P(E OF" or E' OF) 
= P(E NF) + P(E' ОЕ) = P(E) - P(E NF) + РЕ) - P(E AF) 
= 0.05 — 0.02 + 0.10 — 0.02 = 0.11 


Illustration : 


A and B are any two events such that P(A) = 0.3, P(B) = 0.1 and P(A © B) = 0.16. Ета the 
probability that exactly one of the events happens. 


Sol. Exactly one of the events happens = P(A В") or P(A' A B) 
P(A сэВ?) + P(A' OB) = P(A) + P(B) - 2Р(А n B) 
= 0.3+0.1-2х0.16 = 0.08 


CONDITIONAL PROBABILITY : 


Let A and B be any two events associated with a random experiment. 
The probability of occurrence of event A when the event B has already 
occurred is called the conditional probability of A when B is given and is 
denoted as P(A/B). The conditional probability P(A/B) is meaningful 
only when P(B) #9, i.e., when B is not an impossible event. 


By definition, 
A 
1 d = Probability of occurrence of event A when the event B as already occurred 


Number of cases favourable to B which are also favourable to A 
Number of cases favourable to B 


1 А. _ Number of cases favourable to A ^ B 
Number of cases favourable to B 
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Number of cases favourable to ANB 


Al 1 А] Numberof cases in the sample space 
= в} Number of cases favourable to В 


Number of cases in the sample space 


А} Р(АПВ) | 
(4) = PB) _ ‚ provided P(B) = 0. 
Similarly, we have 
В) Р(АПВ) | 
xj" PRA) ‚ provided Р(А) = 0. 


Illustration : 
Roll a fair die twice. Let A be the event that the sum of the two rolls equals six, and let B be the 
event that the same number comes up twice. What is P(A/B)? 
(А) 1/6 (B) 5/36 (C) 1/5 (D) none 


Sol. А = {(1, 5), (4. 4), (3. 3), (4, 2), (5. D) 
B = {(1, 1), (2, 2), (3, 3), (4, 4), (5, 5), (6, 6) ) 


(4) _ Р(Ас\В) | n(An B) 1 
В 


P(B) ^ n(B) 6 


Illustration : 
In а class, 30% of the students failed т Physics, 25% failed т Mathematics and 15% failed їп 
both Physics and Mathematics. If a student is selected at random failed in Mathematics, find the 
probability that he failed in Physics also. 


Sol Let A be the event "failed in Physics" and B be the event "failed in Mathematics". We want to 
A 
find қ) It is given that 


30 25 
P(A) = 100 and P(B)= 100 


А! P(A ase 
so (А су = 709 


A) Р(АОВ) 15/100 15 3 


Therefore »(4)- P(B) 25/100 25 5 
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Illustration : 
A 
Let A and B Бе two events such that P(A) = 0.3, P(B) = 0.6 and 15) = 0.5. Тһеп (| equals 


3 5 9 1 
(А) 4 (B) 3 (С) 20 (D) 4 
P(A ^B) = P(A) 16) = (0.3) (0.5) = 0.15 

P(A UB) = P(A) + P(B) - P(A г\В) = 0.3 + 0.6- 0.15 = 0.75 
A) РАОВ) I-P(AOB) 1-075 025 250 5 
С I-PR(B) 1-06 04 400 8 


Sol. 


Now 


P(B) 


Also E 


MULTIPLICATION THEOREM ON PROBABILITY : 
Let A and В be two events associated with a sample space S. Clearly, the set A ^ B denotes the event 
that both A and B have occurred. In other words, А ^ B denotes the simultaneous occurrence of the 


events E and Е. The event AJB is also written as AB. 
We know that the conditional probability of event A given that B has occurred is denoted by P(A | B) 


andis given by 
P(A ^B) 
P(A |B) = PB) ° Р(В) +0 
From this result, we can write 
P(A ^ B)=P(B)- P(A | B) E 


Also, we know that 
P(A MB) 
Р(В |А) = “pa P(A) #0 


Р(АПВ) . 
Р(В|А) = ~ P(A) _ (since A^ B=BOA) 
.. (ii) 


P(A ^ B) = (A): P(B |A) 


or 
Thus, 
P(A B) = P(A) P(B|A) = P(B) P(A |B) provided P(A) #0 and P(B) 0 


Combining (i) and (ii), we find that 
The above result is known as the multiplication rule of probability. 
A B | DEI 
Note : IfA & B are independent cvents then А) = P(A) and 2H = P(B)and in this case multiplication 


theorem P(A ПВ) = P(A)- P(B). 
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Theorem-I : 


Let A and В be events associated with a random experiment. IfA and B are independent, then show that 
theevents(i) А,В (ii) А,В (iii) А,В arealso independent. 
Proof: The events A and B are independent . 

: P(AQB)=P(A)P(B) |. | ... (1) 


(1) (ANB) A(ANB)=(ANA)A(BOB)=oNB=6 
and (ANB)U(AQNB)=(AUA)OB=SOB=B 
The events АПВ and A Bare mutually exclusive and their union is B. 
By addition theorem, we have Р(В)= Р(А В) + Р(А В)  ... (i) 
= Р(Аг\В)=Р(В)—Р(А ^ B) = P(B) - P(A) P(B) 
= (I- P(A)) P(B) = P(A) P(B) (Using 09) 
Р(АПВ)=Р(А)Р(В) ie, A andB are independent. 


(ii) (АПВ) A(ANB)=(ANA)N(BOB)=ANO=6 
and §=(ANB)U(ANB)=AN(BUB)=ANS=A 
The events AN B and А е В are mutually exclusive and their union is A. 
By addition theorem, we have Р(А)=Р(АсВ)+Р(АсВ) ...... (i) 
= P(A с\В)=Р(А)—Р(А ^ B) = P(A) - P(A) P(B) 
= Р(А)(1-Р(В)) = P(A) P(B) (Using (i)) 
Р(А B)=P(A) P(B) i.e, Aand B are independent. 


(iii) (АПВ) A(ANB)=(ANA)A(BOB)= An$-6 
and (ANB)U(ANB)= An (ВОВ) = ANS=A 


The events AOB and AQ(BOB)are mutually exclusive and their union is A. 


By addition theorem, we have Р(А)=Р(АПВ)+Р(АОВ) ... (i) 
=> Р(АСВ)-Р(А)-Р(АсчВ)-Р(А)-Р(А)Р(В) 
= P( A)(I- P(B)) = P(A) P(B) (Using (i) 


Р(АПВ)=Р(А)Р(В) ie, А and B are independent. 
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Illustration : 


A die is thrown. If E is the event "йе number appearing is a multiple оў 3' апа Е be the event "йе 
number appearing is even’ then find whether E and F are independent? 


Sol. Ие know that the sample space is 5 = {1, 2, 3, 4, 5, 6} 


Now Е = {3, 6}, F = (2,4, 6} and EOF = {6} 

Th рй isl Pj= d P(E "ЭМ 
еп (E) = = 37 (Р) = 5=> ап (ЕР) = = 

Clearly P(E гэ Р) = P(E) - P(F) 

Hence E and F are independent events. 


Illustration : 


Three coins are tossed simultaneously. Consider the event E ‘three heads or three tails", Е ‘at least 
two heads’ and С ‘at most two heads’. Of the pairs (E, Е), (E, G) and (Е С), which are independent? 
which are dependent? 


Sol. The sample space of the experiment is given by 
S = {HHH, HHT, HTH, THH, HTT, THT, ТТН, TIT] 
ClearlyE = {HHH, TTT}, F = {HHH, HHT, HTH, THH} 
and G= {HHT, HTH, THH, HTT, THT, ТТН, TTT} 
Also EOF = {ННН}, EQG={TIT}, FAG = (HHT, НТН, THH} 


2 1 : ! 
Therefore P(E) = 84’ P(F) = -=- ; P) = = — 
1 1 3 

and P(E NF) = =, PENG) = =, PIPOG) = X 

LE. 1.4 008 Д 
Also P(E) + P(F) = 43 rm 8' P(E) - P(G) = 3^ гэн 32 

i>? 7 
апа P(F) : P(G) = Гэ 7: 
Thus P(E Е) = P(E) · PŒ) 

P(E гэ G) # P(E) · P(G) and РЕ сэ G) = РЕ) - P(G) 


Hence, the events (E and F) are independent, and the events (E and G) and (F and G) are dependent. 
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Illustration : 
A pair of fair dice is thrown. Find the probability that either of the dice shows 2 if the sum is 6. 


Sol. Thesample space of the experiment "throwing a pair of fair dice" consists of 36(= 6 х 6) ordered 
pair (а, b), where a and b can be any integers from 1 to 6. Let A be the event "2 appears on either 


А 
of the dice" and В be the event "sum is 6". We want to find Ө! Note that 


A=[(2,b)|1 <b <6] оа, 2) 1a «6] аа В = [(1, 5), (2, 4), (3, 3), (4, 2), (5, 1)] 
Also, АПВ = [(2, 4), (4, 2)] 


2 
Therefore P(B) = = and P(AMB)= 36 


(4)- P(AnB) 2/36 2 
So B) РВ) 5/36 5 


Illustration : 


A jar contains 10 white balls and 6 blue balls, all are of equal size. Two balls are drawn without 
replacement. Find the probability that the second ball is white if it is known that the first is white. 


Sol Let E, be the event " the first ball drawn is white" and E, be the event" the second ball drawn is 
white again. Then 
_ 10 
P(E) = 16 
since 10 out of 10 + 6 balls are white. But, after one ball is chosen, there remain 9 white balls and 
6 blue balls. Therefore the required probability is 


10 9 
Ej) P(EOE) 1615. 9 3 
E, P( E,) 10 195 3 
16 


Illustration : 


There are four machines and it is known that exactly two of them are faulty. They are tested one 
by one, in a random order till both the faulty machines are identified. The probability that only 
two tests are needed is 


4) 5 B) > o D) Ž 
(43 (в) = (O 5 (D) 
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Sol. 


0.1 


0.3 


0.4 


0.5 


0.1 
Q2 


Q.5 


The procedure ends in first two tests if either both are faulty or both are good. Therefore the 
probability is 


G F 
= P(G AG) + P(F OF) = P(G) ` (5 + Р(Е): {=} = Ans. 


Practice Problem 


If A and B are any two events with P(A)-3/8 ; P(B) = 1/2 and P(A^B) = 1/4. Find 
(i) Р (А В) (1) Р(А and P(B*)  (ii)P(A*^B*) (iv) P(ASUBS) 
(v) P(AMBS) (vi) P(BOAS) 


A problem in mathematics is given to 2 children who solve it independently. If probability of A solving it 
is 1/2 and probability of B solving it is 2/3. Find the probability that the problem is solved. 


A pair of dice is rolled until a total of 5 or 7 is obtained. Find the probability that the total of 5 comes 
before a total of 7 


A box contains 5 tubes, 2 of them defective and 3 good one. Tubes are tested by one-by-one till the 2 
defective tubes are discovered. What is the probability that the testing procedure comes to an end at the 
end of 

(1) second testing (1) 3™ testing 


In the following experiment, we roll a fair die 5 times 

(i) What is the probability of the sequence "1, 2, 3, 4, 5". 

(1i) What is the probability that the sequence starts with a "1" 

(ш) ^ Whatis the probability that the number "2" appears exactly twice. 

(iv) Let E be the event that we find the sequence "1, 2, 3, 4, 5" and let F be the event that the 
sequence starts with a "1". 

What are the probabilities P(E/F) and P(F/E) 


Answer key 


(1) 5/8 ; (11) 5/8 & 1/2 ; (11) 3/8 ; (iv) 3/4 ; (v) 1/8 ; (vi) 1/4 


/6 03 2/5 04  ())1/10; (ii) 3/10 
« de, JEU A ue | 
(i) 6 (ii) € 76 ; (ш) —e6 36); (iv) PEF) = cs ; P(F/E)= 1 
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THREE EVENTS ASSOCIATED WITH AN EXPERIMENTAL 
PERFORMANCE : 


The addition theorem can be extended when three events are associated with the experiment. 

IfA, В and С are three events then 

P(A O B UC) denotes the sum of probabilities of all the sample points in (А U B С) or probability 
of occurrence of atleast one of the events. 


(i) P(A U B U C) = P(A) + P(B) + P(C) - P(A A В) – P(B NC) - (C^ A) + PAN BOC) 


(AUBUC) 


(ii) P (occurrence of exactly one of the events) = 
P(A) + P(B) + Р(С) - 2[P(A ^ B) + P(B ^ C) + P(C A A) ] + 3S(A ^ BOC) 


(ANBAC)L(ANBNC)U(ANBNC) 
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(iii) ^ P (occurrence of exactly two of the events) = 
P(A ПВ) + Р(В С) + P(C ^ A) - 3P(An BOC) 


KY (ACÓBnoC)u(AnBnoC)u(AnBaC) 


(ivy) P (occurrence of atleast two of the events) = 
P(A ^ B) + P(B ^ C) Co A) -2P(A^ B ^C) 


(ACBoC)u(AnBoC)u(AnBnhoC)u(AnBnC) 


Note : 
(a) IfA, B, C are three pair wise mutually exclusive => they are mutually exclusive 
however if A, B, C are mutually exclusive => they are pair wise mutually exclusive 


B 


ME = pair wise ME Pair wise ME > ME 
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(b) However , if A,B,C are pair wise independent = they are independent. Infact for 3 events A, В and C 
to be independent they must be 
(i) pair wise (ii) mutually independent , mathematically 
P(AMB) = P(A) . P(B); P(BAC)} = Р(В).Р(С) ; Р(Сс\А) = Р(С).Р(А) 
and Р(АСВсС)-Р(А)Р(В).Р(С) 
for n independent events, the total number of conditions would be 
Л ит Pe 


Illustration : 


А, В апа С are three newspapers from a city. 25% of the population reads A, 20% reads В, 15% 
reads С, 16% reads both A and В, 10% reads both B and C, 8% reads both A and С and 4% reads 
all the three. Find the percentage of the population who read atleast one of A, B and C. 

Sol. We are given that 


(4) = 19g: РОВ) = тод’ PO = топ 
Hiab- ЭВРЛЭХЭНЖ. ир” 47 4 үз гүй ээ 
(4 гэ8) = 590: PB = 390 € ^4 71 ан HARAI тор 


We have to find P(A A B A C). We can use ше formula 
P(A AB AC) = P(A) + РВ) + P(C) - P(A ^ B) - P(B ^ C) - P(C ANA) + P(A В C) 


30 
100 


Thus 30?6 of the people read atleast one of the newspapers. 


= 150520 15- 16-10-8+4) = 


Illustration : 
Let A, B and C be three events such that 
p = P (exactly one of A or B) = P(exactly one of B or C) =P(exactly one of C or A) 
and P(A, B, C simultaneously) = p? 


I 
where 0 < р < rz Then P (at least one of A, B or C) is equal to 


(4) 2а (В) а (С) ipti (D) 27127 
Sol. Exactly one of A оғ B means 
So P(A) + P(B) – 2Р(А ^B) =p (i) 
Similarly P (exactly one of B or C) 
P(B) + P(Br» C) -2P(B ^C) =p (й) 
апа Р(С) + Р(А) -Р(С А) = p .. ili) 
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Adding equation (i) — (iii), we have 
2[Р(А) + P(B) + P(C) - P(A ^ B) - P(B AC) -P(CnAJ] = 3р ...fiv) 
Now P(atleast one A, B or C) is given by [see part (3), theorem 7.2] 
P(A UB UC) = P(A) + P(B) + P(C) - P(A ^ B) - PIB тС) - (C AA) + Р(А В r C) 
5р. ., — : 
M + р^ [Equation (iv) and P(A NB AC) = р] 
= 3р+2 р? 
2 


BINOMIAL PROBABILITY : 


Let an experiment has n-independent trials, and each of the trial has two possible outcomes 

(i) success (п) failure 

If probability of getting success, P(S) = p and probability getting failure, P(F)=q such thatp+q=1. 
Then, P(r successes) = "C, p" 4" 


Proof: 
Consider the compound event where г successes are in succession and (n – г) failures are in succession. 


г (п-т) 


rss ore SPPELL LS | өнө NA P(S) P(F).P(F)...... P(F) = Р". а" 


г times (n- r times 


But these г successes and (n — г) failures can be arranged in = "С, ways and in cach 


r'(n —r)! 
arrangement the probability willbe p'.q"* 

Hencetotalpr.-P(r) -"C,p'q^* _...... (1) 
Recurrence relation 

pír +1)= "Ca p^! Г qv 


Р(г+ 1) = ic Pr) (2) 


Equation (2) is used for completely the probabilities of P(1); P(2); P(3); ...... etc. once P(0) is 
determined. 
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Шизятаноп : 
A pair of dice is thrown 6 times, getting a doublet is considered a success. Compute the probability of 


(i) по SUCCESS (ii) exactly one success 
(11) at least one success (iv) | at most one success 


Sol. Total sample spaces are = 36 
In which six doublets then 


FX EE. 
FS «€ 7 о" в 
(i) No success forr = 0 


гүү үзү 
йы AO EAM Es 
аг 2910 (s) 
(ii) Exactly one success for r — 1 
»-*c(s)(5) - 5) 
РЇ) = "CU )Us) "le 


(iii) ^ Рог at least are success for r = 1, 2, 3, 4, 5, 6. 


5 $ 2 4 3 3 4 2 
Y cd гү 5 IV (5 ГҮ(5 Гү(5 
e "РЯ L6 À 6 ^6) V 36)16 *L6) V6 


(iv) For at most one success for г = 0, 1 
1 6 6-r 0 6 3 
ЖООМ ОО 
нэ 6 ) 16 6) 16 6 A 6 
Illustration : 


In a hurdle race a man has to clear 9 hurdles. Probability that he clears a hurdle 2/3 and the 
probability that he knocks down the hurdle is 1/3. Find the probability that he knocks down fewer 
than 2 hurdles. 

Sol For probability that he knocks down fewer than two hurdles for r = 0, 1 


1 2 
where P= 3 471 


Ee) ОШО +022) 


Print to PDF without this message by purchasing novaPDF (http:/Awww.novapdf.com/) 


29 


Hlustration : 


Sol. 


g 
(п) 


0.1 


0.2 


0.3 


0.4 


0.1 


A drunkard takes а step forward or backward. The probability that he takes a step forward is 0.4. 
Find the probability that at the end of 11 steps he is one step away from the starting point. 


At the end of 11 steps he is one step away from the starting point by two ways 


Man has taken 6 steps forward and 5 steps backward 
Man has taken 6 steps backward and 6 steps forward 


here р = probability of forward = 


q = probability of backward = 


> 6 5 > 5 6 
Probaliliy =""C,{2 | B +") (3) 
5715 51 (5 


Practice Problem 


A die is thrown 7 times. What is the chance that an odd number tums up (i) exactly 4 times (ii) at least 4 
times? 

A fair coin is tossed a fixed number of times. If the probability of getting 7 heads is equal to getting 9 
heads, the probability of getting 2 heads is , 

15 
P 
A coin is twice as likely to land heads as tails. In a sequence of five independent trials, find the probability 
that the third head occurs on the fifth toss. 


А 
(А) = (B) 5 (C) (D) None of these 


A fair coin is flipped л times. Let E be the event "a head is obtained on the first flip", and let F, be the 
event "exactly k heads are obtained". For which one of the following pairs (n, К) are E and F, independent? 


(A) (12, 4) (B) (20, 10) (C) (40, 10) (D) (100, 51) 
Answer key 

33: 16 

ees Q2 6 Q3 4 Q4 B 
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TOTAL PROBABILITY THEOREM : 


Let E,, E,,......, E, be п mutually exclusive and exhaustive events, with non-zero probabilities, of a 
random experiment. If A be any arbitrary event of the sample space of the above random experiment 
with Р(А)> 0, then 


A А А 
P(A) = P(E,) (4 2 P(E,) {ё JE —— +P(E,) (4) 


Proof: Let S be the sample space of the random experiment. 

Since E,, E,, ...... ‚ Е are exhaustive, we have S- E, UE, ч ...... УЕ. 
Now A=SNA=(E, VE,V...... ОЕ) ПА 
= A=(E, ^A) О (E,'^A)u ...... U(E ^A) | ... (1) 
Sine E,E,...... ,E, are mutually exclusive, we have Е, A E; = forizj 
Now (Е, А) ^ (E; ПА) = (E; ПЕ) пПА=фПА=ф 

: E, ПА, E, nh, TR ‚ Е МА are also mutually exclusive. 

By using addition theorem, (i) implies 

P(A) = P(E, ^ A) + P(E, NA) * ...... + P(E, A) 


Ч ^ А А 
> PAPE). g | + PE) P| Е |+ * PEPE |- 


Remark: In practical problems, it is found convenient to write as follows : 
P(A)=P(E,A or E,A or ...... E, A) - P(E A) + P(E,A) + ...... + P(E,A) 


P(A) = P(E,) (A 5 £), ае 3! 
Illustration : 


A box contains three coins, one сот is fair, one сот is two-headed, and one сот is weighted so 
that the probability of head appearing is 1/3. A coin is selected at random and tossed. Find the 
probability that (i) head (ii) tail appears. 

Sol. Let E, E, and Е, be the events of selecting at random first coin, second coin and third coin 
respectively. 


: 


P(E,) = р ‚ Б(Е) = апа РЕ) = = 


Let Н and Т be events of getting head and tail respectively. 


‚(н\_1 т) 2 — 
5|2 (Е, 2 . First coin is fair) 
H T : 

"E 1 "E - 0 (`` Second coin is two-headed) 
2 2 
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(i) P(getting head) = P(H) = Р(ЕН ог E,H or El) 
= P(E,H) + P(E,H) + P(E,H) 


H H H 
= P(E) "E + P(E, ata + P(EJ 13 


11:11 H 
ы Ба Kee 


ра 3 3-3 18 
(ii) P(getting tail) = P(T) 


T 
= P(ET or E,T) = P(E,T) + P(E,T) = PŒ) of z) + P(E,) of z) 


55 | 


2,1) Sie 
= —X—+—x—= 
3 24 3.3 
Illustration : 
There are two bags. The first bag contains 5 white and 3 black balls and the second bag contains 
3 white and 5 black balls. Two balls are drawn at random from the first bag and are put into the 
second bag, without nothing their colours. Then two balls are drawn from the second bag. Find 
the probability that the balls drawn are white and black. 


Sol. 5 White 3 White 
3 Black 5 Black 
Bag-l Вав-И 


Let E, Е, and E, be the events of transferring 2 white, 1 white and 1 black, 2 black balls 
respectively from the fist bag to the second bag. 


'C,x*C, 5x3 15 
РЕ» = зс = 38 ^28 


кс Ж. 


Let A Бе the event of drawing one white and one black Бай from the second bag. 
P(A) = P(E,A or EA or Е,А) 
= P(E,A) + P(E,A) + P(E,A) 


= P(E) (4 3 Р(Е) Е 3 + Р(Е) 4} 
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_ 3 „Сс Cr, 15 “Сүх хес, 3 „°с,х”С, 


"AE "o +535 _ 77 ux E а. 


B RS EROR. 0 88. 
714 9* 28 15 28 15 12600 


Illustration : 
Two machines A and B produce respectively 60% and 40% of the total numbers of items of a 
factory. The percentages of defective output of these machines are respectively 2% and 5%. If an 
item is selected at random, what is the probability that the item is (i) defective (ii) non-defective? 
Sol Let E, E, be the events of drawing an item produced by machine А and machine B respectively. 
Let A be the event of selecting a defective item. 


A represent the event of selecting a non-defective item. 
We have 


PŒ) = 60%; P(E) = 40% 
А 
(4) = Probability that an item produced A is defective 


= 2% 


A 
|) = Probability that ап item produced Ьу В is defective 


= 5% 
(1) P(selected item is defective) 
= P(A)=P(E,A or EA) = P(E,A) + P(E,A) 


A A 
= PE) РЕ, | + PIEJ Е, 


(60%) (2%) + (40%) (5%) 


ИГ. „ ИИ 320 


= 10 100 100 100 1000 9992 


(ii) P(selected item is non-defective) 


= P(A) = Р(Е,А ог Е, А) = P(E, A) + Р(Е,А) 


= P(E йа + P(E [© 
= P(E,) E, (E) E, 


= (60%) (98%) + (40%) (95%) 


60 98 40 95 9680 


E ES ель Гай Ён эвлэрэх Mts ne, НКЕ 
100 100 100 100 10000 шаа 
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BAYE'S THEOREM : 


If an event A can occur only with one of then pair wise mutually exclusive and exhaustive events 
B, B,, ... B, & if the conditional probabilities of the events. 


P(A/B,), P(A/B.) ....... P(A/B,) are known then, P(B,/A)= —NB)NMA/B) 


У P(B P(A/B,) 


Proof: 


The event A occurs with one of the 'n' mutually exclusive e exhaustive events B,, B,,B,, ...... -8, 
А=АВ, * AB, * AB, * ...... *AB 


P(A) = P(AB,) + Р(АВ,) * ...... + P(AB )= > P(AB,) 
i=l 


Note : 
А = event what we have, 
B, = event what we want, 
B B suos ‚ B, are alternative events. 


Now, 


B, A 
P(AB) - F(A)* а) = квн) 


(uy norte) mota) маа) 


Р(А) У`Р(АВ,) Srey | A | 


Illustration : 
Bag A contains 3 white and 2 black balls. Bag В contains 2 white апа 2 black balls. One ball is 


drawn at random from A and transferred to В. One ball is selected at random from B and is found 
to be white. The probability that the transferred ball is white is 


8 5 4 9 
(4) 13 (8) 13 (С) 13 (р) 13 


Sol Let E, and E, denote the events of the transferred ball being white and black, respectively. 
W denotes the drawn bail from B is white. By hypothesis, 


3 2 
C, 3 C; 2 
I I 
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w) °С, _3 W) °С, _2 
Ej CS $ ‘АЕ O 3 


By Boyes' theorem 


Ww 
rey | 3,3 
НЭГ---8 Tu эл 
3: 2 
5 5 


Illustration : 


A letter is to come from either LONDON or CLIFTON. The postal mark on the letter legibly 
shows consecutive letters "ON". The probability that the letter has come from LONDON is 


12 13 5 4 
(А) 17 (В) 17 (С) 17 (D) 17 


Sol Let the events be defined as 
E, : Letter coming from LONDON 
E, : Letter coming from CLIFTON 
Е; : Two consecutive letters ON. 
The word LONDON contains 5 types of consecutive letters (LO, ON, ND, DO, ON) of which there 
are two ON's. The word CLIFTON contains 6 types of consecutive letters (CL, LI, IF, FT, TO, 
ON) of which there is one "ON". Now 


—- ap Е,| 2 Е; |_1 
Mg SES: от (&|-2 ыг Az) 6 


Illustration : 
In a factory which manufactures bolts, machines A, B and C manufacture respectively 25%, 35% 
and 40% of the bolts. Of their outputs, 5, 4 and 2 percent are respectively defective Бой. A bolts 
is drawn at random from the product and is found to be defective. What is the probability that it 
is manufactured by the machine B? 
Sol. Let events B, B, B, be the following 
B, : the bolt is manufactured by machine A 
B, : the bolt is manufactured by machine В 
B, : the bolt is manufactured by machine C 
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Clearly, В, В», В, are mutually exclusive and exhaustive events and hence, they represent a 
partition of the sample space. 
Let the event E be 'the bolt is defective’. 
The event E occurs with B, or with B, or with B, . Given that, 

P(B) = 25% = 0.25, P(B,) = 0.35 and P(B,) = 0.40 
Again Р(Е|В,) = Probability that the bolt drawn is defective given that it is manufactured by 
machine 

A = 5% = 0.05 

Similarly, РЕВ) = 0.04, P(E| By = 0.02 
Hence, by Bayes' Theorem, we have 


АВР) с 
P(B, |E) = рүв,) P(E| B,) +Р(В„) P(E|B;) + Р(В,) Р(Е|В,) 


0.35х0.04 0.0140 28 


~ 0.25х0.05х0.35х0.04+0.40х0.02 0.0345 69 


Illustration : 
In a test, an examinee either guesses or copies or knows the answer for a multiple choice question 
having FOUR choices of which exactly one is correct. The probability that he makes a guess is 
1/3 and the probability for copying is 1/6. The probability that his answer is correct, given that he 
copied it is 1/8. The probability that he knew the answer, given that his answer is correct is 


"E 9 o 2 p 2 
Sol Let the events be defined as 
E, : Guessing 
Е, : Copying 
Е, : Knowing 
E : Correct answer 
By hypothesis, 


1 I 1 1 
P(E) = 3 P(E} == РЕ) -1- 276 


E 1 
A=) a) (out of four choices only one is correct) 
1 
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Therefore by Bayes' theorem 


E 1 
{® 1 шан ИЕШЕ 3 „H 
Г Fal Ye р Е. ӘӘ 


Illustration : 


A doctor is to visit a patient. From the past experience, it is known that the probabilities that he 


1 
will come by train, bus scooter ог by other means of transport are respectively 107 5° 10 and 


2 га 1 
n The probabilities that he will be late are 4.3 апа 12 if he comes by train, bus and scooter 


respectively, but if he comes by other means of transport, then he will not be late. When he 
arrives, he is late. What is the probability that he comes by train? 


Sol Let E be the event that the doctor visits the patient late and let T,, T, T, T, be the events that the 
doctor comes by train, bus scooter, and other means of transport respectively. 


3 1 2 
Then P(T) = 39 РТУ = 5, P(T) = == and P(T) = 5 (given) 


Ajs 


P(E|Ty) = Probability that the doctor arriving late comes by train = 


Similarly, Р(Е|Т,) = : , P(E|TJ = 5 and P(E|T = 0, since he is not late if he comes by other 
means by other means of transport. 
Therefore, by Bayes' Theorem, we have 
P(T, |E) = Probability that the doctor arriving late comes by train 
P(T,) Р(Е\Т,) 
= P(T,) P( E|T, )+ РТ, ) P( ЕТ, )+ P(T; ) P( E|T; )+ РСТ, ) P( E|T, ) 


3: 

- 104 13,120 1 

РР Л м Ч? 
a5 3 10 123 


1 
Hence, the required probability is > 
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Illustration : 
Suppose that the reliability of a HIV test is specified as follows : 
Of people having HIV, 90% of the test detect the disease but 10% go undetected. Of people free of 
HIV, 99% of the test are judged HIV —ive but 1% are diagnosed as showing HIV +ve. From a 
large population of which only 0.1% have HIV, one person is selected at random, given the HIV 
test, and the pathologist reports him/her as HIV +ve. What is the probability that the person 
actually has HIV? 

Sol. Let E denote the event that the person selected is actually having HIV and A the event that the 
person's HIV test is diagnosed as +ve. We need to find Р(Е|А). Also E' denotes the event that the 
person selected is actually not having HIV. 

Clearly, (E, Е'} isa partition of the sample space of all people in the population. We are given that 
P(E) = 0.1% = T = 0.001 
P(E!) = 1 — P(E) = 0.999 
Р(А|Е) = Р (Person tested as HIV +ve given that he/she is actually having HIV) 


= 90% =“ =09 

= = та 
and Р(А|Е') = P(Person tested as HIV ve given that he/she is actually not having HIV) 

1 
= J% = — = 
1% T00 0.01 
Now, by Bayes’ theorem 
P(E) P( A|E) 0.001x 0.9 90 


РЕМ) = P(E) P(A\E)+ P(E’) PLALE') ^ 0.001х0.9+0.999х0.01 1089 
Thus, the probability that a person selected at random is actually having НТУ given that he/she is 


90 
tested HIV +ve is 1089: 


Illustration : 
A bag contains 4 balls of unknown colours. A ball is drawn at random from it and is found to be 
white. The probability that all the balls in the bag are white is 
(A) 4/5 (B) 1/5 (C) 3/5 (D) 2/5 


Sol. Let W, (j = 1. 2. 3, 4) denote 1, 2, 3 and 4 white balls are in the bag. Let W be the ball drawn is 
1 
white. Then P(W,) = P(W.) = РОУ) = PW} = 4 


W|I ДИ _2 4913 45 |, 
W,) 4 W,) 4 №) 4 (9, 
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Therefore by Bayes' theorem 


W 
P(W. 1 
NACE RE 
V) 4 Ww (14211 10 5 
DAPA W, 444 4 4 4 


PROBABILITIES THROUGH STATISTICAL (STOCHASTIC) TREE 
DIAGRAM: 


Illustration : 


A : box contains three coins A, B and C 


A: Normal coin; B : Double Headed (DH) сот; С: a weighted coin so that P(H) = 


wj 


A coin is randomly selected & tossed 

(A) Find the probability that head appears. 

(B) If head appear find the probability that it is a normal coin P(A/H) 
(C) Find the probability that tail appears. 

(D) If tail appears, find the probability that it is a weighted coin P(C/T) 


21.1 1 11 
Sol. (A) РН) = Tir gr 18 


11 
A) Р(АОВ) 32 3 
б) (н)- PH) HH n 
18 
E P эж 11,19,1.2. 7 
O 2032-3338 
1 Ий „л = 
"= dn i Г: 


(D) 


PT) 7 7 
18 


12 
($) P(COT) 33 4 
45: 7 
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Illustration : 


5 coins DH denoted by say X 
A box contains 10 coins c 3 coins DT denoted by say Y 
2 coins normal denoted by Z 


A coin is dream at random from the box and tossed, fall headwise. Find the probability that it was 


a normal coin. 
(Z]- P(H AZ) 
Sol. Р H = RH) 
2d 
5 1 6 10 2 1 
= —1 = = чш» = зээ 
РН) = 10) 10-210 6 6б 
10 


Illustration : 


Let the contents of the two boxes А and B with respect to number of R апа W marbles is as given 
below: 


A bag is selected at random; a marble is drawn and put into the other box; then a marble is 


drawn from the second box. Find the probability the both marbles drawn the of same colour. 
Sol. 


"258 2348 27 
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Practice Problem 


0.1 


0.2 


Q3 


04 


О.5 


0.6 


Three political parties namely the Congress, the B.J.P. and the Janta Dal are contesting for a state 

legislative assembly elections. The state does not have a common entrance test after the 12% standard, 

for the admissions to the medical or engineering colleges. The probabilities of these parties winning the 
134.2 

elections are 3'9 & 9 respectively. Ifthe Congress comes to the power, the probability of its introducing 

the common entrance test for the state is 0.6 and the corresponding probabilities for the B.J.P. and Janta 

Dal are 0.7 and 0.5 respectively. Find the probability that the common entrance test is introduced. 


Three persons Mr. lyyengar, Dr. Singh and Prof. Mukherjee and competing for the post of the principal 
ofa degree college exclusively meant for boys. Their chances are, respectively, 0.5, 0.3 and 0.2. If 
Mr. Iyyengar is selected, he will introduce co-education with probability 0.5 while the probabilities are 
0.7 and 0.6 with regard to Dr. Singh and Prof. Mukherjee, respectively. Co-education is introduced in 
the college. The probability that Dr. Singh is selected as principal is 


aa „2 oZ „3? 
Inacity 60% are males and 40% are females. Suppose 50% of males and 30% of females have colour 


blindness. One is selected at random and is found to be colour blind. The probability that the selected 
person is male is 


m ae agit E: 

А person has three coins A, B and C in his pocket out of which A is a fair coin. The probability of B 
2 | 

showing headis = and that of C is = . He selected one of the coins at random and tossed it three times 


3 3 
and observed 2 heads and | tail. The probability that the selected coin is A is 


A= в) 18 ex p) i 


А bag contains 6R and 4W balls. 4 balls are drawn one by one without replacement and were found to 
beat least two white. Find the probability that the next draw ofa ball from this bag will give a white ball. 


Box A contains nine cards numbered 1 through 9, and box B contains five cards numbered 1 through 5. 
A box is chosen at random and a card drawn; ifthe card shows an even number, another card is drawn 
from the same box. If the card shows an odd number, a card is drawn from the other box ; 

(1) What is the probability that both cards show even numbers? 

(ii) If both cards show even numbers, what is the probability that they come from box A? 

(iii) ^ Whatisthe probability that both cards show odd numbers? 
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Answer key 


8 34 


Q.1 s Q2 B Q3 D Q4 С Q.5 


0.6 (12/5 ;(1)5/8 ; (111) 1/3 


MATHEMATICAL EXPECTATION (PRACTICAL USE OF PROBABILITY 
IN DAY TO DAY LIFE): 


It is worthwhile indicating that if 'P' represents a person's chance of success in any venture and 'M ‘the 
sum of money which he will receive in case of success, then the sum of money denoted by 'P-M' is 
called his expectation. 


Illustration : 


Two players of equal skill A and B are playing a game. They leave off playing (due to some force 
majeure conditions) when A wants 3 points and B wants 2 to win. If the prize money is Rs.16000/-. 
How can the referee divide the money in a fair way. 


Sol Since, Awins if he scores 3 points before B scores 2. 


1 
Probability of A's scoring a point = Probability of B's scoring at point = 7, 


Hence, required probability that A succeeds 


RA SRE CEPT CIEE 9 
pra as dent ts Comme «р ome "анин aes om 4о--...... = — 
233 2212 22312 21212 M 
Probability that B Boe 
гораринцу tha Succeeds — аж. 


5 
A's expectation = Pr 16000 = 5000 


11 
B's expectation = н” 16000 = 11000 
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GEOMETRICAL PROBABILITY (CONTINUOUS SAMPLE SPACE) : 


(1) One-dimensional Probability : 


favourable length ; 
~ totallength d ne 


(2) Two-dimensional Probability : 


iis favourable area 
total arca 


(3) Three-dimensional Probability : 


favourable volume 


total volume 


Illustration : 
A point is taken inside a circle of radius find the probability that the point is closer to the centre as 
a circumference. 


Sol. п(5) = m 
40) 3 
n(A) шил 2 


Illustration : 
A point is selected random inside a equilateral triangle whose length of side is 3. Find the probability 
that its distance from any corner is greater than 1. 


> 
0 
Sol Area of sector = “эр 


[3 
ч 
в) = 77.9 
n(s) 7 
fis 
дв BUE Е намд ЭРЭР... 
цн хиаг 3 = B. - 0B 
4 
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Hlustration : 


A sphere of radius г is circumscribed about а cube. Ета the probability that а point lies т the 
sphere but out side the cube. 


Sol. 


total volume 


4л ; 2r i 
r- 
_ fav.volume | 3 43 
нэ Ёныг 
ar 
3 
Illustration : 


A stick of length 1 is broken into three parts find the probability that these three parts from a 
triangle. 


Sol. —— тэ” 


х>0 у>0, l-(x * y) 0 z9- I- (x * y) 
For a triangle sum of two sides should be greater than third side 


i 
х+у> 1-(х +у) х+у>е ее (i) 
I 
х+1-(х+у)>у 1>2у у< -- (її) 
l 
Similarly х < я (iii) 
1344 
123. 
So required probability -. =: Ans. 
» х! 


COINCIDENCE TESTIMONY : 
Ifp, and p, are the probabilities of speaking the truth of two independent witnesses A and B who give 
the same statement 
Pı P2 | 
p, pa *(0 7 pl — p;) 
where H, means both speaks the truth and H, means both speaks false. 
In this case it has been assumed that we have no knowledge of the event except the statement made by 
А and В. 
However ifp is the probability of the happening of the event before their statement then 


PP; P2 | 
рр,р,+(1-р)(1—р,)(1-р,) 


P (their combined statement is true) = P(H, / HuLUH,) = 


P (their combined statement is true) = 
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Here it has been assumed that the statement given by all the independent witnesses can be given in two 
ways only, so that ifall the witnesses tell falsehoods they agree in telling the same falsehood. 
If this is not the case and c is the chance of their coincidence testimony then the 

Probability that the statement istrue= Рр, р, 

Probability that the statement is false = (1-р).с (1-р,)(1-р,) 
However chance of coincidence testimony is taken only if the joint statement is not contradicted by any 
witness. 


Illustration : 


A speaks the truth 3 out of 4 times, and B 5 out of 6 times. What is the probability that they will 
contradict each other in stating the same fact. 


Sol. P(A)= 2, Р(В) = 


3 
P(contradict) = re 


Illustration : 
A speaks truth 3 times out of 4, and B 7 times out of 10. They both assert that a white ball has 
been drawn from a bag containing 6 balls of different colours; find the probability of the truth of 
their assertion. P(A) = 3/4; P(B)=7/10 


Sol Thereare 2 hypothesis (i) their coincidence testimony is true 
(ii) it is false 
H, : white ball is actually drawn & both speaks the truth 
яваар 
(H) 7 $410 
Н, : (white has not been withdrawn) and (their statement coincides) and they both speaks false 
— EE 
осин 


Let E : their assertion is true 


137 

ap. |. 6410 _ 32 

pe -e| rz) ER EAT _ 36 
6 4 10 6425) 4 10 
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Practice Problem 


Q.1 10 witnesses each of whom the probability of speaking the truth as 5/6, assert that certain event took 


1 
place. If the probability of this event before their statement is 1 find the probability ofthe truth of 


+5” 
their assertion. 


0.2 Aman is know to speak the truth 3 out if 4 times. He throws a die and reports that it is а six. The 
probability that it is actually a six is 


3 | 3 
(А) 8 (В) 5 (С) 4 (D) None of these 


0.3  2hunters Aand В shot at a bear simultaneously. The bear was shot dead with only onc hole in its body. 
Probability of A shooting the bear is 0.8 and that of B shooting the bear is 0.4. The hide was sold for 
Rs 280/-. divide this money in a fair way. 


0.4  Twopoints are picked at random on the unit circle x? + у? = 1. The probability that the chord joining the 
two points has length at least 1, is 
(A)4/9 (B) 1/3 (C) 146 (D)2/3 


0.5  Acircle of radius ‘а’ is inscribed ina square of side 2a. Find the probability that a point chosen at random 
is inside the square but outside the circle. 


Q.6 — Aclothoflength 10 meter is to be randomly distributed among three brothers. Find the probability that 
no one gets more than 4 meter of cloth. 


Q.7  Astarts from a town ‘X’ any time between 1 PM to 4PM walks towards 
the town ‘Y’ ona straight road with a speed of 4km/hr and B starts 


from ‘Y’ atany time between 1 PM to 4PM and walks towards ‘X’ at Д---З 

4 km/hr. Assuming all times of starting all equally likely, find the odds in 4km 

favour of their meeting on the way. 

Answer key 
01 56 0.2 А 
0.48 0.08 
, = —— х280 = PE : = —— x280 = 40/- 
Q.3  A'sshare 0.56 240/- ; B's share 056 " 40 
| 

04 р 0.5 Р(Е) = 1—р/4 0.6 25 0.7 5:4 
E 
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RANDOM VARIABLE : 


Random variables are of two types : 


(i) Discreate random variable. 
(ii) Continuous random variables. 


(i) A random variable is called a discrete random variable if it can take only finitely many values. For 
example, in the experiment of drawing three cards from apack of playing cards, therandom variable 
"number of kings drawn" is adiscrete random variable taking value either 0 or 1 or 2 and 3. 


(ii) A random variableiscalled acontinuousrandom variable if it can take any value between certain limits. 
For example, height, weight of studentsin асіаѕѕ are continuous random variables. 


Probability Distribution of a discrete random variable : 


Let x be a discrete random variable assuming values X}, x», X4, ...... ‚ X, corresponding to the various 
outcomes of a random experiment. If the probability of occurrence of х = x; is Р(х,) = p, 1 <1< пѕисћ 
that p, * p, * p, * ...... * p, 7 1, then the function, P(x.) - P., 1 <1< п is called the probability function 
ofthe random variable x and the set ( P(x,), P(x,), P(x,)....... , P(x,)} is called the probability distribution 
ofx. 


Illustration : 
Three balls are drawn are by one without replacement from a bag containing 5 white and 4 red 
balls. Find the probability distribution of the number of red balls drawn. 


Sol. Let x denote the discrete random variable "number of red balls". 5 White 
.. The possible values of x are 0, 1, 2, 3. 4 Red 
Let К, be the event of drawing a red ball from the bag in the ith draw, i = 1, 2, 3. 


P(x = 0) = P(RR,R,)7 P(R pps) 063,07 
(x ) (8,8,8,) ( Rj) R, RR, 9 8 


Р{х = 1) - Р(К,8,К, or RRR; or R,R,R;) 
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P(x =2) = P(R,R,R; or RR,R, or R,R>R;) 


- p) P| & | pf S | i prey | | pf 2] руй Af 2} of | 
— д К, К.К, ( ) R, RR, (Ri) К, ЕК, 


£3 3.83 23.5 FF 180 5 
= —X—xX—+—xK—xX—+—x—x=— =— = 
987 987 9 8 7 504 HM 


Р(х = 3) = Р(К,К,К.) = К. p P T - 1352.26. 
бэ) T PORR)URREPUR PRR) өл 7 508 21 


| x [0 | 
The required Probability distribution is z 
42 | 21 | 14 | 21 


MEAN AND VARIANCE OF A PROBABILITY DISTRIBUTION : 


(1) Mean :- 


Ifa random variable X assumes the values x}, Х., ...... ,X, with probabilities p,,p,, ...... „р, respectively 
then the mean of X is defined by 


Урх, | 


Then mean (u) = i=l. = > Xi Pi 
Ур, i=! 
isl 
(2) Variance : 


= 2 2 2 2 = 2 2 
o! = Y р(х; —p) = Ур? -2ux, +p?) == Y (pix? -zupix, +p?) 
i=l i=l 


n n n n 
= Урх! -2uY pix, +u’ Y p; - Ур =" 
inl 
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(3) Standard Deviation : 


SD=+ Vo" 


Illustration : 
Two bad eggs are accidently mixed with 10 good eggs 3 eggs are drawn simultaneously from the 
basket. Find the mean and variance of the number of bad eggs drawn. 


Sol. 


x=] 

Р(1) = с Ж 
Ре; 22 

х=2 


А 9 
л Ур =0 + 237723 


air дээрээ Ans. 
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BINOMIAL PROBABILITY DISTRIBUTION : 
Let an experiment has n independent trials 
and cach of the trial has two possible out 
comes i.e. success or failure. 

If getting number of successes in the 0 Ох "Сор?" 
experiment is а random variable then ip q^ Ix "Сур"! 
probability of getting exactly r-successes 
is - 

P(x = г) = "C ра" 
where p=probability of getting success 
and — q- probability of getting failure 


Mean of BPD of a random variable 


n n 
u= Ур; p DF Gera = г". тор" "р-н! Сүг р“ 
г-0 


r-Ü r-l 
= пр gis 5^ , p? g^ T "- : р!" ше + "C, p 47 
=np(p+q)"!=np 


Variance of BPD of a random variable : 


o= Урхі - 


n n 
У`рх?= ree p'q** = zio Vs 
г-0 


п-0 


п 
D =m] Car g "2 Y (r-141) 7C, apq" 


г-0 


г-0 г-0 


n n 
Terere лайн 


n n 
-p!n-(n- 1) >)" 7C, pq" - pn$ "C, ү-р'-ч 


n=r r-l 
= p^: n(n- 1) (p+q)"?+pn-(p+q)"! 
=p*-n(n—1)+pn 


> 


с? =р?п?—р?п +рп-п?р? iv н=пр) 
= рп(1 — p) = пра Ans. 
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Standard deviation of BPD of a random variable : 


Positive value of square root of variance is called standrard deviation. 


SD=+ 6? = vnpq 


Illustration : 


A pair of dice is thrown 5 times if getting a doublet is considered as a success then find the mean 


& variance of the successes. 


Sol. Here п-5 and favorable sample space are (1, 1), (2, 2), (3, 3), (4, 4), (5, 5), (6, 6) 
- р=1/6 and q = 5/6 
Mean = u= np = 5/6 
Variance = 07 = npq = 25/36 


Illustration : 


If difference between mean & variance of a BPD is 1 and difference between squares is 11 then 
find the probability of getting exactly 3 successes. 


Sol. Given 
np-npg-1 1 (1) 
п?р? — тра = 11 .... (її) 
пр + npq = П 
пра = 5 4 = 5/6 р = 1/6 п = 36 


3 5 33 
л. Required probability = ЗС (2) (2) 


Illustration : 
3 
If X follows a binomial distribution with mean 3 and variance (3). find 
(i) Р(Х 2 1) (ii) P(X 55) 


Sol. We know that mean = np and variance = прд 


3 3 
np=3 апа пра = 5 > 34=5 >q 


| - 


1 
Now, np=3 and p= > 2 пх 
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So, the binomial distribution is given by 


1 г 1 (6—r) 1 6 
= =" . . aft) — 6 me) 223 tu = б = 
PX = r) "С.р: ди = °С, B B cs) 


(i) P(X21) = 1 - Р(Х = 0) 


Гү | г) 63 
= zi т —= = 1-— =— 
=C B 64) 64 


(ii) | P(Xx5)-1-P(X- 6) 
гү гү s 
аң B (-z)-5 


If the sum of the mean and variance of a binomial distribution for 5 trials is 1.8, find the distribution. 


Illustration : 


Sol We know that 
mean = up and variance = npq 
It is being given that n = 5 and mean + variance = 1.8 
. np + npq = 1.8, where п = 5 

<> 5р + 5pq = 1.8 

> p * p(1-— p) = 0.36 [~ 47(1-p)J 

e» p-2p*0.6-0 

<> 100 p? — 200p + 36 = 0 

e 25р?- 50р +9 = 0 

<> 25р – 45р-5р+9 = 0 

= Sp (Sp -– 9) – (5р 9) = 0 

< (5р - 9) (5р- 1) = 0 
1 
5 
Thus, n = 5, p =0.2, and ӯ = (1-р) = (1—0.2 = 0.8 
Let X denote the binomial variate. Then, the required distribution is 

P(X = ғ) ="C_- p q" =5C_- (0.25 - (0.8? where г=0, 1, 2, 3, 4, 5 


© p= = 0.2 (ч р cannot exceed 1] 
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Practice Problem 


0.1 


0.2 


Q3 


Q4 


Q.5 


0.1 


Q3 


Q.5 


А pair of fair dice is thrown. Let X be the random variable which denotes the minimum of the two 
numbers which appear. Find the probability distribution, mean and variance of X. 


If the mean and SD of a binomial variate X are 9 and 3/2 respectively. Find the probability that X takes 
a value greater than one. 


A pair of dice is thrown 4 times. If getting a total of 9 in a single throw is considered as a success then find 
the mean and variance of the successes. 


The sum of the product of the mean and variance of a binomial distribution are 24 and 128 respectively. 
Find the distribution. 


A fair coin is tossed four times. Let Y denotes the random variable denoting the "longest string of heads" 
occurring. Find the probability distribution, mean, variance and S.D. of Y. 


Answer key 


p= 2.5 ; var(X) = 2.1 Q2 Р(Х>1)=1-Р(Х=0ог1) 


Гү? 
Меап = 4/9; Уапапсе-32/8| 04 5С (5) 


и= 1.7;02= 0.9;80 = 0.95 
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ACC-MT- PROBABILITY 


0.1 


Sol. 


(i) 


Gi) 


(ш) 


(iv) 


Solved Examples 


If three coins are tossed randomly then the probability of getting 


(1) all three tails (ii) atleast one head 
(ii) one head and two tails (№) ^ exactly twotails 
Fora single coin, 

S, = {H, Tj, (S) -2 
Fortwo coins, 

S, = (H, Hj, (Н, T),(T, Н), (T, T), n(S,) = 227 4 
For three coins, 


$=5$, x S, = IH, Tj х КН, H)(H, Т), (Т, H), (T, T)} 
= {(H, Н, Н), (Н, H, T).(H, T, H), (T, H, Н), (H, T, T),(T, Н, Ту), (T, T, H), (T, T, T), 
п($,)=23=8 


Let Е =Event of getting all three tails {(T, T, T)} 
n(E,)=1 


n(E,)  Fav.case 
n(S) ` Total case 


1 
P(E,)= 8 


Let E,=Eventof getting at least one head. 
Е, = {(Н, Н, Н), (Н, H, T), (H, T, Н), (T, Н, Н), (Н, T, T),(T, Н, T), (T, T, Н); 
n(E,)=7 


Let E,=Eventof getting one head and two tails. 
E, = ((H, T, T.(T, H, T), (T, T, H)j 
n(E,)=3 


6 
n(S) 8 


P(E,)= 


Let E,=Eventof getting exactly two tails. 
Е, = {(H, T, T.(T, H, T), (T, T, Н); 
n(E,) - 3 
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0.2  Ifthreetair and unbaised dice are rolled the ludo board at once. Find the probability that 


(i) numbers shown are equal. (ш) numbers shown are (totally) different 
(ii) sum of numbers is 10 (№)  sumofnumbersis 15 

Sol Here, 
n(S) = 6° = 216 


E, = Event to show equal number on cach. 
Е, = ((1, 1, 1), (2, 2, 2), (3, 3, 3), (4, 4, 4), (5, 5, 5), (6, 6, 6); 
n(E,) - 6 


n(E) 6 1 


n(S) 216 36 


Р(Е,)= 


(ii) E, = Event to show different number on each. 
n(E,) - P, = to arrange any three different face out of six faces. 


(1) ^ E,=Events to have sum ofall three dice appeared as 10. 


E, (1,3,6)-» 3! 6 
(1, 4, 5) 3! =6 

(2, 2, 6) > 3!/2 = 3 п(Е,)= 27 
(2,3,5) 3! = 6 
(2,4,4) ә 3/273 
(3,3,4) 3 3/2! =3 
п(Е;) 27 


МЕ) = «S) 216 


0.3 A bagcontains 20 identical balls of which 8 are black and 12 are blue. Three balls аге taken out at 
random from the bag one after the other without replacement. Find the probability that all the three balls 
drawn are blue. 


12 
Sol The probability that the first ball drawn is blue is 50’ 
since there аге 12 blue balls among 20 balls in the bag. If the first ball is blue, then the probability that the 


11 
second ball drawn is blue is 19” since 11 of the remaining 19 are blue. 
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0.4 


Sol. 


0.5 


Sol. 


10 
Similarly, if the first two balls drawn are blue, then the probability that the third ball drawn is blue is — . 


18 
Th ired probability i Eg 
eee — 2019 1$ су 
ү (зү 
Note : If the drawn ball is replaced every time, then the probability is (Я) = B 
А 1 а 18 202 
А and В are two events of a random experiment. If P(A В) = 3 and Р(А)- g then Р(АПВ) is 
equal to 
A) + B) + Oi D 
(А); (В) 2 ©з (0) = 


Уе һауе Р(А е В)= Р(А – В) = P(A) - P(A ^ B) 


А class contains 20 boys and 20 girls of which half the boys and half the girls have cat eyes. If one 
student is selected from the class, the probability that cither the student is a boy or has cat cyes is 


A)= p oi D) = 
(A) 5 (в) 5 (© $ 0)5 
Let A be the event of a boy and B the event of having cat eyes. So 


20 |! 20 1 
P(A)= 3975 and Р(В)= 405 


10 1 
Now P(AMB)= 40 4 


Therefore P(A В) = Р(А) + P(B)- P(A UB) 
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0.6 Anurmcontains 10 black and 5 white balls. Two balls are drwn from the urn one after the other without 
replacement. What is the probability that both drawn balls are black? 

Sol. Let Eand F denote respectively the events that first and second ball drawn are black. We have to find 
P(E ^^ F) or P(EF). 


10 
Now P(E) = P(black ball in first draw) = Т; 


Also given that the first ball drawn is black, i.e., event E has occurred, now there are 9 black balls and 
five white balls left in the ит. Therefore, the probability that the second ball drawn is black, given that the 
ball in the first draw is black, is nothing but the conditional probability of F given that E has occurred. 


à 9 
ic. P(FIE) = 2 


By multiplication cube fo probability, we have 


F 
P(E ^ F) = P(E): ;B = — 


0.7 Three cards are drawn successively, without replacement from a pack of 52 well shuffled cards. What is 
the probability that first two cards are kings and the third card drawn is an ace? 

Sol. LetK denote the event that the card drawn is king and A be the event that the card drawn is an асе. 
Clearly, we have to find Р(ККА) 


4 
Now P(K) = — 


Also, P(K|K) is the probability of second king with the condition that one king has already been drawn. 
Now there are three kings in (52 – 1) = 51 cards. 


3 
Therefore РКК) “з 


Lastly, P(A|KK) is the probability of third drawn card to be an ace, with the condition that two kings 
have already been drawn. Now there are four aces in left 50 cards. 


4 
Therefore P(AIKK) = 50 
By multiplication law of probability, we have 
Р(ККА) = Р(К) Р(КК) Р(АКК) 
4.3.8 2 


x x = ——_ 
52 51 50 5525 
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1 
0.8 The probability that a candidate securing admission in IIT through entrance test is 10° Seven candidates 


are selected at random from a centre. The probability that two will get admission in IIT through entrance 
testis 
(A) 20(0.1)? (0.95 (В) 15(0.1)? (0.95 — (C)21(0.1? (0.95 — (D)2(0.1)' (0.9) 


1 
Sol Let p=Probability of success = 10^ 0.1 


а = Probability of failure = 1 2 0.1 =0.9 
Therefore Р(Х = 2) = Probability of 2 success and 5 failures 
= 7C, (0.1) (0.95 


= 21 (0.1)? (0.9) 


1 
0.9  Abook writer writes a good block with probability 27 If itis a good book, the probability that it will be 


2 1 
published is = , otherwise И is 4: If he writes 2 books, the probability that at least one book will be 


3 
published is 
ду 407 NE o 405 p) 307 
( ) 516 ( ) 516 ( ) 576 ( ) 576 


Sol. Let  G-Eventofgood book 
G' = Event of not a good book 
E = Event of publication 
Then E=(GUG)NE=(GNE)U(G NE) 


(=)-2 (|: Бы 
Now Р |“) Ра, Р®--Рб) 


Z£ LE 1 
Therefore РЕ) = г à 34 


Further, X denotes the number of books published. Then P(at least one book will be published) 


"a (у). (x, нүү, M13 үпү 4o7 
CNSTAPERA S ы Г” 24] (24 24 24 (24) 576 
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019 РР, , P4 are equally strong players (1.е., for each of them the probability of win or lose is 1/2) 
are participating in tennis singles toumament. If the probability of P, losing to eventual winner of the 
tournament is m/n then n—m is equal to 

Sol Let X be the eventual winner. P, may lose to X in І, Папа Ш rounds. 


"—- | 
P(P, to lose in I) = P(P, pairing with X and losing) = 1*7 


1 
since P(P, pairing with X)= 4 as there are four pairs. 


P(P, to lose in II) = P(P, wins in I) P(P, paring with X in II) P(P, losing) 


1 m 1 
Therefore probability of P, losing to X is $ +- $ ta 


Hence п-т=8-3=5 
Q.11 The odds against an event A is 2 : 3 and odds in favour of another event В is 1:2. If A and B are 


m 
independent and P(A х» В) = P then [m — n| is . Here mand n do not have proper common 


divisor. 
Sol.  Wehave 
1 3.1. 9455-3 11 


3 
P(A В) = P(A) + P(B)- (ANB) = += ^is 


Therefore т = 11 апдп = 15. So [m- n|7 


0.12  Anatural number is selected at random from the first 100 natural numbers. Let A, B and C denote the 
events of selection of even number, a multiple of 3 and a multiple of 5, respectively. Then 


(A) A n B)- = (B) (B ^ C) = = 


(O NC ^A)» 16 (D) NA uBuO)- = 
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Sol We have 

Number of even numbers < 100 is equal to 50. 
Number of multiples of 3 < 100 is 33. 

Number of multiples of 5< 100 is 20. 

Number of common multiples of 2 and 3 is 16. 
Number of common multiples of 3 and 5 is 16. 
Number of common multiples of 2 and 5 is 10. 
Number of common multiples of 2, 3 and 5 is 3. 


Now Р(А)- ,I(B)*9 — ‚ ЁС = 
ee de P(B A С) = га, РЕПА) = 106 


Also 
P(A O B UC) = P(A) Р(В) + Р(С) - Р(А B) -Р(В NC) - P(C NA) + PAG BOC) 


50 "E 20 16 6 10 3 106-32 74 37 


= + =—= 
= 100* 100 100 100 100 100 100 100 100 50 
Hence all (A), (B), (С) and (D) are correct. 


Q.13 Boxes B,, B,, B, contain different coloured balls as given in table. The prbabilities of selecting boxes 


11 1 
are, respectively, = 6° 2 and = 3 . One ofthe boxes is chosen at random and a ball is drawn from it. If the 


probability of the drawn ball is black i i = then the value of n is equal to 
Table : Integer answer type question м. is a positive integer) 


г е8 ere 


Sol. Let B be denote the event of drawing a black ball. Then 
B=(B U B, UB, OB =(В ОВ) (В, ОВ) (В, OB) 


B B B 
Therefore  P(B,) = es | + P(B,) (2. + P(B,) (Z| 
i 2 3 


gl 3 n „2 3n+4(n+4) 
—х—= ини 
3 9 6(n+4) 97 18(п +4) 


1 1.2 
RA =x 
6 n+4 2 9 
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23 
Byhypothesis P(B)= 90 


3n+4(n+4) 23 
Therefore BEES, — 


18(п+4) — 90 
35n + 80 = 23 (n * 4) 
121 = 12 
п-1 Ans. 


1 1 
0.14 Aand B are two independent events whose probabilities are, respectively, = and (n+) . If the 


1 
probability of AAB 18 TT then n equals 


Sol A and B are independent events. Thisimplies P(A A B) = P(A) P(B) 


1 
Therefore 127 P(A) Р(В) = whichgives п=3 Ans, 


п(п +1) 
0.15 А number x is selected from the set of first 9 natural numbers (1.е., х = 1, 2, 3,...... ‚ 9). If the 
probability that f (f (x) ) =xwhere f(x)=x*-3x+3 is = , then m is equal to 


Sol. Clearly all the solutions of f(x) = x are also solutions of f(f(x) )=x. First, we solve f(x) =x 
f(x)=0 => x*-3xt+3=x => х2-4х+3=0 => (x-1)(x-3)=0 = x=1,3 


Therefore х = 1, 3 аге also solutions of f(f(x) ) =x. We want to seek if there are any more solutions 


of f(f(x) ) =х other than 1 and 3. 


f(f(x))=x => fG2-3x+3)=x = (x?-3x+3)?-3(x?-3x+3)+3=0 

=> x*-6x3+12x?-9x+3=0 => (x?-—4x+3)(x?-2x+1)=0 

=> (х-1)(х-3)(х-1)?=у => x-13 

In this case we have no additional solutions. Therefore the probability that x satisfies equation 


2 
f(f(x)) =x is 9: Therefore m=2. Ans. 
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CONIC SECTION 


Point, pair of straight lines, circle, parabola, ellipse and hyperbola are called conic section because they 
can be obtained when a cone (or double cone) is cut by a plane. 


The mathematicians associated with the study of conics were Euclid, Aristarchus and Apollonius. Most 
of the objects around us and in space have shape of conic-sections. Hence study of these becomes a 
very important tool for present knowledge and further exploration. 


Section of right circular cone by different planes : 


(1) 


(2) 


(3) 


(4) 


(5) 


(6) 


When a double right circular cone is cut by a plane 
parallel to base at the common vertex, the cutting profile 
is a point. 


Whena right circular cone is cut by any plane through 
its vertex, the cutting profile is a pair of straight lines 
through its vertex 


Whena right circular cone is cut by a plane parallel to 
its base the cutting profile is a circle. 


When a right circular cone is cut by a plane parallel to a 
generator of cone, the cutting profile is a parabola. 


When a right circular cone is cut by a plane which is 
neither parallel to any generator / axis nor parallel to 
base, the cutting profile is an ellipse. 


Whena double right circular cone is cut by plane, parallel 
to its common axis, the cut profile is hyperbola 


Hence a point, a pair of intersecting straight lines, circle, parabola, ellipse and hyperbola, all are conic- 
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The conic section is the locus of a point which moves such that the ratio of its distance from a fixed 
point (focus) to perpendicular distance from a fixed straight line (directrix) is always constant (e). Here 
eis called eccentricity of conic i.e., 
PS _„ M 
PM directrix 


Sla, p) axis 


Ах+Ву+С=0 focus 


A line through focus and perpendicular to directrix is called - axis. The vertex of conic is that point where 
the curve intersects its axis. 


PS | => PS? e 2PM? 
PM 


2 
2 2 2 Ах+Ву+С 
=> «-өў?+у-в*=е| SABIE) 
А? +в? 


У 


Simplification shall lead to the equation of the form ax? + Бу? + 2hxy + 2gx + 2fy+c=0 
Distinguishing various conics : 


The nature of the conic section depends upon the position of the focus S w.r.t. the directrix & also 
upon the value of the eccentricity e. Two different cases arise. 


Case-I : When The Focus Lies On The Directrix (De-generated conic) : 


In this case A z abc + 2fgh – af? — bg? - ch? = 0 & the general equation of a conic represents a pair 
of straight lines if 

е>1 ie. h?»ab thelines will be real & distinct, intersecting at S. 

е=1 ie. h?=ab  thelines will coincident. 

е<1 ie. h?<ab _ thelines will be imaginary. 


Case-II : When The Focus Does Not Lie on the Directrix (Non de-generated conic) : 


Inthis case А = abc + 2fgh — af? — bg? — ch? + Oand сопіс represent 


Note : 
(i) For pair of straight lines е-› 
(ii) All second deeree terms in parabola form a perfect square 
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Definition of various terms related to a conic : 


(1) 
(2) 
(3) 


(4) 
(5) 


(6) 


(7) 


Focus: The fixed point is called a focus of the conic. 
Directrix : The fixed line is called a directrix of the conic. 


Axis: The line passing through the focus and perpendicular to the directrix is called the axis of the 
conic. 


Vertex : The points of intersection of the conic and the axis are called vertices of the conic. 


Centre : The point which bisects every chord of the conic passing through it, is called the centre of the 
conic. 


Latus-rectum : The latus-rectum ofa conic is the chord passing through the focus and perpendicular to 
the axis. 


Double ordinate: A chord which is perpendicular to the axis of parabola or parallel to its directrix. 


Illustration : 


Sol. 


What conic does 13x? — 18xy + 37у? + 2х + 14y — 2 = 0 represent ? 


Compare the given equation with 
ах? + 2hxy + by! + 2gx + 2fv +c =0 

z а= 13, h =-9 b = 37, -1,/57,сэ-2 

then А = abc + 2f gh — af? — bg? -ch 
= (13) (37) (-2) + 2 (7) (1) (-9) - 13(7P - 371)? + 2-97 
=—962 — 126 — 637 — 37 + 162 


=-1/600 #0 
and also i? = (-9)2 = 81 and ab = 13 x 37 = 481 
Here h? -ab<0 


So we have h?—ab<0 and А =0. Hence the given equation represents an ellipse. 


Illustration : 


Sol. 


For what value of À the equation of conic 2xy + 4x - бу + А = 0 represents two real intersecting 
straight lines? if 2 = 17 then this equation represents ? 


Comparing the given equation of conic with 
ах? + 2hxy + by! + 2gx + 2fy +с= 0 
а-0,5-07Л-1,6-2,/--3с-4 
For two intersecting real lines 
I? -ab 20 and A=0 


here A = abc + 2f gh — ар — bg? — ch? 
=0+2 х (-3) х2х1-0-0-4 (1)? 
=-/2-4=0 
А A=-12 
and h?-ab=1 
hence for А — —12 above equation always represent real intersecting lines. 
if А = 17 then А #0 and h?-ab>0 


so we have A#0 and I? — ab > 0. Hence the given equation represents a Hyperbola. 
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PARABOLA 


A parabola is the locus of a point which moves in a plane such that its distance from a fixed point (focus) 
is equal to its perpendicular distance from a fixed straight line (directrix). Eccentricity of parabola is 1. 


Standard Equation of a parabola : 


Let S be the focus and ZN is the directrix of the parabola. 
From 5, draw SZ perpendicular to the directrix. 

Let O be the middle point of ZS. Take O as the origin and OS 
as x-axis and OY perpendicular to OS as the y-axis. 

Let ZS = 2a, then ZO = OS = а 

Now, S = (а, 0) and the equation of ZN is х=-аогх ^ a = 0. 
Let P(x, y) be any point on the parabola. 

‚г. РЅ = РМ (by definition of parabola). 


рт” SO |х+а| 
> y(x-a)+(y-0" =- 
ү1 +0 
= X(x-ay «y! = [x * aj 
or (x — ay + y? = (x + a 
or x? — 2ах + a? + y* = x? + 2xa + а? 
or у? = 4ах which 15 the required equation. 


Terms related to Parabola : 


tangent at vertex 


Directrix 


н асг" 
ах!$ 


Latus Rectum 
х+а=0 


(1 Axis: Astraight line passes through the focus and perpendicular to the directrix is called the axis of 
parabola. For the parabola у? = 4ax, x-axis is the axis. 
Since equation has even power of y therefore the parabola is symmetric about x-axis i.e. about its axis. 


(2) Vertex : The point of intersection of a parabola and its axis is called the vertex of the Parabola. For the 
parabola y? = 4ax, О(0, 0) is the vertex. 


Tha алаа ia tha middla maint aftha fanana and tha anint af intascantion of axis and directrix. 
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(3) 


(4) 


(5) 
(6) 


(7) 


Note: 
(i) 

(ii) 
(ш) 
(iv) 
(v) 


Focal Distance : The distance of any point P (x, y) on the parabola from the focus is called the focal 
length (distance) of point P. 
The focal distance of P = the perpendicular distance of the point P from the directrix. 


Double Ordinate : The chord which is perpendicular to the axis of Parabola or parallel to Directrix is 
called double ordinate of the Parabola. 


Focal Chord : Any chord of the parabola passing through the focus is called Focal chord. 


Latus Rectum : If a double ordinate passes through the focus of parabola then it is called as latus 
rectum. The extremities of the latus rectum are L (a, 2a) and L'(a, 2a). Since LS = L'S = 2a, therefore 
length ofthe latus rectum LL' = 4a. 


Parametric Equation of Parabola : The parametric equation of Parabola y? = 4ax are x = at?, y = 2at. 
Hence any point on this parabola is (at^, 2 at) which is also called as 't' point. 


The length of the latus rectum = 2 x perpendicular distance of focus from the directrix. 
If y? = /х then length ofthe latus rectum = /. 

Two parabolas are said to be equal if they have same latus rectum. 

The ends of a double ordinate of a parabola can be taken as (at?, 2 at) and (at^, — 2at). 
Parabola has no centre, but circle, ellipse, hyperbola have centre. 


Other Standard parabola : 


(a) 


(b) 


(c) 
(d) 


(c) 
(f) 


(g) 


(h) 
(i) 


0) 


Graphs Z| О $ S о |2 
Eccentricity e= e= 

Focus S(a, 0) S(-a, 0) 
Equation of directrix x+a=0 x-a-0 
Equation of axis y-0 y-0 

Vertex Око, 0) O(0, 0) 
Extremities of (a, 32a) (а, +2а) 
latusrectum 

Length of latusrectum 4а 4а 

Equation of tangent x=0 x=0 

at vertex 

Parametric coordi- 

nates of any point P(at*, 2at) P(-at?, 2at) P(2at, at?) P(2at, -at?) 
on parabola 
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REDUCTION TO GENERALIZED EQUATION OF PARABOLA : 


(A) 


(1) 
(2) 


(3) 


(4) 


(5) 


(6) 


(7) 


(8) 


If the equation of a parabola is either in the form x = (у? - my + n or у= (x2 + mx +n then it can be 
reduced into generalised form. For this we change the given equation into the following forms- 
(y- kf = 4а (х –һ) ог (x—h)*=4a(y—k) 


And then we compare from the standard equation of parabola to find all its parameters. 
When the equation of parabola is : 


(у -kY = 4a (x - h) ..40) 

Equation (i) is of the form Y? =4аХ 
where Y= y—kand X= x—h 
Axis of parabola is У = 0, i.e., y-k -0— y=k 
Coordinates of vertex of parabola are given by 

X=0 ад Y=0 
ie. х-һ=0 and у-К-0 у 

Vertex is (h, К) 


Tangent at the vertex to parabola (1) is given by 
Х-д0,16.,Х-1-0 
Therefore, tangent at the vertex is x =h. 


Coordinates of focus of parabola are given by 
Х=а and Y-0 

i.e. by x-h-a and у-К-0 

7. Focus of parabola is (a + В, К). 


Equation of directrix of parabola is 
Х--а 
е. х-һ=-а 
Therefore, directrix of parabola is x - h- a 


Length of latus rectum of parabola is | 4a |. 
Coordinates of ends of latus rectum of parabola are given by 
Aa & Үзэн: 


ie.,by x-h-a, y-k-7232a i.e. coordinate of latus rectum is (a + h, К + 2a). 


Parametric equation is x  h * at? and у= k + 2at. 
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(B) When the equation of parabola is : 


(x —h)? = 4a (y — К) сан 
Equation (i) is of the form X? =4аУ 
where X= x—h and Y=y-k 
(1) Axis of parabola is X = 0, i.e.,x-—h=0 
(2) Coordinates of vertex of parabola is given by 
X=0 and Y=0 
ic.,by x-h=0 and y-k=0 
cA x=h and y=k 
Hence vertex of parabola is (h, k) 


(3) Equation of tangent at the vertex to parabola is 
Y=0 ie, y-k=0 
or y=k 


(4) | Coordinates of focus of parabola are given by 
X70 and У=а 
їе, by х-һ=0 and у-К=а 
2, Focus of parabola is (h, К+ а). 


(5) _ Equation of directrix of parabola (1) is given by 
Y--a or y-k--a or y-k-a 


(6) Length of latus rectum of parabola is |4a |. 


(7) | Coordinates of ends of latus rectum of parabola are given by 
У=а, Х = +2а 
ie, у-К=а, Х-һ = + 2а 
2. Ends of latus rectum аге (h + 2a, k +a) 


(8) Parametric equation is x = h + 2at and у= К+ at". 


Equation of Vertex| Axis Parametric equation 
Parabola 


(y—k)? = 4a (x-h) у= К |(h+a,k)] x*a-h-0 x-h-at, y=k+ 2at 


(x-h)? =4a(y-k) | (h,k) |x=h |(h;a* k)| y*a-k-0 x-h-42aty-k-*at? 


Note : 


l 
(i) For the parabola у= Ax? + Вх + C, the length of latus rectum is [А | and axis is parallel to y-axis. 


If A is positive then it is concave up parbaola, if A is negative then it is concave down parabola. 


1 
(п) For the parabola x = Ау? + Ву + C, the length о latus rectum is —— and axis is parallel to x-axis. 


А | 
IfA is positive then it is opening right and if A is negative then it is opening left parabola. 
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8 
Illustration : 


Find the equation of the parabola whose focus is at (— 1, — 2) and the directrix is the line 
x-2y +3 = 0. 


Sol. Let Р(х, y) be any point on the parabola whose focus is S(- 1, — 2) and the directrix 
x — 2y + 3 = 0. Draw PM perpendicular to directrix x — 2y + 3 = 0. Then by definition, 
$Р = PM 
=> $Р?=РМ? 


2 
x—2y+3 
> (х + 1р + (у + 2)? = (233 Р(х, у) 
S(-1, -2) 


э 3[G* IP (y 2j] = (х-2у +3)? 

> S++ 2x + 4у 5) = (х? + 4у? + 9— 4ху + бх — 12у) 
=> 4x? +у? dxy + 4x + 32у + 16-0 

This is the equation of the required parabola. 


х- 2у+3=0 = 


Illustration : 


An equilateral triangle is inscribed т the parabola у? = 4ax, such that one vertex of this triangle 
coincides with the vertex of the parabola. Then find the side length of this triangle. 


Sol If ДОРО is an equilateral triangle then ОР = OQ = РО =k 


|+ 


OM =keos = тү 2 


2 72 lie on the parabola у“ = 4ax 


KY 
B -я 34 >= 843 а. Ans. 


Illustration : 


The parametric equation of a parabola is х= Р + 1, y = 2t + 1. Then find the coordinate of 
vertex and length of latus -rectum. 


Sol. Eliminate t from parametric equation, we get equation of parabola. Hence 


у—1 


х= (==) +1 or (y — 1) = 4(x — 1) 


vertex is (1. 1) and leneth of latus rectum = 4. 
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Illustration : 
Find the parametric equation of the parabola (x — 1)? = –12 (y — 2) 


Фе; + 4a = – 12 => a =- 3, 
parametric equation is y - 2 = ЗР 
х-1=-@ > х-1-6, y=2-3f 


Illustration : 


The parametric equation of the curve {у— 2)? = 12 (x — 4) are- 
(A) 6t, 31° (8)2-3,4-0 (C)4 + 37,2 +6 (D) None of these 


Sol. Herea=3 
x-4=aP >х=4+3.2 = 4 +3 Ans. [С] 
y-2=2at>y=2+2.3t=2+ 6t 


Illustration : 


Find the equation of parabola, whose axis is parallel to y-axis and which passes through points 
(0, 2), (— 1, 0) and (1, 6). 


Sol General equation of such parabola is y = Ax? + Bx * C ..... (1) 


C=% | —— .». (ii) 
A-B+C=0 .... (iii) 
AtTtBtTCSÓ 2 (iv) 


from (ii), (iii) and (iv), 
A=1,B=3,C=2 
equation of parabola is y = x^ + 3x + 2. Ans. 


Illustration : 


Find the value of À if the equation Jf x-1) +(у-2) = 43. (х + y + 3) represent parabola. 


Find its focus, directrix, axis and equation of vertex. 
50.  (x— 1) + (y- 2» = A(x + у + 3J are given equation 
х+у+3 | 


(х—- 1)? + (у – 2)? = 2А Б 


= above equation represents parabola if 2A = 1 2A = 


t | - 


In this case focus is (1, 2) and directrix is x + y +3 = 0 
Line perpendicular to directrix is x — y + К = 0 and passes through (1, 2) gives axis of parabola 
= 1-2+К=0>кК=1 
axis іѕх-у+1 = 0 
Now axis and directrix meet at (— 2, — 1) (called foot of directrix) 
Thus vertex is the mid point of foot of directix and the focus. 


| (4? 2) | (i z) 
i.e. vertex 2’ 2 i.e., 2'2 . Ans. 
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Illustration : 


If the length of a focal chord of the parabola у? = 4ax at a distance b from the vertex is с, then 
show that Б?с = 4а". 


Sol. ОМ=Ь 
focallengthPO=4acose?@ ....... (i) 
From right angled triangle OMS, 
: ом b 
sin Ө = OS T ян у P(at, 2at) 
a .. 

cosec 0 — по (її) е 

from (i) and (ii) ) 
ay o1) 

РО -с-4а: b 


> b?c = 4a. Ans. 


Illustration : 


AP is perpendicular to PB, where A is the vertex of parabola у? = 4x and P is on the parabola. If 
B lie on the axis of parabola, then find the locus of centroid of APAB 


2 
Sol. Slope of AP = 7 


Slope of BP = – 


t 
equation of line PB is y - 2t = — 2 (к-г) 


point B is (2+4, 0) 
Let centroid of APAB is (h, К) 


Now eliminate t from above two equation, we get 
> 
3kY 
24 = ? | — 
31-4-2 | 3 


locus of centroid is 3x - 4 = = . Ans. 
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Illustration : 


Sol. 


Find the equation of the parabola whose vertex is (-3, 0) and directrix is x + 5 = 0. 


A line passing through the vertex (-3, 0) and perpendicular to directrix х + 5 = 0 is x-axis which 
is the axis of the parabola by definition. Let focus of the parabola is (a, 0). Since vertex, is the 
middle point of Z(—5, 0) and focus S, therefore 


-3-12:3) маг 


Focus -(-1,0) 

Thus the equation to the parabola is 
(к + 1/7 + у? =(х + 5)? 

> у= 8 +3) 


Illustration : 


Sol. 


Find the equation of directrix and axis of the parabola 4)? — бх — 4y = 5. 


Here 4у?-4у=бх+5 


=>» 773 =6 (x ) > T = ) 
=Y &х+1=Х 


Put y- 


3 
The equation т standard form Y? = 2Х 


to | мо 


3 
nd dal" & length of latus rectum — 


Directrix, X+a=0 


3 
> Brit =e => x + 11-0 


=0 > 2у- 1 = 0. 


1 
Axis is P= Ones i 


3 1 3 
Parametric equation is x + 1 = 8 г & y- 2 -2- 8. t 


ie x=- $573 +92 
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Illustration : 


Find the vertex, axis, focus, directrix, latusrectum of the parabola, also draw their rough 
sketches. 
4y? + 12x - 20у + 67 =0 


Sol. The given equation is 


4у- + 12x — 20у + 67 = 0 => yas tS = 8 
2 _ Sy =— 3 D 2-5 «GJ - 3 7 + [5] 
> у-буз-3х-г, > у-у 2] =-3х- | 2 
i 42 р 
= [>-3) --3х- 4 > (»-3] --3(х+ 
L X=x+ 2 « Y= = ii 
et "E E E. (й) 


Using these relations, equation (i) reduces to 


y?-—3X (dii) 
This is of the form У? = — 4aX. On comparing, we get da = 3 — a = 3/4. 
The coordinates of the vertex are (X = 0, Y = 0) 


/ 3 
i.e. the coordinates of the vertex are Ё 27 3 


The equation of the axis of the parabola is Ү = 0. 


5 
i.e. the equation of the axis is у= 2 [Putting Y = 0 in (ii)] 


The coordinates of the focus are (X = —a, Y = 0) 


> x+>=-— &y-l-0 


i.e. the coordinates of the focus are (—17/4, 5/2) 


3 
The equation of the directrix is X =a ie. X= 4 
| : ея 11 
i.e. the equation of the directrix is х=- p: 


The length of the latusrectum of the given parabola is 4a = 3. 
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Equation of parabola with respect to two perpendicular lines : 


Let P(x, y) is any point on the parabola then equation y 
of parabola y? = 4ах is consider as Р(х,у) 


(РМ)? = 4a(PN) M 


i.e. (The distance of P from its axis)? = (latus-rectum) x (The distance of P from the tangen at its vertex) 
where P is any point on the parabola. 
Illustration : 


Find the equation of the parabola whose latus rectum 
is 4 units, axis is the line 3x * 4y — 4 — 0 and the Y 


tangent at the vertex is the line 4x — Зу + 7 = 0. 


Sol. Let P (x, y) be any point on the parabola and let 
PM and PN are perpendiculars from P on the axis 
and tangent at the vertex respectively then 

(PM)? = (latus re-ctum) (РМ) 


2 sete) it 4х-3у-7 

43242 FEET 
=> (3х+4у-4)? = 20 (4х - Зу + 7) 
which is required parabola. 


CHORD : 


Line joining any two points on the parabola is called its chords. 


Let the points P(at,*, 2 at,) and Q(at,’, 2 at,), lie on the parabola then equation of chord is 


2at, — 2at, 


= нэн, шини эж 2 
(y - 2at,) at? —at? (x —at,“) 


= —— 2 
e ym trt; (х- at^) 


> (t; +t,) y=2x + 2at, t 
If this chord meet the x-axis at point (c, 0) then from above equation 
c+at,t, =0 i.e. t,t, ——c/a. 
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Note: 
(i) If the chord joining t}, t, & t,, t, pass through a point (c, 0) on the axis, then t,t, = t,t, = — c/a. 


(i) If PQ is a focal chord then t,t, =— 1 or t, =- =. which is required relation. 


Hence if one extremity of a focal chord is (at^, 2at) then the other extremity will be (3 л" а, : 


Position of a point with respect to a parabola y? = 4ax : 


Let P(x,, y,) be a point. From P draw PM 1 AX (on the axis of parabola) meeting the parabola у?--4ах 
at Q (x,, y,) where О (x, y,) Не on the parabola therefore 


уз=4ах, ...(1) 


" * A. Y Р (х,.у,) 
Now, P will be outside, оп or inside the parabola 


у> = 4ax acoording as 
PM >, =, or< QM x’ 
=> (PM)?>,=,or<(QM/) 
= уйл сул 
> y; >, =, or < 4ах, (from(1)) Е "m 


Hence y,*—4ax, >, =, ог< 0 


M 


Interior 
region 


Hence in short, equation of parabola S(x, y) = y^ – 4ах. 


(1) If S(x,, y,)> 0 then P(x,, y,) lie outside the parabola. 

(ii) If S(x,, y,) <0 then P(x,, y,) lie inside the parabola. 

(iii) If S(x,, y,) = 0 then P(x}, y,) lie on the parabola. 
This result holds true for circle, parabola and ellipse. 


Illustration : 
Show that the point (2, 3) lies outside the parabola у? = 2x. 


Sol. Let 56, у) =у’- 2х 
S2, 3) =9- 2.2 = 5 = positive 
= (2, 3) lie outside the parabola 
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Illustration : 
Find the position of the point (— 2, 2) with respect to the parabola у? — 4y + 9x + 11 = 0. 


Sol. Let (х, у) = у – 4у + 9х + П 
5(-2, 2) =-И = negative 
= (-2, 2) lie inside the parabola 


Illustration : 


If the point (at^, 2at) be the extremity of a focal chord of parabola у? = 4ax then show that the 


2 
гү 
length of the focal chord is 4: + 2) | 


Sol. Since one extremity of focal chord is P(at’, 2at) then the other extremity will be 
а 2а 
Q (= m 22) (Replacing t by — М) 
Length of focal chord = РО 
=5Р +50 (^ SP = PM and 50 = QN) 
= PM + ом 


а 
3 +a 
t 


а [e+ 442} 


=а?+а + 


Моге : 
@) The length of focal chord having parameters t, and 1, for its end points is a(t, — 17. 
(ii) 


15: >2 forallt#0 | (s AM2GM) 


Ж >4а 


— Length of focal chord 2 latus rectum 
i.e., The length of smallest focal chord of the parabola is 4a, which is the latus rectum of a 
parabola. 
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Illustration : 


Prove that the semi latus rectum of the parabola у? = 4ax is the harmonic mean between the 


segments of any focal chord of the parabola. 


Sol. Let parabola be у? = 4ax 
If PQ be the focal chord then 


Р = (at^, 2at) and О = EE 


If segment of focal chord are 1, and 1, 
then 1,=SP=PM=atat = a(l + ё) 


a 1+2 
and 1,-50-ОМ-а+ 3 = 5—2 


Harmonic mean of 1, and 1, 


2! 1 2 2 
_ 206 _ == —=2a = semi latus rectum. 
ы; 1.4 p 1 а 


+ + 
ly ty абы?) а1+12) 


Note : If land lare the length of segments of a focal chord of a parabola, then its latus rectum is fu 


1*5 


Illustration : 


Show that the focal chord of parabola у? = 4ax makes an angle a with the x-axis, then its length 


. ? 
is equal іо 4а со5ес- a. 


Sol Let Pat 72 2а!) and Q(at 7, 2at,) be the end points of a focal chord PQ which makes an angle а 


with the axis of the parabola. Then 
РО = a(t, — ty 
= aft, + ty! — 4, 
= a((t, +t, + 4) (7 tt, == 1) (1) 
241, —2at, 2 
tan a = slope of PO = 5 = —— 
4 pear TO at5 — at; [5j 
+= aan (2) 
Substituting the value of t, + t, from (2) in (1) then 
РО = a(4 cota + 4) = 4a соѕес? a. 
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Practice Problem 


Single correct question 


Q.1 


Q.2 


Q.3 


Q.4 


Q.5 


Q.6 


Q.7 


0.8 


0.9 


The vertex of parabola y? + 6x —2y + 13=0 is 
(А) (-2, 1) (В) (2,-1) (С) (1,1) (D) (1, -1) 


The value of p such that the vertex of y ^» x? + 2px + 13 is 4 units above the x-axis is 
(A)z2 (B)4 (C) +3 (D)5 


The length ofthe latus rectum of the parabola whose focus is (3, 3) and directrix is 3x - 4y -2 =0, is 
(A) 1 (B)2 (C)4 (D)8 


If the vertex and focus of a parabola are (3, 3) and (-3, 3) respectively, then its equation is 
(A) x? бх + 24у - 63-0 (В) х2 — бх + 24у +81=0 
(С) y? - 6x + 24х – 63 = 0 (0) y? – бу – 24x + 81 = 0 


The parabola having its focus at (3, 2) and directrix along the y-axis has its vertex at 
3 3 = 1 3— 
(А) | 57! (В) 5,2 (С) [5,5 (0) |5,5 


The directrix of the parabola x? – 4x 8у + 12 = 0 is 
(A) y=0 (B)x=1 (C) y=-l (D)x=-1 


Which one of the following equations represented parametrically, represents equation to a parabolic profile? 


t 


(A)x=3cost;y=4sint (B)x?-2=-2cost; y=4 cos’ > 
- NE t 
(C) Ух =tant; Jy = sect (D) x 241 - sint зул + cos 7 


The locus of the point of trisection of all the double ordinates of the parabola y? = /х is a parabola 
whose latus rectum is 


к шал ". га 
The straight line у = m(x —a) will meet the parabola у? = 4ax in two distinct real points if 


(A)meR (B) m e [-1, 1] 
(СА те (—oo Пе ИП œR (IY m c Р — {0 
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0.10 


0.11 


0.12 


0.13 


The length of the intercept on y—axis cut off by the parabola, y? — Sy = 3x — 6 is 
(А)1 (В)2 (С) 3 (D) 5 


If the line x — 1 =0 is the directrix of the parabola y? Кх + 8 = then one of the values of 'k' is 
(A) 1/8 (B)8 (C)4 (D) 1/4 


Length of the latus rectum of the parabola 25 [(x - 2)? + (y – 3)2] = (3x - 4у +7)? is 
(A)4 (B)2 (С) 1/5 (0) 2/5 


Maximum number of common chords of a parabola апа а circle can be equal to 


(А)2 (B)4 (C) 6 (D)8 


Multiple correct type question 


Q.14 The locus ofthe mid point ofthe focal radii of a variable point moving on the parabola, y? = 8x is a 
parabola whose 
(A) Latus rectum is half the latus rectum of the original parabola 
(B) Vertex is (1, 0) 
(C) Directrix is y-axis 
(D) Focus has the co-ordinates (2, 0) 
Q.15 Iffromthe vertex ofa parabola y? = 4х a pair of chords be drawn at right angles to one another and with 
these chords as adjacent sides a rectangle be made, then the locus ofthe further end ofthe rectangle is 
(A) an equal parabola 
(B)a parabola with focus at (9, 0) 
(C) a parabola with directrix as x ~ 7 = 0 
(D) a parabola having tangent at its vertex x = 8 
Integer type question 
Q.16 Find the vertex, focus, latus rectum, axis and the directrix of the parabola x? + 8x + 12y - 4 — 0. 
0.17 А parabola y = ax? + bx + с crosses the x —axis at (о, 0) (В , 0) both to the right of the origin. A circle 
also passes through these two points. Then find length ofa tangent from the origin to the circle. 
Answer key 
0.1 A Q2 С Q3 B Q4 C 0.5 B 
0.6 C 0.7 B Q8 A Q9 D 0.10 А 
QAI C 0.12 р 0.13 C 
0.14 A,B,C,D 0.15 A,B,C,D 
0.16 V(-4, I) S(-4, 2), axis: x +4=0, directrix: y- 4-0, LR = 12 Q.17 (2 
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INTERACTION BETWEEN THE LINE AND PARABOLA : 
Let the parabola be y? = 4ax Жү 
and the given line be y=mx +c ... (il) 
then line may cut, touch or does not meet parabola. 
The points of intersection of the line (1) and the parabola (2) will be obtained by solving the two equations 
simultaneously. By solving equation (i) and (ii), we get 
my? – 4ay + 4ас = 0 


this equation has two roots and its nature will be decided by the discriminent D = 16a(a — cm) 


a 
Now, if D>0 ie, c< Үй” then line intersect the parabola at two distinct points. 
a 
If D=0 i.e, c= -— then line touches the parabola. (It is condition of tangency) 


А а . : : 
If «0 i.e, с> m ‚ then line neither touch nor intersect the parabola. 


EQUATION OF TANGENT : 


1. Point Form : 


Equation of parabola is yl-4ax |... (1) 
Let P = (х, y,) and О = (x,, y,) be any two points on parabola (1), then 
у? =4ахә ы. (2) 
ad у, =4ах | 2. (3) 
Subtracting (2) from (3) then 
yj -Уү = 4a(x, -xj) 
Уу-У, 4a 
ог Жо Ок EXE зөөн (4) 


Х,-Х, Y2ty, 


Equation of PQ is 


3373) 
УТУ! хү-х, (х-х,) ....... (5) 
From (4) and (5), then 
N.N 
У-У = y, y, (0-3) == (6) 
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Now for tangent at P, О — P, i.e., x, — x, and y, — y, then equation (6) becomes 


За 
У-У, 2y, (х-х,) 


ог yy, - y)! = 2ах – 2ax, 

ог yy, = 2ах + y? - 2ax, 

ог yy, = 2ах + dax, —2ax, [From (2)] 
or yy," 2ах + 2ax, 

which is the required equation of tangent at (x,, y,). 


X+X 
2 


The equation of tangent at (x,, у) canalso be obtained by replacing x* by XX), y! by yy), x by 1, 
УТУ, Xy; + YX, : и ' f . 
y by 2 and xy by т and without changing the constant (if any) in the equation of curve. 


This method (standard substitution) is apply to all conic when point lie on the conic. 


Equation of tangent of standard parabola: 


Equation of Parabolas | Tangent at (х,у) 


yy; = 2a(x * xj) 


у> =-4ах yy, = 2a(x * x,) 


x^ =4ау xx, = 2a(y * yj) 


x? = —4ay xx, = 22a(y * yi) 


2. Slope Form : 


The equation of tangent to the parabola у? = 4ax at (x,, y,) is 


y,72a(x*tx) . | | | .— (1) 
Since m is the slope of the tangent then 
2a 2a 
m= y ог gm 
Since (x,, y,) lies on у? = 4ах therefore 
у? = 4ax, or : =4ах > x= Z, 
m m 


Substituting the values of x, and y, in (1), we get 


a 
= me —— —  — | аяны 
ж (2) 
а 
Thus, у=шх + = is a tangent to the parabola у? = 4ax for all values of m, where m is the slope of the 


a 2a 
tangent and the co-ordinates of the point of contact is E , z) : 
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а 
Thus у = тх + с is the tangent of y? = 4ах forall values of m if only if c= da 


a 
and (y – К) = m(x - h) + Ж is tangent to the parabola (y — К)? = 4a (x — h). 


The equation of tangent, condition oftangency and point of contact in terms of slope (m) of standard 
parabolas are shown below in the table. 


Point of 
Equation of | contact in 
parabolas | terms of slope 


E 


Equation of tangent 
in terms of slope 


(m) 


Condition of 
tangnecy 


Alternative method : 

Let the parabolabe y?=4ax .— . — (1) 

andthegivenlineby y-mx-*c | .— — .— .— (2) 

Putting the value of y from (2) in(1), we get 
m?x-2x(mc-2a3)*c-20 . | | | 2. (3) 


The line y = mx + c is a tangent to parabola у? = 4ax if the roots of equation (3) are equal. 
The condition for this is 4 (mc — 2a}? - 4m?c? =0 (Discriminant of the quadratic equation = 0) 


a — i Ке 
ог —4тса + 442=0 or c= -€— which is the required condition of tangency. 


Two tangents can be drawn from a point P (a, B) to a parabola if P lies outside the 
parabola : 


Lettheparabolabey?-4ax ы. (1) 
Let P (а, B) be the given point 
a P(a, В} 
The equation ofa tangent to parabola (1) 15 y = mx + mom (2) 
If line (2) passes through P (a, B), then В = ma + = огт?а —Вт+а=0 ....... (3) 


There will be two tangents to parabola (1) from P (о, В) if roots of equation (3) are real and distinct 
i.e., D> Oi.e. if B’>—4aa>0 => Р(а, В) lies outside parabola (1). 
We can also find the angle between two tangents from point P(a, В) using the formula 
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3. Parametric Form : 
We have to find the equation of tangent to the parabola у? = 4ax а the point (аё, 2at) or 't' 
Since the equation of tangent of the parabola y? = 4ах at (x,, y,) is 
уу=2а(х+х) ыы (1) 
replacing x, by at? and y, by 2at, then (1) becomes 


y(2at) = 2a(x + at?) 


уухай 


Point of intersection of tangents at any two points оп the parabola : 


Let the given parabola be y? = 4ax and 


two points on the parbaola are 
P = (at,?, 2at,) and О = (аб, 2 ац) 
Equation of tangents at 
Р (at,”, 2at,) and Q(at,”, 2at,) x 
Ss doa So å a (1) 
ад  Бу=х+а ........ (2) Q(at,’, 2at.) 


Solving these equations we get 
X=at,t,, y=a(t, +t) 

Thus, the co-ordinates of the point of intersection of tangents at 
P(at,?, 2at,) and Q(at,?, 2at,) are R(at,t,, a(t, + t,)). 


Note : 


2at, + 2а 2 


: ES) is the 


(i) The Arithmetic mean of the y-co-ordinates of P and Q (= 


y - co-ordinate of the point of intersection of tangents at P апа О on the parabola. 
(ii) ^ The Geometric mean of the x-co-ordinates of P and Q (ie. ү at? x at =att 4 is the x co-ordinate 


of the point of intersection of tangents at P and Q on the parabola. 
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Illustration : 


Show that the locus of the points of intersection of the tangents to a parabola at the extremity of 
focal chord are perpendicular and always meet at the directrix of the parabola. 


Sol. Let the points (P(at,’, 2at,) and О(а;?, 2at,) 

on the parabola у? = 4ax and tangents at P and О are 
tysxté? ышы (1) 

and їузхжа2 8-2. (2) 

© point of intersection of these tangents is (at t, a(t, tJ) 

Let this point is (h, К) 

then Watt, || — (3) 

and k-a(t tt) | —.— (4) 


Slope of tangents (1) and (2) are = and - respectively. 
П 2 


FL d 

.. Product of slope = та х == 1 (Since РО is focal chord) 
E 52 

=> h=-a from equation (3) 

л Locus 5х + а = 0 i.e. Directrix of parabola 

Directrix is also called the Directer Circle of the parabola. 


Illustration : 


If the line 2x — Зу = k touches the parabola у? = 6x, then find the value of k. 

| 3y+k 

Sol. Given X= 2 
andy? = бх oaan (2) 
Solve (1) and (2), we get 


? Зу+А 
>y в" >y = 3(3у +h) 


—y-9y-3k-0 ...(3) 
If line (1) touches parabola (2) then roots of quadratic equation (3) is equal i.e. D = 0 


27 
(9 -24x1x(C-3) = =T 
Alternative method : 


2 k 
Line y = 35-3 touch is y^ = бх then use the condition of tangency 
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Illustration : 
Find the equation to the tangents to the parabola у? = 9x which goes through the point (4, 10). 


Sol. Equation of tangent to parabola у? = 9x is 


_ 9 
жыл" 


Since И passes through (4, 10) 
9 
10 = 4т + — > 16 m?-40m+9=0 


4m 
wt 2 
Цан?” 
. х 9 
equation of tangent 5 are у = 4 +9 & у= 4* +1. Ап$. 


Illustration : 


If the tangents at P and О оп a parabola (whose focus is S) meet in the point T, then prove that SP, 
ST and SQ are in geometric progression. 


Sol Let P (at,?, 2at,) and О (at, 2at,) be any two points on the parabola у? = 4ax, then point of 
intersection of tangents at P and Q will be 
T = fatt, a(ty* t, )] 
Now SP=a(t,? + 1) 
SQ = a(t,’ +1) 
ST =a 4( 71 +1)( i +1) (use distance between two points formula) 


ST? = SPSQ 
SP. ST апа SỌ are in GP. AnS. 


Illustration : 


If two tangents are drawn from the pont (Л, К) to the parabola у? = 4x such that the slope of one 
tangent is double of the other, then prove that 9h = 22. 


Sol. Tangent to parabola у? = 4x is 


1 1 
у=тх + ER and it passes through (h, К), so К = mh + e 
ie. — hm -km-* 1-0 
Its roots are m, and 2m, 


k Х 
m, +2т, =. = BT е (i) 


1 
ту 2m, = т 25. 7 2 S П | са (ii) 


from (i) and (ii) eliminate m, we get 
ле. .. 422 daa. 
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Illustration : 


Sol. 


A tangent to the parabola у? = 8x makes an angle of 45° with the straight line у = 3x + 5. Then 


find the equation of tangent and point of contact also. 
Here а = 2, equation of tangent at (27, 4t) is yt ^ x + 2° 


1 
slope of tangent т = 1 


tan 45° = + –! => t7--— ог 2. 


1 
when t =— —, then equation of tangent is [- у=х+2: 


1 
a 
of contact is (5.- 2) When t = 2, the tangent is 2y = x + 8 and point of contact is (2 -(2)2,4- 2) 


i.e. (8, 8). 


Illustration : 


Sol. 


Find the common tangent of the parabola у? = 8ах and the circle х? + у? = 2a? 


2a 
Any tangent to parabola is y = mx + = 


2а 
Solving with the circle x^ + (тх + x № = 2а? 


› › 4a 
ЖЭ tm) + tax | = 
m 


The condition of tangency is В? — 4AC = 0 gives тї + т –- 2 = 0 => т= +1 
Hence equation of tangent is у=х+2а and у=-х-2а. 


Illustration : 


Sol. 
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Find the equations to the common tangents of the parabolas y? = 4ax and x? = 4by. 


a 
Equation of tangent to y! ^ 4ах is y ^ mx + = 


If this line also touches parabola x? = 4by 
then solve (i) and (ii), we get 


4ab 
- 4bmx - — = 
m 
Now condition of tangency is D — 0. 
this gives Pat or т = (2 
115 gi m b 1 b 


1/3 
а 
equation of common tangent 5 у= (- Э х+а | 


=> 2x+y+1=Oand point 


26 
EQUATION OF NORMALS : 


1. Point form : 


Since the equation of the tangent to the parabola y? = 4ах at (х, y,) is 
YY, =2а(х+х) || | .— (1) 

The slope of the tangent at (x,, y,) = 2a/y,. 

г. Slope of the normal at (х,у) 7 — y,/2a 

Hence the equation of normal at (x,, y,) is 


Рх, уд 
Tangen 


y 
y-n- (х-х)) 


2. Slope form : 


The equation of normal to the parabola y? = 4ax at (x,, y,) is 


y-X7-2Lb&-x) — 0) 
Since m is the slope of the normal 
then m=- 2 or у, =— 2am 
2a ! 
Since (хү, y,) Нез on у? = 4ах therefore 
у =4ах, ог 4а?т? = 4ax, 
5 = ат 
Substituting the values of x, and y, in (1) we get 
y*2am-m(x-am) haces (2) 


Thus, y = mx — 2am — ат? is a normal to the parabola y? = 4ax where m is the slope of the normal. The 
co-ordinates of the point of contact are (am*, — 2am). 
Hence у= тх + с will be normal to parabola. If and only if c ——2am — ат? 


Equation of uw салан ны ad Condition of 
асы in terms of normals in terms nocmalit 
Р slope (m) of slope (m) 


у?-4ах | (am? -2am) 


3 
2 2a a a a 
x“ = 4ау -= у = тх + 2а+ — с= 2а+ — 
m m^ m^ m^ 


3.  Parametric form : 


Note : 


Equation of normal of the parabola y? = 4ах at (x,, y,) is 


y-n=- 31 (х-х,) ширтэнэ: (1) 


Replacing x, by at? and y, by 2а then (1) becomes 
y — 2at =— t(x – at 
or = tx + 2at ^ a? 
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Three supplementry Results: 
(a) Point of intersection of normals at any two points on the parabola : 


Let the points P(at,?, 2at,) and Q (at;?, 2at,) lie on the parabola y? = 4ax 
The equations of the normals at Р(аї, >, 2at,) and Q(at,”, 2at,) are 


--tx-t2at-tat? — ——— (1) 
and --tx-*2at-*at? ^ 0... (2) 
Hence point of intersection of above normals will be obtained 
by solving (1) and (2), we get х 
x-72a*a(t?* t? * tt) 
y--at;t(t, +0) 


IFR is the point of intersection then it is 
К = [2a * a(t? +t? * tit), -att (t, +t] 


(b) Relation between t, and t, if normal at t, meets the parabola again at t, : 


Let the parabola be y? = 4ах, equation of normal at P(at,?, 2at,) is 
ys-tx*2attat? | — (1) 

Since normal meet the parabola again at Q(at,’, 2at,) 
2at, = — att? + 2at, + at? 

>  2a(5-t)-*2t (t) -17) =0 

= a(t, —t,)[2+t,(t, +t,)] 7 0 


a(t, —t,) #0 (^7 t, and t, are different) 
2+1 (6 *1)-0 

2 ү Q(at,’, 2at,) 
6-7-t-,. 


(c) If normal to the parabola y?—4ax drawn at any point (at^, 2at) meet the parabola at t, then 


(-4-- 
3 ї 


> ttt 2-0 EO 

It has two roots t, & t, . Hence there are two such 
point P(t,) & Q(t) on the parabola from where normals 
are drawn and which mect parabola at R(t,) 

> tt+t=+, &  tt-2 

Thus the line joining P(t,) & Q(t,) meet x-axis at (-2a, 0) 
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Illustration : 


TP and TQ are tangents to the parabola y^ — 4ax and the normals at P and Q meet at a point R 
on the curve, prove that the centre of the circle circumscribing the triangle TPQ lies on the parabola 


2у? = a (к-а). 
Sol. Normal at two points P(t,) & P(t,) meet parabola at R(t). 
> 1+6=4 & 145-72 


T(at, a(t, +t,)) = T(2a, -at,) 
Let centre of circle is (h, k) then it is mid point of T and R. 


2h = 2a + at; (i) R 

2k = —at, + 2at; (й) (atj , 2at5) 
i бы 225 
ie. 2-4, > 4,5 a 
Put value оў t, in equation (i) we get the required locus. Now replace h by x and К by y 
We get 2y? =a (x — a). Ans. 


Illustration : 
Find the equation of a normal at the parabola у? = 4x which passes through (3,0). 


Sol. Equation of Normal y = mx — 2 am — an? 
Here a = 1 and it passes through (3,0) 
0 = 3m — 2m – m3 
= n?-m-0 
= т = 0, + 1 
for т=0 > y=0 


т= -1 > у=-х+3 Ans. 


Illustration : 


Show that normal to the parabola у? = 8x at the point (2, 4) meets it again at (18, — 12). Find also 


the length of the normal chord. 


Sol. Comparing the given parabola with у? = 4ax 


4a = 8 
а= 2 
P(at ?, 2at,) = (2, 4) 
> 1=1 
2 
=> parameter at Q(t) = —t, — "a = —3 
0(2(-3Р , 2 х 2 (-3)) 5 iun 


ie. О(18,—12) 
: Length of normal chord РО = Distance between points P and О. 


= РО = J(18-2Y «(-12-4Y = 1642. 


Print to PDF without this message by purchasing novaPDF (http:/Awww.novapdf.com/) 


29 


Illustration : 


If the normal to a parabola y^ = 4ax, makes an angle ф with the axis show that it will cut the 


1 
curve again at an angle tan! (itm 2 


Sol Let the normal at P(at,?, 2at,) be y = — tx + 2at, + at)? 


tan ġ =— t, = slope of the normal || eres (1) 
It meet the curve again Q say (at 5А 2а!) 
2 
а ООО (2) 
- t; 


Now angle between the normal and parabola = Angle between the normal and tangent at 
О (1.е., ty = х + at’) 
If O be the angle, then 


2 
су t5 +1 | 1-2) 
tan Ө = а= 2 - ^ = Я 2 юэ” 3” {from equation (2)} 
гэ ее | didi E ow 
ty t; 
2 
-t; -1 t; tan 
-- ! -— - T {from equation (1)} 


Ө = tan! (зл 2) 


Illustration : 


Prove that the normal chord to a parabola у? = 4ax at the point whose ordinate is equal to 
abscissa subtends a right angle at the focus. 


, > Jat.) 
Sol Let the normal at P(at,’, 2at,) meet the curve at QOfat,’, 2at,) н re 
РО is a normal chord. 
2 
and Е аш (1) х 


By given condition — 2at, = аі? 

л t, = 2 from equation (1), t, =-3 
then P(4a, 4a) and Q(9a, – ба) 

but focus Sa, 0) 


SI SP = 4а-0 _ 4а 4 Jä $ _ -ба-0 ба 3 
ope of. © 4а-а За 377 slope of SQ = 9а-а 8а 4 


slope of SP x slope of SQ = 5-5 =-] 


л 
ZPSQ = > Le, РО ѕиЫепаѕ a right angle at the focus S. 
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CO-NORMAL POINTS : 


Maximum three normals can be drawn from a point (о a parabola and their feet (points where the normal 
meet the parabola) are called co-normal points. 
Let P(h, К) be any given point and y? = 4ax be a parabola. 
The equation of any normal to y? = 4ax is 

у = тх — 2am — am? 
If it passes through (h, k) then 

k=mh- 2am - am? 
> am?+m(2a-h)+k=O х». (i) 
This is a cubic equation in m, so it has three roots, say 
m, m, and т, . 


m, + m, + m, =0, . (il) 
_ Qa-h) m 

тут, + m,m, + m,m, = = > ...(Ш) 
k . 

mm m=- ‚..(їУ) 


Hence for any given point P(h, К), (1) has three real or imaginary roots. Correspoinding to each of these 
three roots, we have each normal passing through P(h, К). Hence we have three normals PA, PB and 
PC drawn through P to the parabola. 

Points A, B, C in which the three normals from P(h, k) meet the parabola are called co-normal points. 


Properties of co-normal points : 


(1) — Thealgebraic sum of the slopes of three concurrent normals is zero. This follows from equation (ii). 


(2)  Thealgebraic sum of ordinates of the feets of three normals drawn to а parabola from a given point is 
zero. 
Let the ordiantes of A, B, C be y,, y,, y, respectively then 
y, 7-2am, у, =—2am, and y, = -2ат, 
г. Algebraic sum of these ordinates is 
y, ТУ, + y, = -2ат, — 2am, – 2am, 
= -2a(m, + m, + m) 
=-2ах0 {from equation (ii)} 
-0 


(3) If three normals drawn to any parabola y? = 4ax from a given point (h, К) is real then h > 2a. 
When normals are real, then all the three roots of equation (i) are real and in that case 
ш +15 +13 >0 | (forany values of m,,m,,m,) 
> (m,+m,+m,?-2 (m,m,+m,m,+m,m,)>0 


2(2a - h) 
-----» 
а 


=> (0) 0 


=> h-2a»0 
ог h>2a 
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(4) — Thecentroid of the triangle formed by the feet of the three normals lies on the axis of the parabola. 
IfA(X,, уу), B(X», Y3) and C(x,, y3) be vertices of ДАВС, then its centroid is 


[Ree nint кы o) 
—À MM i EE _ ” 


э 


3 3 
Since y, + y, + y, 0 (from result-2). Hence the centroid lies on the x-axis, which is the axis of the 
parabola also. 
Xj +Х> + Хз 


1 2 2 ajf 2 2 2 
Now = 3 (ami +ат; +аш;) = (mn? +m} emi) 


im; +m, +m,” — 2(тут, + m,m, + mm); 
ora. 2h - 4a 
a 3 


-. Centroid of ДАВС is tm А o) 


„| вэ » m 


Illustration : 


If from point P(h, К) three normals are drawn to the parabola (y — 1)? = 8 (x — 2) then find the 
condition 


Sol. Herea=2 and abscissa of point from where three normals are drawn must be greater than 2a. 
ie. х-2>2а ie. х>б Hence h>6 Ans. 
Illustration : 


The ordinate of points P and Q on the parabola y? — 12x are in the ratio of 1 : 2. Find the locus 
of the point of intersection of the normal to the parabola at P and Q. 


Sol  Herea- 3, 
Let P(3t,’, 6t,) and Q(3t,?, 6t) lie on the parabola 


6t 1 
According to the question, => Е ы (i) 
2 
Let P(a, B) be the point of intersection of normal to parabola at P and Q then 
a= 24 -а( 412 411) = 6 * 21t? — (ii) 
and В=-а 1, (t, +t) = - 1813 RSS (iii) 


3 
from (ii) ,5 = (4) and from (iii) 


18 = В" 
|o 324 
equate t,°, we get 
343 B? = 12(а- 6) 
locus (5 343у7 = 12(x – 6). Ans. 


Print to PDF without this message Бу purchasing novaPDF (http:/Awww.novapdf.com/) 


32 


Illustration : 


Sol. 


Find the locus of points through which three normals to parabola у? = 4ax passes and two of 
them are perperdicular to each other. 


Let P(h, К) be the point of intersection of three normals to be parabola у? = 4ax then it will be 
y = mx — 2am — ат? and it passes through P(h, К) 
k = mh — 2am — ат? 


ат? *m(2a-h)*k-0  ....(i) 
It has three roots m,, т, and т, 
m,tm,tm,-0 . (ii) 
= = 
mmn, = PIE (iii) 
Given condition, m,m, ==}  ... (iv) аз given in figure. 
from (iii) and (iv) 
_ 
m=, 


m, is also a root of equation (1) therefore it will satify 
equation (i) 


- 3 - 
«(5 «Qa (E) =0 
а а 


АЗ + (2а— h) ka + Ка? = 0 
Е + За -аһ= 0 

locus of P(h, К) is 

у? + 3За?- ах = 0. Ans. 


“Ud 


Illustration : 


Sol. 


Find the equation of circle passes through co-normal points. 


Let А( ат}, — 2am y, B(am 2, — 2am,) and C(am,?, — 2am,) be the three points on the parabola 
and normal at these points intersect at P (h, К) then 


am?*(2a—-h)m*k-20 ... (i) 

m,*tm,tm,-0  . n—— ... (ii) 
2a—h - 

тт, + тт, + myn, = a 07v (tii) 
ВЕ: | 

mmm; = шз (iv) 


Let the equation of circle through A, B and C is x^ + у? + 2gx + 2fy + c = 0. If the point 


(am^, — 2am) lie on it then it will satisfy circle. 
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= m, = 0 using equation (ii) 
=" (am 2, – 2am ) = (0, 0). This is conform that above circle passes through vertex of parabola 
= equation (v) becomes 
z а?т* + (4а? + 2ag)m? — 4afm =0 (No constant term) 
> awè +(4a+2g)m-4f=0 n (vi) 
equation (i) and (vi) are identical 
? А 
> 7.7008 2-4 >2g=-Qa +h) >=- * 
equation of circle is 


k 
x! + у?— (2а + ћ)х - 2У7 0. 


Thus circle through co-normal points. 


Equation of the parabola is y?=4ax — — 1... (1) 
Let AB bea chord of the parabola whose middle point is P (x, y,). 
EquationofchordABisy-y,7m(x-xj) cease (2) 


where m=slope of AB 
Let A=(x,, у.) and В = (х,,у;). 
Since А and B lie on parabola (1) 


yi = 4ах, and уз = 4ах, B(x,. y) 


у2-Уз _ 4a в) Р(х, уд 
X27*X3  yotys 


But P(x,, y,) is the middle point of AB y, + y, 2у, 


х у?-у? -4а(х,-х,) or 


е 4 2 
^. From (3), Y). _ та 
х›-х 2У У 
| 2а 
г. Slope of AB i.c., m= = PES (4) 
І 


2 
From (2), equation of chord АВ іѕу-у, = = (x-xj) 
1 


2 2 
ог yy, - y; = 2ах – 2ах ог yy, – 2ах = у; —2ax, 


ог yy, -2а (х-х,) = у? - 4ax, [Subtracting 2ax, frombothsides] |... (5) 
(5) is the required equation. In usual notations, equation (5) can be written as T — S,. 
The same result holds true for cicle, ellipse and hyperbola also. 
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Illustration : 


Find the locus of the mid points of the chords of the parabola y^ = 4ax which subtend a right 
angle at the vertex of the parabola. 


Sol Let P(h, К) be the mid point of a chord OR of the parabola у? = 4ax then equation of the chord OR 


is T- S, 
or yk - 2a (x + h) =k? — 4ah 
> УК — 2ах =Е?-2ай ... (1) 


If A is the vertex of the parabola. For combined equation of AQ and AR making homogeneous of 
у? = 4ax with the help of (1) 
у? = 4ах(1) 


1 | 4k —2ax ) 
у = ах Y? за 

y? (К? – 2ah) – 4akxy + 8а?х? = 0 
Since 2ОАР = 90° 

Coefficient of x? + Co-efficient of y? = 0 

К? – 2ah + 8a? = 0 
Hence the locus of P(h, К) is 

у? - 2ах + 8а? = 0 


PAIR OF TANGENTS : 


Let the parabola be у? =4ах 22 (1) 

Let P(x,, y,) be a point outside the parabola. 

Let a chord of the parabola through the point P(x,, y,) cut the parabola at R and let Q (a, В) be an 
arbitrary point on line PR. Let R divide PQ in the ratio А. : 1, 


е X, n) Q(a.p) 
мны” A417. 


Since R lies on parabola (1), therefore, 


Geral [меня - R 
„+1 A1 P(x,. y) 


ог (AB+ y)» -4a(Aa + х) (A+ 1) - 0 
or (В?-4аа) 2.7 + 2[fy, - 2a (a + x)]  * ( у? - 4ax)-0 | |. (2) 
Line PQ will become tangent to parabola (1) if roots of equation (2) are equal or if 
4 [Ву, – 2a (a + x)P = 4(B? – 4aa) (уг — 4ах,) 
Hence, locus of О (о, В) i.e. equation of pair of tangents from P (x,, у) is 


{реп К = | 


[yy, -2a (x + x = (y? - 4ах) (у? - 4ах,) 
> Sr 
where S, S, and T have usual meanings. 
The same result holds true for cicle. ellinse and hvnerbola also. 
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Illustration : 


Sol. 


Tangents are drawn from the point (— 1, 2) on the parabola у? = 4х. The length, these tangents 
will intercept on the line x = 2 is : 


(A) 6 (B) 6 42 (C) 2 46 (D) none of these 


55, = Т 

(à -4x) (ур -4xy- (уу, -2( + xy) 

(2 - 4х) (4+4) = [2у-2 (к - D] = 4(y -x * Ip 

207 -4х) = (у-х+ 1); 

solving with the line x = 2 we get, 

2607-8)-(y-1) 0207-8) =у-2у+1 
ory? +2y-17=0 

where у, +y, 7 -2andy,y,7 – 17 


Now |y, -y -(6 *yy! -4y,y, 
or |y, - yl =4-4(-17) = 72 


(У, -уу = 472 = 642 


CHORD OF CONTACT OF POINT WITH RESPECT TO A PARABOLA : 


Two tangents PA and PB are drawn to parabola, then line joining AB is called the chord of contact to the 
parabola with respect to point P. 

Lettheparabolabey?-4ax 1.1 (1) 

Let P(a, B) Бе a point outside the parabola. 

Let PA and PB be the two tangents from P(a. В) to parabola (1). 

Let A=(x,, y,) and B = (x,. y;) 


Equation of the tangent РА is yy, = 2а(х+х) .. (2) Mal \ 
Equation of the tangent PB is уу, = 2а(х+х,) ....... (3) 
Since lines (2) and (3) pass through Р(с, В), therefore ( s 

By 72a(atx) 88 - (4) Ate 
and y,-2a(atx) tet (5) цас 
Now we consider the equation yp = 2а(х+о) ...... (6) 


From (4) and (5), it follows that line (6) passes through A (x,, y,) and B (x,, y). 


Hence (6) is the equation of line AB which is the chord of contact of point P(a, B) with respect to 
parabola (1) i.e, chord of contact is уВ = 2a (x + о) 
The same result holds true for cicle, ellipse and hyperbola also. 
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Illustration : 


Tangent are drawn to parabola у? = 4ax at point where ше line 1х + ту + n = 0 meets the 
parabola. Find the point of intersection of these tangents. 


Sol Let the tangent intersect at P(h, К), then Ix + my + п = 0 will be the chord of contact of P. That 
means lx + my + n = 0 and yk — 2ax — 2ah = 0 will represent the same line. Thus, 


n 
=> hs—,kz-—— 
m i n l 


POLAR & POLE : 


Let P be any point inside or outside a parabola. Suppose in a straight line drawn through P intersect the 
parabola at О and К. Then the locus of point of intersection of the tangents to the parabola at О and К 
is called the polar of given point P with respect to the parabola and point P is called the pole of the polar. 


Equation of the Polar of the point P(x, , y,) w.r.t. the parabola у? = 4ах is, 
y y,72a(x * xj) 
2am 


The pole of the line Ix + my + n = 0 w.r.t. the parabola y? = 4ax is f гэ 23 : 


Properties of polar : 


(i) The polar of the focus of the parabola is the directrix . 


(ii) When the point (x, , y,)lies without the parabola the equation to its polar is the same as the equation 
to the chord of contact of tangents drawn from (Х,, у) when (ху, y,) is on the parabola the polar is 
the same as the tangent at the point. 


(ш) Two straight lines are said to be conjugated to each other w.r.t. a parabola when the pole of one lies on 
the other. Similarly two points P and Q are said to be conjugate points if polar of P passes through Q and 
vice versa. 


(iv) _ Polarofagiven point P w.r.t. any Conic is the locus of the harmonic conjugate of P w.r.t. the two points 


is which any line through P cuts the conic. 


Illustration : 


Prove that the area of the triangle formed by the tangets drawn from (x „ у) to у? = 4ax and their 
chord of contact is. (y? — 4ax)?? / 2a 


Sol | Equation of QR (chord of contact) is 
yy, = 2а(х * xy 
yy, - 2а(х + x) = 0 
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РМ = Length of perpendicular from Р(х, y,) on ОК 


_ 1ууу—2а(хү+ху)| _ I} —4аху)| 
VO7 * 4a? ) JO 4 4a? ) 


[Since P(x, у) lies outside the parabola ~. у? — Зах, > 0] 


1 
Now area оГАРОК = 2 ОК-РМ 


21а| e y; f = Ба 
= " - 4ax)?? / 2a, if a > 0. 
1,2 1.3... 
Note : Length of the chord of contact ОВ = уу: +4а үу -4ax, +4а? үу? - 4ax, 


а 


Practice Problem 
Single correct question 
0.1  Froman external point P, pair of tangent lines are drawn to the parabola, у? = 4x. If 0, & 0, are the 


inclinations of these tangents with the axis of x such that, 0, 40, = Š then the locus of P is: 
(A)x-y+1=0 (В)х+у-1=0 (С) х-у-1=0 (D)x+y+1=0 


Q.2 т, т, are slopes of the two tangents that are drawn from (2, 3) to the parabola y? = 4x then the 


1 A 
value of — + — is 


2 3 
(A) -3 (B)3 (О) 5 (0) 5 
0.3 The points of contact О and R of tangent from the point P (2, 3) on the parabola у? = 4x аге 
(A) (9,6) and (1,2) (B)(1,2)and(4,4) (С) (4,4) апа (9,6) (D) (9, 6) and (5. ) 


Q.4 Ifthe lines (y—b) =m,(x + a) and (y - b) = m,(x + a) are the tangents to the parabola у? = 4ax, then 
(A) m, +m,=0 (B)m,m,=1 (C) тт, =- 1 (0) т, *m,-1 


05 If 2х+у+А = 0 isanormalto the parabola у?=-8х then the value of А. is 
(А)-24 (В)-16 (С) -8 (D)24 


Q.6 The set of points on the axis of the parabola y? — 4x — 2y + 5 =0 from which all three normals to the 
parabola are real is 
(A) (А, 0); А> 1 (В) (A, 1); А> 3 (С) (А, 2); А> 6 (0) (A, 3); А > 8 
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0.7  Theslopeofa chord of the parabola y? =4ax which is normal at one end and which subtends a right 


angle at the origin is 
1 _ 1 
(А) 75 (В) 4/2 Ол (D) -2 


0.8 Equation of the other normal to the parabola y? = 4x which passes through the intersection of those at 
(4, —4) and (9, —6) is 
(A) 5x-—y+115=0 (В) 5x +у- 135 =0 
(С) 5х-у- 115 =0 (0) 5х+у+ 115-0 


09 Which one of the following lines cannot be the normals to x? = 4y ? 
(A)x-y+3=0 (B)x*y-3-0 (С)х-2у+12=0 (D)x+2y+12=0 


Q.10 Normal to the parabola y? = 8x at the point P (2, 4) meets the parabola again at the point О. If C is the 
centre ofthe circle described on PQ as diameter then the coordinates of the image of the point C in the 
line y 7 x are 
(А) (- 4, 10) (B) (- 3, 8) (C) (4, – 10) (D) (- 3, 10) 


0.11 Normals are concurrent drawn at points A, B, and C on the parabola y? — 4x at P(h, К). The locus of the 
point P ifthe slope of the line joining the feet of two of them is 2, is 


(А)х+у= 1 (В)х-у=3 (С) y 2 2(x - 1) Фуу-4х-3| 


0.12 If (a,b) is the mid-point of chord passing through the vertex of the parabola у? = 4x, then 
(A) a=2b (B)2a=b (С) a? = 2b (D) 2a=b? 


0.13 Tangents are drawn from the points on the line x — у + 3 = 0 to parabola у? = 8x. Then the variable 
chords of contact pass through a fixed point whose coordinates are : 
(A) (3, 2) (В) (2, 4) (С) (3,4) (D) (4, 1) 

0.14 ABCD and EFGC are squares and the curve у = kvx passes through the origin D and the points 


| ЕС 
B and F. Then find the ratio of = 


BC” 
[5+1 3З +1 
A) > В 
(А) 2 (B) 2 
[5+1 341 
ч х 
(С) 4 (D) 4 
Integer type question 


Q.15 Find the y-intercept of the common tangent to the parabola у? = 32x and x? = 108y. 


Answer key 
Q1 C Q2 B Q3 B Q4 C 05 AD 
0.6 В 07 D 0.8 В 09 D 0.10 А 
Q.11 B 0.12 р 0.13 C 0.14 А 0.15 -È 
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DIAMETER OF А PARABOLA : 


Diameter ofa conic is the locus of middle points of a series of its parallel chords. 
Equation of diameter of a parabola : 


Lettheparabolabey?-4ax . | | | |  .. (1) 
Let AB be one of the chords ofa series of parallel chords 

having slope m. 

Let P(a, B) be the middle point of chord AB, then 

equation of AB will be T = S,. 

oryp-2a(x*o)-p?-4oa . .  .— (2) 


2a 
p 


but slope of line (1) i.e. line AB is m. 


Slope of line (2) = 


Hence locus of P(a, p) i.c. equation of diameter 
(which is the locus ofa series ofa parallel chords having slope m) is 


Y^ ooo (3) 


Clearly line (3) is parallel to the axis of the parabola. Thus a diameter ofa parabola is parallel to its axis. 
Length of tangent, subtangnet, normal and sub-normal : 


Let the parabola is у? = 4ax. Let the tangent at any point 
P(x, y) meet the axis of parabola at T and G respectively 
and tangent makes an angle y with x-axis. 


dy 
tan y — E - and PN =у 


PT = length of tangent = PN cosec y = у cosec y 
PG = length of normal = y sec y 


TN = length of sub-tangent = PN cot y = y cot y 
МО - length of sub-normal = y tan y 
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Illustration : 
Find the length of tangent, sub-tangent, normal and sub-normal to у? = 4ax at (аг, 2at). 


Sol у? = 4ax 


dy 
2y x = 4a P(at', 2at) 


CNET 
dx (a? 22) d 


l (tangent) = у cosec y = 2at Y 1 cot? y = 2at 1+2 


l (normal) = y sec V = 2at yi+tan? y = Javier? 


| (sub-tangent) = y cot y = 2at * t = 2at 
1 


l (sub-normal) = y tan у = 2at- F = 2а 


Thus length of sub-normal of parabola is constant and equal to semi-latus rectum. 
PROPERTIES OF PARABOLA : 


(1) Circle described on the focal length (distance) as 
diameter touches the tangent at the vertex. 


Equation of the circle described on SP as diameter is 
(x — at?) (x — a) + (y -2at) (у-0)=0 
Solve it with y-axis i.e. x = 0, we get 
y: —2aty + a*t? - 0 = (y- at? = 0 
circle touches y-axis at (0, at). 


(2) Circle described on the focal chord as diameter touches directrix 


Equation ofthe circle described on PQ as diameter is 


4 а 2а 
(x - at^) (x-5] + (y —-2at) Э = () 
Solving it with x =—a 


2 
(-a- at) ВЭ + (y – 2at) (v2 Eo 


> 


з o 
< у> – 2а 2: уа? ЭЕ -0 
2 
1 
= С9) = 0) 


= circle tocuhes the directrix. 


Print to PDF without this message by purchasing novaPDF (http:/Awww.novapdf.com/) 


41 


(3)  TangentatP is 


yt 7 x аг, meet x-axis at T, then T(- at?, 0) 
Normal at P is y + xt = 2а1+ at}, meet x-axis at М, 
then N(2a + at^, 0) 


=> ST = SN =a + at? = PM = PS 
=> ZPTS= ZTPS=0 
TS = PS = PM => ZTPM = Ө 


Tangent and Normal at any point P bisect the angle ко эй 
between PS апа PM internally and externally. This 
property leads to the reflection property of parabola. 


Circle circumscribing the triangle formed by any tangent 
normal and x-axis, has its centre at focus. 
If we extend MP, then from figure ZRPN = ZSPN = 90—0 


Thus ray parallel axis meet parabola at P and after 
reflection from P it passes through the focus. 


(4) 


(5) The portion of tangent to the parabola intercepted between the directrix and the curve subtends a right 
angle at the focus. 


2 
с-а 


tangent at P(at^, 2at) is yt = x + at? meet the directrix at x =-а > О - а, А | апа S(a, 0). 


2at—0 2t 
Slope at SP = wa gol Hi 
at E TR 
1 t =——= T 
Slope at SQ uu 23 т, 
= m,m,--1 
> SP 1 SQ 


> — ZPSQ-90 
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(6) 


(7) 


(8) 


(9) 


(10) 


TangentatPisyt=xtatrm — — (i) 
Line perpendicular to above line is xt ^ у=, 
and passes through (а, 0) gives A = at 
perpendicular line willbe xt+y=at .....(11) 
Solve (i) and (ii), we get 
x=0 
i.e., these two line intersect at y-axis i.e. tangnet at the vertex. 
The foot of the perpendicular from the focus on any tangent 
to a parabola lies on the tangent at vertex. 


Tangents and Normals at the extremities of the latus rectum of a parabola у? = 4ax constitute a 
square, their points of intersection being (— a, 0) & (За, 0). 


The circle circumscribing the triangle formed by any three tangents to a parabola passes through 
the focus. 


The orthocentre of any triangle formed by three tangents to a parabola y? — 4ax lies on the directrix & 
has the co—ordinates (-а, a(t, +t, +t, +t,t,1,)). 


The area of the triangle formed by three points on a parabola is twice the area of the triangle 
formed by the tangents at these points. 


Illustration : 


Sol. 


If incident ray from point (— 3, 2) parallel to the axis of parabola y? — 4x strike the parabola, then 
find the equation of reflected ray. 


Since incident ray strikes parabola at Р(1, 2) i.e. 
extremity of latus rectum and it will pass through 
the focus of parabola therefore reflected ray will be 
parallel to y-axis and its equation will be x = 1. 


Illustration : 


Sol. 


A ray of light moving parallel to the x-axis get reflected from a parabolic mirror 
(y — 2)? = 4(x + I). Find the point on the axis of parabola through which the ray must pass after 
reflection. 


Axis of parabola is y = 2 i.e., parallel to x-axis. As we know if incident ray is parallel to x-axis 
then after reflextion it will pass through the focus of parabola and focus is (0, 2). Ans. 
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ELLIPSE 


DEFINITION : 


An ellipse is the locus of the point which moves ina plane such that the ratio of its distance from a fixed 
point (focus) to fixed straight line (directrix) is always constant (called eccentricity). 


In the given figure, S is the focus and ММ! is the directrix. 
Let P be a point on the ellipse, then 


N 


ТӘ. -— e<l (forelli 
PM =” (for ellipse) ; 


Thus, we can find the equation of an ellipse when the 
coordinates of its focus, equation of the directrix and 
eccentricity (е) are given. 


STANDARD EQUATION OF AN ELLIPSE : 


Let S be the focus & ZM is the directrix of an ellipse. Draw perpendicular from S to the directrix which 
meet itat Z. A moving point is on the ellipse such that 

PS =еРМ 
then there is point lies on the line SZ and which divide SZ 
internally at A and externally at A’ in the ratio ofe : 1. 


therefore SA-eAZ .. (1) 
SA'=eA'Z .. (ii) 
Let AA' = 2а & take C as mid point of AA' 
CA-CA'-a 
Add (1) & (11) 


SA + SA' - e(AZ + A'Z) 
=> AA'-e[CZ- CA + CA' + CZ] 


2a = 2eCZ 
a 
= С7.= m .. (lii) 


Subtract (ii) & (1), we get 
SA'- SA- e(A'Z— AZ) 
= (CA' + CS) - (CA - CS) 
=e [((CA' + CZ) - (CZ- CA)] 
= 2CS =2е CA 
5, С$ =ае .. (Iv) 
Result (iii) & (iv) are independent of axis. 
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Consider CZ line as x-axis, С as origin & perpendicular to this line & passes through С is considered as 
y-axis. Let P(x, y) is a moving point, then 

By defintion of ellipse. 

PS=ePM => (Р$)?=е?(РМ)? 


с 82 
> «-аеўу-оў=е[®-х) => (х-ае)?+у?=(а-ех)? 


= x? + а?е? — 2xae + y? = a? + e?x? – 2xae = x? (1 —¢*)+ y? =a? (1 – е2) 
2 2 2 22 
X 

> L+- "l o 2+5=1 whee b=2 (l-e?) 
a^ a'(l-c^) а b 


Tracing of an ellipse : 


(i) 


(i) 


(ii) 


(iv) 


(v) 


2 2 


- - 


Givenellipseis ~>+2> =1 NT 
a b^ 


If we put y = 0 then we see that ellipse cuts x-axis at (a, 0). 
If we put x = 0 then we see that ellipse cuts y-axis at (0, + b). 


Equation of ellipse does not change when y is replaced by — y. Hence, ellipse is symmetrical about 
x-axis. (Since equation contain even power of y therefore curve is symmetric about x-axis). 


When х is replaced by — x, the equation of curve does not change therefore ellipse is symmetrical about 
y-axis. (Since equation contain even power of x therefore curve is symmetric about y-axis). 


b | 
From (1), y=+ - a^-x', Since y is real. ~. a7—x?>0 ог-а<х <а 


а 
Also from (1), x=) Vb" У" ‚ Since x is real. . b-y?20 or —b<y<b 


Hence ellipse lies entirely between the lines x =—a and x =a and the lines y —— b and y =b, 


Thus an ellipse is a closed curve. Since curve is 


е i B (0. b) 
symmetrical about both axis, therefore first of all we 

draw its graph only in the first quadrant and then we - x S е 
will take its image in both axis. ыы 
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FACTS ABOUT AN ELLIPSE : 


(1) 


(2) 


(3) 


(4) 


(5) 
(6) 
(7) 


(8) 


а 
By the symmetry of equation of ellipse, if we take second focus S'(-ac, 0) & second directrix х=— E 


& perform same calculation, we get same equation of ellipse, therefore there are two focii & two directrix 
ofan ellipse. The two focii of ellipse are (ас, 0) and (-ас, 0) and the two corresponding directrices are 


a -a 
lines x — P and х= c If focus ofthe ellipse is taken as (ae, 0), then corresponding directrix is 


4 : : ь А er -a 
p and if focus is (-ae, 0), then corresponding directrix is x = E 


If equation of directrix is px + ду * r — 0 & focus is (В, К) then 
its equation will be 
PS? = с2 PM? 
2 
px +qy+ 1 
Ip? +a? 


a-oa] 
рх + 4у+г=0 


а 
Distance between foci SS’ = 2ае & distance between directrix ZZ'=2 т: 3 


Degree of flatness of an ellipse is also called оп eccentricity & written as 
CS | Distance from centre to focus 


е= = == 
CA Distance from centre to vertex 


If e—0 => b— a => foci becomes closer & move towards centre and ellipse becomes circle. 
If e 1 => b 0 = ellipse get thinner & thinner 
Two ellipse are said to be similar if they have same eccentricity. 


Distance of focus from the extremity of minor axis is equal to 'а' because a?e? + b? = а? 


Let P(x, y) be any point on the ellipse. 


E. 2 - 
55--5-1 У5-1-5 
ro b“ а? 
у? (a - x)(a * x) PN? AN-A'N 
> ыа joa 
PN b? 
= AN-A'N a? 


By definition of ellipse, the distance of any point P on the ellipse from focus = e (the distance of point P 
from the corresponding directrix). 
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BASIC TERMS RELATED TO AN ELLIPSE : 


? ? 


Let the equation of the ellipse be 5, $ ст SES ч. (1) 
а 


| Centre : 


In the figure, C is the centre of the ellipse. All chords passing through C are called diameter and bisected 
at C. 


a Foci : 


S and S' are the two foci of the ellipse and their 
coordinates are (ae, 0) and (—ae, 0) respecitvely. 
The line containing two foci are called the focal axis 
and the distance between S & S' the focal length 


N x=-ale 2 


3. Directrices : 


a -а 
ZN and ZN' are the two directices of the ellipse and their equations are x = Е and x= үт respectively. 


Here Z and Z' are called foot of directrix. 


4. Axes : 


The line segments A'A and B'B are called the major and minor axes respectively ofthe ellipse. 
The point of intersection of major and minor axis is called centre of the ellipse. Major and minor axis 
together are called principal axis of ellipse. 


Here Semi-major axis are CA = СА'=а 
and Semi-minor axis are CB=CB'=b 


5. Vertex : 


The points where major axis meet the ellipse is called its vertices. In the given figure, A' and A are the 
vertices of the ellipse. 


6. Ordinate and double ordinates : 


Let P be a point on the ellipse. From P we draw PM perpendicular to major axis of the ellipse. Produce 
РМ to meet the ellipse at Р", then PM is called an ordinate and РМР is called the double ordinate of the 
point P. 

It is also defined as any chord perpendicular to major axis is called its double ordinate. 


7. Latus rectum : 


When double ordinate passes through focus then it is called the Latus rectum. 
Let L'L = 2k, then LS =k so L= (ac, К). 
Here LL'and MM'are called latus rectum. 


22 2 2 


a > 
Since L (ae, К) lies on the ellipse (1), therefore a Е Tig 1 or wy =l-e 
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ee а p ИС 

w е) на ru. [b^ =a? 01-67) 
2 
к= 2 
а 


2 


Hence length of semi latus rectum LS = ея = М$' 


2b? (minor axis) 
i.e. length ofthe latus rectum LL' or ММ' = с a ASE 


major axis 
= 2a (1-е?) 
= 2e (distance from focus to the corresponding directrix). 


b? -bf b? b? 
And the end points of latus rectum are 16 |, Це Р |м{-= ae м(--5) 


8. Focal chord : 


A chord of the ellipse passing through its focus is called a focal chord. 


AUXILIARY CIRCLE AND ECCENTRIC ANGLE : 


A circle described on major axis as diameter is called the auxiliary circle of the given ellipse & its 


equation is 
х2 + у’ =а? "IU 
| m T y? 
and given ellipse is z ЫГ -1 ... (2) 


Let О bea point on the auxiliary circle x? + y? = а? then 
line through О and perpendicular to x-axis meet the ellipse 
at P then P and О are called the CORRESPONDING Points 
on the ellipse & the auxiliary circle respectively. Here 
ZQOA= 91$ called the Eccentric ANGLE of the point P 
on the ellipse (0 < 0 <2 x). 

Since О lie on the circle therefore Q(a cos0, a sin Ө) 


So coordinate of P(acos Ө, у), which satisfy the equation of ellipse. 


; E EET — y-bsin 
-. coordinate of P will be (a соѕ0, b sin 0) and this is called parametric equation of ellipse. 


T „2 
The equations x =a cos Ө & у = sin O together represent the ellipse 5 + L =]. 
Where 0 is an eccentric angle of point P Ж. 
{(РМ) b _ Semi minor axis 
ЦОМ) а Semi major axis 
Hence “If from each point ofa circle perpendiculars are drawn upon a fixed diameter then the locus of 
the points dividing these perpendiculars in a given ratio is an ellipse of which the given circle is the 
auxiliary circle". This another defintion of ellipse. 
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ELLIPSE АТ А GLANCE : 


Auxiliary Circle х2 + y=2 


> 
ы 
~ 


(a соѕ0, b sin6) |, 
) Pixy) (ae, D^) Ч 


2b —| 


Foot of directrix 


Vertex i 


х 
А (а, 0) Im Major axis 
| 


Double 
ordinate 


H 
Н 
H 
H 
H 


\ : : i 
Е Мајог Ах! = 2a 7 | 
ын d 


^ - 


— Minor Axis 
| 
| ии 

и --—————— 


х 
СЕ 


~ 
- 
tng lle 
"u = 
— ee 


FOCAL DISTANCE OF A POINT : 


Let P(x, y) be any point on the ellipse 


... (1) 
Then by definition of ellipse, 


a 
sp=ePM=e(MT-PT)=¢{ 2] -а-сх 


а 
5 S'P = еРМ' =е(МТ + Рту- | +x} =a+ex 


Hence SP + S'P=2a 
Because of the above property, ellipse is also defined as the locus of a point which moves in a plane 
such that the sum of its distance from two fixed points (called foci) is a contant (Length of major axis). 
This defintion is called the physical definition of the ellipse. 
Hence PS + PS'=QS + QS'=TS + Т5' = length of major axis 

Q Р 


т 
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TWO STANDARD FORMS OF ELLIPSE : 


There are two standard forms of ellipse with centre at the origin and axes along coordinate axes. The foci 
of the ellipse are either on the x-axis or on the y-axis. 


1. Major axis along x-axis : 


X 2 
The equation of this type of ellipse is of the form =] + z =1,wherea>b>0 and 6 =а\1-е”. 


For this ellipse : 


(i) Major axis is 2a 

(ii) Minor axis is 2b. 
(ш) Centre is (0, 0) 

(iv) ^ Verticesare (=a, 0) 
(у) Еосі аге (+ае, 0) 


" à | : а 
(vi) Equation of directrices are x = + ^ 
(vii) X Equation of majoraxis is y - 0 (ул) Equation of minor axis is x =0 


2 


2 | b? 
(ix) | Length of latus rectum = 77 (x) Extremity oflatus rectum is [ ae, + =) 


2. Major axis along y-axis : 
2 2 
The equation of this type of ellipse is of the form ын + = -l.where0 «a«b and a-b41-e? . 
a 
For this ellipse : 


(i) Major axis is 2b 
(ii) Minor axis is 2a. 
(ш) Centre is (0, 0) 

(iv) ^ Уепїсезаге(0,+Ь) 
(у) Foci are (0, 506) 


b 
(vi) Equation of directrices are y =+ - 


(vii) ^ Equation of major axisisx ^ 0 
(уш) Equation of minor axis is y — 0 


(ix) ^ Lengthoflatus rectum = = 


(x) Extremity of latus rectum is Ё = = J 
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COMPARISON CHART BETWEEN STANDARD ELLIPSE : 


Basic Elements 


аван | ъ= | — 2 —— 
ГЕТРИ | ъъ шингэн 


e 


Relation among a, b, & e a! =b (1- e) 
Equation of major axi ШИНЖ” [кк — 


Гела тз — шиг: — 


End of latus rectum 


Focal distances of P(x, y1) 
SP + SP’ 
ССИ | жш E 


шинжин m 


Parametric equation — | Parametric equation — | (a cos 9, b sin Ж (0<0<2л) (а cos 0, b sin 0) 


If the equation of the ellipse is given as Х 254 у, =] & nothing is mentioned: then the rule is to assume 
"ad Б 
that a b. 


To find the Various Parameter of an ellipse : 
Equation of an ellipse whose axis are parallel to coordiante axis & its centre is (h, k). The foci ofthe 
ellipse are either on x-axis or on the y-axis. 

(I) Major axis parallel to x-axis : 


(x-h) O- с dash £d 
Here the equation of ellipse is of the form 5 Б2 -l,wherea»b & b’=a*(l-e’) 
а 


2 2 


- - 


Here the equation of the ellipse is of the form = + * =1, whereX -x-hand Y - y- К. 
22 2 
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(1) Equation of major axis is У = 0,1.е..у-К=0 
Equation of minor axis is X = 0, i.e.. x —h=0 


(2) Coordinate of centre of the ellipse are given by 
X=OandY=0 ie, x-h-0andy-k-0 
2. Centre of the ellipse is (В, К) 


(3) | Coordinate of foci of the ellipse are given by 
Х-жЖае,Ү-0 ie, x—h=+aeandy—k=0 
Hence foci of the ellipse are (h + ae, К) 


(4) Equation of the directrices of the ellipse are X=+ - , Le, x-h- а= : 


А | а 
Thus directrices аге x=h+ = 


| Е. b? 
(5) Coordinate of ends of latera recta are given by X =+ae, Y == E ie. х-һ=+ае,у-К=+ P 


b? 
Therefore ends of latera recta are given by [ tae, kt =) 


(6) Coordinate of vertices of the ellipse are given by X =+a, Y 2-0 i.c, x —h=+a, y - k = 0. 
Hence vertices are (h = а, К) 


(II) Major axis parallel to y-axis : 


Here the equation of ellipse is of the form w + У =1,where a<b & а?=Ъ? (1-е?) 
х 2 
2 y2 
Equation (1) is of the form 12 =1, whereX= x—hand Y= y-k 
a 
(1) | Equation of major axis is X = 0, i.e, x -h-0 
Equation of minor axis is Y = 0, i.e., y—k=0 


(2) Coordinate of centre of the ellipse are given by X=0 and Y =0 
=> х-һ=0апду-К=0 
Centre of the ellipse is (h, К) 


(3) Coordinate of foci of the ellipse are given by X = 0, Y=+be 
х-ї-0 5 y —k=+be 
x=h & y=k+be 
Foci are (В, К+ be) 


b b 

(4) . Equation of the directrices of the ellipse are Y =+ р ie.y-k- = 
— b 
Thus directrices are y = k + = 
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(5) Coordinate of ends of latera recta are given by 


а? Уф ———_———- directx 
am & Y =+ае, ! 
Р а? 
і.е. ИӘ & y-k = е, 


4 


- 


ог x-hit- & y=k+be 


Coordinates of ends of latera recta are given by 


› — ЕРЕ directix 
23 23 
b 


(6) ^ Coordinates of vertices of the ellipse is givenby X=0 & Y=+b 
ie,  x-h-Üandy-k- +b therefore coordinates of vertex are (h, k +b) 


Comparison chart between above two ellipse : 


= hy +0 LN 


Basic Elements 


Length of major axis 
ee 

a of шы axis y-k=0 -һ= 0 
mme | зз | у 


EN Centre of ellipse (h, k) (h, k) 


4. | Eccentricity p? а? 
е=.!1-— є-1--, 
a b“ 


з] ГГТ ка 


uation of directrix 
HEEL 


Extremities of latus 
rectum һ+ае, К+ +? 
a 


EJ Vertices ofan ellipse (h +a, k) (h, k b) 


a b 
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EQUATION OF CHORD OF AN ELLIPSE : 


Equation ofa chord ofan ellipse joining two points P(a) and Q(B) on it is equal to 


саса 

а 2 b 2 2 

(use formula of line joining points P(a cosa, b sina) and О(а cos, b sinB)) 
If this particular chord passes through (d, 0) then we have 


Using componendo and dividendo rule 


[m] үх 


"EOM 559) а 
2 2 


2sina 2 sinB 2 a-d . ба -422 

ыы T 2cosa2cosD 2 а-4 S 9 92 434 
а p e-l 
"ouam: i tan — tan = = —— 
if d=ae i.c. PQisa focal chord then MEO Hi 


Illustration : 
Find the equation of the ellipse (referred to its axis as the x-axis & y-axis) whose foci are (+2, 0) 


& eccentricity = >. 


, 1 
Sol. Let 5+ ^ =] represent ellipse where e= > 
а 


given (+ае, 0) = (+2, 0) 
> ае=2 > a-4 => Б = а? (l-e) gives Б? = 12 


bo 


> 


Equation of ellipse is z + a =] Ans. 


Print to PDF without this message by purchasing novaPDF (http:/Awww.novapdf.com/) 


54 


Illustration : 


Find the equation of an ellipse, referred to its axes as the axes of coordinates, with foci (+ 2, 0) 
and latus rectum is 6 units. 


Sol. ае= 2 
Mid point of focus is centre (0, 0); =6 => р? = За 
2 
ыб > aez-a-W 
2 
= 4=а?-3а — а? -3a-4-20 
=>  (a-4)(a-1)20 
a=4,-1 
a cannot be negative, hence a = 4 
. b=2V3 
x! y 
So th t ili LN де 
he equation of ellipse is 567 12 
3х? +4у? =48 Ans. 


Illustration : 


h 


P 
- < 


a - — „у : : р 
Find the eccentricity of an ellipse —> +7 = 1 whose latus rectum is half of its major axis. 
й a b 


25? 
Sol According to question —— = а 
a 
> 2=a = 2а (1-е) =а? > e= 
42 


Illustration : 


If the focal distance of the end of minor axis of an ellipse is q & distance between its foci is 2р, 
then find its equation. 


- - 


х 4 2 ? > 3 
Sol Let the equation of ellipse is 2+2 =] (a? + Ь? = а?е?, № = р? - 4?) 
a 
According to question 2ae = 2p fi) 
& a=q 
> Р-р b=g-p 
2 
X 2 
=> Equation is —>+ =] Ans. 
4” 4 -p° 
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Illustration : 


Find the equation of the ellipse having axes along the coordinate axes and passing through the 
points (4, 3) and (-1, 4). 


> 


Sol. Let the equation of the required ellipse be 2 * =: =/ 2241) 
а 
4 tar 16 9 
-3)i i IN ug — "I-II н 
(4, —3) is on the ellipse 3 p? or "iu (2) 
-IF 4 1 16 
(-1, 4) is also on the ellipse ~. РР оў у 5 = А 
а Б a b 
7? 9 (256 16 
х up - 
(3) = E (4) 
247 , 247 
(4)--(2) -= Do = BS b-—— 
b 1 
шалиг: 247) 740 77242 247 7“ 7 
3 y 
.. The equation of the required ellipse is 247 177 37 17 =] or 7х? + [5у? = 247 
7 15 


Illustration : 


Find the equation of curve whose parametric equation are x = 1 + 4 cos Ө, у =2 + 3 sin Ө. Also 


find its eccentricity. 
1 2 
Sol. соѕ 0 = me & sin0- = 
_jp ›—2 2 
- sim Ө + соз? Ө = 1 =» peur i +2- rer =] 
16 9 
b? 9 47 
m dE uda xo 1 
сүс? 16 4 = 


Illustration : 
: ME Ул ; А 
Find the eccentric angle of the point on the ellipse РІ ют“ 1 whose distance from the centre is 2. 


Sol Any point on the ellipse is (/6 cos ¢, 42 sin ф ), where ф is an eccentric angle of the point. 
It's distance from the center (0, 0) is given and equal to 2, therefore 
6 cos? $+ 2 sin? $—4 or d 
2 Les £——:.4——.—,—.—. A 
cos? ф = cos ф = T: ‚ф= 44° 4° 4 ns. 
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Шиягапоп : 


Sol. 


Find the eccentric angles of the extremity of latus rectum lie in the first quadrant of the ellipse 


B ‚= 


x у 
The coordinate of any point on the ellipse — + m = ] whose eccentric angle 0 are 
a 


(а соз 0, b sin 0) .The coordinate of the end point of latus rectum are fae + z) 
a 


л For P! quadrant 


2 b 
а cos Ө = ae and b sin Ө = E. tanQ=— => 0- ит) Ans. 
a ae ae 


Illustration : 


Sol. 


Find the equation to the ellipse whose focus is the point (— 1, 1), whose directrix is the straight 


1 
line x — y + 3 = 0 and eccentricity is 27 


Let P = (h, k) be moving point, 


"TW 3j 
> (hl) + (k- I) Al Б 
зэ locus of P(h, К) is 
8 (x? + у? + 2x 2у + 2} = (х? + y? — 2ху + бх- бу + 9) 
7х? + 7y? + 2ху + 10х- 10у +7 = 0. Ans. 


Illustration : 


Sol. 


Find the equation to the ellipse whose centre is origin, axes are the axes of co-ordinate and passes 
through the points (2, 2) and (3, 1). 


2 2 
Let the equation to the ellipse is 5, + a =] 
a 
Since it passes through the points (2, 2) and (3, 1) 
4,4 _, 
а? b? ая (i) 
d 2 + ti 1 7 
an 22 Bi 0sJ;gs;c (ii) 
from (i) and (ii), we get 
, 32 ‚_ 32 
а= апа Б = 5 


1 1 Ans. 
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Illustration : 


Sol. 


Find the length and equation of major and minor axes, centre, eccentricity, foci, equation of 
directrices, vertices and length of the ellipse 16x^ + у? = 16. 


Given equaiton of the ellipse is 16x? + у? = 16 or a + r =/ .. (1) 


Herea=1,b=4anda<b 
Length of major axis = 2b = 8 
Length of minor axis = 2a = 2 
Equation of major axis is x = 0 
Equation of minor axis is y = 0 
Coordiantes of centre are (0, 0) 
Eccentricity of the ellipse, 


а 1 15 
e E а | ЭРВ БУЛЖ, 
“үгы 16 4 
Coordinate of foci are given by 
у = фе, х= 0 ie, у=+\/15,х=0 


Hence foci are (0, +15) 


Equation of directrices are E. r git. 
ation of directrices a = +— ory= 
: di ЯД 


Coordinates of vertices are given by у= band x -Ü ie, у==4,х=0 
Hence vertices are (0, +4). 


Illustration : 


Sol. 


1 
Find the equation of the ellipse whose focii are (4, 0) and (— 4, 0) and eccentricity is 3 


Since both focus lies on x-axis, therefore x-axis is major axis and mid point of focii is origin 
which is centre and a line perpendicular to major axis and passes throguh centre is minor 
axis which is y-axis, then equation of ellipse is 


2 2 
A ай 
а? b? 
1 
Jae = 8 and e= 3 (Given) 
а= 12 and Б=а? (1-е?) 
= p= 144 (1-2) > bP=16x8 >  b-842 
x? y? 
: ee: ' 
Equation of ellipse is 144 * 128 1 Ans. 
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Illustration : 


A rod of length 12cm moves with its ends always touching the coordiante axes. Determine the 


equation of the locus of a point on the rod, which is 3cm from the end in contact with the x-axis. 


Sol. Let AB be the rod of length 12cm touching the coordiante axes at points A and B. 
Let A = (a, 0), В = (0, b) 
Now АВ? = 12? 


= а? + b! = 144 t 
Let P be a point on AB such that 
АР = 3cm 
then ВР = 12cm — 3cm = 9cm 
SAPs PB = 173 


Hence P divides AB internally in the ratio 1 : 3. 


„(2913 1.4 3.0 (2 2) 
al Oe ' 144 ре ү" 


Put value of a and b т equaiton (1) we get D +16? = 144 


16 
Locus of P(h, К) is 9х + 16у? = 144, 


іе х? + 9° = 81, which is the equation of the required locus. 


Illustration : 


If (5, 12) & (24, 7) are the foci of an ellipse passing through origin, then find the eccentricity of 
the ellipse. 


Sol. Let the S(5, 12) & S(24, 7) are two foci & ellipse passes through origin О. 


OS + OS' = 2a 
=> 4254144 4576 +49 = 2a 
=> 2а=13+25 2 а=19 & 2ае = SS' = 4386 


38 
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Illustration : 


Find the equaton of the ellipse that passes through the origin and has the foci at the points (—1, 1) 
and (1, 1). 


Sol Let P(x, у) be any point on the ellipse and the foci be S(-1, 1) and S'(1, 1). 
and O lie on the ellipse 
OS + OS' = constant = 2a 


= (1-02 +(1-0 + (1-07? «(1-09 22/2 
Let P(x, y) be any point on the ellipse => PS + PS' = 242 i 
ә (х+10+(у-1) + V(x- IP +(y- = N2 
> qo) = 22 - (1) 400-1" 
> (c+ IP + 12 =8 + [6-12 +p- IP] - 442 }үх-1)1+(у-1)7 


> х+2+1+у-2у+1 =8+х?—2х +1 + у?-2у + 1- 4/2 J(x- 1) (y-1) 


э «-8=-4/3 РО 
x-27-42 J(x-1) «(y-1) 


x!'-4x * = 2[c -2x * 1 t y -2y + 1] 
0 = x! + 2y! - 4y 
x! + 2 — 4y = 0 is the required equation of the ellipse. 


О(0, 0) 


Р(х, у) 


^ T d 
r „ч 
i lm 


NE шш. 
$' (-1. 1) S(l, 1) 


uuu у 


Illustration : 


36 
Find the equation of the ellipse with foci at (+5, 0) and x = “р аз опе directrix. 


Sol. Let S(5, 0) and S' (-5, 0) be the two foci. Centre of the ellipse will be C(0, 0). 


Clearly, foci S and S' lie on x-axis. Therefore, major axis of the ellipse will be the x-axis. 
Let a and b be the length of semi-major and semi-minor axes respectively of the ellipse. 


Then, 2ae = 10 orae = 5 .. (i) 
36 
Also equation of one directrix is given to be x — T 
36 y 


а 20 - 
ae (ii) 


Alor 


(i) x fii) >a? =36 ..a=6 From (i), е = 


Now, РБ? =a? (1 – е?) = 36 (1-22) = 1] 
36 x= 36 
The required equation of the ellipse will be 5 
(2-07 {у-у т у. 
a t gy Р 
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Illustration : 


Find the equation of the ellipse having major and minor axes along x апа у axes respectively, the 


distance between whose foci is 8 units and the distance between the directrices is 18 units. 


Sol. Given, 8 = distance between foci = 2ae ИЕ у. 
2а 
and 18 = distance betwwen directrices = та. EY rl 
2a А 
(1) х (2) => (8) (18) = (2ae) (2) = 44 
> а? =36-а=6 ... (3) 
Again, 8 = 2ае = 2(б)е = 12е 
E 6: 
=» Е" 3 ... (4) 
3 > 2 ? 2 Ё 5 
Або, Б = а(1 — €) = (6) Ө | = 343| = 20 unital 
~ Required equation of the ellipse is 
х у? "Am 
“tire! or E7257 mL [ From (3) and (5) ] 


Illustration : 


Find the equation of the ellipse whose foci are (2, 3), (-2, 3) and whose semi-minor axis is of 


length V5. 


Sol Let S,(2, 3) and 5—2, 3) be the two foci and let 2a and 2b 
denote the lengths of major and minor axes respectively, 


then, Б- 4/5 and 2ae =5,5, = 4, where e is the eccentricity 


of the ellipse. 
ae = 2 


b? =а?(1-е? ) => b? = а? – а?с? 


> $=а?-4>а=3 


XE e» | 


The major axes is у = 3 and centre is (0, 3) — the mid point of the foci. Hence, equation of the 


(YE ad 


A 
5 ns. 


2 
ellipse is т - 
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Illustration : 


Find the equation of the ellipse having its centre at the point (2, —3), one focus at (3, —3) and one 
vertex at (4, —3). 


Sol. Let C - (2, -3), S = (3, -3) and A = (4, -3) = 
Now CA= (4-2/7 +(-3+3)? =2..a=2 —d $ А уз 
| > - (2,-3) (3,-3) (4,-3) 
Again, CS = 403-2)? 4(-3-3) = 1 


1 
ае=1; л е=-— = = вае) d(r-2) =з 
a 4 
Major axis is y = —3 and parallel to x-axis 


es Дуу _ 


.. Equation of ellipse is 1 


Illustration : 
Find the equation of axes, directrix, co-ordinate of focii, centre, vertices, length of latus - 


(х-3)? " (y-2) _ 


1 d tricity lii, 1. 
rectum and eccentricity of an ellipse 25 16 
| | xt.» 
Sol. Letx-3 = X, у- 2 = Y, so equation of ellipse becomes as 52 + 45 =], 


a=5,b=4 anda>b 


equation of major axis is Y = 0 => у=2. 
equation of minor axisisX=0 => x=3. 
centre (X = 0, Y= 0) => x=3,y=2 
C =(3, 2) 

Length of major axis 2a = 10 
Length of minor axis = 2b = 8. 
Let 'e' be eccentricity, then 

b-a(0-e) 

_ 1-3 _ [25-16 _ 3 
UN a Кш F 


252 2х6 32 
Length of latus rectum = Ш/= — = = = n 
a 


Co-ordinates focii are X = + ае, Y = 0 


3 
enm di^" and у-2=0 => х=3+3 and y=2 іе. (6, 2) and (0, 2) 
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Illustration : 


Sol. 


Find the centre, the length of the axes, and the eccentricity of the ellipse 


2x! +3y? - 4x 4 12y 4 1320. 
2x5 +3y? - 4x e 12y 413 =0 
2(x!-2x)4 3( y! +4у)+13 70 
2(x-1y -3(y 2) 71 


(х-1 (y*2P 
ОП 9 
2 3 
ae og 


1 1 
TL =1; where Хэх-1, У=у+2, a=—~, Ь=-— &a>b 
7 52 where x y a ИЯ Б а 
Centreis: Х= 0, Ү-0: x=], у=-2 


s 


Length of major axis = 2а = 42 and Length of minor axis = 2b = 


If e denotes the eccentricity, then, b^ = а? 11-27 ) 


E o EE РИС. 
$375" FA ES Ans. 


Illustration : 


Sol. 


Find the centre, the length of the axes, eccentricity and the foci of the ellipse. 
128 + 4y? + 24x- 16y + 25-0 


The given equation can be written in the form 


12(х + 1)? + 4у— 2)? = 3 


(+, 6-2 _ 
4 ^ d -0) 


jo 3 2 
here a 287 and = т >а<Ь 


Co- ordinates of centre of the ellipse are given by x + 1 = 0andy - 2-0 
Hence centre of the ellipse is (— 1, 2) 


л Length of major axis = 2a 243 and Length of minor axis = 2b = 1 
5 pl 
2 , 


i.e. а = =— 
2 


Since b? =a? (1-6) 2 14 -34(1-6) -эе-42/3  лае=т x =e 


Co-ordinates of foci are given by х+1 = 0, y-2 = + ае 


Thus foci are (- 124 +3] Ans, 
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Illustration : 


Sol. 


Find the equation of the ellipse the extremities of whose minor axis are (3, 1) and (3, 5) and whose 
eccentricity is 1/2. 


Let C be the centre of the ellipse. 
Let B' =(3, 1) and В =(3, 5), then C =(3, 3) [Since C is the mid-point of BB'] 
Also BB'=4 2 2=4 => b=2 


5—1 
Also, slope of BB' = ar (not defined) 


Hence minor axis is parallel to y-axis and therefore, 
major axis will be parallel to x-axis. Let a be the 
length of semi-major axis of the ellipse, then 

b? = a (l-e) 


4= (1-4) >_ 16 
=a 4 or a= 3 


Since centre of the ellipse is (3, 3), therefore, its equation will be 


(x-3) (y-3) _ 
16/3 4 
or Зх? + 4у2– 18х – 24у + 47 = 0 


1 


Illustration : 


Sol. 


Find the equaiton of the ellipse with its centre at (1, 2), one focus at (6, 2) and passing through the 
point (4, 6). 


Let S = (6, 2) and С = (I, 2). Sloep of CS = 0, therefore major axis of the ellipse is parallel to 
x-axis and minor axis is parallel to y-axis. 
Since centre of the ellipse is (1, 2), therefore its equation will be of the form 

=] 2 2-2 2 

e E (учу. =1 ... (I) 
a b х=] 
› 2 ; 
ан 7 Е ug 


Since (4, 6) lies on (1), therefore = p P(4, 6) 
9 16 : 
LOW. 8 M EM EN "ЖЫ. ПИ Г. 
irc ы н С(1,2): 56, 2) 
Since ae = distnace between centre and focus = 5, 
Б? = а? (1 —e) = а? – (ае)? = а? – 25 ... (3) 
Substituting this value іп (2), we have 
9 16 " 
3*3 a7! or а*- 50а? + 225 - 0 
a^ а –25 


ог (а? — 45) (a? — 5) = 0 оға? = 45, 5. 
When а? = 5, from (3), Б? < 0 (not possible) 
а? = 45, and from (3), Б? = 45 — 25 = 20 


(ОУ, 


Hence from (1), equation of required ellipse is 45 20 
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Practice Problem 


Single correct question 


Q.1 


Q.2 


Q.3 


Q.4 


Q.5 


Q.6 


Q.7 


0.8 


2 2 


= pa 


х 
The eccentricity of an ellipse — + z = 1 whose latus rectum is half of its major axis, is 
2 


Ау = B) = o 3 р (2) 
(AG (B) 75 (С) > D) 3 
xt os! 
The length of the major axis of the ellipse 5 + Е =1 is three times the length of minor axis, it 
a 
eccentricity is 
ES d 242 242 
шил (В) 5 (C) 3 (D) ES 
The centre of the ellipse шиг ин + У =1, the locus of its pole is 
(A) (0, 0) (В) (1, 0) (C) (0, 1) (D) (1, 1) 
х2 2 
The equation 105 $ = = 1 represents an ellipse, if 
(А)а<4 (B)a>4 (C)4<a<10 (D)a> 10 
The equation, 2x? + Зу? - 8x - 18y + 35 = К represents 
(A) no locus if K >0 (В) an ellipse ifK <0 
(C)a point ifK=0 (D) a hyperbola if К > 0 
? ? ? 


= = = 


а х 
Iftan с tan В = WE , then the chord joining two points a and В on the ellipse — + a = 1 willsubtend 
а 


a right angle at 
(A) focus (B) centre (C)endofmajoraxis (D)endofminoraxis 
л 

The eccentric angle of one end ofa diameter of x? + 3y?=3 is 6 then the eccentric angle of the other 
end will be 
(A) = (B) -— (0-5 0) 5 

y? 
The eccentricity of the ellipse (х – 3)2 + (y –4) = Эр: 15 
(A) T (B); (Oi (D) 5 
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T “г =1. Let Р be a point on the ellipse such that 


0.9 Е, and Е, are the two foci of the ellipse 


РЕ = 2|РЕ›|, where Е, and F, are the two foci of the ellipses. The area of APF F, is 
413 
(А) 3 (B)4 (С) Js (D) EN 


Q.10 A circle has the same centre as an ellipse & passes through the foci Р, & F, of the ellipse, such that the 
two curves intersect in 4 points. Let 'P’ be any one of their point of intersection. If the major axis of the 
ellipse is 17 & the area of the triangle PF,F, is 30, then the distance between the foci is : 

(A) 11 (B) 12 (C) 13 (D) none 


Q.11 Let 565, 12) and $'(- 12, 5) are the foci of an ellipse passing through the origin. The eccentricity of 
ellipse equals 


1 | 1 2 
(A) 5 (в) (© 5; (D) 5 


0.12  Anellipse is inscribed ina circle and a point within the circle is chosen at random. If the probability that 
this point lies outside the ellipse is 2/3 then the eccentricity of the ellipse is : 


2/2 45 


5 8 2 
(А) zm (B) = (C) 9 (D) 3 


Multiple correct type question 


x? 2 
? * ы 
tana sec” a 


Q.13 Consider the ellipse = | where a e (0, 7/2). 


Which ofthe following quantities would vary as о varies? 


(A) degree of flatness (B) ordinate of the vertex 
(C) coordinates of the foci (D) length of the latus rectum 
Integer type question 


Q.14 Findthe latus rectum, eccentricity, co-ordinates of the foci, co-ordinates of the vertices, the length of the 
axes and the centre of the ellipse 
4х? + 9y? – 8x - 36y +4=0 


Q.15 The y-axis is the directrix of the ellipse with eccentricity e = 1/2 and the corresponding focus is at 
(3, 0), then find the equation to its auxilary circle. 


Q.16 Find the eccentricity of the ellipse which meets the straight line 2x —3y=6 on the X-axis and the straight 
line 4x + Sy = 20 on the Y-axis and whose principal axes lie along the coordinate axes. 
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0.17 АфБаго length 20 units moves with its ends on two fixed straight lines at right angles. А point P marked 


on the bar at a distance of 8 units from one end describes a conic. Find its eccentricity. 
2-2 
0.18 [fone extremity of the minor axis of the ellipse —> + я =1 and the foci form an equilateral triangle, 
a 
then find its eccentricity. 


? ? 


X 
Q.19 There are exactly two points on the ellipse — + m =] whose distance from the centre of the ellipse 
a 


2 2 
| "-2b^ КЕ сэн 
are greatest and equal to \ - . Then find the eccentricity of this ellipse. 


2 
Answer key 

0.1 В D2 ч 0.3 р 0.4 А QS С 
0.6 В 0.7 В 0.8 В 09 B 0.10 С 
0.1. © 0.12 А 0.13 A,B,D 

8 5 rang” 
Q.14 3°73 (l+ 45,2): C2, 2) and (4, 2); 6 and 4; (1,2) Q.15 х-+у--8х+ 12=0 

H 5 | | 

pe ILE woe A "E 3 

Q.16 цаг” О.17 е 3 0.18 е 5 0.19 е 5 


POSITION OF А POINT w.r.t. AN ELLIPSE : 


> ? 
- * 


X 

Let S(x, у) = 2 + = -1 be the given ellipse y „Ош 

and P(x, y) is the given point. 
(1) If S(x,, y,)> Othen P(x,, y,) lie outside the ellipse. » 
(ii) If S(x,, y,) 0 then P(x,, у) lie inside the ellipse. 5 
(iii) If S(x,, y,) - O then P(x,, y,) lie on the ellipse. 

This result holds true for circle and parabola also. 
Illustration : 

Check whether the point P(3, 2) lies inside, on or outside of the ellipse = + 2 = 1. 
Sol. S(3,2 „мее pectet 1«0 

не ре ен онна 
Point P(3, 2) lies inside the ellipse. Ans. 
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Illustration : 


3 


= 


Find the set of values of 'a' for which the point P(a, — a) lies inside the ellipse = + = =], 
Sol.  IfP(a,— a) lies inside the ellipse then 
$ <0 a * a 1<0 S 1 
are ан тата di © 
E мыз 12 12 
=> en seel- |. Ans 
25 9: 5 
INTERACTION OF A LINE AND AN ELLIPSE : 
Let the equations of the line is yz mx*c  __..... (1) 
| "UU ui s 
and equation of ellipse is "ET "l од (2) 
The points of intersection of the line and the ellipse can T 
be obtained by solving the two equations simultaneously. р-0 
Hence by eliminating y from (1) & (2), we get Б e 
> 
x',(mx*c) — 
a? b? 
і.е. (b? + а2т2) x? + 2a? cmx + а? (с2- 62) =0  ... (3) 


Let х,,Х, be the roots of the quadratic equation (3). The line meets the ellipse in real and distinct points 
if the roots x, and x, are real and different. The line is a tangent to the ellipse if x, =x, and the line does 
not meet the ellipse if the roots x, and x, are imaginary. All these will be decided by the discriminant of 
quadratic equation (3). 


TANGENTS : 
(i) Point form : 


шин Р(х,.у,) 

а! 

x ы £25. = 1 istangent to the ellipse at (x, y,). 
a^ p | 


Since point (x,, y,) lie on the curve therefore we can use standard 


substitution to obtain the equation of tangent. 
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(ii) Slope form : 


x 
Let the given line is y - mx * c and givenellipseis — + С = |. 

а 
If line touch is the ellipse then by solving the two equations simultaneously (by eliminating у from 


2 2 
(1) & (2)), we get ae = 
а 2 


ie. (62 +а2т2) х2+ 2a? cmx + а2 (с2-5)-0 8 22 (3) 


1. 


Since line is tangent to the ellipse therefore its D=0 
4а*с?т? — 4 (b? + ат?) - a*(c? - b?) = 0 


or 4а [а2с2т> — b?c? — a?c?m? + bt + a?b?m?] = 0 
or b? (-c? + b? + а?т?) = 0 у= тх + Уат‘ +b? 
2 X 
or с2= 2 + а2т2 ог с= + Jam? +b? 
which is the required condition of tangency. 
у = тх ~ Хат: +b 


Substituting this value ofc in y = mx + c, we have 
у=шх + Ма2т2 +b? or у=шх- Мат? +b? , which are tangents to the ellipse for all values of m. 


Here + sign represents two tangents to the ellipse having the same m, i.c. there are two tangents parallel 
to any given direction. 


(х)? (у-К)* _ 


The equation of any tangent to the ellipse = b? E 


(y—k)=m (x - h)  Va^m? +b? 
(iii) Parametric form : 


xcos 0 x ysin 0 
a 


= | is tangent to the ellipse at the point (a cos Ө, b sin Ө). 
NOTE: 


sB sin 


5 
— в, сп | can be deduced by 
cos", P cos P | 


(1) Point of intersection of the tangents at the point a & p is [ 
comparing chord joining P(a) and Q(B) with С.О.С. of the pair of tangents from R(x,, y,) on the ellipse, 


where 
P(a cos с, b sin a) 


Q(a cos В, b sin В) 


(ii) The eccentric angles of point of contact of two parallel tangents differ by л. Conversely if the difference 
between the eccentric angles of two points is л then the tangents at these points are parallel. 
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Illustration : 


Ета the equations of the tangents to the ellipse 3x? + 4у? = 12 which are perpendicular to the 
line y + 2x = 4. 


Sol. Slope of tangent to the given line = –2 


? ? 


Given ellipse is T Е 2 =] 
Equation of tangent whose slope is 'm' is y = mx + Jim +3 
-E 27 
m= 2 "x J m 2 х 1-3 
2у =х+ 4 


Ans. 


Illustration : 


3 


х 
A tangent to the ellipse —> + 2 = I touches at the point P on й in the first quadrant and meets 
a 


the co-ordinate axes in A and B respectively. If P divides AB in the ratio 3 : 1, find the equation of 
the tangent. 


Sol. Let P=(acos@, bsinO) 
equation of tangent is 
2 cos0 + Z sin0 = 1 
a b 
А = (a sec, 0) 


В = (0, b cosec0) 
P divide AB internally in the ratio 3 : 1 


аѕесӨ ЭЭН 1 
а cosl = 4 => с05-0 = 4 = с050 = 2 
3bcos ec [3 
and  bsin Ө= ———— zx sin@ = => 
4 2 
x Зу 
tangent is p * 2 =] > bx + 43 ay = 2ab Ans. 
Illustration : 
? 2 


How many real tangents can be drawn from the point (4, 3) to the ellipse 12 + = = 1. Find the 
equation these tangents & angle between them. 


Sol Given point Р = (4, 3) 


ellipse S= 
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= Point P = (4, 3) lies outside the ellipse. 
Two tangents can be drawn from the point P(4, 3). 
Equation of pair of tangents is 


4 х? у 4х Зу 
= T- —+—-] =| — +< 
SS, =Г [5 9 E E 9 | 
x у? x у? i x 
== ИЕ fia i — +] + нв сэрж 
7 16 9 16 9 $72 
= -xy + 3x +4у-12=0 
=> (4-х) (у-3) =0 > х=4&у= 3 
л 
and angle between them = 2 Ans. 


Illustration : 


Find the equations of the tangents to the ellipse х? + 16y? = 16 each one of which makes an angle 
of 60° with the x- axis. 


2 2 x У 
Sol. We have, х* + 16, = 16 => 27 у= |] 


> 2 


Кы 


This is of the form ^; + 5 = 1, where 
a 


а? = Ібапа Б? = 1 
So, the equations of the tangents are 


узтхї Чат? +b? 
i.e. у= ¥3x+,/16x34+1 => y=V3x+7 Ans. 
Illustration : 
For what value of À does the line y = x + A touches the ellipse 9х? + 1бу? = 144. 


Sol v Equation of ellipse is 


98-16-2144 or 2-47-- 


2 2 


=< 


K^ ў 
Comparing this with — + Ы = ] then we get а? = 16 and b? = 9 
а 


& comparing the line y = х +A with y = mx +c 
m = 1 апас= А 

therefore condition of tangency с? = ат? +b? => А2 = 16 х 1+9 => 22 = 25 
А= +5 Ans. 
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Illustration : 


2 


х у 
A circle of radius г is concentric with the ellipse —+ ra = 1. Prove that the common tangent 
e Б? 
? ? 
a 5 А * = 4 -b 3 
is inclined to the major axis а! an angle tan 5—5 
a-r 
Sol. Let the equation of circleisx? + y! » r uuan (i) 
x? у? 
& = WS ge | | e (ii) 
a Б 


Tangent to be ellipse іѕ у = тх + уат? +b’ i.e. mx-y + уат? +? = 0. Since it is tangent 
to the circle also, therefore perpendicular distance from centre (0, 0) will be equal to radius r, 


3 2 > 
Мат? tb 
Vm? +1 


=> ат? + b? = р (1 + т?) 2 — 
major axis 


2 ? 
Эл 
=ò yt = же: 
а г 

> ? 

r-b 

m = tan Ө = == 

\ а: Г 

2? 


Ө = гап! 1—55 Ans. 
а 


Illustration : 


2 2 


Ж. a 
Show that the tangents drawn at those points of the ellipse — + = (a + b), where it is cut by 
a 


> 2 
Xx у 
any tangent to —у+ я = 1, intersect at right angles. 
a 
Er y 
Sol. Given ellipseare  —у+ м 1 х () 
а 
2 2 
ы — 4 Foy ” 
a(a+b) Ба+ь) 500077 : 


The chord of contact (x „ ур) w.r.t. (ii) ellipse is 


НЕ. o 9E. d 
a(a*b) b(a*b) | 
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ie у= EA х+ дену = 


ay; Уу 
(iii) is tangent to ellipse (i) which is also given as 
у = тх tam! +b? (iv) 


Hence, (iii) & (iv) is identical 


bx, b'(a*by 


—- 2,52 + 2 = Ч 
т ау, (V) & ат“ + Б y ... (vi) 


Now eliminate m from (v) & (vi), we get 
x? yl =(а+Ь)? 
Locus of P(x, y) is x? + у? = (а + bP Ans. 


Illustration : 


s 2 
Prove that in the ellipse =. = i = / the locus of the middle points of the portions of tangents 
g! ра 


included between the axes is the curve р + я =4. 


Sol. Equation of any tangent to the given ellipse may be taken as 


xcos@ ” узтӨ m 


1 
а Ь sí. 
Let this tangent meet the x-axis in P and y-axis in Q. 
Putting у = 0їп (1), we get = a sec 0. 


Co-ordinates of P are (a sec, 0) 
Similarly co-ordinates of Q are (0, b cosec) 
Let (h, k) be the mid. point of PQ. 


а5ес0 +0 аѕесӨ жээ 0+ЬБсо5ес0  bcosecO 


A нь... EP EBEN. 
a 
Hence 2cos0 = n ал) 
b 
and 2 sin @= x wi 
2 
Squaring and adding (2) and (3), ме have 4 = 12 + 127 


2 42 
а 
л Locus of (h, К) is x y = 4. 
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Hlustration : 


Sol. 


E d 


5 А x 4 23: : А 2 : 
The tangent at any point on the ellipse — + ын = 1 meets the auxiliary circle т two points which 
a b 


1 
subtend а right angle at the centre. Show that the eccentricity of the ellipse is Ызы 


1+їп? a 
Given ellipse is 
3 3 
ркт -1 adi) 
Its auxiliary circle is 
х +у = а? m 


Let P = (a cos а, b sin а) 
Equation of tangent to the ellipse at P(a cos a, b sin a) is 


xcosa 4 ysina 


- = 1 (3) 


Making equation (2) homogeneous with the help of (3), we get 


+ 


2 
хсоѕа | узта | _ 0 
а b 


? 


A 2 
or (1 – cos?a )х? + 7-а Jt -25 cos a sin a xy = 0... (4) 


(4) is the joint equaiton of OL and OM. 
Since ZLOM = 90° 
Coefficient of х? + coeff. of y? = 0 


а? 
1-соха + 1- n sinta = 0 


Р І T 
or  sima|-z-1| or sia | : -| = [v Б = а? (1-е?)] 
b“ l-e 
or e’sin?@ = 1-е? ore (1 + зт?а) = 1 
1 


ог е = 
222 
їзээд 
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NORMALS : 
(ї) Point form : 
Equation of the tangent to the ellipse at (x,, y,) is 2 + p? =], 
The slope of the tangent at (x,, y,)= PR Tangent at P 
І 
2 у. ay 
г. Slope of the normal at (х,у) = —*75 = 75 
b^ bx 


Normal at P 


or 
х У 


а- b? 
(ii) Parametric form : 


In above equation if we put x =a cos 0 and y =b sin Ө then we will get normal equation in parametric 
form. 

ax sec Ө — by cosec Ө = а? — b? = a?e? 
This is equation of normal in parametric form. 


(a? -b?)m 


- : 
ya? +Ь?т? 


(iii) ^ Equation ofa normal in terms of its slope 'm' is у = mx — 


Illustration : 
2 2 


X A 
If the normal at one end of a latus-rectum of an ellipse —> + e =] passes through other extremity 
gi p 


. . 3 J5 T 1 
of the minor axis, then show that e = = 
р? 
: b |. x-ae 77 
Sol. Equation of normal а P| ae, — | is = a 
ae 2 
a b^a 
a* b? 
ax 
> “зээ а? — Б? 


Since it passes through (0, —b) 
> 0+ аБ = а -b = — ab) = (а? – 2)? 
> а?-а? (1-е?) = (ае) => е+е-1=0 


JJ 
2 


> е? = Ans. 
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Illustration : 
? 2 


Find the condition that the line lx + my = n may be a normal to the ellipse — + 
a 


Sol Equation of normal to the given ellipse at (a соб, b sinO) is 


ax ES uus 
cosÜ  sinO „= D) 


If the line le + my = n is also normal to the ellipse then there must be a value of 0 for which 
line (1) and line lx + my = n are identical. For that value of Ө we have 


l m n 


Z = © AeA Gu 34 іп Ө п 
= -51 (87-37) or L овд es ср 
(са) EJ a b (a -b ) 
an 
с050 = l(a b?) ...(3) 
4 we (4) 
and sin = =; =e 22 


Squaring and adding (3) and (4), we get 


n a b 
І = ole + 2 which is the required solution. 
а — m 


> > 


Illustration : 


2 2 
: x E А y 
If the nromal at any point P ofthe ellipse — + T > =! meets the major and minor axes at G and 
a Mw 


E. respectively, and if CF is perpendicular upon this normal from the centre C of the ellipse, show 
that : РЕРС = b! and PEPE = а? 


Sol Given ellipse is 


Ж А 
2 + p 1 .. (1) 
Let P(a cos 0, Ь sin 0) be any point on ellipse (1) 
Equation of normal to ellipse (1) at P is 
ax sec- by соѕесӨ = a? – b? ... (2) 


since [те (2) meets the major axis (x — axis) and 
minor axis (y — axis) at G and E respectively, 


therefore 
(= 2H соѕӨ, 2 andE= е?) 
а 
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РЕ = CQ =length of perp. form C(0, 0) on the tangent at Р, 


xcos 0 e. зїп Ө 


те. on the line 1=0 
-1 ab 
= : ! C E Te Tee ЕД C 
cos“ Ө 4 sin^O ү? cos’ Ө +а? sin’ Ө 
а? b? 
3:33 2 
Also РС = нб uno] -(0—bsinO > 
a 


| Ж. 
= шл. 39546 азай ... (4) 
a a 


2 X2 Ч 
РЕ- soos [ninos 5 ino 


z 2 a > B 3 E] 
= ү“ сох 9 + 527, Vo соз Oa sin Ө (3) 


From (3) and (4), РЕРС = b 
From (3) and (5), РЕРЕ = a? 


DIRECTOR CIRCLE : 


Locus of the point of intersection of the tangents which meet at right angles is called the Director Circle. 
Let equation of any tangent is y = mx + үа2т2 +b? 
If it passes through (h, К) then 


k=mh+ J3?g? +b? 


(к – mh) = a*m? + b? 


(h? - a*)m? - 2khm + К2– b? = 0 443) 
Equation (3) has two roots т, & m, 
2hk 
m, +m,= rom ... (4) 
k? -b? 
„ылы ©) 


Hence passing through a given point there сап be a maximum of two tangents. 
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If PA LPB then mm, = –1 


k*-b* 
ice. тут, = а --1 
ie.  k-b!-a2-h : їс. х2+у2=а2 +b? 


which is the director circle of the ellipse. Hence director circle of an ellipse is a circle whose centre 
is the centre of ellipse and whose radius is the length of the line joining the ends of the major and minor 
axis. 


Equation (3) can be used to determine the locus of the point of intersection of 
two tangents enclosing. 
If from any point P (В, К) pair of tangents are drawn to the ellipse which include an angle a, then 


tana= а а 
1+ тт, 1+ m,m, 


By putting value of m, +m, and m,m, in above equation we will get the angle between pair of tangents. 


Note: YEA 
Ifa nght triangle, nght angled at A circumscribes an 
ellipse then locus of the point A is the director circle of 
the ellipse. 5 


Illustration : 


An ellipse slides between two lines at right angles to another. Show that the locus of its centre is 
a circle. 


Sol. Let the two given perpendicular lines be taken as the x and y 
axes respectivley. 


Y 
Let C(a, 3) be the centre of the ellipse in any position. Here 
the position of centre C changes as the ellipse slides. 
M 
Let a and b be the semimajor and minor axes of the elipse. < 
O L X 


Equation of the director circle of the ellipse is 
&-ay*(y-By-a«b ... (1) 
Since OX and OY are mutually perpendicular tangents to sliding ellipse for ай its positions, therefore, 
О(0, 0) will lie on its director circle (1) 
с + В? = а? +h? 
Hence locus of С(а, b) їз х? + у? = а? +b’ .... (2) 
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CHORD OF CONTACT : 


Pair of tangents drawn from outside point P (х, y,) to the ellipse which meet it at A and B. Now line 
joining A and В is called the chord of contact of point P (x,, у) w.r.t. the ellipse. 


The equation of chord of contact is 


XX 
г; УУ В 


Illustration : 


If the chords of contact of tangents from two points (x,y,) and (xy,) to the ellipse 


х? у? XX2 
— ri = 1 are at right angles, then Find the value of "E 
Sol. The equations of the chords of contact of tangents drawn from (x,y) and (x,y,) to the ellipse 
ê у? хх, уу 
> y хх, УУ; 
yt 7.1 ae “2 Ј --19 
а 5 а Ь -.. ===, у.) 
oe” Ра 
хх, уу " ых 
+ ЕУ =] ... (И) х 
а д м M Va d. » Ax, y) 


It is given that (i) and (ii) are at right angles. 


ч 
-b x, -b х, хх, 

ЖЭ ЯГ 27 > —==--7 Ans 
a y a У? Jiy2 


PAIR OF TANGENTS : 


Pair of tangents PA and PB are drawn from outside point P (х,, y,), which is shown below. Hence joint 
equation of line PA and PB is given by SS, =Т2. 


Here CTS ЖЕ 
а b 
Kr xo 
= — += -l 
5, а 1 
хх, Ууу, 
= —— + ;-1 
T a? b? 


Print to PDF without this message by purchasing novaPDF (http:/Awww.novapdf.com/) 


Illustration : 


ху 
Find the locus of point of intersection of perpendicular tangents to the ellipse — + > - 
а 


Sol Let P(h, К) be the point of intersection of two perpendicular tangents 


"M yog № 4 № 
Зу-65--411-28-:-11-1-244-- 
= (9-1 в) (28) 


=> k-b?+h?-a?=0 => 1осизїзх? + у? = а? +b? Ans. 


CHORD WITH A GIVEN MIDDLE POINT : 


Here chord АВ is shown in the figure whose mid point is P(x,, y,). 
Then equation of this chord AB is T=S, 


B 
XP Ji 
Нее 5,4-1-2-1 Со 
се эп: b7 


A 
XX, УУ, 
а — +l] 
шал" d 
Illustration : 
xt. у 
Find the locus of the mid - point of focal chords of the ellipse — + р = 1. 
а 
Sol. Let P =(h, К) be the mid-point 
xh yk he ke 
Equation of chord whose mid-point is given " * Pre l= + I 1 
а 


Since it is a focal chord, therefore И passes through focus, either (ae, 0) or (-ае, 0) 
If it passes through (ae, 0) 


? 
ex Е , 
locus is — = —у + - 
аа Б 
If it passes through (-ае, 0) 5 
2 P(h, К) 


. © 
locus is- — = —у +> Ans. 
р 2 2 
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Practice Problem 


Single correct question 


Q.1 


Q.2 


Q.3 


Q.4 


Q.5 


Q.6 


Q.7 


Q.8 


2 „2 
X x 
If 2 + : = V2 touches the ellipse — + F = 1 then its, eccentricity angle Ө is equal to 
a 


(A)0 (B) 45° (C) 60° (D) 90° 


The equations of the tangents to the ellipse 3x? + y? = 3 making equal intercepts on the axes are 


(A) y=+x+2 (В)у=+х+4 (С)у=+х+ J30 (0)у=+х+ ‚35 


The common tangent of x? + у2=4 and 2х2 +у2= 2 is 
(А)х+у+4=0 (В) х-у+7=0 (С) 2х+3у+8=0  (D)Noneofthese 


2 2 


<= = 


х 
If the normal at any point P on the ellipse — + 3 =] meets the axes in G and g respectively, then 
KE 


PG:Pg- 
(A)a:b (B)a?: b? (C)b:a (D)b?:a? 
From the point (A, 3) tangents are drawn to I + r -1 and are perpendicular to each other than 2. is 
(A) xl (B)+2 (C) +3 (0) +4 
x) у? 


The locus of the point of intersection of two perpendicular tangents of the ellipse * * Жо lis 


(A) х? + y! =4 (В) х2+у2=9 (С) x! * y! = 13 (D х? +y = 5 


The angle between the pair of tangents drawn from the point (1, 2) to ће ellipse 3х2+ 2y? = 5 is 


(2) “i 6 2 12 | fe 
(A)tan | 5 (B) tan 75 (C) tan ЯН (D)tan (12/5) 


= d$ 
Ifa quadrilateral is formed by four tangents to the ellipse = + = =1 isasquare, 
then the area of the square is equal to 


(A) 26 (В) 24 (С) 22 (0)20 
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> 


Q.9 The Locus of the middle point of chords of an ellipse = - У] passing through Р(0, 5) 


is another ellipse E. The coordinates of the foci of the ellipse E, is 


3 
(A) (o 3 and (o = (В) (0, — 4) and (0, 1) 
11 E 
(C) (0, 4) and (0, 1) (D) (o. 2) and (о ij 


Q.10  Thearea of the rectangle formed by the perpendiculars from the centre of the standard ellipse to the 
tangent and normal at its point whose eccentric angle is 7/4 is : 


" (a? — b°) ab - (a? - b?) i (2-5) mete 
(A) ab (a^ +b*)ab ( ) ab (a? +b) (а? - b?) ab 
Integer type question 
О.П х—2у+4=0 isa common tangent to y= 4x &—- + т = 1. Then find the value of b and also find the 


other common tangent. 


ә 


x. 


b* 
x? + y! + 4x + 1 =0, then find the maximum value of ab. 


2 
0.12 Ifatangent having slope 2 of the ellipse т +> =] (а> 0,Ь> 0) is normal to the circle 


Answer key 


01 В Q2 А Q3 D Q4 D Q5 B 
0.6 В 07 С 08 А 09 С 0.10 А 
О.П b= V3 ;х+2у+4=0 0.12 4 

DIAMETER : 


The locus of the middle points of a system of parallel chords 


with slope 'm' ofan ellipse is а straight line passing through the : 
centre ofthe ellipse, called its diameter and has the equation x 
2 
y=" 37 X. 
ат 
Chord of contact, pair of tangents, chord with а given middle point, pole & polar are to be interpreted as 
same as they are in parabola. 
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Properties of the ellipse : 


(1) 


(2) 


Let the equation of an ellipse is 


a 71 .. (1) 


& Normalat Р(х,у) іѕ 


X-X; у-у; “Normal at P 


x, /a? Е y,/b? -- fii) 


The normal meet x-axis at G => Put y = 0 in equation (ii) we get 
2 2 
CG=x= Ё < s = ex, 
„2 


уз 
SG = CS - CG = ae - ex, = e(a - ex,) = eSP 


Similarly S'G 7 eS'P S G S 
SG cS SP 
SG eSP SP 


=> PG is bisectorofangle ZP in AS'PS. 
Tangent & normal at any point P bisect the external & internal angles between the focal distances 


of SP & S'P. 


This lead to reflextion property of ellipse. 


If incoming light ray passes through focus S'(or S), 
strike the concave side of ellipse the after reflextion it 


will pass through other focus. 
3 2 

Let ellipseis ~>+2>=1 à) 

a ob 
itstangentis у-шх- ya^m? +b? ...(ii) 
Equation of perpendicular to above the passes 
through focus (ae, 0) is 

ту+х=ае .. (Ш) 


Eliminate m from (ii) & (iii) we will get focus of intersection point. 
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(5) 


(6) 


(7) 
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For that square & add (ii) & (iii) we will get an answer 
у? + m?x?— 2mxy + x? + my? + 2mxy = a?m? + b? + a?e? 
> x? (1+ т2) + у? (1 + т2) = а2т2 + а? 
=>  x-y-as  whichistheauxilairy circle 
The locus of the point of interseciton of feet of perpendicular from foci on any tangent to an 
ellipse is the auxiliary circle. 


From previous equation of any tangent is mx — y + А, аш" +b? =0 


Гэ сэ: а [2 2: 29 
va^m^ +b~ +ате ew ат? +6 -ame 
1+? \1+т? 


i.d НА. 3.2.2 2 2 $ 2.2 
(a^m^ + b^)-a^m^e _ a^m? +b? - (à? - b?)m? Е 


RET um x. 
(4m?) = ту. b? < а?е? = а? – 


SN - S'N' = 


The product of perpendicular distance from the foci to any tangent of an ellipse is equal to square 
of the semi minor axis. 


b^). 
Equation of tangent at 16 > 15 


B 
x(ae) л а 


z =l] = хе+у=а .. (1) 


| b^). 
& equation of tangent at Це = =| is 


ex-y-a . (ii) 
a 
Solve (i) & (ii) we get x= =” &у=0 ic.atthe directrix of ellipse. 
Tangents at the extremities of latus-rectum of an ellipse intersect on the corresponding directrix. 
If P be any point on the ellipse with 5 & S' as its foci then / (SP) + / (5'Р)=2а. 
If the normal at any point P on the ellipse with centre C meet the major & minoraxes in G & g respectively: 
& if CF be perpendicular upon this normal then 


(i) PE PG=b? Gi) PF. Pg=a? 


The portion of the tangent to an ellipse between the point of contact & the directrix subtends a right angle 
at the corresponding focus. 
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Equation of an ellipse referred to two perpendicular lines : 


+ — = | is given ellipse 


8.15, 


һә 


а Ao 


Let P(x, у) be any point on the ellipse, then PM = y & PN =x 


| | PN? РМ? 
*. above equation can be writtenas — —55- + ETE =] 
a 
From above we conclude that if perpendicular distances р, & p, ofa moving point P(x, y) from two 
mutually perpendicular straight lines L, = /x + ту +n; =0 & L, = тх – /у+п, = 0 respectively then 
equation of ellipse in the plane of line will be 


2 2 L, =/x+my+n,=0 
== 4 lt =] p.v) 


> 


[men] [emen] 
JP + т? 412 + т? 
E——3 р 
а? b^ 
L,=mx—/y+n,=0 


Illustration : 


Find the equation the ellipse whose axis are of length 6 & 246 & their equations are 
х-3у +3 =0&3х+у- 1 = 0. 


Sol. Equation of ellipse will be 


[кы E 
fio) 46). 


(v6) HN 
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HYPERBOLA 


DEFINITON OF HYPERBOLA : 


A hyperbola is the locus ofa point which moves ina plane such that the ratio of its distance from a fixed 
point and a given straight line is always constant. 

The fixed point is called the focus, the fixed line is called the directrix and the constant ratio is called the 
eccentricity of the hyperbola and denoted by е. N 

In the given figure, S is the focus and N'N the directrix. M Р 


PS 
Let P be any point on the hyperbola, then PM ^°° »1, 
T 


Equation of a hyperbola can be obtained if the coordinates of its focus, equation of its directrix and 


eccentricity are given. 
STANDARD EQUATION OF A HYPERBOLA : 


Let S be the focus & ZN is the directrix of an ellipse. Draw perpendicular from S to the directrix which 

meet it at Z. A moving point is on the hyperbola such that 
PS =еРМ 

then there is point lies on the line SZ and which divide SZ 

internally at A and externally at A' in the ratio ofe: 1. 


therefore SA=cAZ .440) 
SA'— eA'Z .. (1) 
Let AA'= 2a & take C as mid point of AA' 
CA-CA'-a 


Add (i) & (ii) 
ЗА + SA'—- e(AZ + A'Z) 
(CS — CA) + (CA' + CS) =e [CA — CZ + CA' + CZ] 
2CS = 2e. CA 
CS = ac 

Subtract (ii) & (1), we get 
SA'-SA—-e(A'Z — AZ) 
(CA' + CS) - (CS — CA) =e [(СА'+ CZ) - (CA – CZ)] 


2CA- 2e: CZ CZ- <. 
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Consider CZ line as x-axis, С as origin & perpendicular to this line & passes through С is considered as 
y-axis. Now represent important parameters on coordinates plane. Let P(x, y) is a moving point, then 
By defintion of ellipse. 

PS =еРМ > (PS)? = e? (РМ)? 


> «-аеў+у-оў=е|х-®) = (х- ае)? + у? = (а – ех)? 


=> — х?+а?е?—2хае + у? = а2+ е?х?—2хае => х? (1 – е) * y?- а? (1 – ег) 


х? у? x? 2 
=~ =p tg к: гаи | or —— ШИЕ where 2 =a? (e? – 1) 
а” a'(l-e) a^ a*(e*-1) 


4 


x 
Hence equation of hyperbola is — — = =] where 02 =a? (е2 – 1) 
а 


TRACING OF HYPERBOLA : 


2 2 
Equation of given hyperbola is “y — E -1 24 0) 
а 


(i) If we put y = 0, then we see that hyperbola cuts x-axis at (+ a, 0) 
(ii) If we put = 0, then y? =—b?. Hence hyperbola does not cut y-axis. 


(iii) ^ When у is replaced by — y, the equation of hyperbola does not change, hence hyperbola 
is symmetric about x-axis. (Since equation contain even power of y therefore curve will be 


symmetric about x-axis. 


(iv) | Whenx isreplaced by - x, then equation of hyprbola does not change, hence hyperbola is 
symmetric about y-axis. (Since equation contain even power of x therefore curve will be 


symmetric about y-axis. 
b и. ” 
(v) Егот (1), у= ЕЕ -à' , since у is real > x? -a* 2 Oor x є (- %, — a] U [а, о) 


— curve don't lie іп (—a, a) 


For each x > a or x < ~ а there are two values of y symmetrically situated on both side of x-axis. 
Hence, the curve denoted by (1) consist of two symmetrical branches, each extending to infinite in two 
direction. 
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FACTS ABOUT THE HYPERBOLA : 


2 2 


х у 


= 5 
a Б 


a 
(1) By symmetry of equation of hyperbola, if we take second focus (—ae, 0) and second directrix x =— = 
and perform same calculation then we get same equation of hyperbola. This suggest that their are two 


a a 
foci are (ac, 0) and (— ae, 0) and the two corresponding directrices as х = 8 and x =— P If focus is 


a 
(ae, 0), then corresponding directrix is x = F and if focus is (—ae, 0), then corresponding directrix is 


a 
х=--. 
е 
(2)  Bydcfinition of hyperbola, the distance of any point P on the hyperbola from focus 


— e(the distance of P from the corresponding directrix) 


(3) Distance between foci SS' = 2ae & distance between directrix ZZ'=2 : я 
(4) Two hyperbola are said to be similar ifthey have same eccentricity. 


(5) The hyperbola has two branches neither of them cut the y-axis (conjugate axis). 


(6) Since the fundamental equation to the hyperbola only differs from that to the ellipse is having 
— b? instead of b*. It is observed that many propositions for the hyperbola are derived from those for 
the ellipse by simply changing the sign of b?. 


(7) Eccentricity e= ,/I+— . Also, b^ = а? (е?- 1). 
52 


The smaller the с, the smaller will be the value of b fora given a. Therefore, as е decreases for a given 
a, the branches of the hyperbola would be bending towards x-axis. As e increases, the branches open 


up. 


(8) Equation of hyperbola when its transverse and conjugate axes are x and y-axes respectively is 


2 2 2 
> 68 y“ 2 y 2 


A — m - 
a^ a*(e?-1) t (6-1) 


If e kept constant and a — 0, then hyperbola will tend to pair of straight lines х2 — y Я D = 0, both 


- 


passing through the origin. 

Thus in the situated limiting case of a hyperbola isa pair of straight lines. 
(9) Since —- 
(x - a)(x +a) 
Рр = O 
b а a^ 
From figure, AN-CN-CA-x-a 

A'N=CN+CA=x+aand PN=y 


(РМ) b? 
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TERMS RELATED TO HYPERBOLA : 


(1) 


(2) 


(3) 


(4) 


(5) 


Centre : 


In the figure, C is the centre of the ellipse. All chords passing through C are called diameter and bisected 
at C. 


Foci : 


S(ae, 0) and S'(-ae, 0) are two foci of hyperbola. Line containing the fixed points S and S' (called 
Foci) is called Transverse Axis (TA) or Focal Axis and the distance between S and S' is called Focal 


Length. 
Axes : 


The line АА'15 called transverse axis and the line BB’ is perpendicular to it and passes through the centre 
(0, 0) of the hyperbola is called conjugate axis. 
The length of transverse and conjugate axes are taken as 2a and 2b respectively. 


The transverse and conjugate axes together are called principal axes of hyperbola and their intersection 
point is called the centre of hyperbola. 


The points of intersection of the directrix with the transverse axis are known as Foot of the directrix 
(Zand Z’). 


Vertex : 


The points of intersection (A, А") of the curve with the transverse axis are called Vertices of the hyperbola. 


Double ordiante : 


Any chord perpendicular to the Transverse axis is called a Double Ordinate. 
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(6) 


89 
Latus-rectum : 


When double ordinates passes through the focus of parabola then it is called the latus rectum. In the 
given figure LL’ and MM' are the latus-rectums of the hyperbola. 


let LL'= 2k then LS = L'S=k 


Let 1 (ае, К) lie on the hyperbola 5 m S z] 
a 
Хан 
а? p 


or — k-bXe?-1)-t Ө [7 5? = a? (e? — 1)] 


k= HE (^ k>0) 
a 
„шу 
а 
Length of latus rectum = LL'= A E E = 2а(е2—1)= х - 3 


— (2e) (distance between the focus and the foot of the corresponding directrix) 
End points of latus -rectums are 


^ 


b? b? b? b? 
[.= | ae,— |,L'=| 9-7 |;M= Бач ;M'=| 78. | respectively. 
а 


(7) Focal chord : 


A chord of hyperbola passing through its focus is called a focal chord. 


ECCENTRICITY : 


"AN. 
For the hyperbola Ж” ү =] we have 


b? =a? (2-1) 
=> E 1+ ы => e= 1+ (conjugate axis)" 
1 аг 1 (transverse axis)“ 


Eccentricity defines the curvature of the hyperbola and is mathematically spelled as : 
distance from centre to focus 
е = = 
distance from centre to vertex 
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PARAMETRIC EQUATIONS OF THE HYPERBOLA : 


2 2 


- - 


Let = = Ч =1 be the hyperbola 
a 


with centre C and transverse axis A'A. 
Therefore circle drawn with centre C 
and segment А'А as a diameter is called 
auxiliary circle of the hyperbola. 


г. Equation of the auxiliary circle is 


2 ? 


= - 


Let P(x, y) beany point on the hyperbola ын = Wu =1, Draw PN perpendicular to x-axis. 
a 


Let МО be a tangent to the auxiliary circle x? + у? = a?. Join CQ and let ZQCN = ф 
then P and О are the corresponding points of the hyperbola and the auxiliary circle. Here ф is the 
eccentric angle of P. (0 € ф < 2л). 
Since О = (а cos ф, a sin $) 
Now х = СМ = СО ѕес ф = ѕес ф · а 
| Р(х, у) = (а ес ф, у) 


$: 3 
Pli od el 
а Ga 
а? зес?ф у’ А 
Lere E arg ызыр ф- 1 = tan? ф 
a^ b? b? 
y=+btano 


y=btang (Pliesin I quadrant) 
The equations of x = а sec ф and y = tan ф are known as the parametric equations of the hyperbola. 


Position of points Q an auxiliary circle and corresponding point P which describes the hyperbola or 
shown below in the table. Here 0 < $ < 27. 


Р(аѕесф, b tan$) 


0107 


эр 
: шилж 
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HYPERBOLA АТ А GLANCE : 


Parametric coordinates x = a ѕесӨ and y = b tanO 


| Conjugate axis 
Conjugate hyperbola 


| Latus 
Focal axis ecd 224 
S'(-ae, HF ЛО 7 
Double 


ordinate 
m. (0 D» | general chord 
i B i 
| | 
| 
! 


"E = 
X e X 


M 
= opo 


Transverse Axis 


alm 


Diameter 


FOCAL DISTANCE OF A POINT ON HYPERBOLA : 


? > 


- 


The hyperbola is ум (1) 


ааааааааа. 


b“ 


91 


The foci S and S' are (ae, 0) and (— ae, 0) & corresponded directrix аге X = > and х = Y respectively. 


Let P(x,, y,) be any point on (1). 


a 
Now SP=ePM =e [x1-2}=ex,-a 
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а 


S'P — SP = (ex, + a) - (ex, — a) = 2a 
= AA'= Transverse axis 

Thus hyperbola is the locus ofa point which moves in a 
plane such that the difference of its distances from two 
fixed point (foci) is constant and always equal to 
transverse axis. 
Hence, in the given figure 
PS'— PS-QS'- QS = RS- RS' = length of transverse axis. 


CHORD OF HYPERBOLA : 


Chord joining two points with eccentric angles a and В is given by 
x @-6 Y. dip _ co EB 


—cos—— — 25 - 

4 > b 5 2 (Т) №. Pia) 
if (1) ES through (d, 0) then 

9 4,572 € au tB 

a 2 2 

d cos соз? - sin snb 

a cos € cos” +sin С sin р 

2 2 2 2 
a cos В 
а+а COS — COS p a-d 
Ma Mali" M tan—tan— = 
d-a | ^ 2 asd 
sin — sin 
CONJUGATE HYPERBOLA : ” 
Corresponding to every hyperbola there exist a hyperbola such 5 
that, the conjugate axis and transverse axis of one is equal to (0,be 
the transverse axis and conjugate axis of other, such hyperbolas 
are known as conjugate to each other. S (0,be) 
y=bie 
Hence for the hyperbol x oy = 1 (1) 
yperbola, Шы” == > x 
--—b/e 
х” у? B'(0.—be) 
the conjugate hyperbola is, — — m =-1 a) * 
4512 
(0,-be) 
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Comparison between hyperbola and its conjugate hyperbola 


Basic Elements 


Centre 

Length of transeverse axis 
Length of conjugate axis 
Eccentricity 


Foci 


Equation of directrix 


Length of latus rectum 


Parametric coordinate 


Focal distances 

Diffference of focal distances 
Equation of transverse axis 
Equation of conjugates 


Tangent at vertices 


b^-a'(e- 1) 


(a sec ф, b tan ф) 
0<ф<2л 


ех, +a 
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Conjugate Hyperbola 


а? = Ь (е? 


(a tan ф, b sec $) 
0<ф< 27 


су, 


20 


94 


Мое: 


(1) — The fociofahyperbola and its conjugate are concylic 
and form the vertices of a square. 


(2) ее, аге the eccentrcities of the hyperbola & its 
conjugate then e, ? * e,? = 1. 


Conjugate 
Hyperbola 


RECTANGULAR HYPERBOLA : 


If the lengths of transverse and conjugate axes of any hyperbola be equal then it is called rectangular or 


equilateral hyperbola. 
Since length of transverse axis and conjugate axis are same i.e. a=b 


x? у? 
then, 5; —— = 1 becomes x? - y? = a?. 
a^ b^ 


| 2 
Eccentricity, е = Ї 23 = /2. 
a 


i 2 
All the results of = - = = 1 are applicable to the hyperbola x? – y? = a? after changing b by a. 


FIND ALL THE PARAMETERS OF A HYPERBOLA a шини чан. 


| ‚ (x-ay (y-py _ 
When equation of the hyperbola is ———— ———5 =l 
42 


b? 
х м 
This equation is the form of a Ww =1, where X ^x -hand Y =у-К 


(1) Length of semi-transverse axis = a, length of semi-conjugate axis = b 

(2) Equation of transverse axis is Y = 0, i.e, y - k- 0 
Equation of conjugate axis is X =0, i.c, x -h - 0 

(3) _ Coordinates of centre is given by X = 0 and = 0, 1.е.,х-һ = Оапіу-к= 0 
Therefore, centre is (h, k) 


b? 
(4) Eccentricity of the hyperbola e= \! + 52 
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(5) 


(6) 


(7) 


(8) 


(9) 


Coordinates of vertices of the hyperbola are given Бу X =+a, Y=Oi.e.,x-h=+a, y—k=0. 
Hence vertices are (h+ a, k). 


Coordinate of foci are given by X = +ае, Y =0 
ie,x-h-zae,y-k-0. Hence foci are (h+ ac, К) 


a a 
Equation of directrices of the hyperbola are X = + P 16,,Х-1-4 PE 


: a a 
Hence directrices are x = h + 5 


2b? 
Length of latus rectum = S 


| | b. b? 
Coordinate of ends of latera recta are given by X — ae, Y == гч i.e.x—h=+ae, y—h=+ — 


. endif LR is 22 К 23 
a 


Illustration : 


Sol. 


95 


Find the equation of the hyperbola whose directrix is 2x + y = 1, focus (1, 2) and eccentricity 4/3 . 


Let Р(х, y) be any point on the hyperbola. 
Draw PM perpendicular from P on the directrix. 
Then by definition SP = е PM 

= (SP)? = е? (РМ)? 


Р(х, 
1) +у—2° = 421) МГ "Mk 
= ира = Jl 
> 5(«?+у?—2х-4у + 5) = 3(4х? + у? + 1+ 4xy – 2y - 4x) 
= 7х? — 2у? + I2xy - 2x + 14у – 22 = 0 2х+у=1 
Which is the required hyperbola. 


Illustration : 


Sol. 


Find the eccentricity of the hyperbola whose latus-rectum is half of its transverse axis. 


> 
* 


Let the equation of hyperbola be 5, = а = |. 
а 


^ 


Then transverse axis = 2a and latus-rectum = 
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чи d 
According to question = 5 (2а) 
=> 20? = а? (^ Б = а? (е? – 1)) 
3 
> 2а2(-1)=а?2 => 2ё-2=1 > е= 5 
ЭЭ. 
5:6: 2° 


3 
Hence the required eccentricity is E к 


Illustration : 


3 
Find the equaiton of the hyperbola, the length of whose latus rectum is 8, eccentricity is Js and 


whose transverse and conjugate axes are along the x and y axes respectively. 


2 $3 | 
Sol Given, 8= 2b _ 2а (е —1) 
а а 


ҮСЕ ia ay С ES 
= 8 = 2a(e* — 1) = 2a + —1| = 2а 5 = 


— а= 5 


Illustration : 


Find the equaiton of the hyperbola whose eccentricity is 2 and the distance between the foci is 
16, taking transverse and conjugate axes of the hyperbola as x and y-axes respectively. 


Sol Let the equation of the hyperbola be 
=-=] RE) 

а b! 0) 

The coordinates of the foci are (ae, 0) and (-ае, 0) 

Given 2ae = 16 or 2a42 =16 < a= 442 

Alo b? =a? (e?- 1) =32(2-I) =32 [ve = 42] 


- The required equation of the hyperbola is 32 2 57 =] огх?-у? = 32 
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Illustration : 


a 19 1 
Prove that the point f ( = A | 5 | = D} lies on the hyperbola for all values of t (t # 0). 


a 1 2х 1 2х — . 
Sol. Let x= =| t+- or == бу = | o—P——— ны (1) 
2 t t a Ї 
І 2 1 2yY 1 
у J. 
= (--- — =. — в = 2 -F = 
and let у Al 1 ог Ь t ; 2 | Ь ) E+ 2 Z ә (2) 
a du Z% 2 
Subtracting (2) from (1), 5 = T =4 ог 2-8 = |. 
а Б a b 
Which is hyperbola. 


Illustration : 


Find the lengths of transverse axis, conjugate axis, eccentricity, the co-ordinates of foci, vertices, 
lengths of the latus-rectum and equations of the directrices of the following hyperbolas. 


@ 9-y-I 00 16x? ~9y? =— 144: 
Sol. 
‚ | ; | Xr. 1 
(i) The equation 9х? - у? = 1 can be written as (9) т^! 5 а= 3,621 


2 
The length of transverse, axis = 2а = 3 


The length of conjugate axis = 2b = 2. 


| b? Г 
D = || 14+— | 11+ = 10 
Eccentricity е | " | \ (19) 


410 
The co-ordinates of the foci are (+ ae, 0) ie., Ё "E 01 


1 
The co-ordinates of the vertices are (+ a, 0) i.e., (: 3 , 2 


b oy 
The length of latus - rectum = =. = a = 6. 


The equations of the directrices are 


a. 13 1 
х= + e l.e., х= 177) ог ЛО 
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E ный 
(i) ^ The equation 16х? — 9у? = — 144 can be written as T - e --1, 


а= 3, b = 4, This conjugate hyperbola 
The length of transverse axis = 2b = 8. 
The length of conjugate axis = 2a = 6. 


2 | 

| a 9 5 
йу e= 1+ "25 1+—|=—— 

Eccentricity \ | P | | | 4 


The co-ordinates of the foci are (0, be) i.e., (0, +5) 
The co-ordinates of the vertices are (0, +b) i.e., (0, +4). 


The length of latus-rectum = —— = ——— => 


шэг AE 16 
The equation of directrices are y = + 27 + (5 4) => у= =: : 


Illustration : 
? ? 


х 
If e and e' are the eccentricities of йе hyperbola — — a = 1 and its conjugate hyperbola, 
a 


Ё T 
prove that —5 + 55 7 f, 
е e 


| ae a 
Sol Given hyperbola is — — гэ} ВЁ аы (1) 
а 


The eccentricity е of hyperbola (1) is given by 
b? = а?(е? — 1) 


27 


The equation of the conjugate hyperbola is ra -—у=1, 
а 


Its eccentricity e' is given Бу а? = b? (е? — 1) 


? 


m 


5 а 
al | a ым (3) 
Multiple (2) and (3), we get 


? ? 
: : a Б 
(е – 1) х (е – 1) = гт) 


ёе? е-е +1 = ] 
ee" = е? + е? 


і 
| a Ёл беис) 
е? 
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Illustration : 


2 ‚2 2 


x y x jS 1 
) на dta f T D ER . 
If the foci of the ellipse 16 p 1 and hyperbola Mi aj B coincide, then the value 
of b! is- 
(A) 1 (B) 5 (C) 7 (D) 9 
Sol For hy, РЕЗЕ GE AE > x 4452) 
| Урег?0а 144 81 25 ^ 144/25 81/25 
—— om Эрт Ж. 
Алы — SM ан"). 


Hence the foci are 
(ае, 0) = (: * 2 = (+3, 0) 


Now the foci coincide therefore for ellipse 


p 
ae-3orae = 9 ога? кеу = 9 
а - № = 9 ог16- Б = 9 = Б? = 7, Ans. [С] 


Illustration : 
? 2 


The foci of a hyperbola coincides with the foci of the ellipse > - Т = I. Find the equation of the 


hyperbola if its eccentricity is 2. 
Ё 9 2. 4 
Sol The given ellipse is z + т -1 or ч + р -1 40) 
Here 5-3 ..a=Sandb=3 
The foci of the ellipse are on the x-axis. 


Е icity of the ей = ба RC ate 
ccentricity of the ellipse, е = 1-2 25:55 
Foci of the ellipse are (+ ае, 0) or (+4, 0) 
3 за 
Let the equation of the hyperbola be P. = zy -1, 
Foci are (+Ae, 0) or (5234, 0) [7e22] 
242 4ie, А=2ат В = AJ? -1 = 24020-1 = 243. 
? > 2 2 
pz RET y x у 
Т) t the hyperbola is —,-——= = 1 —-—=/ 
te equation of the hyperbola is (27 гуз? or 71732 


or 3g -y = 12. 
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Illustration : 


The equation 16° — Зу? — 32x + 12у- 44 = 0 represents a hyperbola 
(A) the length of whose transverse axis is 243 (В) the length of whose conjugate axis is 8. 


(C) whose centre is (1, 2) (D) whose eccentricity is 2 


Sol. We have, 16(x? — 2x) – 3 (у? — 4y) = 44 = 16 (x 1)? — 3 y- 2P = 48 


(x1 (2-2 
— | 16 
centre іѕх- 1 = 0 &у-2 = 0 = (1, 2) 
а? =3 а= (|3, Б? = 162 = 4. 
l (TA) = 2а = 2,3 and (СА) = 2b = 2.4 = 8. 
This equation represents а hyperbola with eccentricity given 


ed Зы Ж (+ ЭЁ ү Ans.[A, В, C] 


Transverse axis 


=], 


Illustration : 


The equation 9х? — 16у? — 18x + 32y — 151 = 0 represent a hyperbola - 


(A) The length of the transverse axes is 4 (B) Length of latus rectum is 9 
21 11 
(С) Equation of directrix is x = Эр апах =- E (D) None of these 


Sol. We have 9х? — 16у! – 18x + 32у- 151 = 0 
9(c — 2x) – 16(y? — 2y) = 151 
9c -2x-1) — 166? — 2y + 1) = 144 
9x — Iy — I6(y — 1)? = 144 


(x-1) (у-1)? 


Е = ] 
16 9 
Shifting the origin at (1, 1) without rotating the axes 
E _ 
16 9 
where X =х- 1 апа У=у-1 
u x y 
This is of the form —5 — у = 1 
а b 


where а? = 16 and b? = 950 
The length of the transverse axes = 2a = 8 ; (СА) = 2b = 6. 


The length of the letus rectum = 
a 
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а 
The equaiton of the directrix X = + = 


16 
x-1 ==. эх-Жү +] 
21 11 
pe and x — 
. nc 21 11 
Equation of directrix is x же and x = – y Ans. [C] 


Illustration : 


Show that the equation 7y? — 9х? + 54x — 28y — 116 = 0 represent a hyperbola. Find the co-ordinates 
of the centre, lengths of transverse and conjugate axes, eccentricity, latus-rectum, co-ordinate of 
foci, vertices and equations of the directrices of the hyperbola. 


Sol. We have 7y? — 9x? + 54x – 28y — 116 = 0 
or 7(у?—4у)— 9 (х? — 6x) - 116-0 
or 7(y—-4y*4)-9 (à - 6x + 9) = 116 + 28-81 
or 7 (у- 2) – 9 (х – 3)? = 63 


(у-2) (x-3) _ 


1 
9 7 


or 


or —-— =]. 


where X ^ x — 3 and Y = y 2. 


This equation represents conjugate hyperbola. Comparing it with —у——у = 1 
We get b? = 9andaà? = 7 
ЛЬ = Запа = V7. 


Centre: X20, Y=0 іе, х-3=0у-2=0 
.. Centre is (3, 2) 

Length of transverse axis = 2b = 6 

Length of conjugate axis = 2a = 2 47. 


— a 7 
The eccentricity e is given by e — \ ша к = = 


„|+ 


2 20) 44 
The length of latus-rectum = 22, - 2172 m 
b 3 3 

The co-ordinates of foci X = 0, Y = + be 


4 
= x-3 =O, y-2=43 х or (3,244) 


ie, (3, – 2) and (3, 6) 
The co-ordinates of vertices are 
or X=0,Y=+b 


"o. Р («b a 
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ог (3, 2+ 3) 
or vertices are (3, — I) and (3, 5) 


b 
The equation of directrices are Y == 7^ 


3 9 
5 eid admi pe eS oe 
í 43 T? | A 


| 17 -1 
ie у= and y = y 


Illustration г 


3 
Find the equation of the hyperbola having e = 93 and foci at (+3, 0) 


Sol The foci are at (+3, 0). These are on the x-axis. 


Since centre of the hyperbola is the mid-point of the line segement joining the foci, therefore 
centre ts (0, 0). 


2 ‚2 
Let the equation of the hyperbola be 2; - =... = 1 
а 


23 (D) 


where a, b > 0 and b? = а? (е? – 1). 


3 
The foci of this hyperbola are (+ae, 0). .. ae=3&e= 5 аз 2 


2 2 2 9 
b? = а? (e - 1) -4(#-1]+5 


? 2 


л From (1), the requird equation of the hyperbola і Е = Е" =f, 
Illustration : 


4 
Find the equation of the hyperbola having eccentricity e = 3 and vertices at (0, +7). 


Sol The vertices of the hyperbola are at (0, +7) and these are on the y-axis. Centre of the hyperbola 
will be the mid point of the vertex (focus also) => С(0, 0) 


? > 


‚= - 


Let the equation of the hyperbola be Ё. = 5 -1, 
23 


The vertices of this hyperbola are (0, + b) ~. b =7 


гү 16-9) 343 
Now, а? =P (е? – 1) = 72 [B -| = 49 c sd 3 


2 2 , 3 


y“ y ” - 
.. From (1), the equaiton of this hyperbola is (7) - За -1 ог e - = 3 =] 
9 
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Illustration : 


Find the equation of the hyperbola having vertices at (+5, 0) and foci at (+7, 0). 


Sol. The foci of the hyperbola are at (+7, 0). They are on the x-axis. 
Also centre of the hyperbola will be (0, 0). 


? 2 


Let the equaiton of the hypebola be 5 ==] E 
a 


р? 
where a, b > 0 and b? = а? (е? – I) 
The vertices of this hyperbola are (=a, 0) 
But it is given that vertices are (+5, 0) ..a=5 
The foci of this hyperbola are (tae, 0) лае= 7 
= 5е = 7 >е= 7/5 
? ЕЈ ? 49 

Now, 62 = а? (е2 1) = 25155-1) = 24 
From (1), the required equation of the hyperbola is 

х? 2 2 2 


— —— ge ae 
(Sy (424) 25 M 


Illustration : 


Find the equation of the hyperbola whose foci are (0, = 410 ) and which passes through the point 
(2, 3). 


Sol The foci of the hyperbola are at (0, + 410 ). These are on the y-axis 
Clearly, centre of the hyperbola will be (0, 0) 


р. 
Let the equaiton of the hyperbola be 22 mf ...(1) 
T 1 
where a, b > Qand œ = Б? (е? — 1) > a? + b? = а?е? фе. а? +b’ = 10 
же. 10 =] —›Ь5—23Ь?°+ 90 =0 >b =18+5 
b 10-6 7° лун 


when b? = 18 then а? =— 8 not possible 
when b =5 > а? = 5 possible. 


> > 


Hence the equaiton of hyperbola i T = = =] ory -x =5 


Illustration : 
Find the equation of the hyperbola whose foci are (6, 4) and (-4, 4) and eccentricity is 2. 


Sol. The centre of the hyperbola is the mid-point of the line joining the two foci. So the co-ordinates of 


6-4 4+4 


the centre are (555 2 | i.e., (1, 4) 
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Let 2a and 2b be the lengths of transverse and conjugate axes and let е be the eccentricity. 


x-1? (y-4/ 
Then equation of hyperbola is pp = ur = 
а 


Distance between the foci = 2ае 


1 


5 
(6+4)? +(4-47 —2ax2 => 10-4а 20= 5 
р? = а? (е? эш уу 
л =а1(@-1)у= = (4-1)= 7 
(х-1 (y-4) 
Thus the equation of the hyperbola is td = 1. 


ог 12@-1P -4(-4P = 75 
ог 12 (х? -2x + 1) - 4 (y? - 8у + 16) = 75 
or 12x? — 4y? — 24x + 32у- 127 = 0. 


Illustration : 


Obtain the equation of a hyperbola with co-ordinate axes as principal axes and given that the 
distances of one of its vertices from the foci are 9 and 1 units. 
zt a 
Sol Let equation of hyperbola is Ta =Б NN (1) 
If vertices are A (a, 0) and A' (а, 0) and foci are S (ae, 0) and S' (-ae, 0) 
Given 1(5'А) = 9 and  1(54)-1 
= atae-9 and ае-а=1 
ог а(1+е)=9 and а(е-1)-1 


1 
кин =: А 1+е= 9е-9 > е = 
а (e— 1) 1 
а (Т+е) = 9 


a (143) =9 >а=4 


B = a (2-1) =16 (2-1) ораг 


2 


4 Ji 
From (1) equation of hyperbola is "^-^ = 1. 
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Practice Problem 


Single correct question 


Q.1 


0.2 


0.3 


0.4 


0.5 


0.6 


0.7 


0.8 


The eccentricity of the conic represented by x? -y? — 4x + 4y + 16=0 is 


1 
(А) 1 (В) 5 (C) -1 (D) /2 
Ife, and e, are the eccentricities of the conic sections 16х? + 9y? = 144 and 9х?— 16y? = 144, then 
(A) e? - ei =! (B) e? +e3 «3 (C) e? +e} 23 (D) e? +e3 >3 


Eccentricity of the hyperbola conjugate to the hyperbola = - га =] 15 


- 4 
(A) 5 (B)2 (С) 43 (D) 5 


Locus of the centre ofthe circle which touches the two circles x? + y? + 8х –9 —0 


and х2 + y? 8х + 7 = 0 externally, is 
А х2 у? 2 23 3 3 
айх хийн (B) tis ГЭ MXN 


If the eccentricity of the hyperbola x? – y? sec? a = 5 is 4/3 times the eccentricity of the ellipse 


x? 5ес? a. + у? = 25, then a value ofa is: 


(A) л/6 (B) л/4 (C) n3 (D) л/2 

The foci ofthe ellipse x * Y = 1 and the hyperbola x? - y РЕ: coincide. Then the value of b? is 
16 b? 144 81 25 | 

(А)5 (В)7 (C) 9 (D)4 


The focal length of the hyperbola x? – 3y? - 4x – 6y— 11 =0, is 


(A)4 (B)6 (C)8 (D) 10 
2 2 
Th tion a + У = 1 (р #4, 29) represents 
e equatio 29-6 4-8 ; p 


(A) an ellipse if p is any constant greater than 4. 

(В) а hyperbola if p is any constant between 4 and 29. 

(C) a rectangular hyperbola if p is any constant greater than 29. 
(D) no real curve if p is less than 29. 
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X 2 y! 
cosa sin’ a 
(A) distance between the foci is constant 

(B) distance between the two directrices is constant 

(C) distance between the vertices is constant 

(D) distances between focus and the corresponding directrix is constant 


09 If =] represents family of hyperbolas where ‘a’ varies then 


Q.10 Let the major axis of a standard ellipse equals the transverse axis of a standard hyperbola and their 
director circles have radius equal to 2R and К respectively. If e, and e, are the eccentricities of the 
ellipse and hyperbola then the correct relation is 
(A) 4e? - e? = (В) e,? - 4e; = (С) 4e? - e? = (D)2e? -e?-4 


О.П The equation to the chord joining two points (ху, y,) and (x,, y,) on the rectangular hyperbola xy =c? 


5 

= )—— *— si 
X, +X, yit Y; X, — X, Yi J3 

(с) —— + —— = 1 (D —— + —— -1 
У+У MTR yc; MR 


More than one 
0.12 Which of the following equations in parametric form can represent a hyperbolic profile, where 't' is a 


parameter. 
a 3 2( 3 х у X ty 
= — t om » = am t-- ——— + f= r — + — — = 
(A) x (8-1 ёу-2 к (B) — „о dm b 1=0 
t 
(C) x=e'+et & у= е ет (D) х2-6= 2 cost & у2+2= 4 cos? 


2 


0.13 Let p and q be non-zero real numbers. Then the equation (px? + ду? + г)(4х? + 4? - 8x - 4) = 0 
represents 
(A) two straight lines and a circle, when r- 0 and р, q are ofthe opposite sign. 
(В) two circles, when p=qand г is of sign opposite to that of p. 
(C) a hyperbola and a circle, when p and q are of opposite sign and r+0. 
(D)acircle andan ellipse, when p and q are unequal but of same sign and r is of sign opposite to that of p. 


0.14 Тес: 9х? - 16y? - 18x + 32y - 23 = 0 and С, : 25х? + 9? - 50x – 18у + 33 = 0 are two conics 
then 


5 
(A) eccentricity of C, is 4 


5 
(B) eccentricity of C, is 3 


8 
(C) area of the quadrilateral with vertices at the foci of the conics is 9 : 


(D) latus rectum of С, is greater than latus rectum of C,. 
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Integer type question 


0.15. Find the centre, eccentricity and length of the axes of the hyperbola 
3x? — Sy? — 6x + 20у -32-0 


Q.16 Consider the hyperbola 9x?— 1 6y? + 72x - 32y — 16 =0. Find the following: 


(a) centre (b) eccentricity 
(c) focii (d) equation of directrix 
(e) length of the latus rectum (f) equation of auxilary circle 


(g) equation of director circle 


Answer key 
ол D 0.2 В 0.3 А 04 р 0.5 
Q6 В 07 C 08 B 09 А 0.10 
О.П A 0.12 -ACD 0.13 A,B,C,D 0.14 A,C,D 


(2) 
О.15 aaz (552.528 
0.16 (а) (4,-1); à) 2:090.-16-9,-1) (d) 5х+4=0, 5х+36=0, 


9 
(05: OR+4F +0+17-16 (0 (+40 +0+17-7 


POSITION OF А POINT WITH RESPECT TO HYPERBOLA 


Р(х. ур) 


Exterior Qi. y) 


arca 


Interior arca 


Interior arca 


Exterior 
arca 


Let S(x, у) = 5 - a -1 bethe given hyperbola and P(x,, y,) is the given point. 
a 


(i) If S(x,, y,) > 0 then P(x,, y,) lie inside the ellipse. 
(п) If S(x,, y,) < 0 then P(x,, y,) lie outside the ellipse. 
(iii) If S(x,, у) =0 then P(x,, y,) lie on the ellipse. 
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108 
Illustration : 
Find the position of the point (5, — 4) relative to the hyperbola 9x° — у? = 1. 


Sol. Here S(x,y) = 9x?-y?-1 
and S (5, -4) = 9 (5)? (-4)2-1=255 -16-1=208>0 
So the point (5, — 4) inside the hyperbola 9х? — у? = 1. 


INTERACTION OF A LINE AND A HYPERBOLA : 


р<0 0-0 
х2 у? 
Let the hyperbola be — – v sl zaa (1) 
а2 b 
x 
andthe given line be у= тх+с  .... (2) 
The point of intersection of line and hyperbola 
can be obtained by solving (1) and (2), therefore 
x^ (mx +c)? 
Eliminating y from (1) and (2), we get — — E A -] 
„2 2 
=> Ъ2х2- а? (mx +c? =a? > = (а2т2 – 2) х2 + 2тса?х + а? (52+ c)- 0 ....... (3) 


Above equation is a quadratic in x and gives two values of x. It shows that every straight line will cut the 
hyperbola in two points, may be real, coincident or imaginary according as discriminant of (3) > , =, < 0. 


ie, 4т?сѓа* — 4 (ат? — b?) а? (b? + c?) >, =, < 0 
o фам? +b? +c? >, =, <0 
ог Сэ <a Bass (4) 


EQUATIONS OF TANGENT : 


(1) Point form : 


2 2 


The equation of the tangent to the hyperbola =; = = 
а 


. ХХ, уу, 
=lat(x,, is —=—— =]. 
Gy yy) a^ p 


Since point (x,, y,) lie on the hyperbola therefore we can use standard substitution to obtain the equation 
oftangent. 
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(2) Parametric form: 


x oy 
The equation of tangent to the hyperbola =; = ^ т” = 1 at (а sec Ө, b tan Ө) is : sec - : їапӨ = 1. 
0, - 0, . 0,40, 

cos ———* sin 5 : 

Note : Point of intersection of the tangents at 0, & 0, isx=a — @ +0, ‚У=Ь — 0+0, 
cos 

2 2 
(3) Slope form : 
8 22 
: n № Y 
Given hyperbola is a "y "= (1) 


and the given line у = тх + с touches hyperbola then solve (1) and (2) , we get 


-1 or b?x? – a*(mx + с)? = a?b? 


ог (b? — a*m?) х? – 2a? mex—ar(c?+b7)=0  ... 
Since line (2) will be tangent to hyperbola (1) 
if roots of equation (3) are equal i.e. D=0 

4a*m?c? + 4a?(b? — a?m?) (с? + b?) = 0 


or атс? + b/c? — a?c?m? + b! — a?b?^m? = 0 
or ^c? + bt – a*b*m? = 0 
or с2 + 62 – ат? = 0 
? ©, 2 РОЭ » 235 
or 2=а?т?—Ь? or c=+ уат? - b^ . This is the required condition of tangency 
Note : 


2 2 


X ? 3 
(1) Equation of any tangent to hyperbola —> — = = 1 may be taken аз у= тх + v аёт? —b* огу = тх 
а 


a^m b? 


2. 2 2 . 5 e MESS 
ons — b : = > ы 81 . 
\/а?т The co-ordinates of the points of contact аге | Jem? —b?) (a^m? —b2) am? —b?) (a2m? — b?) 


(и) The equation of any tangent to the hyperbola a „Ону =1 


b? 
may be taken as (y - К)  m(x - h) + Yam - b? . 
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Tangents drawn from outside point : 


y=mx+ \a?m?-b? isa tangent to the standard hyperbola. mu 


If above tangent passes through (h, k) then 
(К— mhy = a?m? - b? 
(h? — a*)m? - 2kmh + k? + b? = 0 2) 
Above equation is quadratic in m therefore И has two roots m, and m,. 
Hence passing through a given point (h, k) there is a maximum of two tangents can be drawn to the 


hyperbola 
2kh 
therefore т, +m,= "ra «) 
k? +b? 
ҮЕ. а ....(4) 
Equations (3) апа (4) are used to find the locus of the point of intersection of a pair of tangents which 
enclose an angle В. 
‚‚ (m +m,) -4mm, 
Now заре |... 2 200 


(1 4mm;) 


(substituting the values of m, + m, and m,m, to get the locus) 
If В = 90° then m,m, =— 1, hence from (4) 
к? > b? = а? zi һ? 


x? + у? = а? – 2 which is the equation of director circle, of the given hyperbola. 


Illustration : 


Find the equation of the tangent to the hyperbola x? — 4y? = 36 which is perpendicular to the line 
х-у+4= 0. 
Sol Let m be the slope of the tangent. Since the tangent is perpendicular to the line x — y + 4 = 0. 
тх1=-] > т=-1 
2 T. 


Given hyperbola x? - 4? = 36 or -n 


y , 2 
— = | а = 6, b^ = 
36 9 1, а =3 9 


tangent to above hyperbola is y = mx + 436m? -9 
here т = — I. 


equation of tangent is у = —x+ 427 orxt+yt 3 = 0. 
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Illustration : 


Sol. 


For what value of A does the line = 2x + А touches the hyperbola 16x? — 9у? = 144? 


Equation of hyperbola is 16x? – 9у? = 144 or —--—=] 


x 2 
Comparing this with ge Г we get а? = 9, b? = 16 
a 


and comparing this line y = 2x + А with y = mx + c. 

т = 2 апас= А 
If the line у = 2х + А touches the hyperbola 16x? — 9у? = 144 then с? = ат? – Б? 
=> А? = 9(2)? – 16 = 36 - 16 = 20 


138245. 


Illustration : 


501. 


Find the locus of the mid points of the chords of the circle х? + у? = 16, which are tangent to the 
hyperbola 9x? — 16y? = 144. 


> 2 


- Ты 


Any tangent to hyperbola z- i -lis у= тх + (16m? - 9) ft} 


Let (хуу, be the mid- point of the chord of the circle x? +y? = 16, then equation of the chord is 
(T- Sj 

хх, + yy - р суу) = 0 ...(2) 
Since (1) and (2) are same, therefore 


m 1 \16т? —9 


Ху 2 2342 
we get —-——- —— ———;,- >m = – —and (х? +y?) =y? (16m? – 9) 
8 X; У! m (хү +ур ) Уу 1 У! Ул 


Eliminating m and replacing (х, уу) by (x, y), we get the required locus is (x? + у?)? = 16x? — 9y?. 
Ans. 


Illustration : 


Sol. 


Find the area of a triangle formed by the lines x — у = 0, x + y = 0 and any tangent to the 
hyperbola x? — у? = a’. 


Any tangent to the hyperbola at P(a sec Ө, a tan 0) is 


xsec 0—vtan 0—a fi) 
Also х-у= 0 (Hl) 
x+ у=0 (iii) 


Solving the above three lines in pairs, we get the point A, B, C as 


a a a -а 
[sl [ead and (0, 0) 
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Since the one vertex is the origin therefore the area 
of the triangle ABC is 


1 
= Я (ху, хуу) | 


Pim em үү тг 
2 \зес?@—їап?@ 5ес?0 -tan^ 0 


Zez) =a’. 


Illustration : 


Find the equation and the length of the common tangents to hyperbola 


2 y y? x? 
Soe See Here ei. 
a a 


b b* 
Sol Tangent at (а sec ф, b tan $) on the 151 hyperbola is 
x y 
—secó -= іапф = 1 
5 ф 52 ф-1 8-2. (1) 
Similarly tangent at any point (b tan 0, a sec Ө) on 2nd hyperbolas is 
y x 
—sec0 – — пд =1 2 
i pM sm (2) 


If (1) and (2) are common tangents then they should be identical therefore 


secó —їапф 
"a -b _1 - ѕесӨ = tang 
-tanÜ secO | a b 
b a 
a 
or sec 0 - — ЖЕЗА ү? fan ф — (3) 
tanÜ ѕесф b 
and EE = ог tan 9 =. — secó — (4) 
b a a 
sec^0 — tan"0 = 1 
? 2 
НИИ ИЕ ТИНИ" 
> y tan” ф— —5ес ф-1 {from (3) апа (4)} 
а 
а’ , b 223 b a’ 5 int du 13 2. 
ak 52 tan ф 22 ап ó ={ + E or b? а? а? 
2 а? 
tan’ ф= —у—> and  5ес?ф= 1 + tan? $= —5—5 
+ p а —b 
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Hence the points of contact are 


а? b? b? a? 
t-e р and ар {от (3) and (4)} 
| Ve к) Je -b | | Де? -b | Де: =} | | 


> 2 
a xb 
Length of common tangent i.e., the distance between the above points is 42 TL and 
ү ( а +h ) 


equation of common tangent on putting the values of sec 0 and tan Oin (1) is 


x = y - 2 2 
=] or х+у=+ la? -p). Ans. 
Ка? +02) (4-6) à 


DIRECTOR CIRCLE : 


Note : 
(i) 


(ii) 


(ii) 


2 2 


X 
The locus of the point of intersection of the tangents to the hyperbola sy = ], which are 


perpendicular to each other, is called the director circle. 
Any tangent to hyperbola is у = тх + ya?m? – 2 


If it passes through P(h, К), then k—mh= 42,42. 2 
k? + n?h? - 2mk = a*m? - b? 

m? (h? — a2) - 2mhk + (k? + b?) = 0 

It is quadratic in m therefore it has two roots m, and m,. Hence two tangents (real or imaginary) can be 
drawn from Ph, К). 


If pair of perpendicular tangents are drawn from P(h, К) then m, m, = 5 —75 =- 1. 
> ^ HBgeg-a-p 

locus of P(h, К) is x? + y? = à? - b?. 
Ift? «a? this circle is real 


Ifb* =a? the radius of the circle is zero & it reduces to a point circle at the origin. In this case the centre is the 
only point from which the tangents at right angles can be drawn to the curve. 


If b? > a’, the radius ofthe circle is imaginary, so that there is no such circle & so no tangents at right 
angle can be drawn to the curve. 
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EQUATION OF NORMALS : 


(1) 


(2) 


Point form : 


Equation of normal to a Sent at P 


2 2 


x! y P(x..y, 
hyperbola a Е = 1 atapoint (x,, y,) is ; 


Normal at P 


X 
2 2 
ах by гүр 
х, У! 
Parametric form: 


2 2 


The equation of normal at (a sec ф, b tan ф) to the hyperbola 5 = = =l isi 
a 


ax cos ф + by cot ф = a? + b? 


Illustration : 


Sol. 


Prove that the line lx + ту— n = 0 will be a normal to the hyperbola 


2 > > 2 

x + a P (a? +b? | 

=- =l if - 5 = —L. 
а b У n 

2 2 
: Xx Y : 
The equation of any normal to 3 =] js 
ax cos ф + by cot ф = а? + b? or ax cos + by cot ф- (а? + 2) 20 — ......... (1) 


2 2 
Since the straight line lx + ту-п = 0 is given normal to the hyperbola 5, = а = I, then (1) and 
a 
lx + ту— п = 0 represent the same line 


acosó bcotó _ a^ eb! 


l m n 
na nb 
or sec ф= Па? e) and tan ф= nta i) 


5ес?ф - tai? ф = 1 


3 
a^ b? la? +b? ) 
— => = Ч 
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Illustration : 


Find the locus of the foot of perpendicular from the centre upon any normal to the hyperbola 
x Nr 


> ? 
a’ b* 


Sol | Normal at P(a sec $, b tan ф) is 


ax cos ф + by cot ф = а? + Ь?.......(1) 
and equation of line perpendicular to (1) and е «d 
passing through origin is 


bx-aysinó-0 а. (2) (ay bx) 
From (2) 
„ә-* | 
sin à = ay 
P(a secó, b tan $) 
2-2 2:2 
ау – Бх 
Normal at Р 
2-2 2 
and cot ф — 
х Y 


Now by puttting value of cos $ and cot фт 
equation (1), will be elminated and get the 


locus 
[2232 —b2x2 2242 2.2 
ay bx pog У bx dad m 
ay 


bx 


һә 


from (1), ахх 


=” (x? + y. ety? —Ь?х?) = (a? + b?) xy 
or — Gy)? (ay! - bs) = (a? + Ы) ty? 
which is required locus. 


PROPERTIES : 


(1) Normalandtangentat any point P(x,, y,) meet the transverse axis at С and T respectively. 


2 3 
The equation of normal at P on the hyperbola 5 = z =l is 
a 
2 2 
ах БУ 2+0 (р) 
Xj Yi 
The normal (1) meets the x-axis i.e. then put y = 0 in (1) we will get co-ordinates of G 
(a? +b") 
ie. С [е Х1, 0 | ог (e?x,, 0) 
a 


СС =е?х, 
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Now, 

SG = CG - CS = e’x, – ae = e(ex, – a) - e- SP 
Similarly, S'G=e-SP 

SG SP 

This relation shows that the normal PG 
is the external bisector of the angle 
SPS'. The tangent PT (perpendicular 
to PG) is therefore the internal bisector 
of the angle SPS’. 
The tangent & normal at any point 
of a hyperbola bisect the angle 
between the focal radii. 


E 4 2 2 
Note : that the ellipse cii 5 = | and the hyperbola = ү- У =1(а>К>Ь>0) areconfocal 
a^ pb a^-k^ к?-Ь? 


and therefore orthogonal. 


(2 The tangent & normal at any point of a hyperbola 
bisect the angle between the focal radii. This spells 
the reflection property of the hyperbola as "An 
incoming light ray " aimed towards one focus is 
reflected from the outer surface of the hyperbola 
towards the other focus. It follows that if an ellipse 
and a hyperbola have the same foci, they cut at right 


angles atany of their common point. 


E] 


(3)  Locusofthe feet ofthe perpendicular drawn from focus of the hyperbola 2. - 2 = | upon any tangent 
a2 


is its auxiliary circle i.c. x? + y? = a? & the product of the fect of these perpendiculars is b?- 
i.e., square of semi-conjugate axis. 
Similar property exists in ellipse also. 


(4) The portion of the tangent between the point of contact & the directrix subtends a right angle at the 
corresponding focus. 


(5 — Thefociofthe hyperbola and the points P and О in which any tangent meets the tangents at the vertices 
are concyclic with PQ as diameter of the circle. 
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PAIR OF TANGENTS : 


The combined equation of the pair of tangents drawn from a point Р(х |, y,), lying outside the hyperbola 


202 
5--5-16 
а Б 

х? у x Y хх, Уу i 

Е b2 ЇЕ M b? | осзз,-т 

3 2 E 4 
х 

where еш s ar da a ати a a 


CHORD OF CONTACT : 


If the tangents froma point P(x,, y,) 


3 > 


to the hyperbola =. E 5 = 1 touch 
T y 


the hyperbola at Q and R, then the 
equation of the chord of contact QR is 


Chord of contact 
X 


оо i 
a^ b 
Illustration : 
, х y 
If tangent to the parabola y^ = 4ах intersect the hyperbola й =] at A and B, then find 
a 


the locus of point of inersection of tangents at A and B. 


Sol Let P = (h, К) be the point of intersection of tangents at A and B. Therefore, the equation of chord 
of contact AB is of hyperbola is 


а? Б? 
xb’h b 
ог у= = — — touches the given parabola 
Каз К 
Therefi b? a 
terefore л ч 
k (bh 
a^k 


p 
= Locus of point P(h, k) is у?=——; 
a 
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Equation of the chord bisected at a given point : 


2 2 
2 2 
The equation of the chord of the hyperbola ҮЕ” 55 =1, Q(x..y.) 
bisected at the point Р (x,, у) is (ху) 
xX Ул му) 227 
8 № a? b? 
- OA, хи 
ог T=S,, where Т = > 43 1 апѕ $, = 3715 -l. 
Illustration : 
E -2 
Find the locus of the mid - point of focal chords of the hyperbola 5, - T =]. 
E 2 
Sol Let P = (В, К) be the mid-point 
* к к 
~ equation of chord whose mid-point is given is T = S, i.e. = - = -і = —5 – Mg 1 
ас "^ a 
since it is a focal chord, 
it passes through focus, either (ae, 0) or (-ае, 0) E E 
If it passes trhrough (ae, 0) ч. | Л 
2 2 Pih, К) 
А x У 
locus is — = —у – — 
а b 


ASYMPTOTES ОР HYERPBOLA : 


If the length of the perpendicular Іеї fall 
from a point on a hyperbola to a 
straight line tends to zero as the point 
on the hyperbola moves to infinity along 
the hyperbola, then the straight line is 
called the Asymptote of the Hyperbola. 


In short asymptote is tangent to 


hyperbola at infinity. 


Let y=mx + c is the asymptote of the 
3 2 

hyperbola —— - 3— - 1. 

a^ + 
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Note : 


(i) 


(ii) 


(iii) 


(iv) 
(v) 


Solving these two we get the quadratic as 
(b—a*m?)x?^-2a?mex -a?(b?- c?)- 0 ....(1) 


In order that y = mx + с be an asymptote, both roots of equation (1) must approach at infinity, the 
conditions for which are 
coeff of x? = 0 & coeffof x = 0. 
b 


> Ь? - ат =0огт=+- & 
а 
а? тс = 0 > с=0. 
г, equations of asymptote are © +2 2 0 ad  *Х_У-0. 
a b a b 


э: 2 
combined equation to the asymptotes ын - m =0. 
а 


As asymptotes of any hyperbola ога curve is а straight line which touches in it two points at infinity. 


2 22 
If b = a, then —- z = 1 reduces x? — у? = a?. The asymptotes of rectangular hyperbola 
2 
x?^— y? = a? are y - : x which are at right angles. 
yu Y у=х 
B 
2.22 
х И х 
> 
зїйл ea 


A hyperbola and its conjugate have the same asymptote. 


The asymptotes pass through the centre of the hyperbola & the bisectors of the angles between the 
asymptotes are the axes of the hyperbola. 


Asymptotes are the tangent to the hyperbola from the centre. 


A simple method to find the coordinates of the centre of the hyperbola is expressed as a general equation 


of degree 2. 
i.e. let f(x, y) = 0 represents a hyperbola. 
м ar д 
Find = & = . Then the point of intersection of = =0& E = 0. 


gives the centre of the hyperbola. 
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$ га 3-2 bo 22 
К" 2 E F x у 
LetHm————-—1I-B'Am———--1aüdC-——-——- I0 
09 a! be a b 7 a? oW? 
be the equation of the hyperbola, asymptotes and the conjugate hyperbola respectively, then clearly 
C+H=2Ai.c., all the equation different only by constant term and the constant term of H, A and C are 


in A.P. 


(vii) Тһеаѕутріоіеѕ ofa hyperbola are the diagonals of the rectangle formed by the lines drawn through the 
extremities of each axis parallel to the other axis. Here area of rectangle is 4ab. 


PROPERTIES OF ASYMPTOTES : 


(i) Perpendicular from the foci on either asymptote mect it in the same points as the corresponding directrix 
& the common points of intersection lie on the auxiliary circle. 


2 2 
х af b 
Gi) | Theanglebetweentheasymptotes of — — = =1is2tan (3) 
a 


3 АА 
and if the angle between the asymptote of a hyperbola ын - о = 1 is 20 then e = ѕес0. 
а? 


(iii) ^ Iffromany point on the asymptote a straight line be drawn perpendicular to the transverse axis, the 
product of the segments of this line, intercepted between the point & the curve is always equal to the 
square of the semi conjugate axis. 


> 


ә 


(iv) The tangent at any point P ona hyperbola = - ыг = 1 with centre C, meets the asymptotes їп О апа К 
"T 
and cuts off a А COR of constant area equal to ab from the asymptotes & the portion of the tangent 
intercepted between the asymptote is bisected at the point of contact. 
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Illustration : 


Sol. 


Find the asymptotes of the hyperbola xy — Зу — 2x = 0. 


Since equation of a hyperbola and its asymptotes differ in constant terms only. 
.. Pair of asymptotes is given Бу ху – 3у-2х+А=0 0; (2 2 2 5 5 2 (1) 
above equation represents two straight lines. 

abe + 2fgh — af? - bg? - ch? = 0 


-4 1 2 
=> 0+2х — x-] x —-0-0-2 1 =0 > А = 6. 
2 2 2 


From (1), the asymptotes of given hyperbola are given by 
xy-3y-2x + б= 00r (y—2) (x —3) = 0. 
2. Asymptotes are x— 3 = 0 and y — 2 = 0. 


Illustration : 


Sol. 


Note : 
(i) 


(ii). 


The asymptotes of a hyperbola having centre at the point (1, 2) are parallel to the lines 2x + Зу = 0 
and 3x + 2y = 0. If the hyperbola passes through the point (5, 3), show that its equation is 
(2х + 3y — 8) (3x + 2y + 7) = 154. 


Let the asymptotes Бе 2x + Зу + А = 0 and 3x + 2у + и = 0. Since asymptotes passes through 
(1, 2), then A = — 8 and u = ~ 7. 
Thus the equation of asymptotes are 2х + 3y - 8 = 0 and 3x + 2у - 7 = 0. 


Let the equation of hyperbola be (2x + Зу- 8) (3х -2y-7) * 4-0 2.22 (1) 
Hyperbola passes through (5, 3) then (10 + 9 8) (15 +6-—7)+A=0 
7А =- 154. 


Putting the value of À т (1), we get (2x + 3y — 8) (3x + 2y 7) - 154 = 0 which is the equation 
of required hyperbola. 


rectangular hyperbola xy = с? 


When the centre of any rectangular hyperbola be at the origin and its asymptotes coincide with the 
co-ordinate axes then equation of hyperbola is xy ^ c? . 
Here the equation of asymptotes is xy =0 and the equation conjugate hyperbolais ху=-с?. 


The equation of a rectangular hyperbola having co-ordinate axes as its asymptotes is xy = c^. 
If the asymptotes ofa rectangular hyperbola are x = a, y = В then its equation is (x —a) (y- p) = c? 
or xy оу - fx * 3. = 0. 


Parametric equation of xy = c? is х= ct and y= 


“| 


c 
2. (x, y)= (а, 3 (t 0) is called a Т point on the rectangular hyperbola. 
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Properties of rectangular hyperbola xy = cê. 


(a) 


(b) 


(c) 


(d) 


(e) 
(f) 


Equation of a chord joining the points P(t,) & Q(t,) is x + tty = c(t; +t,) with slope m= -— А 
1°2 


Equation of the tangent at P (x,, y,) is Lo i =2 &atP(t)is 7+ ty=2c. 
х Jı 


. | | — 2000, 2с 

Point of intersection of tangents at 't,' and 't,' is at 2t £t 
t 1 c | 

Equation of normal is у= = t'(x- ct) or x? -yt-ct?^ * c-0 


Equation of normal (x,, y,) is xx, —yy,7 x? - y; 


Chord with a given middle point as (В, К) is kx + hy = 2hk. 


Illustration : 


Sol. 


If the normal at the point 't,' to the rectangular hyperbola ху = с? meets it again at the point ts 


prove that t3 t, = - 1. 


: : с : 
Since the equation of normal at Cua to the hyperbola ху = с? is xü -yt,-ct? +c=0. 


; c с 
but this passes through (e£) then cti) – — 1-с +с=0 
ШЕ 2 


2 


— 117 -t tftp +t) 70 > tO (t- t) + (t7 t) = 0 
=> (t, + 1) (t,-t) =0 > dt, * 1-70 [нь 


45 t2t,7— 1. 


Illustration : 


Sol. 


A triangle has its vertices on a rectangular hyperbola. Prove that the orthocentre of the triangle 
also lies on the same hyperbola. 


: c e c : f 
.. Co-ordinates of A, B and C are (en, = б 3 and 2 3 respectively are the vertices 
! 2 3 


of a triangle lie on the rectangular hyperbola ху = сі. 
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Illustration : 


Sol. 


Now slope of BC is _ 22 

.. Slope of AD is t,t; 

Equation of altitude AD is y — 5 = t,t, (x — cty 
І 


2 
or tye = xttl Ср sates (1) 
Similarly equation of altitude BE is 


-c 
Solving (1) and (2), we get the orthocentre m "PX. -ct ZI which also lies on xy = c. 
LEE 


ty-e7xt, t1 6t t; ...... (2) 


Ех 
= 


t5 


ct; -Cl; 14, 


123 


If the normals at (х, у), i = 1, 2, 3, 4 on the rectangular hyperbola, ху = c?, meet at the point 
(a, В} then show that 
(i) Хх, = a 


с 
Let (x, y) = (e. 3! i = 1, 2, 3, 4 are the points on the rectangular hyperbola xy = œ. 


(1) Ху = B (iti) x, = Пу, 7 — c* (iv) Хх? = о? (у) Ху? = В 


c 
Equation of normal to the hyperbola xy = c? ЯГ 3 is c! х * ty-c-0 


It passes through (а, В), then ct* – Ва +18 c = 0 


itis biquadratic equation in t. Let the roots of this equation are t, ty ty t, then Xt, = 


Now 


(0) 


(ii) 
(üi) 


(iv) 


(v) 


и, = 0, Мих, = =P ыы, =-1 
45, =c t Fa 


ух? = с? (512) =e (2-25, =o 


sy? = (ху) -Ey,y,) <8 - 2 i -p-je 20 n 


1,1, 


1,1,1,1, 
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COMPLEX NUMBER 


1. INTRODUCTION : 


Indian mathematician Mahavira (850 A.D.) was first to mention in this work 'Ganitasara Sangraha' As in 
nature of things a negative (quantity) is not a square (quantity), it has, therefore, no square root'. Hence 
there is no real number x which satisfies the polynomial equation x? + 1 — 0. 


A symbol 4-1, denoted by letter Г was introduced by Swiss Mathematician, Leonhard Euler 
(1707-1783) in 1748 to provide solutions of equation х? 1 = 0. i was regarded as a fictitious or 
imaginary number which could be manipulated algebrically like an ordinary real number, except that its 


square was —1. The letter / was used to denote 4—1; possibly because і is the first letter of the Latin 
word 'imaginarius'. 


To permit solutions of such polynomial equations, the set of complex numbers is introduced. We can 
consider a complex number as having the form a+ib where a and b are real number. 

It is denoted Бу? i.e. z-a + i b. ‘a’ is called as real рай ofz which is denoted by Re(z) and 'b' is called 
as imaginary part of z which is denoted by Im (z). 


1.1 Classification of complex number : 


In fact every complex can be classified as 


Z=at ib 


purely real purely imaginary imaginary 
ifb=0 if a- 0 if bz0 


Hence, 0 + 0i is both a purely real as well as a purely imaginary but not imaginary. 
1.2 Geometrical representation of a complex number : 
Master Argand had done a systematic studies on complex numbers and 


represented every complex number as a set of ordered pair (a, b) ona 
plane called complex plane / argand plane. 


imaginary axis 
Z=a+ib= (a,b) 
Р 


All complex numbers lying on the real axis were called as purely real 
and those lying on imaginary axis as purely imaginary. 


1.3 Integral Powers of i: 


We have i= 4-1 so 22-1, й=-, 8-1 
or (3а51-р,(9м2--1 foranynel, 
jn*3-.j pn=] 


Thus any integral power of і сап beexpressedas +] ог £i. 
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Illustration : 


2 К 4 4 К 

-Ü xb SP + 

Find the value of 55 50 - т 
Єл 4 А 4 


5 А -5 В AL 
1799 4589 , 586 | [584 гэ 


Sol. 5582 500 596.50 59 


Note : 

(a) The set R of real number is a proper subset of the Complex Numbers. Hence the complete number 
system 15 МСМ сісос Кс С. 

(b) Zero is purely real as well as purely imaginary but not imaginary. 


(c) /а УЫ = Jab only if atleast one ofa or b is non-negative. 


(d) 224272 =0 > z2,"0-z,ic,z-ltiandz,-1-i 
2. ALGEBRA OF COMPLEX NUMBER : 


2.1 Equality of complex number : 


Let there be two complex numbers z, = x, + iy, and 2, =X, + ѓу,. 
If 2, =Z, then Ке(21) = Ке(2,) and Im(z,)=Im(z,). 
іе, 1х Ну, =x, t+ iy, 


= X, =X, and у, = у, simultaneously. 


Illustration : 


Find the real values of x and у for which the equation (х + 2х1) — (3x? + yi)=(3 — 5i) * (1 + 2yi) 
is satisfied. 


Sol Given equation (x? + 2xi) — (3x? + yi) = (3 — Si) + (1 + 2yi) 
= (х* — 3x) + i (2x Зу) = 4 - 5i 
Equating real and imaginary parts, we ge 
х* – Зх? = 4 ^ (i) 
and | 2x—-3y = —5 й) 


1 
From (i) and (ii), we get x = +2 and y = 3, 3 
Note : Inequality in complex numbers are never talked. If x, + iy, 7 x, ^ iy, has to be meaningful => y,=y,=0. 
Equalities however in complex numbers are meaningful. Two complex numbers z, and z, are said to be 
equalif 
Ке 2, -Rez, andIm(z,) = Im(z,) (i.e. they occupy the same position on complex plane) 
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2.2 Addition : 


Z, +Z,=(x, tiy,) + (x, + iy,) = (x, +х,) + (у, ty,) Е С. 
It is easy to oberve that the sum of two complex numbers is a complex number whose real (imaginary) 
part is the sum of the real (imaginary) parts of the given numbers : 

Ке(2 + Z,) = Re(z,) + Re(z;): 

Im(z, + z,) = Im(z) + Im(z,) 


2.3 Subtraction : 


z-z-(x*iy)-(tiy)7(x -x)* i(y,-y) Е С. 
That is 

Re(z, —z,) =Re(z,) - Re(z;) ; 

Im(z, —z,) = Im(z,) - Im(z;) . 


2.4 Multiplication : 


z,'z-Qtiy)(xtiy)-(xx ууу) + хуу + xy) eC. 
In other words 
Re(z,z,)= Re(z,)  Re(z;) - Im(z,) - Im(z,) 
and Im(z,z,)= Im(z,) - Ке(25) + Im(z,) - Re(z,) 
Рог areal number X and a complex number 2=х + i y. 
A'z-A(x*iy-AXx*iAyeC 
is the product ofa real number with a complex number. The following properties are obvious : 
(a) à (2, + 2,)= Az, + Az, 
(b) A, (AZ) = (А1А.,)2; 
(с) (A, + XA,z-7 57. + 57. for allz,z,,z, є C апа), à, 4, € К. 


Actually, relations (а) and (с) are special cases of the distributive law and relation (b) comes from the 
associative law of multiplication for complex numbers. 


2.5 Division of Complex Number : 


Let 2z-x,tiy & Z,—7X,tiy, 


7, Xi (x, iyjXx5 —f¥2) 
YE aos o — JD A HE 
2) Xjtiy, (х. +iy (X5 – ѓу) 
(XyX5 + Yyy3) +Кух, 7 ху) хүхэ + уу. |.| Ух. Ху 
=> 222 = ши Эн: ЭМ 554 a 1 
(х5 +95) х: + уз хз +у) 
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4 
2.6 Square Root of Complex Number : 


Let z=x + iy be the given complex number and we have to obtain its square root. 
Leta+ib=(x+iy)!? = a?—b?+ 2iab=x+iy 

=> х= а? – b? and y = 2ab 

= х? = (а2 + 52)? — 4а?? = х? + у? = (а? + Ъ?)? 


>a+b=|z|  . (1) хэн их | 223 (2) 
, [2|+х Пах ‚_ |2|-х "Їр 
= a= 2 хандыг 2 = b= 3 sity ъ ых : 
| 121- 
x+iy asoma „| ан 


Replacing i by ~ і, we get 


= | 12|+Ве(2) _, EE 
ve 2 \ 


\ 2 
Illustration : 
Find the square root of 3 + 4i 


Sol. Let V3+4i =а+№ => 3+4i=a@-P+2ab => а- Б = 3, 26 = 4 


à + = (а? -b? y eda =/9+16 = 5 


а+іб = + (2 + і) 


Alternative method : 


Using formula 434i = «РЯ = = +(2 +i) 


Illustration : 
If z =x + iy, 2! =a-iband 2 = k(a? — b°), then find the value of К. 


Sol. (х + іу)! -a—ib 
=>  x-*iy-(a-ib) = (а – ЗаБ?) + i (b? – 3a?b) 


> х= аі - За, у = Б – ЗаЬ = 


= a! - 3b? - b + 3a? = 4(a! - b?) 
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Illustration : 


(3+ 2isin0 ) 
Find the values of 0 if (1—2isinü) 1-Я ниб) is purely real or purely imaginary. 
— 3+ 2i sinO 
^^ Z= 1-215т00 


Multiplying numerator and denominator by conjugate, 


_ {3+ 215їп0 )(1+ Jisinü) _ 3-4 sin? Ө +8ї5їпӨ 
1+45т? 0 1+45їп? 0 
Now = is purely real if sin 0 = бог 0— nz, n є1. z is purely imaginary if 3-4 sin? 0-0 


. y SEE л 
= di nC MILL => Ө=пл+ nel 


Illustration : 


Show that the polynomial х?Р + x*« * ! + х * 2 + хб *3 is divisible by х? + x? * x1 
where р, 4, ғ s EN. 


Sol Let f(x) =x + x*«* ! + xtr*2 + xt*3 
Ptr х 1 = Et] (+1) (х 41 (х-0(414) 
Лі) =i? + Ot + prt ey pets 41404248 -4141-1-1-0 
SE) = + Ci?! + 00-0) +2 «ciet 
=1+(-i'+(-iP +CiP =1-i-1+i=0 


fc 1) = (- 1)*e эр Cc 1) 7 + Cc pyr? + (= 1)5 +3 -0 
Thus by division theorem f(x) is divisible by x? + x^ +x + 1. 


Illustration : 


If the expression (1 + ir}? is of the form of s(1 + i) for some real 's' where 'r' is also real and 
i= N m 1, then the value of 'r' can be 


л m Эх 
(A) cot з (В) зес п (С) tan 12 (D) ==, 1 


Sol.  Wehave(l + rif = 5(1 +i) 
I+ 3ri + 3C P + PP = 5(1 +i) 
1-3r *i3gr-P)2s*si => 1-37? =s=3r-r 
Hence 1- З =3r-r 
> P-3P-3rt+1=0 > (#+1)-3(т+1)=0 > (t+ Ir +1-г-3)=0 


г--1 or r-4r+l1=0 


_ 4®416-4 _ 48243 _ 
2 2 


r= 2+ V3 or 2-43 > B,C,D 
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3. THREE IMPORTANT TERMS WITH RESPECT TO COMPLEX 
NUMBER : 


3.1 Conjugate of Complex Number : 


Conjugate of a complex number z —a + i b is denoted and 
defined by Z -a- ib. 

In a complex number if we replace i by ~, we get conjugate 
of the complex number. z is the mirror image of z about real 


axis on Argand's Plane. 
Geometrical representation of conjugate of complex number 
Note : 
(a) 2+7 =2Rez 
(b) 2-2 =2ilmz 
(c) 27 =а? +b? wherez=atib 


(d) _ Ifzlies іп 1“ quadrant then Z lies in 4^ quadrant and — Z in the 2" Quad. 
(e) If x+iy=f(at+ib) then x—iy=f(a—ib) 

Further , g(x+iy)=f(a+ib) > gí(x- iy) = f(a— ib) 

e.g. sin(a*ip)7x*iy => ѕіп (оа – В) -x- iy 


3.2 Modulus of Complex Number : 


hmaginary asis 


Modulus of complex number is a distance of the point on the argand 


plane representing the complex number z from the origin. Р(х. v) 


ИР denotes a complex number z^ x + iy 


Real axis 


then OP = |2|= x? «y? 


Note : 
(i) |z|>0. 
(ii) All complex numbers having the same modulus lie on a circle with centre as origin and radius r 7 | z |. 


Illustration : 


Find the modulus of the following complex numbers 


1 3 В+!  43— 3; 
@ 5 Hu ii ME uL (iii) 1+ cos a+ isina a e (1.7. 
1 Уз 
Sol. (0 == 2 + 2 
| , 2 
(ү ,{¥3 
El | 2 ^ "1 
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(4341) [3-1 3414243 -243 
vot +1+2у3+3+1-2у3 л 
| EET шш шинж к sce 


T z | 
fii) z=l+cosatisina = 2 cos? = t2isin — -cos = = 2 cos = [est isin | 
2 Е 2 2 2 2 
= а for, =. Зл € 0 
12| =- 2 соѕ 2 Ans. €|5'3 > с05 2 


Шимїгайїоп : 
If the complex number z satisfying 2 + |2| = 1 + 7i then find the value of | z |. 
Sol. z=xtiy 
xtiyt je +y =147i 
xt dety =! .() 
and у= «(a 


х2 +49 = 1 + х? - 2х 


2x = — 48 
х=- 24 
|lz = х2 +y = 625 Ans. 


3.3 Argument of Complex Number : 


Imaginary axis 


Angle (6) made by the line segment joining the point on the complex plane 
representing the complex number z to the origin from the positive real axis 
is called argument of complex number z which is denoted as аго(2) = 0. 


P(x. у) 


Real axis 
(i) General Argument : 


If OP makes an angle Ө with real axis then 0 is called one of the argument of z. 
General values of argument of z are given by 


2пл * 0, nel. Note that any two argument of the same complex number z, differ by 2л. 


гэх 2 


eg. If z=1+/thenarg(z)= — Р(1,1) 


` General value of argument of z= 2пл + ^ „nel 


Real axis 
Note that by specifying the modulus and argument, a complex number is completely defined. 


However for the complex number 0+0i the argument is not defined and this is the only complex 
number which is completely defined by talking in terms of its modulus. i.e., |2|=0. 
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(ii) | Amplitude (Principal value of argument) : 


The unique value of 0 such that — x « 0 < л is called principal value of argument. Unless otherwise 
stated, amp z refers to the principal value of argument. 


Working rule for finding principal argument of Complex number Z 
Letz—a- ib 


First compute а = “(71 
а 


Саве Ї: If z lies in I quadrant i.e. a, b> 0 
then amp (2) 7 0 = a. 


Case II : Ifz lies in П quadrant i.e. a «0, b» 0 
then amp(z) = Ө = (x ~ а) 


Case III: If z lies in Ш quadrant i.e. a € 0, b <0 
then amp(z) = 0 =- (x — a) 


Case IV: Ifz lies in IV quadrant i.c a > 0, b <0 
then amp(z) = 0 =— a. 


(i) If zis purely real positive complex number then amp(z) = 0. 


(ii) Ifzis purely imaginary positive complex number then атр(2) = = Я 
(Ш) ^ Ifzispurely real negative complex number then amp(z) = л. 


-7 
(iv)  Ifzis purely imaginary neagative complex number then атр(2) = ET 
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Illustration : 


Find the amplitude of 
i3 ын na-i(l 0<а< 
(а) 1—43 (b) Ji (c) sin а + i (1 — cos а), а< л 
501. 
-1| М л 
(а) Let, 2 - — 1— i43. The а = tan! | | ан” | — 73 
Clearly, z is in third quadrant. 
л 2x 
Therefore argument is Ө = —(z— а) = 4 = z) E 
b) aio 1+ 3i РЕ 1+ УЗї N3-i TN 243 +21 s 43-4 
435i Е 43-41 43-1 Р 4 Е 2 


43 4 


Сотрїех питбег lies т 1 quadrant 


(c) z-sina-i(l -cosa), 0-a€m; 
z-—sina-*i(l-—cos а) 


24 2a 
sin 
izera) » 

— — | = tan —2— 


2) = tan"! 
= атр (2) = tan | pa 


E a 
2sin— cos 
2 2 


a РРР Ты 52 
tan tan{ ©) 5 | 55 


(iii) Least positive argument : 


The value of Ө suchthat 0<@<2z is called the least positive argument. 
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Illustration : 


Find general argument, principal argument and least positive argument of the following complex 


numbers 
(1)  z743-2i (2) z,--1*i (3) 2,=-2-3i 
(0 a=W- б) 2,=2-47 O 2,=л-е 


Sol. 
Complex No. | General Argument Principal Argument | Least Positive Argument 


мин 
2пл — tan 43 


3л 
2 + — 
пл 4 


3 
2пл-л+ "E 


л 
Inm — 
2 


Practice Problem 


0.1  Findthevalue of P+ +P +P упр є. 


(х-2)-(у-3) 
или. 
1-1 


Q3 Iff(x)ex'- 4x? - 4x? + 8x +44, find f(3 + 22). 


Q2 1 = 1 -3i find (x, y). 


& № | \9+401+ 49—40i 
о. 7" J9+40i- 9-40: 


‚ find | and 2. 


0.5  Asquare P,P,P,P, is drawn in the complex plane with P, at (1, 0) and P, at (3, 0). Let P, denotes the 
point (x,, Ya) n = 1, 2, 3, 4. Find the numerical value of the product of complex numbers 
(x, iy) (х, +iy,) (x, +1іу,) (x, +іу,). 


Q.6 Solve the following equations over C and express the result іп the form a+ ib, a, b є К. 
(a) x? - 3x 21=0 (b) 2(14)x-4(2-0)x-5-3i-0 
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Q.7 Find the sum ofthe following series 
1+22+38+...... to 100 terms. 


08  Ifz=(3+7i)(p+igq) where p, q € I — {0}, is purely imaginary then minimum value of | z 18 


3364 
(A)0 (В) 58 (C) SU (D) 3364 


Q.9  Matchthe equation in z, in Column-I with the corresponding values of arg(z) іп Column-Il. 


Column-I Column-II 
(equations in z) (principal value of arg (z) ) 
(А) 2-#+1=0 (P  -2nj3 
(B 2+z+1=0 (О) -7/3 
(С) 222+1+ 4/3 =0 R) л 
(D 222+1-iy3 =0 ($) 25/3 
Answer key 
го 2 (i 3 5 & 22.52 
Q. Q. (6, ) Q. Q. 275 or 75*4 
0.5 15 0.6 (а) -i,-2i ; (b) шаг ог — мм 07 50(1-0 
Q8 D Q.9 (А)О,К; (B) P, S; (C) Q, S; (D)PR 


4. REPRESENTATION OF A COMPLEX NUMBER IN DIFFERENT 
FORMS: 


4.1 Cartesian Form / Algebraic Form : 


Every complex number expressed in the form of z = x + iy where x, y e R and i= 4-1 is called 
cartesian form or algebraic form of complex number 
for z=x+ iy, Re (z)=x and Im(z)=y 


|2|= үх! -у!, Z=x-iy , arg (2) = ап! (2) 
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Illustration : 


Гү 7 
If Re B > > then find the locus ofz. 


Sol. Let z=x+iy 


NUS Е > Ж 2 
2 X iy x+y" LEY AFTY 
(1,0) 
Гү x 1 “= 
Re| — |>- = — Á— 
2 x +y 2 


> 2>2+у > —xy-4y-2x«0 

> (x-1Iy*y«l. 

Hence, locus ofz represents interior region of the circle whose centre is (1, 0) and radius is 1 unit. 
Illustration : 


Solve the equation =? + | | = 0 where z Е С. 


501, Let z=x+iy 


x!'-y + 2хуї+ Ax! «y! =0 
Comparing real and imaginary parts 
=> x-y +x +y =0 апа ху = 0 х= 0ory - 0 
Case-I : When x=0 


=> -У+ Jy =0 => у 
= у?+у=0 => уф &1)=0 
у= 0, У== 1 
Solutions are (0, 0), (0, 1) and (0, — 1) 
Case-II : When y = 0 


vty? =0 > х?+|х| =05х=0 
Solution is (0, 0) already determined 
Hence, solutions of the equation are (0, 0), (0, 1), (0, — 1). 


Illustration : 


ы |5 


If z is a complex number satisfying the equation |т—(1+1)|'=2 and w= 


then the locus traced by 'o in the complex plane is 
(А) х-у-1=0 (В)х+у-1= 0 (С)х-у+1 = 0 (О) х+у+1=0 


Sol. Wehave |z-(1* i) =2 
> (-1р +(у- 1)? = 2 (Put z = x + iy) 
> o xytyz2(kty | 22. (1) 
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Let @=ht+ik= 


2 2 2(x-iv) 
= ‚ 50 


= " E > > 
x+iy x+y 


2x -2y 
di x+y?’ ET xy! 
2(x * v) | 
= h-k= х? xy = 1 (from equation (1)) 
Locus of the point о (ћ, k) will bex-y= 1 Ans. (A) 


4.2 Trigonometrical Form / Polar Form : 


Let the given complex number be z= x + iy 
r and 0 be the modulus and amp (2) respectively. 
From the figure x =rcos 8, y=rsin® 

z =х1у=г(с05 0 +1510) =гс15 Ө 
Hence, z=r (cos Ө + і sin Ө) is called polar / triangometrical form of the complex number. 


Illustration : 


Express the following complex number in polar form. 


(i) z,=-1-iv3 (ii) 2,7—2* Ji 


Sol. 
() 2,5-1-443 = г(соѕ Ө + i sin 0) 


r= 41+3 =2 


2:3 É К 
z, = -I-i43 = СЕЗЕ 23) = хв(-25) 


(ii) 2,*—2- 3i 


3 
атр (=) = 0 = tan! > 
r= 44 = J13 


: 43 
z,-—2 3b 413 [co -tan 3) + isin z гат! JJ -413 cis t гап”! 3) 
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Illustration : 


if z= 1+ cos E +isin e then find modulus and amplitude of z. 


Sol. = ay ЛЕ 8: 
5 5 
2cos* 235, таас, ас = 2eos (os? d 
5 5 5 5 Я 5 


zi 3л z) 
— 2 cos — | cos — + i sin — 
5 5 5 


= 2eos{ x - я| [cos 32 +isin =| > 
5 5 5 
2л { 4 (x =) 
=> 2cos — | со x -— |- i sin 
5 5 5 
2 z( 2л 2z) ee (== } zx (22) 
— =- — 2cos — | cos +i sin| —— 
=> cos 5 со г isin 5 = c 5 c 5 т 5 
-2л 


27 
xf e Йом a im 
[2] cos 5 апа атр (=) = 5 - 


4.3 Exponential Form : 


z=x+tiy=r(cos0+isin0)=re” 
z = rei? is called exponential form of the complex number. 
where г is modulus ofz and 0 is amplitude of z. 
Here, cosO-isinü-e"vO ae (1) 
Replacing i by—i, we get 
cosO-isinO=e "VO  J»A ... (2) 
Adding (1) and (2) 


if —i0 


cos0= © which is purely real 
subtracting (2) from (1) 
с®-е-® 
isin Ө = 


which is purely imaginary. 
Illustration : 


(== 
If z= -2e | 4 ) then find modulus and amplitude of z. 


ви, re E EE) 


n 
- [сыт sin z) = ар i -—]1- i43 which lies т 24 quadrant 
modulus r= 4143 =2 

4 23 
amp (z) = Ө= z- ian! (3) x: и е E Е 
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Illustration : 


ji" 
Find the real part of 2 = е“ ‚ВЕК 


@ Ре бы 
и as O+is 58. i sin® — : WE os 
Sol z= е =е'©”®+!5їп®) _ үенд, оі sind — со. (cos(sin@)+ i sin(sin@)) 


Re (=) = €% ®- cos (sin Ө) 
4.4 Vectorial Representation of a Complex Number : 


Every complex number can be considered as if itis the position vector of that point. If the point Р 
represents the complex number z then, 


OP-z & [oP] = 121. 


Geometrical meaning of еї, 


(i) If OP ^ z- rei? then OQ =z, 2 rei9*9) =z. eia, 


= мэр A А. 
ЇГ OP and OQ are of unequal magnitude then OQ =OPe™ 


у 
n A 
® If z=OA=1+i and а= > then z, = ОВ =1(1+)=-1+1 (н Аы 


0 х 


(ш) ^ Using the vetorial concept and section formula complex numbers corresponding to centroid , incentre , 
orthocentre and circumcentre for a triangle whose vertices are z, , Z, ‚7, can be deduced. 


Practice Problem 


0.1  Findthelocus of z if it satisfies the equation (z— 1? 42+ 1P =2. 
2  Findallthe possible solutions of the equation 22 = z where z e C. 


Q.3  Findthe set of all points on the complex plane for which 22 +z+ 1 is real and positive. 


3 
04 If 5 <0< Ч then find modulus and principal argument of z = (1 + соѕ 20) + i sin 20. 


Answer key 
-1 43) (-1 -43 
0.1  Point(0, 0) Q2 (0,0), (1,0), |55 ыш 
= -43 УЗ 
0.3 (А,0), à €e Rand (=. y| where y € ES $) 0.4 -2со80,0-л 
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(vii) 


(viii) 


(ix) 


(xui) 


PROPERTIES OF CONJUGATE, MODULUS AND ARGUMENT : 
Properties of conjugate of complex Numbers : 


(2)=2 à) |>]=|7| () 2+2 =2Re(z) 
z— Z -2ilm(z) (v) If z is purely real z= Z (м)  Ifzispurely imaginary z=—Z 


Z, +Z, =Z +2, In general, Zp Z5 +...... +Z, =Z) +2. +...... +7) 


Za Ey : "n — s 21 Z 
2722 4172; б)  zzj-zyz @)  z'-(zy (хі) у ууу” 
If a= fiz), then а = f(z) = f(z ) where a= 2) isa function in complex variable with real coefficients. 


In other words if f(x + iy) =a + ib then f(x — iy) =a—ib. 


Explanation : 


5.2 


(i) 

(ii) 
(iii) 
(iv) 
(у) 
(м) 


(уп) 


(уш) 


Let (2) =a,+a,z+a,7+a,z7+...... та, wherea,,a,,a,,...... ‚ a, are real numbers and z is a 
complex number. Then 

" м » № " 2 
f(Z)=a,+a,Z * a(Z) +a (Z) - ...... *a(Z)'- а,+а2+а,2? +a;2° +...... +a,z". 


Properties of modulus of complex numbers : 


|zj=0>z=0+10 
121-1-21-2 - lizl 
-|z| S Re(z) S|z|and - |z| < Im (2) $|z| 


23 А = 5 
zz = 12| If z іѕилітоашагі.е. |2|= 1, then 2= — 
РА 


1212, |= 12,112, | In general |2, * z, Z, ....... Z, |=, 1121 1 Zs ----- 12, | 
|z"|=|zP 
Z da! 


A (z, +0) 


7, 


lz, + zP +|z, - z^ = 20121 Ё+12?) 
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Proof: 


z +z, +|z,-z, = (z+ 217 +2, + (z -2,)(z, -z) 
¥ 


=> (2,+2,)(%,4+2,) *(-2)(4 -z;) 


=> 20 Ри.) 
ОАРВ is a parallelogram. 
By the vector law of addition 


OP =z, +2, = (ОР - +z] 


ВА =Z,-Z, > |BA = lz - zl 


OP? + ВА? = ОА? + АР? + PB? + OB? 

lay +z? + lz- z? = (lz, + zP) 
The above identity indicates the sum of squars of diagonals of a parallelogram is equal to sum of square 
of its all four sides. 


(х) — Letz, =x, + iy, andz, =x, * iy; 


|Z, — z,| denotes the distance between two points on the complex plane representing 7, and z,. 
AB =|z, -z,| 
A 


" | x, + iy, -(x, +1, | Ы 


ЄС 617 т B 
= | х, -x, +ily,-y,)| = v(x, -x,F +(у,-у„)/ . 


Р(2) 
(x) |z|=a,a e R* = locus of z represents a circle whose У; 
centre is origin and radius is ‘a’. ХЭ №. 


(xi) |z—z,|=awhere z, is a fixed complex number and ш 
a € R' => locus of z represents a circle whose centre is 
z, and radius is a. 
y = 
(xu) — If z-z, 7 | where z, and z, are two fixed complex 


numbers then locus ofz is the perpendicular bisector of 
joining the points representing 2, and z,. 
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(xiii) Triangle inequalities |{z,|-|z,||<|z,+z,|<|z,|+|z, 


Proof: 
Method-I Algebraic Method : 


Let z =r, (cos, +isin®,)andz,=r, (cos 6, +i sin Ө.) 
2, * Z, ^ r, cos 0, +r, cos 6, +i(r, sin O, +r, sin 0,) 


зон . . 7 Coss pa - 
2+2, = V(r, со$Ө, + г, cos)" +(r, 510, + г, sin 0,7 = (2 +15 + 2nr, cos(0, -0,). 


|2, +z, | will be maximum when cos (0, —8,)= 1 
=> 0, - 0, = 2nx 
=5 9, = 9, + 2nz,nel 
Hence, for the maximum value of |z, +z, points representing 
complex numbers 2,, 7, and the origin are collinear and z,, Z, 


must lie on the same side ofthe origin. 

|Z, +z,| will be minimum when cos (0, — 0.) =— 1 
=» Ө,—Ө,=2пх+л,п є1 

= 9, =6, + 21 +л,пЕ1 

Hence, for the minimum value of zz, + z| 

points representing the complex number 2, , Z, 

and the origin are collinear and z,,z, must lie on the 


opposite side of the origin. 
In the similar manner minimum and maximum values of | z, ~ z] can also be determined. 
Method-II Geometrical Method : 


Let А and B represent complex numbers z, and z, respectively. 


A parallelogram OAPB is completed OP = Z +2, 


| OP |=|z, +z, 


In the AOAP, from the fact 
(i) Sum of two sides is always greater than third side. 
(ii) Absolute value of the difference of two sides is always less than third side. 


11241-125 | <| 2+2. <| z, MES 


Note : Sign of equality holds when z,, z, and the origin are collinear. 


Print to PDF without this message by purchasing novaPDF (http:/Awww.novapdf.com/) 


19 


5.3 Properties of Argument of complex number : 


Ээ 


amp (2, Z,) “ашр(2,) + amp (z,) + 2kx,k eI 

In general amp (Z, - 2. ....- z,,) = amp (2,) + amp (z) + ..... amp (2,) + 2kz,k € I 
Z 

(ii) amp 5 = атр (z,) - amp (z,) + 2kx, k € I 

(4) атр (27) = патр (2) + 2Кл,КЕТ 

Note : 


In the above properties 2Кл, К є I is added in RHS and К is choosen in such a way so that value of the 
expresion in RHS belongs to (— x, л] 


(iv) | If amp(z-z,)- a where z, isa fixed complex number then locus of z denotes a ray emanating from 
Zg (z is not included) and making an angle a from positive real axis. 


Note : Forany complex numberz 
атр (2) + атр(-2) =x ог атр(2) + атр(–1) + amp(z) =x 


Illustration : 


Represent the locus of т satisfying given equation or inequation оп the argand's plane. 


x л 
(i) |z- 1- i| = 42 and amp(z) = 3 (ii) lamp (z- 2- i)| < 3 


л 
(iii) 3 <|т—4| 54 and \атр (2-4) 5 4 
Sol. 


(i) The complex number 2 represting the point P is only the solution satisfying both the equations 
simultaneously 


Р(2) 
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(ii) | Complex numbers corresponding to the points lie т the shaded region satisfy the given inequality. 


(iii) АШ the complex number z satisfying both the inequalities simultaneously lies in the shaded 
reagion 


Illustration : 
If | z; -1|$1, (25-2152, | z;-3|<3, then find the greatest value of | 2, + 23+ z; |. 


Sol. | z; +z2+2z;| = | (z, —1)+(z,—2)+(z; -3) +6 | 


<|z,—1|+|z)-2|+|z;-3|+6 <1+2+3+6=12. 


Illustration : 


E „її 
If | zi |=| 22 |=| 23 |= /, prove that | z; +z +z; | = E. xm E 1 
Sol. We know that 12|-12| 
- [2,+2;›+2; | = |2,+2,+2, | 
2 2 2 
21-21, 22.22 23.23 | _ Е + [22] „lal 
=; 53) 2; du Z> Z3 
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Illustration : 


Consider two pairs of non-zero conjugate complex numbers (2, 2, ) and (2, z , ). 


2; 24 


Sol. arg (2) +arg (2) = arg | =172 | 
2; zi 232, 


-ө (E) (as z, =Z, and z,=2;) 
=3 


Find the value of arg [=] +arg (=) 


= 0 (as argument of а positive real number is zero). 
Illustration : 


If z and w are complex numbers satisfying 7+iw=0 and Amp(zw) = л, then Amp(z) is equal 


to 
4) 5 в) = с 5 р) 2 
(0 7 (B) 5 (o 5 (0) 7, 
Sol. Given 7+iw=0 = z=-iw or z=iw 

amp(z) — amp(w) = amp i = 2 401) 
also amp(zw) = л 

amp(z) + amp(w) = л di 

3 3 

(1) + (2), gives 2 атр(2) = = => amp(z) = P Also amp(w) = - 


Illustration : 


л 2л 4 
If Arg (z+ a= & and Arg (2-а) = — ;аєК*` , then 


3 
(A) z is independent of a (B)|a|=|zt+a| 
С)х=а Сї 2 р) = а Сї Ж 
(С) = =а is 6 (D)z=a is 


Sol Refer the figure z lies on the point of intersection of the rays 
from A and B. AACB is a right angle and OBC is an 
equilateral triangle 


20C-a2 z=a Cis Š (D) 
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Ilustration : 
If | =, |=1, | z; |=2, | zi | 2 3 and | 92,25 42,25 +222; |=12, 
then find the value of | тү+ту+т; |. 

50. |z,|=/ > 22,.|2,|=2 => 2,2, =4, | z;|=3 > 252, =9. 


Also, |9212) +4223 +272; |=12 


> | 252424 t 223252; +2)2;2;|=12 => | 2/2523 || 2, +2, +2; | 2 72 
=> |2, || 22 || 23 || 2+ 2.42; |=12 = 6| 5, +3; +3; |=12 
= | 2,+2,+2,|=2 — | zi zz; |=2. 


Illustration : 


Find modulus and principal argument of the complex number 


z=(1 +i) (r-i3)c2-20 @ (3). 


Sol. amp of (1 + i) = tan! 1 = Е 
л 
атр of (1-13) = ап"! v3) ыс 
| 3л 
amp of (- 2 – 2i) =-(л-їат!1)=- 4 
EL: 
amp ofi 2 
amp of 3=0 


л л л 
amp (2) = 4773 [XEM > ud 
|z|=| 244 [17i 3| |-2-2i| | i|] 3| 
= 42-2-42-1:3 = 24. Ans. 
Illustration : 
If | z (5 7i) | = 9 then find the greatest and least value of | z — 2 — 3i |. 
Sol. |2-2-31| = |z- (547i) (3 4i)| 
|[z-(5*7i)|-| 34i|| «|z- (547i) 3«4i| € |z - (57i) | 3 4i| 
| 9-5 |<|z-2-31|< 9+5 
4x[-2-3i|s14. Ans. 
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Alternative method : 


Z lies on the circle with centre C(5, 7) and radius 
equal to 9. 

Now, we have to find maximum and minimum 
distance of the point A (2, 3) from the circle. 
Maximum distance, AP = АС + СР = 5 + 9 = 14 
Minimum distance, АО = СО- АО = 9-5 = 4 


Illustration : 


4 
Find the greatest and least value of | z | is z satisfies |z-— | = 2. 
4 4 4 
Sot, |lzl-—|s}z-=|s|z1+— 
ГР [z] 
|z Ж. <2<| TE-A 
Iz] 12| 
Put |zj=nr>0 
r~£|s2sre4 
4 › 
25г+_ => pr-2r+420alwaystrue > г>ф 
r-—|s2 
-2sr-— $2 
r+2r-420 => (r-1y-520 > (61-45) 41445 20 
Positive 
r245-1 
P-2r-4s0 э (-18-550 ә (0-21-45) (r- 14 VS) «0 


=> re|i- 5. 4541 


ГЕ [/5-1, Уз +1] Ans. 
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Illustration : 
2+2. 


Let z, & 2, be complex numbers such that =, # z, and |= || = |= >|, then show that 
21722 


imaginary. 
2}+@2› 2+2 2+2 112|1:,Г-21::Г а _ 
Sol. Е/ = ezl ad 1+ :|-4 ate 5 Zt) d | | 1221 Jet purely imaginary 
2)-22) 2023-2) 2-2. 2 |2z,-2>f 


Illustration : 


2,-2: ЯВА ч " А 
1 = is unimodulus апа z, is not unimodulus, then find |z |. 


It = 
2-zjz; 
р. J- 
17422 | - 
Sees || => = |z,-2z,P =| 2-22, 
“192 2 2 
> (1-22) (2,-22,) = (2-2,2,) (2-222) 
> дд 222; 27,2; +42325 = 4— 22,2) – 22125 +22, 2525 
=> |212 + 42,2 =4+ 2,212, - (2, Р 11 5 -4) Р 
=> |2,|=2 ог |2,|* 1. Ans. 


Illustration : 
It is given that complex numbers z, and z, satisfy | z,| = 2 and |z,| = 3. Ifthe included angle of 


Zi + 2, 
their corresponding vectors is 60° then 4 - | сап be expressed as ux where N is natural 
= 1 28, -? 
number then N equals 
(C) 133 (D) 19 


(A) 126 (В) 119 


Sol Using cosine rule 


Iz, +22] = ylz P+] 25-2121 |l zz dcos 120° 
= [4+9+23 = 19 
and |z,~z,| = J|zj F +12; —2|]т | т, |cos60° 
= [449-6 = 4/7 


1+2. | _ E. 193 
z-zn Y7 7 => N = 133 Ans. 
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Illustration : 


Sol. 


Letz, Zz, є C be complex numbers such that |z, +z,|= 4/3 and|z,|=|z,|=1. 
Compute | z, — 2, |. 
[2,+2,| = J3 and|z,|=|2,|=/ 
By squaring 
(2, +2,12 = (2, +2) (2,+2,) =3 
=|z,P +12, |> + 2Re(z,zZ,) =3 


or 2Ке (:,2,) = 1 


Illustration : 


501. 


Q.2 


Q.3 


0.4 
0.5 


0.6 


1+1у3 
If = = o tid then find |z| & amp (=) 
A4 ocu 
24 cos 3 +isin 3 | 


1+/3 ЦЭН 
аг Зи БЫ 
amp z = amp (1+3) - amp (3-4) => Нэг e» =. Ans. 


Practice Problem 
2-1. а 
If x? purely imaginary, then prove that |z|= 1. 


: , : ._ [2-Я f : 
Prove that z=x + iy which satisfy the equation E = | lie on the axis of x. 
2+5 


If argz= : and |z+3-—i|=4 then find z. 


ЇГ zis any complex number such that |z + 4| < 3, then the least value and greatest value of [z 1] are. 


If z(2 - 243i  -i(J3 +i | then find the principal argument ог. 


If arg(z) = 50° then find principal argument of (2790). 


Print to PDF without this message by purchasing novaPDF (http:/Awww.novapdf.com/) 


26 


0.7 Show thatall the roots of the equation z" cos 0, + 2°1с050, +...... *cos0 = 2 


1 
where 0,,0,,0, ...... 0, ЕК lies out side the circle |z|= 2 


3 
Q.8 Find zifitsatisfies amp (z+2)= : and amp(z —3 + 2i) = т : 


8-157-0Ү | 
0.9 атр 82020) быт (1 then find 2.. 


Z +Z, 
Q.10 If |z,|=|z,|=1 andz,z,#—1 then prove that T ~ is areal number. 
e 212; 


Answer key 


S. i+; Q4 0,5 0.5 - Q6 -40° 
ua 9 2 
Q. 2 2 О. 


6. CONCEPT OF ROTATION : 


7 
Ifzand Z are two complex numbers then argument of 7 is the angle 
through which Oz' must be turned in order that it may lie along Oz. 


Iz lico) _ 121 i 
|z'] 17! 


In general, let z}, Z}, 2, be the three vertices of a triangle ABC described 
in the counter-clock wise sense. Draw OP and OQ parallel and equal 
to AB and AC respectively. Then the point P is 2, — 2, and О is 


z,—z, and 
23-1 ОО - Y Cz) 
z,-z, OP (соѕ +isina) ы 
_ СА. ia 123 7 Z1] ма Qz.-z.) 


Note that arg. (z, — z,) -arg(z, — z,) = 0 is the angle 
through which OP must be rotated in the anti-clockwise 
direction so that it concides with OQ. 
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23-21 _ [723-24 [ei 
235-5) |zi-zl 

by an angle (2x — a). Since the rotation is in clockwise direction, we are taking negative sign with angle 
(2x ~ а). 


Here we can write 22-а) also. Incase we are rotating OP in clockwise direction 


Note : 
If a complex number (z) is mutliplied by i, it means z has been 


T, : : 
rotated through an angle jm anticlockwise sense. 


e.g z-l*i 
z'=(1+i)e™2=(1+i)i=-141. 


Illustration : 


If area of triangle whose sides are reprsented by z, iz and z + iz is 200 square units then | z | is 


iz 


" ` 
9 
——À 0 


` 


iz ztiz 


aN 
PN 
N 


50, z=x + іу (x, y) 
iz = ix + Py (-y, x) 


У12И& = 200 


Illustration : 


Consider a square ABCD such that z,, 2, 2; and z , represent its vertices А, B, C and D respectively. 
Express z,' and =, in terms ofz, and z, 


л 
Sol. Consider the rotation of AB about A through an angle 4: We get 


d? _; В(2.) 
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Illustration : 
Ifz), =» =; are the vertices of an equilateral triangle then prove that 
E "We iv IEEE a E 
21421542 ===, + zx; + 22, 


and if z, is the circumcentre of the triangle then also prove that 3 =z 22421. 


Sol Since AABC is equilateral 


7 АВ = ВС = СА 
|2,—2,|=[2,-2;| =|2;—z, | 01) А(2:) 
also Z СВА = ZACB=@ 
Rotate BC about В (z,) in anticlockwise sense then 
s 21222 121-221. Ye 40) 
23—22 |:3:-22| В(2.) C(z,) 


again rotate side AB about A(z,) in anticlockwise sense then 


23-2) = 22-2! та 
= ——_‘e 
=> 2406 
|25-2:1 12-21 (3) 


21+2.+2 
a г 


ог by equation (5) 


Illustration : 
If =, & =, be non zero complex numbers satisfying the equation, г —2zyz, + 22, = 0 then find 
the geometrical nature of the triangle whose vertices are the origin and the points representing 


2, &2 

25-52 
(A) an isosceles right angled triangle (B) a right angled triangle which is not isosceles 
(C) an equilateral triangle (D) an isosceles triangle which is not right angled. 


Sol “=z > 2-22+2=0 => z-l&i 


2 
=> = => 2|=2›&2,{ > 21-2, =121 
> 
=> 23-2, is perpendicular to z, and |z, -z| = |2. | 
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Illustration : 
Let z, and =, be the roots of the equation 2? + pz + д = 0, where the coefficients p and q may 


be complex number. Let А and B represent z, and z, т the complex plane. If 2АОВ = а # бапа 


2 


ОА = OB, where О is the origin, prove that p? = 44 cos? (2) 
Sol 2,+2,==р (1) 
dho ели —— (3) Biz,) 
Now р? = (2, +2) = (2, tze a 
5 x о A(z.) 
- zy (1 + 2elt + go) 


= де (1 + 26° + ега) = q(2 + еіс + gia) 


а 
= 4 (2 + 2 cos а) = 44 cos? 2 


Illustration : 


Ifz „=> z, and z ^ z,', 2, represent the vertices of two similar triangles ABC and РОК, respectively 


then prove that 


2) oo Fa ta | e241 А 5 
Z>—Z; 2; 22-2, 2; 
A(z) P(z,") 
Sol. 
B(z.) C(z) О?) R(z,') 
AC PR 
Since A ABC and A PQR are similar, AB = РО and ВАС = ZQPR = 0. 
23—21 АС іб 
т А АВС, z-z} ав (1) 
z,'-z PR , 
3 I 10 
IRAPQR отт ша: 2 
хаш 27-2" РО e 
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- Е PILAM 


7 EA 22-21 


From (1) and (2), 1-3) T 


> 2‹@,-2)+2,@,-2,) 7z,2,-zy 


=> |г/'(›-;)+:,'(:;-:,)|= |:;'(т,-:,)| 
э [zr (z-2;)|+|27 (z-z) 2|;'(@-,)| 
=" - +’ ын 
= ЯН eus 22 513751 
= узы " „к= - bed 
22-2, 2; 22-2) 2; 
2 ёо” 2 2» Т1:-2 | 
- —L— 4-3, —— E 
22-2 23 23-2] 2; 
zy 23723 
= 7, =F p. 
22-2 2; 


Practice Problem 


Q.1 Complex number z,,z,, z, are the vertices A,, B, C respectively of an isosceles right angle triangle with 
right angle at C. Show that (z, —z,) = 2(z, —z,)(z,-Z,) 
Q.2  Findthe centre ofthe arc represented b E A == 
i n У ME (z—-2i+4) | 4’ 


6 
Q3 EAEL Z. ‚ б) are vertices of a regular hexagon апа x 2; = kz; then find the value of k. 


r-l 


Q.4 If zZ, 2, are collinear then prove that 2, 2, —Z,|—Z, |z, — z,| + 7, z, — z,| - 0. 


Q.5  Pisapointon the arranged diagram. On the circle with OP an diameter, two points О & В are taken 
such that ZOOQ = ZQOR = Ө, if O is the origin and P, О and К are respresented by the complex 


: 2 
number 7ү,7, and 7, respectively show that 25 cos 20 = 212, cos? Ө. 


Answer key 


22 Ё 
2 0.3 К-6 
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7. DEMOIVRE'S THEOREM (DMT) : 


Case-I : 


Statement : 

If nis any integer then 

(1) (cos 0 + isin 0)" 2 cos n0 + isin nO 

(1) (cos Ө, +isin 8, (cos 0, +i sin Ө,)(соѕ 0, + i sin 8,)(cos Ө, + i sin Ө,)...... (cos 0, +isin9,) 
= cos (0, + 0, * 0, * ...... Ө) + isin(0, + Ө, + 0, * ...... 9,) 


Са$е-П : 
Statement : If p, q 2 andq 0 then 
2k 2k 
(cos 0 +1 sin Ө)РЧ ЕЕ +1 (29200) 
9 q 
where k=0, 1, 2, 3, ...... ‚9-1 
Note : When index 'n' is integer then (cos Ө + і ѕіп Ө)" has exactly one value whichis с0$п0+15тп0 but 


when п is rational number (say p/q, 9 = 0) other than integer then (cos Ө + isin Ө)” has exactly q 
different values. 


Illustration : 


1+sin@+icos@ Y m л 
Prove that [!+5@@+їсозӨ\' _ Zo) tisi (2-0) 
rove that ee cosn (5 i sinn 2 


(1 sin0 )*- icos0 
(1-ят0)-1сох0 


л аы 
22| -өрчөц 
— + анна „к 
> Icos 5 -0)- isi 7 -0 ш 1+со5а -isina "T 2 


Sol. 


a 
| 
D 
So 
3 


n "n 
20 ms GB a Q .. 2 
2cos +i2sin— cos cos — +isin уз Үй 
2 2 2 2 2 ar | 
= m „0...8 o & .. «4| >| ~er-e* 
2с05 — —i2sin — cos — cos — —isin — e 
2 2 2 2 2 


л л 
> cosn (3-0) +isinn (2-0) 
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Aliter : Let sin 0+icos 0-2 


1+2 1+2 -— З ; 
х» ‚== > z" => (зїп @+icos в 


= CEDE E => cos n( 2-0 | ий (2-0) 


Illustration : 


If = = (1i 3) + (1-i 3) the find | =|. 


Sol. 1+8 = 2{cos% sisin) 


1-143- (es -isin | 


6 6 
> m (rei dy * (--3| = 222 +( cos% isin] | 


= 26 feos 2л + i sin 2л + cos 2л-іѕіп 2л] = 2? 
^ В| = 27 


Application of Demoivre's Theorem : 


To find roots of a complex quantity is the main application of DMT. 
Working rule for finding roots of a complex quantity. 


Illustration : 
Find all the roots of the equation z* — (1 + i) = 0. 


Sol 2#=] +i z3 2=(1+ і)! 


Step-1 : Express 1 + i т the polar form 


14 14 
= = (eost + isin™ | = 218 (2 +isin z) 
4 ы 4 - 


Step-2: Add 2mm т the principal argument. 


14 
= 21% [ems * z) +isin (mz * 9) 
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Step-3 : Apply DMT 


X3 d nw: NY 
> = -18 | соў 215 +— |-—+i sin) 2mz +— |-— 
= 4) 4 4) 4 


Яер-4: Ршт = 0, 1, 2, 3 to get all four roots of the equation 


m=0 z, = 218 cos —— +i sin Z т= 1.2. = 21% СУ 25 
= 16 16 ;' "22 16 16 
= 2 2, = 208 (cos TE 25 +7 TE LL) = 3,2 = 21% c +isin 235 
цан жы 16 ТЭЙ Cv 16 16 


7.1 Cube Roots of unity : 
2-1-0 => 2=(1)!? = (соѕ 0 + isin 0)'? = (cos 2mz + i sin 2mz)!? 


2mx . . 2mx 
= cos =; "ism 4, ,m-0,1,2 


3 
m = 0, 2, = соз 0 + 15їп 0 = 1 
хл 2 -1 В 
-— = — + — = — —= 
m-l, 2, cos 73 isin = ats [o 
4л амт 4л -l „з _ „ 
ш=2, Z, = cos 3 ‚+15 3 2 -1 2 =o 
Note : 
(i) e) = 1 


fii) ow" =l,nel 
(iii) 1*-0-o0-70 
O ifr is not a multiple of 3. 
(v) I+ + о = E 43 
3 if r is a multiple of 3. 
(у) Representation of cube roots of unity 
on argand plane. Cube roots of unity form 


an equilateral A whose side is V3 units. Ё 1 


(v) Some important facts 
* a +b = (а + b)(a?—ab + 2) = (a +b) (2? + (@ + о?) ab) + b?) 
= (а + Б) [a? + abo + abe? + Ь20?] = (a + b) [a(a + Бо) + bw? (а + bo)] 
=> (a + b) (a + be?) (a + bo) 
* -b = (a b) (a - be?) (a – bo) 
* +b + с? —3abc = (a + b + c) (а + bo + сог) (а + bo + co) 
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Illustration : 


501. 


Find the sum of series L (2-6) (2— e) + 2-(3 — 0) (3— e) +...... + (n — I)(n— o) (n-a) where 
o is one of the imaginary cube root of unity. 
T, =(n-1) (n— o) (n— or) 
= (n — I) (i - n (@+ av) + e») 
= (n— I) (i? + n + I) 


25, -Xn-Xs-X):-(5e1)]-. a. 
1 


2 


Illustration : 


Sol. 


If x^ 1-iN3,y - 1* i43 and т = 2 then prove that x? + у? = 2? where P is a prime 
number > 3. 


-1-443 
х = (1-53) - 128) = 20 


лж? = (-2oy = (2) е 


-1-143 
у=1+ iv3 ap р -2 & 


= (-2ary =- (2) Р 
д? + = —2Р (ар + @уР) = – (2) (—1)=2Р=2 


Illustration : 


501. 


If (a+ ey! + (b+ oy! + (c + ey! = 20у! and (а + ar)! + (b+ ar)? + (с + aX)! = 2e? where 
© is the complex cube root of unity then show that (a + 1)" + (b + 1)! + (с + Ip! = 2. 
a,b,c ER, 


1 1 1 2 
Let —+—=— 
а+х Б+х c+x х 
1 1 2 ! 
then a 


а+х b+x x cx 
=> х#-х(ас+Ьс +ab)—2abc=0 (Let the roots of the euqation are o, c», and а) 
If equation has three roots then 

sum of roots = 0 

0-6 -a-0ora-1 


1 1 P^ - 


+ + == 
а-1 Ь+1 cl 1 
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Illustration : 


Let z, and г, be the roots of the equation x! — x + 1 = 0. Compute 
Ик Get (рх, ÓrolweN 


Sol. For equation x! -x* 170 

solutions are -wand 0? 

x, 7 —o and x,=-@ 

(i) ge MM Cp ar n 
—wtwo--l 

(ii) ge + хээ”? ээ o)” + (-ar ) 9 
— -(o*a)-*l 

(i) — x" +x = (-9)" + (С. ne № 
п= ЗА >-1-1=-2 
n=3A+1>0+@ =-1 
п = ЗА +207 + о = -1 оғ 1 


7.2 п, п!" root of unity : 


2—1=0 > 2-1(1)" = (соѕ0 + і ѕіп 0) = (с0$ 2тл + isin 2m7)!" 


20л| .. | 2mx 
- cos —— | +isin| —— |, m=0,1,2,3,......,(n—1) 
n n 
m-0,2,-1 
. 2х 
m-1,2,7 cos) + isin{ 22) © "=a (Let) 
2 п п 
„4л 


2п-1)л .. ( 2(n-Dx i2(n-I)x P 
m-n-1,7,7cos 04 —— — |+ isin] —————ј=е а сай". 


(1) — La, а, а? +......, а! are п, n" roots of unity which are in GP. with common ratio a where 


i2x 
а= еп. 


(2) Sum of n, n roots of unity is awlays zero 
1+а+ а? + а + 
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1-1 
„S= =0 


— 


п, if p is an integral multiple of n 
(3) _ Sumofp" powers of n, n" roots of unity = E . . 
0, if pis not an integral multiple of n 


Proof: 1? + (о)? + (a2)? + (м?  ....... + (an - р 


Case-I: When р! isan integral multiple ofn, p=nd, A є I 


л V? 
і21 А 
а? = е n — ex" = ean 1 
a? = 1, @3?=|,.......... aC- UP = 
1+ a? + а + а? + ....... + gin - 1р 
= Pt Eee u +l=n 


Case-2 : When р is not an integral multiple of n : 
=» 1+ а? + o + а? + ......... + gn - Dp 


=] ES № TOP = 1} 


— 
1-а? 1-а” 


Illustration : 


Га. а, а, а, and a, are 5, 5" roots of unity then find the value of 
(i) aítaftaftafta!-0 
(ii) ar’ + 7 + ар? + ар? + e ini 


Sol. 

(i) ~ 4 is not a multiple of 5. 
d 
i=l 


(ii) | 20isa multiple of 5. 


5 
> a" -5 
БА 
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Illustration г 


12 2лА 
Evaluate : 2, c —icos m) 


n 
2nÀ 2лА 
Sol. (sint - cos 22 z) > < x {cos E. sin а) 


А=1 13 13 Жы 13 
12 1284 i22 ida ібл 1247 
> ci Уе! =i) |1+е 3 teh peh „е 13 –1 
A=! 


= Ci (1) =i. Ans. 


Illustration : 


0, if n is even 


fii) (+а) (1 * ay(I* ay) + каа | 


Sol. 
(i) z-!z(z-1)(-ay(-ay(- ay... (2-а, y 


2-1 
— = (2— ay € - ay £- ay ....... G- o, ) 


і 
1+2+7+........ и! =(Z-a,) (2 (z-a,_) 
Put z 21 
> pb = 1-а) а) 01-а, y 


n Limes 


Aliternative method: 


= (1-900 (1—94 +++ (1-9, J=2 
Lim — c NEC ay (1 = ay ....... (I-a, р 
pc ай 1 1 
5 мэн 1 = (1—a,) (i —a,)........ (1-a, j 
=>  (l-ayf(l-ay ...... (1-6, J=2 
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(й) a -(z-ay(6-aj(G- ay ...... @- a, y 
Put z=-l 
-Iyf-1 
(-1- a) (-1- a) -1- aJ 61-а, y= FE 
= (71) [(1 + a) (1+ о) + m (+a, )] = С 


0, even 
ЖЖ a AN 1 , 
(—1)"—1 | 


= (1+ ay (I + ay ....... (Fra хэн 229 7287, Lodd 


Illustration : 


If Zp Z» Zy 1, &z, are roots of the equation 27 + z* + 2 + 27 +z + 1 = 0 then find them also 


evaluate 
3 5 I 5 
, T 4 57 2 . 2 
(i) $5 (ii) У: (iii) 5 (iv) П“ 2-2,) 
i=! i=} i=} i=} 
Soh (2+2+23+23+2+2+1(-1=0 
(2тл 
=> 26-1=0 >2=(1№ => ї-6 ©, т=0, 1, 2,......,5 
Let | roots of the equation are 1, 2,2. z,....... 2 
4 pty 23 D 
(25 ix 14л i2x ібл іл іл 110л 15л 
5 
(i) ltz,tz,tz,tz2,t2,70— У: =-1 
i=} 
La 
- 4 „4 - ЭР РИ. em - А > 
(ii) [XD eos +2z/=0 > Yi --] {v 4is not a mutliple of 6} 
i=} 
5 > 
- 12 
@ Ул 
i=} 
> . „ 
= 1+22 +202 +... +28 = (171218 multiple of 6} 
> > ? 
=> 212 +212 + — Е: 212 = 
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5 
(iv) П@-=) 
26-1=(2-1) (2-27 (2-2, 2-2) (2-2) @-:9 


Putz = 2 


2-1. 
2-1 


5 
(2-z,) (2-z,)....... (2-2) > [](2-=,)=63 Ans. 


Illustration : 

Factorize 2? + 1 into linear and quadratic factors with real coefficients. 
Sol. 27+1=0 
) 1/7 


=> z-(-I)" = (cos л + isin a)? = (cos(2mz +л)+15т(2тл+т 


| 2mx+z 


= cos( 223 +2) +isin кз = 4 7 ) m -0, 1, 2, ......, 6 


2, eo" Ж ама” Ж а eee yy „ИШ „м 


zg =e? =е #7 = 1 
2,6997, = qri 87 = 2, 
Now 2? +1 = (2-2) (2-2) ...... @-2) 

= (2-27 2-2) (2-2) 2-24 (2- Z;) E- z) (2-2) 

” G? -2(c,+2,)+12, 2) (2-26, +2. zp Р) (2-а, 42,4125 d (-2/ 


- (2 -z acf +1 8-8 зев +1 (22 -2-200s% +1) Є + 1) 
7 


=@+ 28 -2 zoos 1X2 -2 zos | (z -2 zcos +1) 
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Practice Problem 


E E 
1I-cos — +isin 
0 10 


0.1  Findthe value ofthe following expression = = 
1—cos — —isin 
10 10 
5 2 
2 ^ РНЕ. 
Q2 If x?-x+1=Othen the value of DE + Х| 
n=] X 
Q.3 If aisanonreal fifth root of unity, then find the value of 3' *aca caa] is. 
Q4 z,22,..... ,Z,  arethe non real n^ roots of unity, then the value of 
1 1 1 
+——+...... +——— 
(3-2,) (3-2) (3-2,4) 
055  Findthe number of roots of the equation z'®—z*— 992 = 0 whose real part is negative. 
Q.6 Least positive argument of the 4" root of the complex number 2 — i 12 is 
(А) х/б (В) 52/12 (C) 7л/12 (D) 117/12 
Answer key 
ï 28 з 9 а El 
91 - Q. Q. 04 Lu 
Us 2» Q6 B 
8. GEOMETRY OF COMPLEX NUMBER : 
8.1 Geometrical meaning of addition and subtraction : 


Let z; = x, + iy, and z, = x, + iy, be two complex 
numbers represented by the point P,(x,, y,) and 
P,(x,, y.) respectively. By definition 2, +z, should be 
represented by the point (x, +X, y, +у,). This point is 
the vertex which completes the parallelogram with the 
line segments joining the origin with OP, and OP, as 
the adjacent sides. 


P(x,*x., yty) 


Q(x Xa yc-yJ 
=$ |2, + z,| = OP 
: Р',(-х„-у,) 

Also by definition 2, – z, should be represented by the point (x, —x,, y, — y;). This point is the vertex 
which completes the parallelogram with the line segments joining the origin with OP, and OP", (where 
the point Р", represents -z,; the point —z, can be obtained by producing the directed line Р.О by length 
(Iz, |) asthe adjacent sides. 

=> Еу-24:00-Р,Р, 
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8.2 Geometrical Meaning of product and Division : 
Let z, =r, (cos 0, +1516, },2., =r, (cos Ө, +i sin 0,) be complex numbers represented by О, and О.. 
(i) Construction for the point representing the product z,z, : 


Let L be the point on OX which represents unity, so 
that OL = 1. Draw the triangle OQ,P directly similar to 
the triangle OLQ,. Then point 

P represents the product z,z, . 


Explanation : 
Due to similar triangles 


n 


Also ZQ,OP = ZLOQ, = 0, => ZLOP=6, * 6, 
Since 212, ^r,r, {cos (0, + 0,) +15т (Ө, + Ө„)}, P represents z,z, . 


(ii) Construction for the point representing the quotient z,/z, : 
Draw the triangle ОО Р directly similar to the triangle OQ,L 


7, 
Then Р represents the quotient = 


Explanation : 
From the last construction, 
OQ, OP n. OP 


OG. O6 ^ в 1 


7. 


number represented Бу P:z, =z, => number represented by P= " 


Remark : 
(1) If z, =r, (cos 0, * isin 0), and 2, =г, (cos Ө, + i sin Ө,), 


ten zz-rnr-e 
i = 2; 5 


(п) arg(z,z,)= 0, +0, = argí(z,) + arg(z,) 


(ii) (2 7 0, - 0, = arg(z,) + arg(z,) 
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8.3 Centroid, Incentre, Orthocentre & Circumcentre of a triangle оп а 
complex plane : 


А(21) 
. Cres us 72 + 
(i) Centroid 'G ка лын 
az, +07, + си 
ii Incentre "= ———————— 
(ii) а-б-с 


(Ш) ^ Orthocentre : 
Zp = b cos С z, + с cos В 2, 


а 
Now АЕ = ссоѕА ; —tccosB ^" b cosC : 
1 = AE созес С = c cos A cosec C 
{= 2RcosA Е - 2R] 
sin C 
and m = сс0$ В cotC or т = 2Rcos B cosC 
_ mz, + /Zy 
Непсе Zi Черты m 


2RcosBcosCz, saRcosA( bcosCz; нэмэн ) 
2R(cosA-cosBcosC) 


_ acos B cos Cz, + bcos A cos Cz, + ccos A cos Bz, 
а (- cos (В + C) + cos B cosC) 


208 (їп А cosB cosC) + (sinB cosC cosA) 2, + (sinC cosA cosB) 7, 
sin A (sin B sin C) 


Z, = 2, lan А + Z, tan B + z, tan C = z tan A + z, tan В + z, tan C 
E tanA I1 tan A 


(iv)  Circumcentre : А(21) 


Аү= Ar. APBC 


| u A= Ar. АРАВ 
We have z, being equidistant from А;= Ar. АРАС 
the vertices gives, 

la -z2| = |2,-2,| = |2, – 2, | 


Consider, |z; – 2, " = |2, -2,| 
(21-20) (Z -®)=(®%-)(% - Z) € 
Z, (zı — Zo) - Z: (7. -2%) = Z [(® =z) - (z - а) 
Z, (z, -z)- 2, (2, - 2) = 2, (2, – 2,) xl) 
Similarly 1% & 3™ gives 

Z (z, - zo) — 2, (z; —Z) = 2 (z-z) .Q) 
dividing (1) by (2) eliminate z, and get z,. 
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8.4 Different forms of equation of a straight line : 


(i) Equation of straight line with line the help of coordinate geometry : 


А 2+7 -2 . У-У, х-х, : 
Writing x = > ‚у=-; etc. in ————— = —— —-- and re-arranging terms, we find that the 
а = У-У Хэ-Х 


equation of the line through 2, and 2, is given by. 


Z-Z 2-2 z 21 
Z^ -2 2: -Z or x. 21 l ш 0 
2, Z | 


(ii) Equation of a straight line with the help of rotation formula : 
Let A(z,) and B(z,) be any two points lying on any line and we have to obtain the equation of this line. 
For this purpose let us take any point 


7-7, Аба) 
P(z) lying on this line. Since "EE : р 0 огт, 
2-2 
Z-Z% a 
23-12, is purely real. 
zw 11 2 р 7 
= 7›-7| 7›—-7 


Conditon for which two lines which are parallel ог perpendicular : 
(a) For parallel : 


A(z,) В(2.) 


Ciz.) D(z.) 
Since AB and CD lines are parallel 


21—72 1 £42 
arg =0 о лт > 
73-24 23-24 


(0) For perpendicular : 
Since lines AB and CD are perpendicular 
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(c General equation of the line : 
From equation (i) we get, z(Z; — 21) -z, Z5 + 2, 2 = Z(Z, — 21) - 2,2, * 2,2 
>  z(Z-2Z)*2(4-2)*2Zz,-z2;-0 
Here Z;z, — 2,25 is a purely imaginary number as Z;z, —z,Z; = 2i Im (72,). 
Let  Zzz,-zzj;-ib БЕК 
= z(z;-z)*z(z-2zj)-*ib-0 = zi(Z%-Z+Zi(z-z)+b=0 
Let  a-i(z-z) > à -i(z-2z)j) 


= az+az+b=0 
This 15 the general equation of a line in the complex plane. 


8.5 Complex slope of a line : 


(a) Complex slope ofa line az+aZ+b=0 is defined as 


(b) Complex slope ofa line passing through A(z,) & B(z,) is given by 


1-2; 
т 26-23 
(с) Complex slope ofa line making an angle 0 from positive real axis is given by 
о = e 


Note : Let c, and о, be the complex slopes of two lines 
(i) If оу = о, then lines are parallel 
(ii) If œ +@,=0 then lines are perpendicular. 


8.6 Reflection Points For A Line (Image of a point in a line) : 


Two given points P & Q denoted by complex numbers z, 
and z, respectively are the reflection points ina given straight 
az-taz -r-Olifthegivenline isthe right bisector of 
the line segment РО . Two points Р(2,) & О (2,) will be 
the reflection points of each other in the given straight line, 


iff аг, + az, +г=0 where 'r' isreal and & is non 


zero complex constant. 
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Proof: M isthe mid point of PQ which lies on the line mirror 


a2Z,+@2,+427z,+a2,+2r=0 ...(1) 


Line PQ and the given line both are perpendicular 


110-2304 = AZ, -aZ, 


AZ, + 42,7 02, + az, .. (ii) 
From (1) & (ii) 
2(Gz,+az,)+2r=0 


> az,+az,+r=0 


Illustration : 
Find the image of the point P(I — i) in the line mirror (1 + i) - (1—i)z +21 = 0 


Sol The given line mirror is 
(1 + )z -(1-)z*t 2i - 0 
C1 + i)z- (1 *i)z-2-70 
(1-i)z*(1*ti)z* 270 
Let z, be the image of the given point P(1 — i) 


= (1-i)z,* (1+) (i *)* 2-0 = (1-0: ,31-142-2-0 
221201:4) _ =2(1-1+20) _ 
27 l-i 2 = 


8.7 Equation of perpendicular bisector : 


Consider a line segment joining A(z,) and B(z,). Let the line 'L' be it's perpendicular bisector. 
If P(z) be any point on the 'L'. we have 

РА=РВ => |z-z,|=|z-z, N, P(z) 

lz-—z,P =|z-z,P B(z.) 
(z-z)(z-2)-7(z2-2,)(z - Z;) 


ZZ-ZZ -ZZztzz-ZZ)-ZZ*z27, AZ) 


1411 


2(7›— Z) + 2(Z; — Z,)+2,Z,—2,Z,=0 
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8.8 Distance of a given point from а given line : 


Let the given line be za + Za+b=0, and the given point be z, 
Say  z,-x.*iy,. 

Replacing z by x + iy, in the given equation, 

we get, x(a а) * iy(a-a) *b-0 

Distance of (x. , у.) from this line is, 


х.(а+а)+іу (а-а)+Ы _ z.a+Z,a+b| “р ахлах 


v(a*a) -(a-a) V 4(Re(a)} + 4(im(a))" 2|а | 


lilustration : 


Sol. 


8.9 


() 


(ii) 


Consider а line (1 + i)z —(1 — i) zZ + 2i = 0. Find the distance of a point 2i from the above line. 


The given line can be written as Piz.) 
(-9:4(1-02:42-0 Ї 
Applying distance formula d 
\z,@+Z.a+b| 
1 2101 üz*az*b-0 
(1-i)2i+(1+i)(-2i)+2| |2+2-2+2+2| 3 
“ п - Г 


Different forms of equation of а circle : 


[2|=г, re R* then locus ofz represent a circle whose centre is the origin and radius is equal to г. 


|lz-z,|-t, ге R* then locus of z represents a circle whose centre is Z} and radius is equal to г. 


P(z) 
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(Ш) ^ Equation zz +а2 +а2+6=0 represntacircle whose centre is —a and radius is equal Jl a[ -b. 
Equation of the circle with centre z, and radius г. 
z-zl=r > z-zP=r -(-z9(G-z)-r => zz-zz-zz5tla-r-0 
Putting —2,=а and [z,? —r? = equation becomes 
22+ а2+а2+6=0 


2. Centre 2 =-а andradius r= 1202-6 = vla? -b 


Illustration 


Find the centre and radius of the circle 
zz —(3-4ijz-—(3 + d)z +9=0 
zz + (-3 +41): + (-3-4): +9=0 


Sol. Here, a=-3-4i,b=9 
.. centre, —a = 3 + 4ior (3, 4) 


radius r= vla -b = JB 4i -9 = ү25-9=4 
(iv) Diametric form of equation of circle : 


Let A(z,) and B(z,) are the extremities of diameter of a circle and P(z) be a variable point then 


(a) CP=r (r= radius of the circle) 
z Zi tZ» Z|—Z3 
ТИ € P(z) 
2 2 A 
(b) AP & BP are perpendicular FAX 
А(2,) B(z.) 
ewe as Sot 
— 2-2, 2-7, 


(с) AP?+BP?=AB? 
E-zf*k-zf-ls-zf 


(v) Equation of circle passing through three non-collinear points : 


Let A(z,), B(z,) and C(z,) be three given non-collinear points and P(z) be a variable point. 
Angle substended by the arc AP at B and C are equal (say ‘a’) 


Using rotation theorem : 
7-7, | . 
—— Ме .. (1) 
WE 
®—7, х са 27 
=A .. (il 
— A (u) 
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(i) = Gi) 
Z-Z: ЁЛ -Z3 
2—7) 2-23 


ESEEJ ЕЕЗ 
2-1, 2-2, 2-2, 2-2, 


The above equaiton represents а circle passing through A(z, ), B(z,) and C(z,). 


= e = Purely real 
“2 


Imp. Note : 
Let z, and z, be two given complex numbers and z be any complex number Pa) 


such that, zl S = | =a, where a є (0, x) 
7. — 
he | ма) Biz) 
Then'z' would be lie on an arc of segment ofa circle on 
Figure-I 


Z,Z,, containing angle a. Clearly if o. € [o =} zwould 


lie on the major arc (excluding the points z, and z,) and 


л 
ifa є E г z). 'Z would lie on the minor arc 
2 A(z.) рт В(2,) 
є, 


(excluding the points 2, and z,). Р(2) 


Illustration : 


If 2,72 *3i,2,7 3-2iandz, 7 -1- 243 i then which of the following is true? 


7, Zi -2, Zi 2; 
(Ayarg| | “08222 СУР) ^0 n 
х, 2,-2, 7, 1 ас хамж, 
БЕБЕ 
Sol. Note that |2, | == 12,1 = 413 


Hence z,, z,, z; lies on a circle with centre (0, 0) 


and r= 413 as shown 


now Arg ан = 2Arg LA 
23 


(-1,-2V3)z3 
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8.10 Condition of concyclic of four points : 


Four points A(z,), B(z,), C(z,) and D(z,) taken in order are cycyclic then 


z,-z, ^ et 0) 

21-23 : 

a =}, с“ (п) 
From (i) & (ii) 


11-25 24-23 — - - 
———— —— = Purely real (Which is the required conditon) 
24-2, 21-73 


8.11 Inverse Point w.r.t. acircle : 


Two points P(z,) & О (2,) are said to be the inverse 
point of each other w.r.t. the circle if 

(i) О, P, О arecollinear and lie on the same side 
of the centre ' O' and 

(ii) ^ (OP)-(OQ) =p? when р isthe radius of the circle. 


Qiz») 


The points 2, & z, will be the inverse point of each other 
w.r.t. the circle zz+az+az+r=0 if 


z,z,*üz,*az,*r-0 


8.12 General locii on complex plane : 


az-az-b 


2|а| then locus of z is a N P(z) 


а) (0) If |z-2 |= 


parabola whose focus is z, and directrix is the line 504) 
ocus 
az+az+b=0 provided az,+az,+b+0 


üz-*az*b-0 (Directrix) 


(1) If (2-2) + 8а(2+ 2) = 0 then locus of z 


represents a parabola whose focus is (a, 0), vertex is 
(0, 0) and real axis is the axis of parabola. 


2=х+1у 

(i 2y)? + 8a.2x =0 
— 4у? + 16ax = 0 
у? = 4ах 


0002 
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Ф) = |z-z,|+|z-z,| =k 
P(z) 


(i) К> |z, - 2, | then locus of z represents an ellipse FT Xx 
whose foci are z, and 7... ees 


P(z) 
(1) К= |2, —z, | then locus ofz is line segment joining 8,2) S.(z.) 


2, and Z,. 
PS, * PS, - S;S, = |2, - z, | => P lies on the line segement joining S,(z,) and S,(z,). 


(c) 12-241-12-254|-К 


(i) k «|2, —z, | then locus of z represents a hyperbola 


whose foci are z, and z,. S,(z,) axis 


| PS, - PS, | «5,5, 
12-2, [- 12-2, |<12,-2, | 
(ii) К= |2, —z, | then locus of z is union of two rays 
emanting from z, and 7... P(z) P(z) 
- ж — -----—+ 


Sz.) 8,2) 
| Р5,-Р5, |= 5,5, 
||z—z,|-|z-z,|=|2z,-Z,| 
<. P(z) lies on the rays emanting either 2, or Z,. 


Illustration : 


If zis a complex number satisfying the equation |z * i| + |z-i| = 8, on the complex plane then 
maximum value of | z | is 
(A) 2 (B) 4 (C) 6 (D) 8 

Sol. If |z+il+|z-i| = 8, 
РЕ, + РЕ, = 8 


=4 = (B) 
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Шияганоп : 


Number of complex numbers satisfying the relation |z+Z\+|z—Z|=2 and | z t i| +|z-i|=2, 
is 
(A) 1 (B) 2 (C) 3 


Sol. We have E + 


Also, |z-i|+|z+i] = 2 

= A line segment between 
(0, 1) and (0, —1). 

So, number of solution is 2 

ie, 2=i and -i 


=1 э|х|+|у|=1 


9. LOGARITHM OF COMPLEX QUANTITY : 


Let u and 2 be two complex number such that 
ис where и = а + В andz=x+iyor a^ ip =e’? 
then 2 is called the logarithm of u to the base е 

z=log.u 
or x+iy=log, (a+ ip) 
Now а +18 = ех = ехеу = еҷсоѕу +i sin y) 
Hence corresponding to some vlaues of x and y there is one and only one value of a + ip. 
Now we will prove that for a given value ofu, there can be infinite values of z. 
Here z-logu 
or x tiy=log (a + ip) 

= og r (cos 0 + isin 0) 


[where a =r cos Ө, B =r sin Ө and r= Wa? +87), 8 = tan” f/a] 


=logr {cos (0 + 2пл) + i sin (0 + 2пл)} 

= log ге! 95245) where n e I 

=log r+ (0 + 2nz) 

=log (о? +P?) + i(2nz+ tan” B/a)... (1) 

From (1) it is clear that for different values of n, we have different values of x + iy. 
Hence logrithim of a complex quantity is a multi-valued function and it is expressed as Logu i.e., 


1 
Log u= Log (а + 1р) = 2 log(a? + В?) +i tan"! B/a + 2nzi 


If we put n = 0, we obtain the principal value of log и. 


1 › ; 
Hence the principal value of |logu= 2 log(a? + 82) +19 |апд Ө (= tan"! B/a) should be such that 


—r<Q<n. 
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Hilustration : 


Separate into real and imaginary parts the following : 
(i) log (1 i) (ii) log (-5) 


Sol. 
(i) log (1 + i) = log (1 + i) + 2nz i. 
Let 1 =ғсоѕ дапа 1 ^rsin Ө 


then r= V¥P+P = 42 
and tan@=lor@ = x4 
log(1 + i) = log (r cos@ + ir sin 0) 
= log r (cos0 + i sin Ө) 


= log 42 (cos 7/4 + ir sin л/4) 
= log (42659) 
= log 42 + log ei** 

1 


E. 
= 5 082+ 7 іл 


1 1 
Неге Log (1 +1) = 31082 + у in * 2плі 


1 
- 5105 2 + Ц2пл + л/4) 


(ii) Log (-5) = log (-5) + 2плї 
Now log (-5) = log (-5 + i.0) 

= log (r cos Ө + ir sin Ө) 
where rcos Ө =—5, гут Ө = 0, 


r= 40-57 407) =5, гут 0 = 0, 


log (-5) = log 5 (cos л + i sin л) 
= log (Se'*) 
= 1095 +іл 
Непсе Log (-5) = log 5 + іл + 2плї 
= log 5 + і (2n + Ил 


Illustration : 


If tan log (x + iv) =a + ib and a? + b? #1, then prove that 


> 4 dy = — 2 
tan log (x^ + y) = 1-2-8 
Sol. Нет  tanlog(x + iy) ^ a +ib 
log (x + iy) = tan"! (a + ib) мж 
and log (x-— iy) = tan (а-15) ... (2) 


log (x + iy) + log (x + iy) = tan! (a + ib) + ап! (a — ib) 
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љубе) аан 1) (4330) *(a 7 ib) 
or la све iy) - tan Hee] 


2a 
log (x? + у?) = tan! b 
or og (x^ + у”) = tan aw 


2 
or tan log (х? + у?) = Xa.» 


Illustration : 
Prove that: ї = exp {-(4n + 1) z/2) 


Sol. ï = exp (i log i) 
= exp {i (log i + 2nzi)] 
= exp [i {nm + log (0 + 1.1)}] 
= exp [i {2nzi + log (cos m2 + i sin л/2)}] 
= exp [i (2плї + log е!97) 
= exp {i (2nzi + іл/2)} = exp (-2nz — m2) 
= exp {-(4n + 1) л/2} 

where п = 0, 1, 2, 3 ........ 


Illustration : 


If i -A-iB (principal values only being considered then prove that) 


ЛА В 
— | = — 2 2 = „-Вл 
tan (=) A and А- + B- = е 


Sol. Here i" =A+iB 
л ИНВ д +В 
= (А + iB) log {cos (1/2) + i sin (л/2)} = log (A + iB) 


: 1 
=> = (A+ iB) Іор e*? = 508 (A? + В?) + i tan! (B/A) 


1 : 
=> (A + iB) (1172) = > log (A? + В?) + i tan” (B/A) 
Equating real and imaginary parts of both sides 
Вл 1 
(FF) rmm m 
> А?+В?=е#* 
and А m2 = tam" (B/A) => B/A = tan (Ал/2) 
An 


B 
=> tan 2^4 Hence proved. 
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Practice Problem 


Q.1  Findthe equation of the line passing through 1+i and 2+i on argand plane and also find the complex 


numbers corresponding to the points on the line which are at a distance of ,/3 units from 1 +i- 0. 


Q.2 Find the equation ofa line passing through A(z, ) and perpendicular to OA where О is the origin. 


2 


Iz | - [21 +1 
2-12| 


0.3 Locate the complex number z=x + iy which satisfies the inequality log д «4. 


Q.4 If A & B represent the complex numbers 2, and z, such that |z, + z,| = |z, – 2. then find the 
circumcentre of AOAB, where O is the origin. 


0.5 Locate the points representing complex number z for which 


л 3л ” 7-1-1 л 
(1) 3^ E 25 (ii) 2 E 


Q.6 Find the equation ofa circle which touches the line 12+ z + 1+1=0 andthe lines (z-i)z- (2 40) 7 
and (2 + i)z + (1-2); —41= 0 аге the normals to the circle. 


Q.7 НЕ+?|+ [z| S 8 then the range of values of |z- 4]. 


0.8 Prove the following 


: i di : 1. . 4т+1 | 
(а) Log (-1) = 2плі – 5 ix (b)log C)--5 zi  (c)logii- За ,m,nei 
Q.9 ilog 5— = n—2tan ix 
Answer key 
01 14,/2411-,/241 02 22z,+2,z-2|z,P=0 


0.3  zliesinthe interior region of the circle whose centre is the origin and radius is equal to 5. 


Zi +Z 


Q.4 


Q6 E-(-2i)7 242 Q7 [1,9] 
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SOLVED EXAMPLES 


cos 


(ses л 5) 
0.1  Thevalueof 169e з R% 
(А) 119 - 1201 (В) 120+ 1191 (С) 119+ 1201 (D) None of these 


12 45 ) 
+20; 
13 13 


{ хэзиг! 


Sol 169е 


=-169 cesso 5 isin cos z) cog sin d нэн sin” 3) 
13 13 13 13 
--16 E LES 
13 BIB 13 


= [119—120 i] =-i [120+ 1191] 


Hence (A) is the correct answer. 


AB 
Q.2 If A(z), B(z;) and C(z,) be the vertices ofa triangle ABC in which ZABC = : and BC = 42,then 


the value of z, is equal are 
(A) z, + i(z, +2,) (B) z, —i(z, —zj) (C) z, + (z, —z4) (D) None ofthese 


Sol. 22-42 
Considering the rotation about B, we get 


21-12: " 
Z3 — Z> 


Z| —Z> 
23—23 


Quo АВ uasa 
BC 


> м => z-z-litij(z-z) 
Ve 


= z -(l*i)z7z(1-1-i)--iz, 
= Z,7-2,(2; + Z,) 


Оз If f(x) = gG?) + хх?) is divisible by х2+х + 1, then 
(A) g(x) is divisible by (x ~ 1) but not by h(x) (B) h(x) is divisible by (x — 1) but not by g(x) 
(C) both р(х) and h(x) are divisible by (x — 1) (D) None of these 

Sol. f(x) = р(х?) + хһ (х?) 
Let f,(x)=1+x+x? 
Clearly, the roots of f,(x) = 0 and о and w° (where is a non-real cube root of unity). As fix) 
divides f(x). 
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f(m)=0, #(7)=0 = р(ю?) + ой (02) =0 and  g(o*)+ гп (0%) = 0 
g(1)* өћ1)= 0, (1) + oh(1)-0 > 2g(1)  h(1) (о + 02) = 0 
2g(1)—h(1) =0 => h(l)=2g(1) 

(1) о.268(11-0 = Е(1)(1-20)-0 => в(Ю=0 =>  (1)-0 

x= ] is the root of g(x) = 0 and h(x) = 0. Thus р(х) and h(x) both are divisible by x - 1. 
Hence (C) is the correct answer. 


ууу р 


0.4 Findzsuch that |2-2+21 | <1 andz has 


(i) least absolute value (ii) numerically least amplitude. 
Sol. 
(i) Given equation represents a circle with centre (2,- 2) and radius 1. 


Distance of | z 2 + 21 | = 1 willbe minimum from origin along the line which is normal to the circle 


passing through the origin, so it will passing through the centre of the circle also. OP = (22 - 1) 
OA = OP cos 45° and OB = OP sin 45° so that 


(ii) We have to find the complex number z represent by Q where OQ is a tangent to the circle 
Now OQ= /oc?-cQ? = |2-2 P= 2/2? +(-2)?-1=7 
| 2 | = V7 


ZQOX = | ZCOX - “СОО | 


= * L же E. H 421 
р oll = мб) 


л хий 1 
= ampz=-( 2-5 x) 


amp z=|z| {cos (amp 2) + isin (amp z)} 
cos (ж-не) +15їп (5-93 . | 
4 2/2 - 242 


cos ($ -sinti нэн [I zz) 
4 242 4 242 J| 


-ampz- 


=amp z= 
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| л 2+1 | 
9.5  Plotthe region represented у = Sarg EJ 5 73 inthe Argand plane. 


Sol. Letus take Е 


Clearly 2 lies on the minor arc of the circle 
passing through (1, 0) and (- 1, 0). 


+1} л 
Similarly, Е E 3 means that 'z’ is lying on 


the major arc of the circle passing through (1, 0) and (-1, 0). 
Now if we take any point in the region included 
between the two arcs, say P,(z,), 


57 


2+1} 27 
Thus 5 zs arg £1 и S — represents the shaded region (excluding the points (1, 0) and (- 1, 0). 


3 


radius of the circle traced by the complex number z. 
Sol. Let O(z,) be the centre of the circle. 


We hve ZAOB = 5 AB= lz, -z| = | 6+4i|=/52 


Let ОА = OB =r=> АВ = r42 > r= 426 


23—15 _ ait? . : 
Alo - =. --j29 2, 2,7—i(2,—2,) 


=> 27 75 (4 iz iz, +2,)=$ +7. 


Alternative: 


-2 


л 2-2, 
We have » Ti xis = arg (2-21) - arg (z - z,) 


y-6 "S. 
x -10 c х-4 


= tan! 1 = ап! 
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0.6 Consider the complex numbers 2, = 10 + 6iandz, =4 + 2i. If arg — 


^ 
< 


| = 3 , find the centre апа 


у=0 _. y-2 P(z) 
х х 


рыбий -10 x-4 
> шт сат [9005 


(x -10) (x - 4) & 
AG м) 
бу-4х-4 
= Яв х?+у*-14х-8у+52 
> х?+у?—-10х-14у+48=0 
о (x-5P+(y-7) = 26= (/26] 
or | x-5+i(y-7)|=, [26 > |z- -5- 7i |= 426 


сес) к нэ 
2:-8-6/ 4 and #-3+1|=3. 


Q.7  Findall complex numbers z for which arg | 


32-6-3i  Xx-iy)-6-3i 


А. Now эзы Xi45)-2-6 


_ 3x-6+i(3y—3) [Qx-8)-i(2y — 6)] 
~ Qx-8) *i(2y - 6) [Qx - 8) -i(2y - 6)] 


_ 6x" +6? -36x-24y«66 — (2х-12у-12) 


Qx-89*Qy-6y |) Qx-8y«(y-6y 20) Guy) 
) . л т b 
Since arg (а+1Ь)= 4 г. tan d" => a=b 
= бх? + 6у2– 36х – 24у + 66 = 12x - 12y - 12 
=> x?+y?-8x-2y+13=0 .. (i) 
Again |2-3+1]=3 => |x-*iy-3-i| =3 
=> (х-3)2+(у+1)2=9 2 x?+y?-6x+2y+1=0 .. (ii) 
()-(i) => -23Х-4у-12-0 
=> x=-2y+6 .. (iii) 
Putting the value of x in (ii), we get 
(-2у + 6)? + y 6(-2у +6) + 2у+1=0 
=> 5у?-10у+1=0 
юч. " . _ a 
у=- +5 E: х=-2у+6=4+ 45 
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Q.8 


Sol. 


Q.9 


Sol. 


ИВ, | «2 forn=1, 2,3,...... and 1 * az * a;2? ^ ...... +a, Z = 0, show that z does not lie in the 


interior of the circle |z|= 3 


Given la |< 2 forn=1, 2,3,...... 


Againgiven — 1 +a,z+a,z*+...... *tayz"-0 
=>  -l-aztaj2z-.... taz 
=>  J|-l-2laz*a;z -...... + ayz"|7 [а|| [4 + 1а,22|+...... lanl 2 
= la,| [д] * Ja] =? * ...... lanl Iz" « 2 +2 * ...... 215% [from (i)] 
«2 | * 2] ...... to 2 [From (iii), 81501 
Case-1: When [4 < 1. 
„у 212! І 
From (iii), izi > 1-4 <2|2| => 34>1 => Ш> 3 


1 
Case-II : When [z > 1. I this case |2|> 3 [^ 1 21) 


5 3 ед ‘ 1 
Hence z does not lie in the interior of the circle |z|= 3 


Note : Above question can also be asked as : if |a.| 2 for 1 < п S М, then prove that there exists no 


1 
2 inthe interior of the circle |z|= 3 such that 


Laz tage +... +a,z*=0. 


| | | 2 E -15 2 2 
Considera triangle formed by the points A} — е 2 |, e ©|,С|-——е 6 |. LetP(z)bean 
" ах Ё | E | Е є i 


point on it's in-circle. Prove that AP? + BP? + CP? = 5. 
Let "E 3 PNE ae - 
FP ob^ ^ We ` 


Clearly the points lie on the circle |2} = ^ 


„Sn 
-i 


| 43 l 1/3 

If / the length of side of the ДАВС, AD =/ sin 60° = [- =OD= = AD= = 
2 2143 2 
Now OA- 4 AD- 4 2 4 
7 224301 
=> 1-2 and OD= == = д 


1 
Let P(z) be any point on the in circle, is | z |= я 
v3 
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Now, АР?= 12-2 =|2[ +| 2, |’ - (zz, +22,) 

Similarly, ВР2= |z È +| z, | - (zz, + 2z,) and CP? - | zl +| z, | - (2, zz.) 
AP? + BP? + CP? = 3|2| +|2, | + |2, P «| za | -2(2 +2, +2) - 2(2 +2, +z) 
-143- $ - z (0)- z(0)- 5. 


1+ 
0.10 If |z|=1, then prove that the points represented by | = lie on опе or other of two fixed perpendicular 
straight lines. 
Sol. Since |2 |= 1. 2 Пеѕ on a unit circle having centre at the origin 


x 2 
2 үг” ke'*? or ke??? 


where k is a real parameter and its value depends upon the position of z. 


1+ im’ i j 
Let a= (1 > а = Jk ein or к ^+, 


=> а lies on one or other of the two perpendicular lines. 


Q.11 Dividing f(z) by z—i, we obtain the remainder i and dividing it by z+ i, we get remainder 1 + i. Find 
the remainder upon the division of f(z) by z7+1. 

So. 2-1-0 => 2=1 
Remainder when f(z) is divided by (z—i) = f(i) 


Similarly remainder when f(z) is divided by (z+ i)=f(-i) . (1) 
According to question f(i) =1 
and  f(-i)21-i .. (ii) 
Since 22+ 1 isaquadratic expression, therefore remainder when f(z) is divided by 22 + 1 will be in 
general a linear expression. 
Let g(z) be the quotient and az + b the reaminder when g(z) is divided by 22+ 1. 
then f(z)- g(2(z-1)*az-*b . (iii) 
(1) 560) (12+ 1) * ai*b-ai * b .. (iv) 
and =f (-i)=g (-i) (12+ 1) -ait+b=-ai+b .. (у) 
From (i) and (іу), we have b+ai=i ...{vi) 
From (ii) and (v), we have b-ai-1-*i ‚. vil) 


1 i 
Solving (vi) and (vii) we get , b — 2 +i апаа = 5 


1 1 
Hence required remainder =а2+6 = 2 iz 2 + 


Print to PDF without this message by purchasing novaPDF (http:/Awww.novapdf.com/) 


61 
Paragraph for question поз. 12 to 14 


Let A, B, C be three sets of complex numbers as defined below. 


М 


7-1 


А = {2:12+1152+е(2)), B- (z:|z-1|2 1) and c- fz: 


Q.12 The number of point(s) having integral coordinates in the region A ^» BAC is 
(A)4 (B)5 (C) 6 (D) 10 


Q.13 Thearea of region bounded by AN BOC is 
(А) 243 (В) J3 (C) 443 (D)2 


Q.14 The real part of the complex number in the region AM BOC and having maximum amplitude is 
A)-1 B = C Ё D)-2 


Sol. For A,|z* 1| 32 + Re(z) 
> (х+1)р+у2<4+4х+х2 
> y<3+2x 


3 
> я = «+3 -— (1) 


ForB, |z- 1|2 1 


сә” í(z-Iytyxl <x (2) 

Рог С, |z- I? 2]z * 1 ? 

> (z-1)(2-)l2(+1)(2+) ‚— v3 
y 


= (zz-2-z-*1)2(z2*2-z-*1) 
= 2+2 <0 
i.e. KS а (3) 


(1) (71,0), (-1, 1), (-1,-1), (0,0), (0,1), (0,- 1) but z=— 1 is not in the domain in set C 
Total number of point(s) having integral coordinates in the region A ^ B Cis 5. 


0 
? : 3 
(7 ^ Requiredarea- 2 | it - 3) dx = 2,/3(square units) 
3 


3 


- 


(ii) Clearly z= = +10 is the complex number in the region A ^ B ^ C and having maximum amplitude. 


-3 
Re(z) = um 
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62 
Paragraph for question nos. 15 to 17 


Let A(z,) be the point of intersection of curves агр(2 – 2 + i) = E and arg (2+iv3 ) = = 


B(z,) be the point on the curve arg (2+iv3 3)-2 3 such that [z, — 5| is minimum and C(z,) be the 
centre of circle |z— 5| = 3. 
[Note: P? = – 1] 

0.15 Theareaoftriangle ABC is equal to 


3 
(A) 43 (B) E (С) 243 (D)4 


Q.16 The equation of straight line passing through origin and perpendicular to line joining A(z,) and B(z,) on 
the complex plane is equal to 
(A) z=2(2+iv3) (8)2-31-43-4) (© z=alt+iv3) ()2=^(В+)) 
(where A is real parameter.) 
0.17 If |z—z,| =1 and o = Re(z * 2) then o lieon 
(A) real axis. (B)line not passing through the origin . 
(C) line segment joining (2, 0) and (4, 0). (D) circle centred at (1,0) and radius 2. 


3л 
Sol(i) Clearly, A(z,) is the point of intersection of аге (2—2 +1) = —— and arg (+13 )= 


ы 
3 


=> 2,71 
Also, B(z,) is the pointon arg (+ 3 ) = 


such that |z,—5|=minimum, so 2, = 2+3. 


Ans C(z,) be the centre of the circle |z—5|=3 — 2, = 5. 


Hence, area (AABC) = > (АС) (AD) = ; (4) (43) - REI ) (square units.) 


(ii) Clearly, required equation of straight line is 
z-Xi(z-z) = ri (2+4iv3 -1)=ailt+iv3) -31-4344) 


1,(2) 
(ii) ^ Wehave 
2-1 = 152z = 1+е®,0Е [0, 2л) 


29) do ^O 


=> 2=1+её= 1 + соѕ0 +іѕіп Ө 


о= Re (z + 2) = 3 + cos Ө = purely real 


Clearly, locus of w is the line segment joining (2, 0) and (4, 0). Ans. 
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0.18 2, & 2, aretwo distinct points in an argand plane. If a |z, | =b |z, |, (wherea,b є К) then prove that 


С 


Sol. РИ. argz, = 0 and argz,=O+a. 


az, bz; а |2, | ei? b|2; Та | | 
+ — = —— 4 — = еёе-!@+е!@ = 2 соѕ и 
bz, azı Ъ |2, |е а |2,|е“ 
: az = bz, laz| alz 1 
Alternatively: Let a= bz, ` а ал > +Also|a|= [bz,| ^ blz] =] > а= 4 


1 
= ev = а+а =2Re(a)=2cosa 


0.19 If z,, Z, z, are complex numbers such that ri = + Е 25 ‚ Show that the points represented by 
— и £X Ж 
Z,» Z, Z, lie ona circle passing through the origin. 
Sol. Since P(z,), Q(z,), P(z,) and S(z,) are concyclic points, 


7,-2 Z,-Z 
im rg 2—4, 2—5 
ZPSQ = (РКО = arg z-z, E 2-2, 


= Е E 
7-24 Z-Z, 


(25-23) (24-23) 


А гээ 
If z, =0+ i0, then Z 23-21 =real .—  — .... (1) 
; 2 aa , 222 
We have Z, = 2: 23 from which z, = 2n-z 77 (2) 
2123 
ый 
From (1) and (2), 22 x 72—71 =real 
Z 7- _ 2 2: 
= 22, 21 
7, -Z 1 7 А 
= 2(2:-21) 21) -real 2 = real, which is true. 


Therefore, z,, Z, z, and the origin are concylic. 
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Alternative 
2 Л 1. ror d» D) 
їр 2: 23 E: 1) 2: 23 Ж 
25-21 2-74 Z,-Z, Zp А(,)< ) С(о) 
ам "Eh = 2,72, 23 


В(2,) 


U 


а=л-В > а+В=л 


=> points A, B, C, D are concyclic. 


Q.20 Prove the following inequalities geometrically and analytically : 


7 
(a) вы € |7-1]<|[Д-1|+]2][әгв2]. 


z 
Sol(a) The quantity lz lies on a unit circle centered at the origin. 


It is clear that 


7. 


If ais negative, this gives < larg z|. 


Z 
2- 
2 


To show this analytically, put 2 = г (cos a + i sin æ), 


P(Z) 


where г = |z|. Then 


2 
5 = | (cosa –1) isina | 


али : А 042) 
= [cosa -1} +sin* aJ = [(1- cosa))] ? 


12 
- (заг z) =2 
2 


0 
sin — 


252 


a 
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(b) Referring to the show figure and usign the result of part (a), 


we have |z-1| =AP< AQ + QP=||z|-1|+|z-|z]| 


> 1-1 ДН- 51-14 [z larg z]. 


7. 
=a 
Е 


Analytically, we can get this result as follows : 


|z-1|= 1-4) + (4-1) < z—|2||+| |z|-1| 


zZ 
==] 


А 


= |z-1]s|[2-1| +f 


< 8-1 + Id ire a. 


2+1) 
0.21 If z=2+t+iV¥3-t? , where t isrealand © <3, show that the modulus of A is independent of 


t. Also show that the locus ofthe points z for different values of t is a circle and fnd its centre and radius. 


sz SE 241 3414-13-02 
Ж е пауе = 
2-1 1-1-443-0 


2+1 
2-1 


Е (3412-43-12 652) 


(+ +3027 202) 3 (independent of r) 


Let z=x+iy, then xt+iy=2+t+iy3-t? 
Equating real and imaginary parts, we get 
х=2+1 ..() andy= 43-0 .. (li) 


[In order to find the locus ofz we will have a eliminate 1] 
Putting the value of t from (1) and (11), we get 
у?=3-(х-2)? o (х-2)?+у?=3 


Thus locus of z isa circle whose centre is (2, 0) and radius is 43 
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9.22 |z|s1.| w | 1, showthat | z-w <(-№ + (argz—arg w}. 


Sol. — Letus considera unit circle will its centre as the origin. 
Let ZAOX = 0, and ZBOX = 0, 
<. arg(z) = 0, and arg(@) = Ө,. 
z= ОА, W7 OB 
Now in AOAB, 


2 


олов} -|57 


cos 0 = 2|04 || ОВ 


— 2 ш-02 pi —и— 
= | BA | =|OA «| ОВ -2|ОА || ОВ | совӨ 


> 2 ‚ 2( 0 
=> z-wfslz[«|w[-2[|w|eos0 = (8-7 ам sin'( 5) 


0 0 0 m 
e e o ас заа 
We know sin; < 5 | 2 z| 


2 


Hexe |z-w[ <(|Д— №} +(argz—argw) 
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RELATION 


This chapter deals with establishing binary relation between elements of one set and elements of another 


set according to some particular rule of relationship. 


1. CARTESIAN PRODUCT: 


The Cartesian product of two sets A, В is a non-void set of all ordered pairs (a, b), 
where a є A and b є B. This is denoted by A х B 


eg  A-ll, 


A B= ((a, b)|a e Aandb e B} 
2}, B= {a,b} 


A x B= {(1, a). (1, b), (2. a), (2, b)} 


Note : (i) 
(ii) 
(ui) 
(iv) 


(v) 
(м) 
(уп) 


Illustration : 
If n(A) 
(i) 
(ii) 
(iii) 
(iv) 
(v) 


Sol (i) 
(ii) 
(iit) 
(iv) 
(v) 


A*B+#B*A (Non-commutative) 

n(A x В) = n(A) n(B) and n(P(A x B)) = 241) 

А =фапа В =ф<> АхВ=ф 

If A and B are two non-empty sets having п elements in common then (A x B) and (В x A) have 
п? elements in common. 

AX(BuC)-(AxB)u(A*xC) 

А х (Вл С) = (А х В) л (А х С) 

А х (B- С) = (А х В) - (Ax C) 


= 7, п(В) = 8 and n(A ^» B) = 4, then match the following columns. 
n(A В) (а) 56 

n(A х B) (b 16 

n((B х A) x A) (c) 392 

n((A х B) СВ х A) (d) 96 

n((A х B) о (B x AJ) е Ul 


n(A < B) = n(A) + n(B) -n(A OB) = 7 +8 – 4 = 11 Ans. (е) 


n(A х B) = n(A) n(B) = 7 х 8 = 56 = n(B х A) Ans. (а) 
n((B х А)х A) = n(B х A). n(A) = 56 х 7 = 392 Ans. (с) 
(А х B) ^ (B х A) = (n((A A By = 4? = 16 Ans. (b) 


n((A х B) U (B х A)) = n(A х B) + n(B x A) – n(A х B) ^ (В х A) 
= 56 + 56— 16 = 96 Ans. (d) 
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Illustration : 
If A = (2, 4? and B ={3, 4, 5}, then (A A В) х (А U B) is 
(1) 10, 2), (3, 4), (4, 2), (5, 9} 
(2) 102, 3), (4, 3) (4, 5) 
(3) 10, 4), (3, 4), (4, 4), (4, 5)] 
(4) {4.24 3), (4, 4), (4, 5)] 


Sol. AOB= {4} and AU B = (2, 3, 4, 5} 
^ (An B) х (A UB) = ((4, 2), (4, 3), (4, 4), (4, 5) — Ans. (4) 
2. RELATION: 


Every non-zero subset of A x B defined a relation from set A to set B. 
If R isarelation from A — B 
К: {(a, b) | (a,b) Е Ах B anda R b} 


Highlights : 
Let A and B be two non empty sets and R : А — B be a relation such that R : {(а, b) | (a, b) € R, 
a e Aandb e Bj. 
(1) 'b' is called image of 'a' under К. 


(ii) 'a' is called pre-image of 'b' under К. 

(ш) Domain of В : Collection ofall elements of A which has a image їп В or Set of all first entries 
inA x B. 

(iv) | RangeofR: Collection ofall elements of B which has a pre-image in A or Set of all second 
entries in A x B. 

Note : 


(1) It is not necessary that each and every element of set A has a image in Set B and each and every 
element of set B has a preimage in Set A 

(2) Elements of set A having image in B is not necessary unique. 

(3)Basically relation is the number of subsets of A х B 

number of relations — no. of ways of selecting a non zero subset of A x B 


= Со + "C < ИИ + mac 
zm 


Illustration : 
Given A = (1, 2, 3, 4, 5} and В = (2, 4, 5}. A relation defined 
аЬ = a and b are relatively prime or co-prime (i.e. HCF is 1), 
find domain and range of R. 

Sol R= {(1, 2), (1, 4), (1, 5), (2, 5), (3, 2), (3, 4), (3, 5), (4, 5), (5, 2), (5, 4) ] 
Domain of R {1,2,3,4,5} 
Range of R {2,4,5} 
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Illustration : 
A = (Jaipur, Patna, Kanpur, Lucknow} and В = {Rajasthan, Uttar Pradesh, Bihar] 
а => a is capital of b, a € A and Б є В 

Sol К = {(Jaipur, Rajasthan), (Patna, Bihar), (Lucknow, Uttar Pradesh) } 


Illustration : 

МА = (1,3, 5, 7}, В = (2, 4, 6, 8} 

Relation is aRb = a> b, acA, beB 
Sol. R= {(3, 2), (5, 2), (5, 4), (7, 2), (7, 4), (7, 6] 

Domain = (3, 5, 7} 

Range = {2, 4, 6} 


Representation of a Relation : 


1. Roster form : In this form we represent set of all ordered pairs (a,b) such that (a.b)eR 
where ae A, be B 
Set builder notation : Here we denote the relation by the rule which co relates the two set 
Arrow - diagram (Mapping): This the pictorial notation of any relation . 


Illustration : 
Let = (-2, -1,4 B= {1,4,9} 
A relation from A to В i.e. a К b is defined as а is less than b. 
This can be represented in the following ways. 
1. Roster form : 
К = {(-2, 1), 2, 4), (-2, 9), (-1, 1), (71, 4), (-1, 9), (4, 9); 
2. Set builder notation : 
В = {(a, b): a € A and b є В, а is less than bj 
3. Arrow - diagram : 


Empty relation: No elements of A is related to any elements of A. 


Universal relation: Each elements of Ais related to every element of A. 
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e.g. 


eg 


(D 


INVERSE RELATION: 


If relation R is defined from A to B then the inverse relation would be defined from B to A, i.e 
R:A—B = aRb where a e A,be B 
R':BoA > bRa where a e A,be B 


Here DomanofR =RangeofR™! 
and RangeofR  =DomainofR! 
R^! = {(b, a) | (a,b) € R} 
A relation К is defined on the set of 1“ ten natural numbers. 


N isa set of first 10 natural nos. - N= {1,2, 3, ..., 10} &a, Бє № 
aRb => a+2b=10 


R= (0, 4), (4, 3), (6,2), (8, D) S O 


R^! = {(4, 2), (3, 4), (2, 6), (1, 8)} 


IDENTITY RELATION: 


A relation defined on a set А is said to be an Identity relation if each & every element of A is related to 
itself & only to itself. 


A relation defined on the set of natural nos. is 
ар = a-bwherea&b e N 
R= {(1, 1), (2, 2), (3, 3), ......... } 

R is ап Identity relation 


CLASSIFICATION OF RELATIONS: 


Types of Relations 
Reflexive Symmetric Transitive 


Reflexive: A relation defined on a set A is said to be an Identity relation if each & every element ofA is 

related to itself. 

ie. if (a, b) Е К then (а, a) є К. However if there is a single ordered pair of (a, b) є R such (а, а) 
e R then К is not reflexive. 
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eg. A relation defined on (set of natural numbers) 
aRb => 'a' divides ‘b' a,b e N 
К would always contain (a, a) because every natural number divides itself and hence it is a reflexive 
relation. 


Note: Every Identity relation is a reflexive relation but every reflexive relation need not be an Identity. 


(I Symmetric: A relation defined on a set is said to be symmetric if aRb => bRa. 
If (a, b) Е К then (b, а) must be necessarily there in the same relation. 


EXAMPLES: 
A relation defined on the set of lines. 
(1) aRb => a || b 
Itis а symmetric relation because if line is | | to 'b' then the line 'b' is || to "а". 
where (а, b) eL {L isaset of || lines] 
(2) LRL > LLL, Itisa symmetric relation 
L,L,eL {Lisaset of lines} 


(3) аЬ => 'a' is borther of 'b' is not a symmetric relation as 'a' may be sister of 'b'. 
(4) aRb = 'a' is a cousin of'b'. This is a symmetric relation. 


If R is symmetric 
(1) К= В! 
(2) Rangle of R= Domain of R 


(IH) Transitive: A relation on set A is said to be transitive if aRb and bRc implies айс 
i.e. (a,b) Е К and(b,c) Е К then (a, c) ЕК 
Here а, b, c need not be distinct. 


EXAMPLES: 

(1) A relation К defined ona set of natural numbers Nwithrule акы => a<b 
В: {(1, 2), (1, 1)}. 
In this relation a, b, c are not distinct but it is transitive. It is neither reflexive nor symmetric as (2, 1) is 
missing, Minium number of ordered pair that must be added to make it reflexive, symmetric and transitive 
52 і.е. (2, 1) and (2, 2). 


(2) Only Transitive К = f(x, y) | x € y, хе М, уЕ М} 
Only Symmetric R= {(х,у)|х+у= 10, хЕМ, уЕМ} 
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6. EQUIVALENCE RELATION: 


Ifa relation is Reflexive, Symmetric and Transitive then it is said to be an equivalence relation. 


EXAMPLES: 
(1) A relation defined on N 
Ху = x=y 
Ris an equivalence relation. 


(2) Relation defined on the set of integer (I) 
Prove that: xRy => (x — y) is even is an equivalence relation. 


Asking: A= (1,2, 3,4}; R= {(1, 2), (2, 2), (1, 1), (4, 4), (1, 3), (3, 3), (3, 2)) then 
(AVRASA T (В*) Кота $ CSATA ER (D)RASAT 


(3) R= {(1,2), (2,3); add minimum number of ordered pairs to make it an equivalence relation. 
{(1, 1), (2, 2), (3,3), (2, 1), (3,2), (1,3), G, 1)] = 7 


(4) А={1,2,3,......., 13,14) 


В = f(x, у) |3х-у= 10} RASAT 
В = {(x, y)|x is factor of y] RASAT 
В = f(x, y)|x is father of y] RASAT 
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MATHEMATICAL INDUCTION 


INTRODUCTION : 


In algebra, there are certain results that are formulated with n number of terms in them, where n is a 
natural number (i.e. a positive integer). Those results can be proved by a specific technique, known as 
the principle of mathematical induction. We use the symbol P(n) (read "P ofn") to denote some proposition 
which depends on the positive integer n. For example, P(n) might denote the sum of the first n odd 
positive numbers, that is 

1+3+5+7+9+...... + 21-1) = п? 
whe i=l, 2 ........ s 


e FIRST PRINCIPLE OF MATHEMATICAL INDUCTION : 


The proof of the proposition P(n) by mathematical induction forall n є N consists of the following three 
steps : 

Step-1. Verification step 

Verify that the proposition P(n) is true for n = 1, i.e., the first natural number or the smallest positive 
integer. This is also called the basic step of the induction. 


Step-2. Induction step 
Assume that the proposition will also be true for some п = К > 1, і.е. we assume Р(К) to be true. This is 
called the induction step. 


Step-3. Generalization step 

If P(k) is true, then prove that the proposition is also true for n = (К + 1), which is the next positive integer 
(i.e. the next natural number), i.e. we have to prove that P(k + 1) must also be true. In this step we prove 
that the implication P(k) => P(k + 1) is true. 

Next we generalize the result by saying that, since the proposition is proved to be true for n = К + 1, then 
it must also be true for n = К, and hence the proposition will be true for all n belonging to the set of natural 
numbers. 


e SECOND PRINCIPLE OF MATHEMATICAL INDUCTION : 


Step-1. Verification step 
Verify that the proposition P(n) is true for n = г, whereris some fixed integer. 


Step-2. Induction step 
Assume that the proposition P(n) is true forn ^r, r* 1, r * 2,....., m. 


Step-3. Generalization step 

Prove that the proposition Р(п) is true forn = m + 1. Thus, if true, we generalize the result by saying that 
since the proposition is true for n = М + 1, then it must also be true for n ^r, r+ 1,г+ 2,......., mas 
assumed in Step 2. Thus, the proposition is true for all n 2 r belonging to the set of natural numbers. 
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HEIGHT & DISTANCE 


ANGLES OF ELEVATION AND DEPRESSION : 


(i) Angle of elevation : 


Let P be an object and OX be a horizontal line; an observer at О to perceive the object P has to elevate 
his eye from the direction OX to the direction OP. As such, we define ZXOP as the angle of elevation 
of P at O. 


(ii) Angle of depression : 


Let P be an object and OX be a horizontal line; an observer at O to perceive the object P has to depress 
his eye from the direction OX to the direction OP. As such, we define ZXOP as the angle of depression 
of P at O. 


Angles of 
Depression 


(iii) Angular elevation : 
If PM is perpendicular to OX, then the angle XOP is also called the altitude or the angular elevation of 
MP at O. 

(iv) Bearing of a point : 


Let NS and EW stand for lines in the north-south and east-west directions respectively then the acute 
angle which the line OA makes with NS is called the bearing ofthe point A from O. 

The bearing of A may be indicated precisely, by giving the size ofthe angle and specifying whether it is 
measured from ON (or OS) and whether to east (or west). For example, in figure, OA is in the direction 
30° east of north. Thus, the bearing is written as М 30° E. 
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To express one side of a right angled triangle т terms of other sides : 


Let AB = h (hypotenuse) and let ZABC = Ө. The side opposite to Ө is A 
a perpendicular p and the remaining side is base b. 
b = р (cot Ө) Р h 
p = b(tan 0) 
p=h(sin0) 
b=h(cos Ө) C p B 
(s d _ аѕіп(а +B) 
(а) If AD=BE, then х= yan (b) = р-а) 
I< 
П 
Е «4 i 
Н ѕіп(В — a) hcota 
(c) | cosacosf and H= cosa — со5В 


2 
М | 
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STATISTICS 


1. DEFINITION : 


STATISTICS: A set of concepts, rules and procedures that help us to : 

— Organize numerical information in the form of tables, graphs and charts; 

— Understand statistical techniques underlying decisions that affect our lives and well-being; and 
— Make informed decisions. 


2. DATA: 


Facts, observations and information that come from investigations. 
Generally three types of data are used 


(i) Ungrouped data, Raw data or individual series : 


(ii) Discrete frequency or ungrouped data: 

Definition : 

Data consist of n distinct values X,,X,...... , X, occuring with frequency fj, f, , ...... f, respectively. 
This data in tabular form is called discrete freqency distribution. 


(iii) Continuous frequency or grouped data : 

Definition : 

A continuous frequency Distribution is a series in which the data are classified into different class intervals 
without gaps along with their respective frequencies. 


3. MEASURES OF CENTRAL VALUE : 


Measure of central value gives rough idea about where data points are centred. Mean, mode, median 
are three measure of central tendency. 


(А) MEAN : 
The mean is the most common measure of central tendency and the one that can be mathematically 
manipulated. It is defined as the average ofa distribution is equal to the ХХ / N. Simply, the mean is 
computed by summing all the scores in the distribution (EX) and dividing that sum by the total number of 
scores (N). 
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(Г) Arithmetic mean of individual series (Ungrouped data) : 


If the series in this case be x,, x, X, ....... , X, ; then the arithmetic mean x is given by 


. 1 п 
Sum of the series _ Х(+Х›+Х+.....+х,„ Ух, 


чы. = Number of terms - N М 


(ІІ) Arithmetic mean for discrete frequency distribution : 


If the terms of the given series be ху, х„,........ , X, and the corresponding frequencies be Г, Г,, ......., m 


then the arithmetic mean х is given Бу, 


n n 
- f,X, fax +........ +f,x, => ti. =N 
N N i=l 


(III) Arithmetic mean for grouped or continuous frequency distribution : 
Arithmetic mean (X )=A+ Ужо -А), 
i-l 


where A = assumed mean, f= frequency and x – A = deviation of each item from the assumed mean. 


(IV) Combined Arithmetic mean : 
If x, (i= 1,2, ......, К) are the means of k-component series of sizes n, (i= 1, 2, ..., К) respectively, then 


the mean x ofthe composite series obtained on combining the component series is given by the formula 


ПХ +п.х>+ — +n, X, i=l 


a 


п, + п, +... + П 2 
+n k Yn 


(V) Weighted Arithmetic Mean : 
Weighted arithmetic mean refers to the arithmetic mean calculated after assigning weights to different 
values of variable. It is suitable where the relative importance of difference items of variable is not same. 
Weighted Arithmetic Mean is give by 


Print to PDF without this message by purchasing novaPDF (http:/Awww.novapdf.com/) 


12 


Properties of arithmetic mean : 
If each of the values ofa variable 'X' is increased of decreased by some constant k, then arithmetic mean 
also increased of decreased by k. 
Similarly when the value of the variable 'X' are multiplied/divided by constant say К, arithmetic mean also 
multiplied /divided by the same quantity k. 


Illustration : 
The mean weight of 150 persons in a group is 60 kg. The mean weight of men in the group is 70 kg and 
that of the women is 55 kg. Find the number of men and women. 

Sol Number of person= 150; their mean weight = 60 kg; 


mean weight of men (x,) = 70kg and 
mean weight of women (X,)=55 kg 
Let n, and n, be the number of men and number of women respectively. 


We know that the total number of persons (n, + п,) = 150 ог n,—150—n,. 
We also know that the mean weight of all persons 


_ (n,X,;+n>X>) 


(x) 
n, * n5 
70n, + 55n, 
or 60 — 150 


or 3n, = (1800 — 1650) = 150 
or n, 7 50 and n, = 100 


Illustration : 
Find the mean ofthe following data : 


EN 


Somero | 2 | 3 | 8 | иг 


Sol. Method-1: 


Marks Number of i : 
шинэ Mid - points 


пиши 
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"E. ^ 1800 45 
х= ‚х. = — 
N i3 Е 40 
Method-2 : 
ees 
Asumed mean a= = 45, h=10 


Marks Number of х = 
obtained Students 


7 
> fd, 
x =а+ lL =45+ — х 10 = 45 
N 40 


(B) MEDIAN : 

(a) Definition : The median is the score that divides the distribution into halves; half of the scores are above 
the median and half are below it when the data are arranged in numerical order. The median is also 
referred to as the score at the 50" percentile in the distribution. 


Calculation of median : 


(i) Individual series : If the data is raw, arrange in ascending or descending order. Let n be the number of 
observations. 


+1 4 
Ifn is odd, Median = value of (=) item. 


1 п ү" 4 th 
Ifnis even, Median = 7 value of (5) item + value of (5 "| item |. 
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(ii) Discrete series :In this case, we first find the cumulative frequencies of the variable arranged in ascending 
ny 
or descending order and the median is given by Median = (5 * ) observation, where п is the cumulative 
frequency. 


(iii) For grouped or continuous distributions : In this case, following formula can be used. 


ВБ 


Median = / + е 26 хі 


where / = Lower limit of the median class 
f= Frequency of the median class 
М = The sum ofall frequencies 
i=The width of the median class 
C=The cumulative frequency of the class preceding to median class. 


(b Quartile: As median, divides a distribution into two equal parts, similarly the quartiles, quantiles, deciles 
and percentiles divide the distribution respectively into 4, 5, 10 and 100 equal parts. The j quartile is 


N 


TE. 
10 
f 


given by 0,-14 1. 


Illustration : 
The marks obtained by 10 students in an examination are 22, 26, 14, 30, 18, 11, 35, 41, 12,32. What 
is the median mark? 

Sol. Number of students (п) = 10 and marks obtained by them = 22, 26, 14, 30, 18, 11, 35,41, 12, 32 
Arranging the given marks in the ascending order, we get 11, 12, 14, 18, 22, 26, 30, 32, 35, 41. 
Since the number of students is even, therefore median of their marks 


10 10+2 
= Arithmetic mean of 3 and 2 marks 


= Arithmetic mean of 5" and 6" marks 


22-26 
2 


= 24 Ans. 
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Illustration : 
Calculate the median of the following data: 


| хинвогйн (4 | 6 | wo | о 6 | 4 | 


Sol. Calculation of Mean Deviation from Median 


Wages per Mid-Values | Frequency | Cumulative 
15 4 4 
25 6 10 


М 
Here, М = 60. So 5 = 30. 


М 
The cumulative frequency just greater than — = 30 is 40 and the corresponding class is 40-50. 


2 
So, 40-50 is the median class. 
1=40, f= 20, h= 10, F=20 
№ р 
Now, Median = l+ E xh = 404 20-5 10 =55 Ans 


(C) MODE: 
Mode is the most frequent score in the distribution. A distribution where a single score is most frequent 
has one mode and is called unimodal. When there are ties for the most frequent score, the distribution is 
bimodal if two scores tie or multimodal if more than two scores tie. 
Mode for continuous series 


Ж fj - fy 
Mode = / + EA 
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Where, /, = The lower limit of the model class 
f, = The frequency of the model class 
fọ = The frequency of the class preceding the model class 
f, = The frequency of the class succeeding the model class 
i7 The size ofthe model class. 


Symmetric distribution : 

A distribution is a symmetric distribution ifthe values of mean, mode and median coincide. In a symmetric 
distribution frequencies are symmetrically distributed on both sides of the centre point of the frequency 
curve. 


mean = median = mode 


A distribution which is not symmetric is called a skewed distribution. In a moderately asymmetric 
distribution, the interval between the mean and the median is approximately one-third ofthe interval 
between the mean and the mode i.e., when have the following empirical relation between them, 

Mean- Mode = 3 (Mean – Median) => Mode = 3 Median – 2 Mean. it is known as Empirical relation. 


Positively skewed : 

A distribution is positively skewed when is has a tail extending out to the right (larger numbers) When a 
distribution is positively skewed, the mean is greater than the median reflecting the fact that the mean is 
sensitive to each score in the distribution and is subject to large shifts when the sample is small and 
contains extreme scores. 


Mean > Median > Mode 


Mode Median Mean 


Negatively skewed : 

A negatively skewed distribution has an extended tail pointing to the left (smaller numbers) and reflects 
bunching of numbers in the upper part of the distribution with fewer scores at the lower end of the 
measurement scale. 


Mean < Median < Mode. 


} 
| 
i 
} 
H 


Mean Median Mode 
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Ina moderately asymmetric distribution, the interval between the mean and the median is approximately 
one-third of the interval between the mean and the mode i.c., when have the following empirical relation 


between them, 

Empirical formula : mode=3 тейіап – 2 mean 
А Меап – Моде 

Coefficient of skewness = Fr 


Limitations of central values : 
Anaverage, such as the mean or the median only locates the centre of the data and does not tell us 
anything about the spread of the data. 


4. MEASURES OF SPREAD OR DISPERSION : 


Measures of variability provide information about the degree to which individual scores are clustered 
about or deviate from the average value in a distribution i.e., 

The degree to which numerical data tend to spread about an average value is called the dispersion of the 
data. The four measure of dispersion are 


(1) Range (ii) Mean deviation 
(ш) Variance (iv) | Standard deviation 

Important Note : 

(a) A small value for a measure of dispersion indicate that the data are clustered closely (the mean is therefore 
representative ofthe data). 


(b A large value of dispersion indicates that the mean is not reliable (it is not representative of the data). 


(i) Range : 
The simplest measure of variability to compute and understand is the range. The range is the difference 
between the highest and lowest score in a distribution. Because it is based solely on the most extreme 
scores in the distribution and does not fully reflect the pattern of variation within a distribution, the range 
is a very limited measure of variability. 


, L-S 
Coefficient of range : L«S 


L= Largest value 


$ = Smallest value 


(ii) Mean deviation : 
The arithmetic average of the deviations (all taking positive) from the mean, median or mode is known as 
mean deviation. 
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(а) Mean deviation from ungrouped data (or individual series) 


n 
Mean deviation — x x, - MJ. 
=I 


п 
Where У |х, – М) is the sum of modulus of the deviation of the variate from the mean (mean, median 
i=l 


or mode)and N is the number of terms. 


(b) Mean deviation from continuous series : 
Here first of all we find the mean from which deviation is to be taken. Then we find the deviation 


X, – М) ofeach variate from the mean M and multiply these deviations by the corresponding frequency 


— 1 п п 
So, Mean deviation = х 2.55 -М|, where N= УЕ А 


Illustration : 

The scores of a batsman in ten innings are : 38, 70, 48, 34, 42, 55, 63, 46, 54, 44. Find the mean 

deviation about the median. 
Sol. Arranging the data in ascending order, we have 

34, 38, 42, 44, 46, 48, 54, 55, 63, 70 
Неге п = 10. So, median is the A.M. of Sth and 6th observations. 
46 +48 
E8) ar 


Median, M = | 


Calculation of Mean Deviation 


а |  M-h-47 
9 
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Illustration : 
Calculate the mean deviation from the median of the following data: 


[ee [16-20] 21-25 [26-39 5135 [36-30 [41-83455 [9-5 


һе | з | 6 о и | а в | э] 


Since given data is not continuous frequency distribution but we can make it continuous frequency 
distribution by subtracting lower limit by 0.5 and adding 0.5 to upper limit of every group. 
Sol. Calculation of Mean Deviation from Median 


Mid-Values | Frequ mulative Id; 
Бье кин, ЫГ 
5 20 100 
5 s Е 2 15 90 


25.5-30.5 
30.5-35.5 


35.5-40.5 
40.5-45.5 
45.5-50.5 
50.5-55.5 


М 
Here, М = 100. So 2 = 50. 


М 
The cumulative frequency just greater than — = 50 is 63 and the corresponding class is 35.5-40.5. 


2 
So, 35.5-40.5 is the median class. 
1=35.5, f= 26, h=5, C = 37 
N -С 
0- 
Now, Median pe ah = 35.5+ | ЗЭС = 3$ Ans. 
УБ|4,| 735 
Mean Deviation from median = “Эр = 100 =7.35 Ans. 
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(iii) ^ Variance or Var(X) orc? : 
The variance is a measure based on the deviations of individual scores from the mean. As noted in the 
definition of the mean, however, simply summing the deviations will result in a value of 0. The get around 
this problem the variance is based on squared deviations of scores about the mean. When the deviations 
are squared, the rank order and relative distance of scores in the distribution is preserved while negative 


values are eliminated. Then to control for the number of subjects in the distribution, the sum of the 
squared deviations, >. (Х-Х)? , is divided by N(population). The average of the sum of the squared 


deviations is called the variance. 


(a) Variance of individual observations : 


If x р Map ceases X, aren values of a variable X, then 


E] 


ав) 


| n сл 
Var(X) = Xe -Xy 


[i=l 


= Mean of squares — Squares of Mean 


(b) Variance of discrete frequency distribution : 
Їх. uos «Хү aren values ofa variable X and corresponding frequencies of them аге f}, f,, .....-f, 


зе] | 88 


1-1 i=l 


Var (X) = е, -XY 
i=l 


(с) Variance of a grouped or continuous frequency distribution : 


1 yn (Lyn) _ч=Х 
рЫ 2-2) u; h 


where h=Class width 
Properties : 
(1) IfX,, X, X,....., x, ben values of a variable X. If these values are changed to x, +a, x, +a, ....X, +a, 
where a € R, then the variance remains unchanged. 
(2) IÊ Me C ‚ X, values of a variable X and let 'a' be a non-zero real number. Then, the variance of the 


observation ax,, ах........ ‚ах, 18 a? Var(X). 
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(iv) Standard Deviation: 
The standard deviation (s or c) is defined as the positive square root of the variance. The variance is a 
measure in squared units and has little meaning with respect to the data. Thus, the standard deviation is 
a measure of variability expressed in the same units as the data. The standard deviation is very much like 
a mean or an "average" of these deviations. 


Combined Standard Deviation : 
If there are two sets of observations containing n, & n, items with respective mean x, & X, and 


standards deviations б, & Cy then the mean X and the standard deviations of n, +n, observations, 


taken together, are 
_ Их + NZX, 
EE 77 
ps em bs +4; )en e: +43)] 


where dio x- х, dj X- X; 


Illustration : 


Calculate the mean and standard deviation of first n natural numbers. 


Sol Here x,=i=i=1, 2,....... ‚ п. Let X be the mean and c be the S.D. Then, 


А 
=> = 


марса) (net) 


6n 2 6 4 12 
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Illustration : 
The mean and variance of 7 observations аге 8 and 16 respectively. If 5 of the observations are 
2,4, 10, 12, 14, find the remaining two observations. 

Sol Letx and y be the remaining two observation. Then, 


Mean=8 

2+4+10+12+14+х+у 
> шин шин = 42+х+у= 56 
= х+у= 14 | | | | | .. (1) 


Variance — 16 


1 
= 7? +4? +10? + 122 + 142 + x? + у?) - (Meany = 16 


1 
7 (4 + 16 +100 + 144 + 196 + x? + у?у- 64 = 16 > 460 + х? + у?= 7 х 80 


= 
=> х2+у2=100 A | | .. (ii) 
Now, (х+у)?+(х-у)* = 2(х? + у?) 
196+(х-у)?=2х100 > (х-у)”=4 >х-у= 
If x-y=2, thenx +y= l4andx-y=2 > х= 8,у= 6 
Их-у=-2, then x+y = l4andx-y=-2 > x=6,y=8 
Hence, the remaining two observations are 6 and 8. 


Illustration : 
Find the variance and standard deviation for the following distribution: 


Е 3 [т ВОС С ОЕ ОЕ |? | 


$01. Calculation of Variance and Standard Deviation 


ёо Mid-point х, ALS 1 3 
9 27 


Гу. 15 
Therefore X =A+ D h-65- 59 * 10=62 


2 
variance = Т МУУ 57 Ix] 5 ао, Чад 105-(-15) "= 55 15250- 225] = 201 


and standard deviation (с) = \/201 =14.18 Ап. 
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Illustration : 
The mean and standard deviation of 20 observations are found to be 10 and 2 respectively. On rechecking, 
it was found that an observation 8 was incorrect. Calculate the correct mean and standard deviation in 
each of the following cases: 
{i) Ifthe wrong item is omitted. 
Sol.  Wehave,n-20, X =10ando=2 
ЭР 1 =: 
Х = 25 > Ex =пХ =20х 10=200 = Incorrect Хх, = 200 


an, с-2 => o=4 => 1542 quema 
n 


= e -100=4 => Xxj-104x20 => | Incorrect Xx — 2080 


(i) When 8 is omitted from the data. 
If $ is omitted from the data, then 19 observations are left. 
Now Incorrect Ex, = 200 =>  CormectEx,*8—-200 = Correct Xx,—- 192 
and Іпсопесі Хх2=2080 =>  CormectXx?- 82 =2080 => Correct Хх; = 2016 


192 
Correct mean = 19 = 


1 
> Correct variance = 19 (Correct Ex?) - (Correct mean)? 


— — 26 (8 
=> orrect variance = 19 19 
38304-36864 1440 


Correct variance — 361 361 


22211440 _ 1200 _ 
Correct standard deviation ү = Ю = 1.997 


Analysis of Frequency Distributions : 
Measures of dispersion are unable to compare two or more series which are measured in different units 
even if they have the same mean. Thus, we require those measures which are independent of the units. 
The measure of variability which is independent of units is called coefficient of variation (C.V.). The 
coefficient of variation is defined as 


см. = x 100 
UT ‹ 


where c and X are the standard deviation and mean of the data. 

For comparing the variability of two series, we calculate the coefficient of variation for each series. The 
series having greater C. V. is said to be more variable or conversely less consistent, less uniform less 
stable or less homogeneous than the other and the series having lesser C.V. is said to be more consistent 
(or homogeneous) than the other. 
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Illustration : 
The following values are calculated in respect of heights and weights of the students of a section of 


Class ХІ: 
Height Weight 
Mean 162.6 cm 52.36 
Variance 127.69 ст? 23.1361 kg? 


Can we say that the weights show greater variation than the heights ? 
Sol То compare the variability, we have to calculate their coefficients of variation 


Given Variance of height = 127.69 cm? 
Therefore Standard deviation of height 4127.69 ст= 11.3 ст 
Also Variance of weight = 23.1361 kg? 


Therefore Standard deviation of weight = 423.1361 kg=4.81 kg 
Now, the coefficient of variations (C.V.) are given by 


CV) inheichts= Standard Deviation 
(C.V.) in heigh минж 
11.3 
= 1626* 100 = 6.95 
and С.У.)і ЖР: x 1000 — 9.18 
(C. Jin weight = 251^ = 0), 


Clearly С.У. in weights is greater than the С.У. in heights 
Therefore, we can say that weights show more variability than heights. 


IMPORTANT DEFINITIONS : 
1. Raw Data: 
Data collected in original fonn. 


4. Frequency : 
The number of times a certain value or class of values occurs. 


3. Frequency Distribution : 
The organization of raw data in table form with classes and frequencies. 


4. Categorical Frequency Distribution : 
А frequency distribution in which the data is only nominal or ordinal. 


5. Ungrouped Frequency Distribution : 
А frequency distribution of numerical data. The raw data is not grouped. 


6. Grouped Frequency Distribution : 
А frequency distribution where several numbers are grouped into one class. 
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Class Limits : 
Separate one class in a grouped frequency distribution from another. The limits could actually appear in 
the data and have gaps between the upper limit of one class and the lower limit of the next. 


Class Boundaries : 

Separate one class in a grouped frequency distribution from another. The boundaries have one more 
decimal place than the raw data and therefore do not appear in the data. There is no gap between the 
upper boundary of one class and the lower boundary of the next class. The lower class boundary is 
found by subtracting 0.5 units from the lower class limit and the upper class boundary is found by adding 
0.5 units to the upper class limit. 


Class Width : 

The difference between the upper and lower boundaries of any class. The class width is also the difference 
between the lower limits of two consecutive classes or the upper limits of two consecutive classes. It is 
not the difference between the upper and lower limits ofthe same class. 


Class Mark (Midpoint) : 
The number in the middle ofthe class. It is found by adding the upper and lower limits and dividing by 
two. It can also be found by adding the upper and lower boundaries and dividing by two. 


Cumulative Frequency : 
The number of values less than the upper class boundary for the current class. This is a running total of 
the frequencies. 


Relative Frequency : 
The frequency divided by the total frequency. This gives the percent of values falling in that class. 


Cumulative Relative Frequency (Relative Cumulative Frequency) : 

The running total of the relative frequencies or the cumulative frequency divided by the total frequency. 
Gives the percent of the values which are less than the upper class boundary. 

Histogram: 

A graph which displays the data by using vertical bars of various heights to represent frequencies. The 
horizontal axis can be either the class boundaries, the class marks, or the class limits. 


Frequency Polygon : 
A line graph. The frequency is placed along the vertical axis and the class midpoints are placed along the 
horizontal axis. These points are connected with lines. 


Ogive : 

A frequency polygon of the cumulative frequency or the relative cumulative frequency. The vertical axis 
the cumulative frequency or relative cumulative frequency. The horizontal axis is the class boundaries. 
The graph always starts at zero at the lowest class boundary and will end up at the total frequency (for 
a cumulative frequency) or 1.00 (for a relative cumulative frequency). 
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MATHEMATICAL REASONING 


STATEMENT: 


A sentence is called a mathematically acceptable statement if it is either true or false but not both. 
A statement is neither imperative, nor interrogative nor exclamatory. A sentence which is a request, ога 
command is not a statement . 
Ex:  Thefollowingare the statements 

(a) 61s less than 8 

(b) 21s an odd number 

(c) Every square is a rectangle 

(d) New Delhi is in India 


Note : A sentence which is both true and false simultaneously is not a statement. Such a sentence is called а 
paradox. 


OPEN STATEMENT : 


A declarative sentence containing variable (s) is an open statement if it becomes a statement when the 
variable(s) is (are) replaced by some definite value (s). 
c.g. s-xisaninteger 

s is true if x is integer and false if x is not integer. 


COMPOUND STATEMENTS : 


A compound statement is a statement which is made up of two or more statements. In this case, each 
statement is called a component statement. 
e.g. All rational numbers are real and all real numbers are complex. 
The component statement are 
p: all rational numbers are real 
q: all real numbers are complex numbers 


CONJUNCTION : 


Compound statement are combined by the word "апа "(л) the resulting statement is called a conjunction 
denoted as p ^ q. 
e.g. A point occupies a position and its location can be determined. 
The component statement are 
p: A point occupies a position 
4: Its location can be determined 
Both statements are true. 


Imp.: Do not think that a statement with "And" is always a compound statement. 


e.g. A mixture of alcohol and water can be separated by chemical methods. 
(Here "And" refers to two things). 
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Note : 

(1) The compound statement with 'And' is true if all its component statements are true. 

(ii) The compound statement with 'And' is false if any of its component statements is false (this includes the 
case that some of its component statements are false or all of its component statements are false). 


The following truth table shows the truth values of p ^ q (p and q) andq ^ p (qand p). 


Truth Table (p ^ q, q ^ p) 


T T 


F 
F 


F 


Rule:p^q is true only when p and q are true. 


Remark : The above truth table shows that p ^ qq ^ p. 


DISJUNCTION OR ALTERNATION : 


Compound statements p and q are combined by the connective ОК (v), then the compound statement 
denoted as p v q (рога) so formed is called a disjunction. 
e.g. Two lines in a plane either intersect at one point or they are parallel. 


Sometimes we use the connective 'either ... or..." to obtain p v q and read p v qas 'either p or q'. 
РУЧ РУЧ porq 


Note : 

(ї) А compound statement with an 'Or' is true when one component statement is true or both the component 
statement are true. 

(ii) A compound statement with an 'Or' is false when both the component statements are false. 


Truth Table (p v q. q v p) 


T 


7 
È 


T 
T 
r 


Imp.: e.g. А student who has taken biology or chemistry can apply for M.Sc. microbiology program. 
This means that student who have taken both biology and chemistry or only biology or only chemistry 
can apply for the microbiology program. This is example of inclusive "Or". In this case truth table is 
same as p v q. 
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Imp.: e.g. Student can take French or Sanskrit as their third language. 
This means that student have to choose only one subject from French and Sanskrit. It exclude the case 
when one student can choose both subject. This is case of exclusive "Ог". This is represented 
as py gor p ® 4. Truth table for exclusive or is as follows. 


[3 ] s [eem 
F 
T 
F 


ит T | 
| | ж j| "T | 
L 8 ж || — ла 
true and the other is false. 
NEGATION (OR DENIAL) : 


The denial of a statement is called the negation of the statement denoted as ~. 
eg р: Everyone т Germany speaks German. 
~p: itis false that everyone in Germany speaks German. 


While forming the negation of a statement, phrases like, "It is not the case" or "It is false that" are also 
used. 
eg. p:Allintegers are rational numbers". 

~ p: Atleast one integer is not a rational number. 


If p is true then ~ p must be false and if p is false then ~ p must be true 


И 1-0 


Rule : ~ is true only when р is false. 


It may be noticed that ~ (~p) = p. Also p and ~ p are contrary. 
e.g. the statements 'х is an even number’ and' x is an odd number are contrary if x is a whole number 
because both the statements cannot have the same truth value. 


Imp.: If may be observed that negation is not a binary operation, it is а unary operation i.e. a modifier. 


E ~p is true iff p is false. 
2. ~ pis false iff p is true. 
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Quantifiers : 
Quantifiers are phrases like "There exists" and "for all". 


Negation of Quantifiers 
(1) Р= There exist a number which is equal to its square . 
—Р = There does not exist a number which is not equal to its square. 
(ii) P= Forevery real number x, x is less than x + 1. 
~ Р = There exist a number for which x is not less thanx + 1. 


IMPLICATION : 
There are three types of implications : 
ШТП... then" 
(1) "Only if" 
(iti) "If and only if" 


(1) y Me then " type of compound statement is called conditional statement. 
The statement ‘if p then q' is denoted by p — 4 (to be read as 'р implies 4) or by p => q. Note that 
р > qalso means 
(i) pis sufficient for q (ii) q is necessary for p (iii) ponly ifq 
(iv) plead tog (у) 4 їїр (vi) q whenp 
(vii) ifp, then а 


e.g. p:anumber is a multiple of 9 
q:anumber is a multiple of 3. 
Then pq or pq 


pq is false only when p is truc and q is false. Truth table for p — q is as follows. 


Truth Table (p > q, q > p) 


Rule : p > q is false only when p is true and q is false. 
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(2) "If and only if" type of compound statement is called Biconditional or equivalence or ‘double 
implication’. Symbolically р iff q' is represented by р <> qorby p сэ. 
(1) pisa necessary and sufficient condition for q. 
(ii) q is necessary and sufficient condition for p. 
(ш) lIfpthenqandifqthenp 
(№) | qifandonly ifp. 
e.g. p: Ifthe sum of digits of a number is divisible by 3, then the number is divisible by 3. 
а: If a numberis divisible by 3, then the sum of its digits is divisible Бу 3. 
A number is divisible by 3 if and only if the sum of its digits is divisible by 3. 
The following are other illustrations which actually do not appear to be so but they infact are 
biconditional. 
(i) If you work hard only then you can succeed. 


(ii) You can go on leave only if your boss permits. The truth table for biconditional is as follows: 


Truth Table (р €» q, q © p} 


Rule : р «эд is true only when both p and q have the 
same truth value. 


CONTRAPOSITIVE AND CONVERSE : 
Contrapositive and converse are certain other statements which can be formed froma given statement 
with e then". 
Contrapositive of р 4 15-4-»-р 
e.g. Ifa number is multiple of 6 then it is multiple of 2. 
Contrapositive If a number is not multiple of 2 then it is not multiple of 6. 
Converse of p—q isq— p 
e.g. Ifthe angles ofa triangle are equal then it is equilateral triangle. 


Converse is if triangle is equilateral then angles of triangle are equal. 
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Truth Table (р — д) 


Contrapositive Converse 
(q> — (qe — 


Note : Truth table for p — q is same as its contrapositive. 


NEGATION OF IMPLICATION : 
If p and qare two statements, then 


~(p>q)=pa~q [* p=>q=~paq) 
Proof: 


17714 Ка 


Negation of Biconditional statement or equivalence theorem : 
If p and q are two statement, then 
~(p = q)=(pA~q)v(qa~p) 
Proof: 
р<9= (р => 4) л (9=> р) 
~ (р < 9) = 1(р => 9) ^> p) 
= [- (р = 9)] v [- (a = p)] 
-(p^-q)ví(q^-p) 


TAUTOLOGIES AND FALLACIES : 


The compound statements (or propositions) which are true for any truth value of their components are 
called 'Tautologies '. 


e.g. 'p v - p'isatautology, p being logical statement. This is illustrated by the truth table given below 
which shows only Ts in the last column. 


э» J] > 1 
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The negation of tautology is called а fallacy ога contradiction i.e. a proposition which is false for any 
truth value of their components is called a fallacy. For example 'p A~p'’ is a fallacy, p being any logical 
statement. This is illustrated by the truth table given below which shows only Fs in the last column. 


Truth Table (p ^ ~ p) 


(1) p vqis true iff at least one of p and q is true. 

(0) P v qis true iff exactly one of p and q is true and the other is false. 
(d) ^ p^qistrueiff both pand q are true. 

(iv) А tautology is always true. 


(v) A fallacy is always false. 


ALGEBRA OF STATEMENTS : 


Statements satisfy many laws some of which are given below - 
(1) Idempotent Laws : If p is any statement then 
(Üpvp-7p (1)рлр=р 
(2) Associative Laws : If p, q, rare any three statements, then 
(йру(дуг)=(руд)уг (i)p^(q^r-(p^q)^r 
(3) Commutative Laws : If p, q are any two statements, then 
(pvq-7qvp (iü)p^q-7q^p 
(4) Distributive Laws : If p, q, rare any three statements, then 
(i) p^(qvr)-(p^q)v(p^r) (ii) p v(q^r)-(pvq)^(pvr) 
(5) Identity Laws : If p is any statement, t is tautology and c is a contradiction, then 


()pvt-t ()рлі=р (1) рме=р (iv)pac=c 
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(6) Complement Laws: Гиз a tautology, c is a contradiction and p is any statement, then 
(i) pv (~p)=t (1) рл (~р) =с (ii)-t-c (iv) ~c=t 

(7) Involution Law : If p is any statement, then ~ (-p) =p. 

(8) Dc-morgan's Law : If p and q are two statements, then 


(i) ~ (руа) = (~p) л (~q) (ii) ~ (рл q) = (~p) v (~q) 


(i) Proof: 
~(p v q) =(~p) л (~q) 


ET EEE) 
pT | Fr |е 


(i) ^ Proof: 
-(p^q)s(p)v(Ca) 
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SOLVED EXAMPLES 


О.1  Bymathematical induction, is equal to 


EE ЕНШ 
1-2-3 2-3-4 п(п +1) (n +2) 


n(n +1) п(п +3) п(п+ 2) 


А) 4(п + 2)(п + 3) (В) 4(п + 1)(п + 2) (С) 4(n + 1)(n +3) (D) None of these 


S inthe _ —n(n+3) 
нд. `1-2-3 2-3-4 7 n(n+1)(n+2)  4(п+1)(п+2) 
(i) Еогп = 


і. 3 _ +3) | 
L.H.S. = 1-2-3 = 6 апа R.H.S. = 4(1+1) (1+2) 


гай 
© 6 
P(1) is true. 
(ii) Let P(k) be true, then 
ЭРЭР ee HN 
МК): 1.2.3 2-3-4 " К(К+1)(К+2) 


k(k +3) 
= 4(К+1)(К+2) T (1) 


(ii) ^ Forn-k-*l, 


1 1 1 (К+1)(К+4) 


І "EM 
P(k*D:1:2:3*2.3-4 ^" k(k&D(k*2) * (k«D (k*2)(k43) ^ 4+2) +3) 


1 1 1 1 


LHS.-1.5.3*2.3.4 7 k(k+I)(k+2) * +0 +2) (К +3) 
k (k+3) 1 
= 4(К+0(К+2) + &+0(+2)(к+3) lFromEq.(1)] 
_ k(k 43)! +4 _ КЗ +6К? «9k +4 _ (k+1)*(k +4) 
= 4(k+1)(k+2)(k4+3)  4(K4+1) (K4+2)(k+3) 4+0 (k+2)(k+3) 
(k +1) (k +4) 
= 4(k+2)(k+3) 7 RHS. 
Hence, P(k + 1) is true. 


Hence, by the principle of mathematical induction for all n є М, P(n) is true. Ans. (B) 
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0.2  Foralln e М, (3) (?^* 1) + 23" *1 is divisible by 
(А) 17 (В) 19 (C) 21 (D) 23 
Sol  P(n):3(5?*!) + 25»*! 
P(1) : 355) + 24 = 3125) + 16 
= 375 + 16 = 391 = 17(23) 
So, P(1) is divisible by 17. 
Let P(k) : 3(5*** 1) + 23k*! = 17m 
P(k + 1): 3(5%*3) +2%+4 = 17). 
L.H.S. of P(k + 1) = 3(55k* 3) + 2% +4 
= 3(5%* 1) (52) + (2%* 1) (2) 
= (17m — 2*** 1) (25) + 8(2** * 1) [Assuming Р(К) to be true] 
= 17(25m) – 25(2** * !) + 8(2%* !) 
= 17 (25m) — 17(23** !) 
= 17 (25m - 2** 1) = 17А 
Thus, P(k + 1) is divisible by 17 whenever Р(К) is divisible by 17. Hence Р(п) 15 divisible by 17 for all 
n € N. Ans. (A) 


Q3 If x^?! « y?n-! is divisible by x + y, then n is 
(A) a positive integer (B)aneven positive integer 
(C) an odd positive integer (D) none ofthese 
Sol P(n) : х2-! + y?»-! 
P(1):x! + y! 2x + y, which is divisible by x + y 
Let P(k) : xk- + y*-! = (x + y) m 
P(k + 1): xik*! + ук+ = (х+у) А 
L.H.S. of P(k + 1) =x2k*!+  yX*! 
= x? (х2%- 1) уух!) 
= x? [mx +y)-y*-1]+ y? (yk!) [Assuming P(k) to be true] 
= (x+y) (mx) - y tt - y!) 
= (x + y) [m? - у (x -y)] = (x + у). 
Thus, P(k + 1) is divisible by (x + y) whenever Р(К) is divisible by (x + y). Hence P(n) is divisible by 


x + y foralln € М, i.e. for all positive integers. Ans. (A) 
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0.4 When P(n)=9"—8" is divided by 8, then the remainder is 

(A)2 (B)3 (C) 1 (D)7 
Sol. Р(п) = 9" – 8" 

: Р(1)-9-8-1 
P(1)- 1 =0 which is divisible by 8 

зе; 115 the remainder when P(n) is divided by 8 

Now, P(2)=9?-8?=17=16+1. 

Remainder is 1, when divided by 8. Ans.(C) 


Q.5 Тер(п) = 22% 7п – 1, then P(n) is divisible by 
(А) 63 (B) 36 (C) 49 (D)25 
Sol. P(n):2**°-7n-1 
Р(1):22-7-1-8-7-1-0 
Р(2):26—7(2)— 1 =64- 14-1 = 49. 
which is divisible by 49 
Let — P(k):2*-7k- 1 = 49m 
P(k + 1) = 22+3_ 70+ 1) – 1 = 49 2. 
L.H.S. of P(k + 1) = 25&*3_7(К + 1) – 1 
= (23) 25- 7k - 7-1 
= (49m + 7k + 1) (8) - 7k - 8 [Assuming P(k) to be true] 
= 49(8m) + 56k + 8 — 7k - 8 
= 49(8m + К) = 492.. 
Thus, Р(К + 1) is divisible by 49 whenever Р(К) is divisible by 49. Hence Р(п) is divisible by 49 for all 
n € N. Ans.(C) 
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